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Magnetic moment of a massive neutrino due to its pion cloud
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In this work we have calculated the magnetic momentmn of a massive neutrino, to one-pion loop order. If
mn varies between;3 meV and;3 eV andmp between 0 and;140 MeV one obtains values formn which
can compete with the Standard Model result in the chiral limitmp→0. The photon coupling to the
pp-intermediate state leads to the presence of ‘‘chiral singularities’’@mp

21- and log(mp)-terms#. There are no
such terms for theW2W1-intermediate state of the Standard Model. As a resultmn is particularly sensitive to
the mass ratios (mp /m, ,mn,

/m,); this indicates to us that all electromagnetic properties of neutrinos
(mn ,^r 2&, etc.! are expected to change significantly in a dense or hot medium. Such medium modifications of
mn ,^r 2&, etc. are entirely due to thepp-intermediate state which acts as a ‘‘doorway’’ state for the photon-
neutrino coupling.

DOI: 10.1103/PhysRevD.70.033005 PACS number~s!: 13.15.1g, 13.40.Em, 14.60.Pq, 26.60.1c
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I. INTRODUCTION

There is renewed interest in the electromagnetic prop
ties of massive neutrinos. This interest stems from the re
concrete evidence that neutrinos oscillate with one relativ
large mixing angle and one mass difference in the sev
meV-range @1#. Just like quarks (d8,s8,b8) mix ~GIM
mechanism! in order to avoid flavor-changing neutral cu
rents ~for example K̄0→m2m1) the reason for neutrino
(ne8 ,nm8 ,nt8) mixing might be the need to suppress fam

changing~B-L! currents~for examplep→ n̄eK
1) in Grand

Unified Theories~GUT!, see discussion in@2#. It is important
to note that oscillation experiments do not settle the ques
of neutrino masses. If the neutrino mass spectrum is no
erarchical but nearly degenerate, one absolute mass det
nation is still necessary. Such experiments are typic
3-body decays; see Ref.@3# for several examples with ex
plicit calculations. Only triton and free-neutron decay wou
be sensitive enough for a neutrino mass of 1–3 eV. Thi
the upper limit found by a comprehensive analysis of sev
experiments, which put the sum of masses of all neutr
species in the range between 0.05 eV and 8.4 eV@4#. Pre-
liminary results on the Majorana versus Dirac question
the Heidelberg-Moscow Collaboration report evidence
neutrinoless double-beta decay of76Ge and fix the effective
neutrino mass in the region@5# 0.05–0.84 eV. If confirmed
by an independent experiment this method would be by
the most sensitive direct~Majorana! neutrino mass determi
nation.

In the realm of astrophysics even a small magnetic m
ment and/or a nonvanishing charge radius^r E

2& will have an
influence on the elastic and inelastic neutrino scattering c
sections,s, and on the so-called Urca process in neutr
stars,N1N→N1N1n1 n̄ @6,7#. Multiplied with the enor-
mous density% prevailing in neutron stars, the resulta
mean free pathl51/(%s) could become significantly al
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tered @8# to have an effect~for example! on the neutrino
emissivity of neutron stars. Recently neutrino trapping in
pernovae near the proto-neutron star surface has been
cussed~see for example Ref.@9#!.

In Elementary Particle Physics evidence for nontriv
electromagnetic form factors could help to decide the cru
question ‘‘Majorana’’ versus ‘‘Dirac’’ neutrino. From the
SN1987a neutrino flux upper limits have been establis
@10#,

mne
,1.5310210mB ,

mnm
,6.8310210mB ,

mnt
,3.931027mB ~1!

and @15#

u^r 2&ne
u<~1023 fm!2. ~2!

Here mB5e/2me is the Bohr magneton. Bothmn and ^r 2&n

must vanish for a purely chiral massless Dirac neutrino

Majorana neutrino requiresG
E,M
(n l

M)
(q2)[0 ~in particular

m (nM)50 and^r 2&nM

1/250), irrespective of the neutrino mas

as in the case of the vanishing of thep0 (5p̄0) and the
photong (5ḡ) form factors. In this paper we assume a ma
sive Dirac neutrino and calculate its magnetic moment
one-loop order.

