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Magnetic moment of a massive neutrino due to its pion cloud
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In this work we have calculated the magnetic momeptof a massive neutrino, to one-pion loop order. If
m, varies between-3 meV and~3 eV andm, between 0 and-140 MeV one obtains values far, which
can compete with the Standard Model result in the chiral limif—0. The photon coupling to the
ma-intermediate state leads to the presence of “chiral singulariﬂeﬁ:l- and log,)-termg. There are no
such terms for th&v~ W™ -intermediate state of the Standard Model. As a regylis particularly sensitive to
the mass ratiosnf,/m,,m, /m); this indicates to us that all electromagnetic properties of neutrinos
(1, ,(r?), etc) are expected to change significantly in a dense or hot medium. Such medium modifications of
w,,{r?, etc. are entirely due to thew-intermediate state which acts as a “doorway” state for the photon-
neutrino coupling.
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I. INTRODUCTION tered [8] to have an effec{for example on the neutrino
emissivity of neutron stars. Recently neutrino trapping in su-
There is renewed interest in the electromagnetic properernovae near the proto-neutron star surface has been dis-
ties of massive neutrinos. This interest stems from the recefussedsee for example Ref9]).
concrete evidence that neutrinos oscillate with one relatively In Elementary Particle Physics evidence for nontrivial
large mixing angle and one mass difference in the severdlectromagnetic form factors could help to decide the crucial
meV-range [1]. Just like quarks d’,s’,b’) mix (GIM  question “Majorana” versus “Dirac” neutrino. From the

rents (for example K°— .~ u™) the reason for neutrino [10],
(ve,v,,,v;) mixing might be the need to suppress family
changing(B-L) currents(for examplep— v,K*) in Grand
Unified TheoriegGUT), see discussion if2]. It is important

to note that oscillation experiments do not settle the question

of neutrino masses. If the neutrino mass spectrum is not hi-
erarchical but nearly degenerate, one absolute mass determi- o <3.9x107 " ug (1)
nation is still necessary. Such experiments are typically

3-body decays; see Rdf3] for several examples with ex- and[15]

plicit calculations. Only triton and free-neutron decay would

be sensitive enough for a neutrino mass of 1-3 eV. This is I(rz)yel$(1073 fm)?2. 2

the upper limit found by a comprehensive analysis of several

experiments, which put the sum of masses of all neutrintHere uz=e/2m, is the Bohr magneton. Botp, and(r?),
species in the range between 0.05 eV and 8.44)VPre-  must vanish for a purely chiral massless Dirac neutrino. A
liminary results on the Majorana versus Dirac question byMajorana neutrino requiress(”'M)(qz)EO (in particular
the Heidelberg-Moscow Collaboration report evidence for 112 ) EM?Y )
neutrinoless double-beta decay §e and fix the effective (v =0 and(r<);“=0), irrespective of the neutrino mass,

neutrino mass in the regidb] 0.05-0.84 eV. If confirmed as in the case of the vanishing of the (= #°) and the

by an independent experiment this method would be by fabhotony (=) form factors. In this paper we assume a mas-
the most sensitive dire¢Majorand neutrino mass determi-  gjye pirac neutrino and calculate its magnetic moment to
hation. one-loop order.

In the realm of astrophysics even a small magnetic mo- kst gne notes that a massive Dirac neutrino requires
ment and/or a nonvanishing charge radius) will have an

influence on the elastic and inelastic neutrino scattering cross w,~m, e 3
. . 14 v
sections,o, and on the so-called Urca process in neutron

stars,N+N—N+N+ v+ v [6,7]. Multiplied with the enor- where ¢ measures possible deviations from the p\fré
mous densitye prevailing in neutron stars, the resultant structure of electroweak currentg (s of order 102 or
mean free pathh =1/(0o) could become significantly al- smaller[10]). For the standar®&U(2)XU(1) electroweak
theory(i.e. e =0) extended to include massive neutrinos one
finds [11] [the contribution from the I W')-intermediate
*Electronic address: tegen@th.physik.uni-frankfurt.de state, Fig. 1, has been calculaled

oy, <1.5X10" pug,

f,, <6.8X10° Vug,
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Values in Eq.(4) are far below present experimental sen-
sitivities given in Eq.(1) even if one of the neutrinos has a
mass as large as 2-3 eV. Diagrdm and (b) in Fig. 1,
however, is not the only contributing intermediate state
(to one-loop order Another, much lighter candidate, apart
from supersymmetric particles perhaps, would be the
) (7"17)-intermediate statésee Fig. 2 There are several rea-

sons which make this pion loop interesting:

FIG. 1. Neutrino electromagnetic vertex; in the loop a charged (i) The pion mass is much below the W-mass and is
(W*17)-pair propagates, and the photon couples to each of thenknown to deviate quite a bit from its vacuum value in a

(a) and(b). dense and/or hot medium.
(i) The analogous pion loop contribution to theutron
e 3GFm5v m,z, 1 electromagnetic form factors contains chiral singularities
M= 5| o g, |2 =3:2X10 T (m, /eViug (4 [ie, m_* and logfn,)-termg which dramatically increase
v\ 8772 My,

the radii form_.— 0—we confirm the presence of chiral sin-
gularities in the form factord’; g?) due to diagram Fig.
2(b).

(iii) Form factor results depend on two masses, (M)
apart fromm,,; both could be affected by medium effects.
Only a full calculation can display the magnitude of this
mass dependence.

much below present upper limits given in Ed). The term
in large parentheses can be written ag’/84w?, wheree
=gsinéy and 6y, is the Weinberg-angle. This resylEq.
(4)] is obtained to one-loop ordésee Fig. 1 and to leading
order inm2/mg,. It confirms Eq.(3). This relation deserves
more comment. According to E@3) the magnetic moment We have performed a calculation of form factors
of a neutraland massless particle has to vanish. While the (" , peric ) )

charge distribution of a neutral but extended partitke the ~ Gem(d°) to one-pion-loop ordetFig. 2) without any ap-
neutron,K°, etc) as a function of the distance from the proximations. Here we report our findings for the neutrino
center changes sigiin the case of the more familiar neutron Magnetic momeni, = (e/2m,)G{;(0) which is of prime

it is a proton-like core surrounded by a negative pion cjoud interest due to the peculiar mass dependegsee Eqs(3),

the mass distribution remains strictly positive. Therefore, in(4)]. Our calculation of all form factor@é’f',\),l(qz) with their

the limit of vanishing mass a particle has to become pointg2-dependence will be reported elsewhere. Their knowledge
like. Hence taking the limitn,— O requires the shrinking of in space- and timelike regions of will be important for

the (W'17) (see Fig. 1 and (w*1") loops(see Fig. 2in  accurate calculations of elastic neutrino scatterivig. the
such a way that the magnetic moment vanishes. Furthermorgow possible one-photon exchangad for the Urca process
for m,— 0 the neutrino has only orfeegative helicity com-  [sing the timelike region fOGI(EDII\)/I(qZ)]' The paper is orga-
ponent, hence