First one notes that a massive Dirac neutrino requires

mn;mn ,« ~3!

where « measures possible deviations from the pureV-A
structure of electroweak currents (« is of order 1023 or
smaller @10#!. For the standardSU(2)3U(1) electroweak
theory~i.e. «50) extended to include massive neutrinos o
finds @11# @the contribution from the (l 2W1)-intermediate
state, Fig. 1, has been calculated#,
©2004 The American Physical Society05-1
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mne
5

e

2mn
S 3GFmW

2

8p2A2
D mn

2

mW
2

53.2310219~mn /eV!mB ~4!

much below present upper limits given in Eq.~1!. The term
in large parentheses can be written as 3g2/64p2, wheree
5g sinuW and uW is the Weinberg-angle. This result@Eq.
~4!# is obtained to one-loop order~see Fig. 1! and to leading
order inme

2/mW
2 . It confirms Eq.~3!. This relation deserves

more comment. According to Eq.~3! the magnetic momen
of a neutraland massless particle has to vanish. While t
charge distribution of a neutral but extended particle~like the
neutron,K0, etc.! as a function of the distance from th
center changes sign~in the case of the more familiar neutro
it is a proton-like core surrounded by a negative pion clo!
the mass distribution remains strictly positive. Therefore,
the limit of vanishing mass a particle has to become po
like. Hence taking the limitmn→0 requires the shrinking o
the (W1l 2) ~see Fig. 1! and (p1l 2) loops ~see Fig. 2! in
such a way that the magnetic moment vanishes. Furtherm
for mn→0 the neutrino has only one~negative! helicity com-
ponent, hence«→0 in that limit, as indicated in Eq.~3!. We
will return to this important point further below.

FIG. 1. Neutrino electromagnetic vertex; in the loop a charg
(W1l 2)-pair propagates, and the photon couples to each of th
~a! and ~b!.

FIG. 2. Electromagnetic coupling of a photong with
4-momentum q5p82p to the neutrino speciesn, (,
5e2,m2,t2) of 4-momentump8 ~final! and p ~initial!, with a
charged (p1,2)-pair propagating in the loop.~a! The point-
coupling to the neutral neutrino vanishes;~b! the photon couples to
the p1, with the ,2 a ‘‘spectator’’ ~this diagram contains chira
singularities, see text!; ~c! the photon couples to the negative
charged lepton,2, with thep1 a ‘‘spectator’’~no chiral singulari-
ties, see text!; ~d! to first order this diagram vanishes@just like ~a!#;
~e!,~f! renormalization of the neutrino mass; it vanishes just like~a!
and~d!. In the loop ap1 or ap0 can propagate in which case a,2

or a neutrino, respectively, would accompany the pion.
03300
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Values in Eq.~4! are far below present experimental se
sitivities given in Eq.~1! even if one of the neutrinos has
mass as large as 2–3 eV. Diagram~a! and ~b! in Fig. 1,
however, is not the only contributing intermediate sta
~to one-loop order!. Another, much lighter candidate, apa
from supersymmetric particles perhaps, would be
(p1l 2)-intermediate state~see Fig. 2!. There are several rea
sons which make this pion loop interesting:

~i! The pion mass is much below the W-mass and
known to deviate quite a bit from its vacuum value in
dense and/or hot medium.

~ii ! The analogous pion loop contribution to theneutron
electromagnetic form factors contains chiral singularit
@i.e., mp

21 and log(mp)-terms# which dramatically increase
the radii formp→0—we confirm the presence of chiral sin
gularities in the form factorsG1,3(q

2) due to diagram Fig.
2~b!.

~iii ! Form factor results depend on two masses (mp ,me)
apart frommn ; both could be affected by medium effect
Only a full calculation can display the magnitude of th
mass dependence.

We have performed a calculation of form facto
GE,M

(ne) (q2) to one-pion-loop order~Fig. 2! without any ap-
proximations. Here we report our findings for the neutri
magnetic momentmn5(e/2mn)GM

(n)(0) which is of prime
interest due to the peculiar mass dependence@see Eqs.~3!,
~4!#. Our calculation of all form factorsGE,M

(n l ) (q2) with their
q2-dependence will be reported elsewhere. Their knowle
in space- and timelike regions ofq2 will be important for
accurate calculations of elastic neutrino scattering~via the
now possible one-photon exchange! and for the Urca proces
@using the timelike region forGE,M

(n l ) (q2)]. The paper is orga-
nized as follows: In Sec. II various electromagnetic for
factors are defined and related to the magnetic moment
charge. Section III gives details of the gauge and chira
invariant one-loop calculations resulting in form facto
G1,2,3(q

2), which are related toGE,M
(n l ) (q2). In Sec. IV we

present our numerical results and summarize our findin
Technical details of our calculation are relegated
Appendix A.

II. LEPTON ELECTROMAGNETIC FORM FACTORS

Quite generally the electromagnetic current for a pointl
spin-12 particle is given by

eu~p8!Qgmu~p!, ~5!

where Q is the particle charge in units of the elementa
chargee5A4pa. Applying Eq. ~5! to the neutrinon l , (l
5e,m,t), yields a zero result due toQn l

50 for all l. The
presence of the meson cloud due to the weakp ln l-coupling
@see Figs. 2~b!–2~f!# complicates the structure of the neutrin
electromagnetic current, so that instead of Eq.~5! one has the
general form@12#

eu~p8!F pm

mn
G1~q2!1

pm8

mn
G2~q2!1gmG3~q2!Gu~p!, ~6!

d
,

5-2
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MAGNETIC MOMENT OF A MASSIVE NEUTRINO DUE . . . PHYSICAL REVIEW D 70, 033005 ~2004!
whereqm5pm8 2pm . Note that a point-coupling as in Eq.~5!
will contribute only to G3(q2), see also Eq.~9b! below.

While the spin-1/2 and spin-1 content of the three-fie
coupling, Eq.~6!, gives in general three independent Dira
scalar form factorsG1,2,3(q

2), the requirement of gauge in
variance of the spin-1 electromagnetic current reduces t
to two,

G1~q2![G2~q2!, ~7!

but does not restrictG3(q2) due to

qmu~p8!gmu~p!5u~p8!~mn2mn!u~p!50 ~8!

which follows straight from the free Dirac equation. In E
~6! ml is the mass of the leptonl 2 associated with the neu
trino n l of massmn , within the same lepton family@16#. The
two independent form factorsG1,3(q

2) are related to the
‘‘Sachs’’ form factors, GE,M(q2), and to the ‘‘Dirac,’’
F1(q2), and ‘‘Pauli,’’ F2(q2), form factors (h52q2/4mn

2

>0)

G1~q2![G2~q2!5
1

2~11h!
@GE~q2!2GM~q2!#

52
1

2
F2~q2!

G3~q2!5GM~q2!5F1~q2!1F2~q2!. ~9!
03300
-

m

GE is then given by

GE~q2!52~11h!G1~q2!1G3~q2!

5F1~q2!2hF2~q2!. ~10!

To first order the purely electromagnetic components@see
Figs. 2~a! and 2~d!–2~f!# give vanishing contributions to
GE,M

(n) ~which we limit here to Fig. 2!.
If Zl is the bare charge of leptonl 2 @appearing in Fig.

2~c!# we find

G1
(n)~q2!5G1

(2b)~q2!1ZlG1
(2c)~q2!,

G3
(n)~q2!5G3

(2b)~q2!1ZlG3
(2c)~q2!. ~11!

The normalization is then

F1
(n)~0!5052G1

(n)~0!1G3
(n)~0!,

F2
(n)~0!522G1

(n)~0!5GM
(n)~0!5r n

mn

mB
, ~12!

with mB5e/2me , r n[mn /me , andmn the magnetic momen
of the neutrino. Inspection of Eqs.~11! and~12! reveals that
Zl is given by Zl52@2G1

(2b)(0)1G3
(2b)(0)#/@2G1

(2c)(0)
1G3

(2c)(0)#.
e

t

III. ONE-MESON LOOP CONTRIBUTION TO GE,M„Q
2
…

We proceed now with a calculation of one-meson loop contributions, Figs. 2~a!–2~c! ~to avoid cluttering of indices we us
subscriptn for neutrinon l throughout!,

Fig. 2~a!: eun~p8!Qngmun~p!50,

Fig. 2~b!: 2S 2 i
GFFp

A2
D 2E d4k

~2p!4
un~p8!~k”1q” !~12kg5!

3
i

p”2k”2ml1 i«
k” ~12kg5!un~p!

i

k22mp
2 1 i«

e~2km1qm!
i

~k1q!22mp
2 1 i«

,

Fig. 2~c!: S 2 i
GFFp

A2
D 2E d4k

~2p!4
un~p8!k” ~12kg5!

3
i

p” 82k”2ml1 i«
~2e!gm

i

p”2k”2ml1 i«
k” ~12kg5!un~p!

i

k22mp
2 1 i«

, ~13!

wherek[11« is assumed real,GF51.16637(1)31025 GeV22 is the Fermi constant@10#, andFp appears in the invarian
amplitudeM describing charged pion decay (P[p1k, l 5e or m here!,
5-3
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M5
GFFp

A2
iPmul~p!gm~12kg5!vn l

~k! ~14!

so thatFp[A2 f p is determined by comparison with the measured pion mean-life@10#

1

tp2

5Gp2→ l 2n l
5

GF
2Fp

2 mp
3

8p
t l
2~12t l

2!2F11«S 11
2tn

t l~12t l
2!
D 1O~«2,tn

2!G
5@2.6033~5!31028 s#21 ~15!

for l 5m. One findsFp50.92mp . In Eqs.~13!, ~14!, «5k21 describes deviations from the pure (V-A) form of the leptonic
current inM, t l[ml /mp[r p

21 , andtn5mn /mp[r n /r p in terms of the parametersr i , as defined in Appendix A. The loop
integrations, Eq.~13!, are described in detail in Appendix A. We obtain as the main resultG3

(2b)(0) andG3
(2c)(0) in Eqs.~A8!

and~A11!, respectively.G3
(n)(0) is then the combination given in Eq.~11!, so that we obtain the magnetic moment in the fo

mn[
e

2mn
G3

(n)~0!5
e

2mn
S m (1)

mn
2

ml
2

1m (2)«
mn

ml
1m (3)D ~16!

where

m (1)5
GF

2Fp
2 ml

2

~4p!2

~11k!21
b2

a2
~12k!2

11b2/a2 E
0

1

dxE
0

12x

dy

3FgS cb

l2D 1

2
@11~x1y!2#23ZlgS cc

l2D S 1

2
1~x1y!222~x1y! D G ,

m (2)5
GF

2Fp
2 ml

2

~4p!2
2E

0

1

dxE
0

12x

dygS cb

l2D ,

m (3)5
GF

2Fp
2 ml

2

~4p!2

~11k!21
b2

a2
~12k!2

11b2/a2 E
0

1

dxE
0

12x

dy

3H 2
l2

2
f S cb

l2D 1ZlFl2f S cc

l2D 1
1

2
gS cc

l2D G J . ~17!
l’’
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Let us consider the limitmn→0 in Eq. ~16!. The first term
;m (1) in Eq. ~16! is ;mn whereas the second term;m (2) is
;«. Hence both trivially vanish in the limitmn→0. The
third term;m (3) also vanishes formn→0 but in a nontrivial
manner. We recall that formn→0 the loop has to shrink to a
point. This, of course, would be the case for the ‘‘trivia
shrinkingl→0. There is, however, a more physical shrin
ing which takes the limitmp→` in the (p1l 2)-loop. This
would mean thatcb /l2→` and cc /l2→`, in which case
f (x)>g(x) would vanish, limx→` f (x)50 @see the explicit
form of f andg after Eq.~A8!#.

For a comparison between Eq.~16! and the Standard
Model result~4! we notice that only the first term is prese
in Eq. ~4! due to «50 and the sensible restriction to th
leading order inme

2/mW
2 . The large W-mass in Eq.~4! is

replaced withm, in Eq. ~16! in compliance with the analogy
between Figs. 1~a! and 1~b! and Figs. 2~b! and 2~c!. Close
03300
inspection ofm (1) in Eq. ~16! and the corresponding term i
Eq. ~4! reveals that essentiallyg5e/sinuW in Eq. ~4! is re-
placed with (GFFpm,) in the first term of Eq.~16!. Unless
the double-integral is very large,m (1) will lead to generally
much smaller results than Eq.~4!. The same holds true fo
the second term~which is limited by the empirical smallnes
of «), see our numerical analysis in the next section. T
third term in Eq.~16! which has no analogon in the approx
mated result~4! shows a peculiarmn-dependence and is eve
for the vacuum values of (mp ,m,) sizeable ifmn exceeds
the meV-range. All three terms display an interesting d
namical enhancement mechanism not present in Eq.~4!. The
photon coupling to thepp-intermediate state leads to chir
singularities (mp

21 and logmp-terms! not present in the Stan
dard Model result which is derived from diagrams Figs. 1~a!
and 1~b!, and is free of termsmW

21 or logmW for mW→0.
Hence the enhancement is not a direct result of the diffe
5-4
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boson propagators in the loops~Figs. 1 and 2! but a result of
the peculiar photon-boson and boson-fermion coupli
present in Figs. 1~a! and 1~b! and Figs. 2~b! and 2~c!, respec-
tively. For mp→0 the underlying chiral symmetry is exa
and the photon-nucleon@12#, photon-pion@13#, and photon-
neutrino ~this work! coupling goes preferably via th
pp-intermediate~‘‘doorway’’ ! state. Particle properties i
vacuum are not affected as the empirical pion mass is
from zero. Here is where medium effects come in. Those
known to affect masses; relatively large effects have b
reported for the pion and nucleon masses. Medium effe
on mW are generally expected to be much smaller than th
for mp . Hence medium effects should selectively mod
electromagnetic properties of neutrinos~like mn ,^r 2&, etc.!
due to diagrams Figs. 1~a! and 1~b! ~small effect is ex-
pected! and diagrams Figs. 2~b! and 2~c! ~drastic effects pos-
sible!.

In the next section we present our numerical results
various values of (l,mp ,ml ,mn).

IV. RESULTS AND DISCUSSION

The loop integration requires a cutoffLE5lm, . In com-
pliance with the analogous one-loop calculation@12# for the
neutron form factor we choose the same cutoffLE
51 GeV. Next we observe in Eqs.~16! and ~17! that m (1)

and m (3) also contain«-terms, (11k)25(21«)25414«
1O(«2),(12k)25«2. To order« («<1023) there are no
(b2/a2)(12k)2-terms in m (1,3). In the first term;m (1) in

Eq. ~16! the term«(mn
2/m

2
,) is negligible compared with

the leading term. Inm (3), «!1 can be neglected. The onl
numerically noticeable dependence onb/a stems from the
normalization 1/(11b2/a2). Remarkably,m (2) does not de-
pend onb/a. In our numerical results below we will assum
b!a throughout. Other values can easily be implemen
using Eq.~17!. The actual valuesb/a have to be supplied by
measurements of the helicity ‘‘profile’’ of a given ‘‘beam’’ o
neutrinos. Formn!m, , mp5140 MeV ~i.e., the vacuum
values! it is easy to see thatm (3) dominatesmn . In Fig. 3 we
display the neutrino mass dependence ofmn for mn

P@3 meV,3 eV#. mn ~solid curve! is dominated by the third
term in Eq.~16! which is positive; in units ofmB the first
term is negative and of order 10225210228; the second term

FIG. 3. Magnetic moment as a function of neutrino mass,
units of 10218mB . LE51 GeV, mp5140 MeV. The dotted line
indicates the limiting proceduremp→` as mn→0, see text. The
Standard Model result~4! is ~in units of 10218mB) '1 for mn

53 eV and'1023 for mn53 meV.
03300
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is negative as well and of order 10223 over the neutrino mass
range displayed here. Formn<3 eV our ~positive! result
is comparable with the Standard Model result~4!. If mn

turns out to be in the meV-range the result depends on
known details ofmp→` ~shrinking of loop when the neu
trino becomes pointlike formn50, see dashed curve i
Fig. 3!.

The striking analogy with the one-loop contributions
the neutron form factorsGE,M

n (q2) suggests to first take th
limit m,→mn and then consider the limitmp→0. The an-
ticipated termsmp

21 and log(mp) do indeed appear fo
mn /m,→1 for mp near zero. This is displayed in Fig. 4
Note that there are no termsmW

21 or logmW ~for mW→0) in
the Standard Model result formn . This is a peculiarity of the
pp-intermediate state and its coupling to the photon~a con-
sequence of the underlying chiral symmetry!. We emphasize
that enhancement effects~over and above the vacuum valu
for mn) appear only once the mass ratiosmp /m, andmn /m,

are drastically modified due to the pions interaction with
dense or hot medium.

There is some controversy over the medium correcti
on mp . Our results indicate that, shouldmp increasedue to
medium effects, all electromagnetic effectsGE,M

(n) (q2) would
become much weaker than the Standard Model contribut
given in Eq.~4!. There is, however, the possibility that som
medium effects~dense and/or hot! conspire to lower mp

~NJL-type models consistentlylower mp , see@14#!. In that
case neutrinoelectromagneticprocesses compete with wea
processes, Eq.~4!, and have to be taken into account wh
neutrino elastic~and inelastic! scattering is considered in
neutron stars, etc., resulting in a much shorter mean free
in layers where the medium-corrected pion mass approa
the chiral limit.
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FIG. 4. Magnetic moment as a function of the pion mass,
units of 10218mB . In the vacuummp

2 /m,
2'105 and outside the dis-

played range.LE51 GeV as in Fig. 3, but nowmn /m,51 due to
medium effects. Formp50 ~‘‘chiral restoration in the medium’’!,
mn diverges due to the presence of chiral singularitiesmp

21 and
log(mp), see text. Solid line: sum of all three contributions, E
~16!; dashed curve: 2m (1)mn /m, ; long-dashed curve:
2103m (2)« («51023 assumed!; dotted curve:m (3)/r n . Both the
second and third contribution in Eq.~16! are negative. Note that the
second contribution is enhanced by 103.
5-5
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APPENDIX: EVALUATION OF LOOP INTEGRALS

First we calculate the matrix element in Fig.~2b!, Eq. ~13!,

un~p8!~k”1q” !~12kg5!~p”2k”1ml !k” ~12kg5!un~p!

5~11k2!un~p8!~k”1q” !~p”2k” !k” S 12
2k

11k2
g5D un~p!

1~12k2!mlun~p8!~k”1q” !k”un~p!. ~A1!

In generalun(p) is a superposition of both helicity statesu6 , for which g5u656u6 ,

un5
1

Aa21b2
~au21bu1!. ~A2!

It is easy to see that ‘‘crossed’’ termsū2•••u1 and ū1•••u2 in Eq. ~A1! vanish. For diagonal terms one finds

Eq. ~A1 !5„a2$ū2k”u2@~11k!2~2k•p2k222mn
2!12mlmn~12k2!#1ū2u2ml~k222k•p!@~12k2!2r n~11k!2#%

1b2$ū1k”u1@~12k!2~2k•p2k222mn
2!12mlmn~12k2!#1ū1u1ml~k222k•p!

3@~12k2!2r n~12k!2#%…/~a21b2! ~A3!

and r n5mn /ml , 11k[21«,12k2522«1O(«2).
Using the Feynman parametrization for products in denominators@see for example Eq.~B1! of Ref. @12## one finds

~13b!52 ieGF
2Fp

2 E
0

1

dxE
0

12x

dyE d4k

~2p!4

2km1qm

@~k1 l !22ml
2cb~x,y,h!1 i«#3

@a2$ū2k”u2P1~k,p,k,mn!

1ū2u2ml P2~k,p,k,mn!%1b2$ū1k”u1P1~k,p,2k,mn!1ū1u1ml P2~k,p,2k,mn!%#/~a21b2! ~A4!

where P1[(11k)2(2k•p2k222mn
2)12mlmn(12k2), P2[(k222k•p)@(12k2)2r n(11k)2#, l m[qmy2pm(12x2y)

5pm(x21)1ypm8 , cb[r n
2(12x2y)21(12r n

2)(12x2y)14hxyrn
21r p

2 (x1y), andr p5mp /ml .

Next we perform a shift of the origink→ k̃5k1 l and use the fact that under symmetric integrationk̃mk”̃ k̃l f ( k̃2)
→0,2k̃mk”̃ k̃2f ( k̃2)→(1/2)k̃4f ( k̃2)gm ,k̃m f ( k̃2)→0 for any function f, with the result

Eq. ~13b!52 ieGF
2Fp

2 E
0

1

dxE
0

12x

dyE d4k̃

~2p!4

1

@ k̃22ml
2cb~x,y,h!1 i«#3 H a2F ū2gmu2P3~x,y,k̃2,k!1ū2u2

3S pm8

mn
P4~x,y,k̃2,k!1

pm

mn
P5~x,y,k̃2,k! D G1b2F ū1gmu1P3~x,y,k̃2,2k!1ū1u1

3S pm8

ml
P4~x,y,k̃2,2k!1

pm

ml
P5~x,y,k̃2,2k! D G J Y ~a21b2! ~A5!

where P3(x,y,k̃2,k)5 1
2 (11k)2k̃2@ml

2R1(x,y,h)2 k̃2#, P4(x,y,k̃2)5ml
2k̃2f 1(x,y)1ml

4f 2(x,y), P5(x,y,k̃2)5P4(y,x,k̃2),
R1(x,y,h)524hxyrn

22r n
2@11(x1y)2#1O(«r n), f 1(x,y)52r n(x1y)(4y21)1O(«), f 2(x,y)54r n(122y)@(x1y)R1

12r n#1O(«). Thed4k̃-integration can now be done using

I n~m̃2![E d4l

~2p!4

1

@ l 22m̃21 i«#n
.

It is well known thatI n converges forn>3,

I n~m̃2!5~21!n
i

16~n21!~n22!p2

1

~m̃2!n22
. ~A6!
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Equation~A5! containsI 1,2 as well, which both have to be regularized. For consistency we regularizeall I n(n51,2,3) in
Eq. ~A5!,

I 1
co~ml

2cb!52
i

~4p!2
ml

2Fl22cblogS 11
l2

cb
D G ,

I 2
co~ml

2cb!5
i

~4p!2 F logS 11
l2

cb
D2

l2

l21cb
G ,

I 3
co~ml

2cb!52
i

~4p!2

1

2ml
2cb

S l2

l21cb
D 2

. ~A7!

The superscript ‘‘co’’ refers to a Euclidean cutoffLE[lml ; as discussed in Ref.@12# this procedure is numerically close t
the Pauli-Villars regularization~which is—with the exception of dimensional regularization—the only scheme consistent
gauge- and chiral-invariance!.

The comparison of Eq.~A5! with Eq. ~6! confirms separate gauge invariance for this diagram, Fig. 2~b!, G1
(2b)(q2)

[G2
(2b)(q2), and gives@17# @note forh50, cb5r n

2(12x2y)21(12r n
2)(12x2y)1r p

2 (x1y)],

G3
(2b)~0!5

GF
2Fp

2 ml
2

~4p!2 E
0

1

dxE
0

12x

dyF gS cb

l2D S r n
2

2
@11~x1y!2#

~11k!21
b2

a2
~12k!2

11b2/a2
2r n~12k2!D

2
l2

2
f S cb

l2D ~11k!21
b2

a2
~12k!2

11b2/a2
G ~A8!

where f (x)[3x log(111/x)2122x/(11x)2x/@2(11x)2# is ~up to a constant factor! the combination (I 112ml
2cbI 2

1ml
4cb

2I 3), andg(x)[2 log(111/x)11/(11x)11/@2(11x)2# is ~up to a constant factor! the combination (I 21ml
2cbI 3).

Next we calculate the contribution of the vertex correction, Fig. 2~c!. The corresponding matrix element in Eq.~13c! is now
@first for left-handed neutrinos, i.e.,b50 in Eq. ~A2!#

un~p8!k” ~12kg5!~p” 82k”1ml !gm~p”2k”1ml !k” ~12kg5!un~p!

5un~p8!gmun~p!„~11k!2$4k•p8k•p1k2@k22mn
22ml

222k•~p1p8!#%12mlmn~12k2!k2
…

1un~p8!k”un~p!2km@~11k!2~mn
21m

2
, !2~12k2!2mlmn#1un~p8!un~p!2km~k222k•p8!

3@mn~11k!22m,~12k2!#1un~p8!k”gmun~p!2k•q@mn~11k!22m,~12k2!#. ~A9!

As before, see Eq.~A3!, the result for right-handed neutrinos is obtained by replacingk with 2k in Eq. ~A9! throughout. The
next steps follow those after Eq.~A3!,

Eq. ~13c!52 ieGF
2Fp

2 E
0

1

dxE
0

12x

dzE d4k

~2p!4

m
2
,

@~k1 l !22ml
2cc~x,z,h!1 i«#3 Fa2S ū2gmu2Q1~k,p,k,mn!

1ū2u2

2km

ml
Q2~k,p,k,mn!1ū2k”u2

2km

ml
2

Q3~k,p,k,mn!1ū2k”gmu2

2k•q

ml
3

Q4~k,p,k,mn!D
1b2S ū1gmu1Q1~k,p,2k,mn!1ū1u1

2km

ml
Q2~k,p,2k,mn!1ū1k”u1

2km

ml
2

Q3~k,p,2k,mn!

1ū1k”gmu1

2k•q

ml
3

Q4~k,p,2k,mn!D G Y ~a21b2! ~A10!

where nowcc[r n
2(x1z)21(12r n

2)(x1z)14hxzrn
21r p

2 (12x2z),
033005-7
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Q15~11l!2F4k•p8

m
2
,

k•p1k2S k2

m
2
,

2
2k•~p1p8!

m
2
,

2r n
221D G1~12l2!2k2r n ,

Q25(k222k•p8)Q4 /m
2
,, Q3 /m

2
,5(11l)2(11r n

2)22r n(12l2), Q4 /m
2
,5(11l)2r n2(12l2) and l m52xpm

2zpm8 , so that,25mn
2(x1z)214mn

2hxz and2 l •(p1p8)52(x1z)mn
2(11h).

Again we findG1
(2c)(q2)[G2

(2c)(q2), i.e., separate gauge invariance of diagram, Fig. 2~c!. For the magnetic contribution we
finally get

G3
(2c)~0!5

GF
2Fp

2 ml
2

~4p!2

~11k!21
b2

a2
~12k!2

11b2/a2 E
0

1

dxE
0

12x

dy

3H 2gS cc

l2D 3r n
2S 1

2
1~x1y!222~x1y! D1Fl2f S cc

l2D 1
1

2
gS cc

l2D G J . ~A11!

Note there is no term;r n(12k2) in G3
(2c)(0).
t

r.
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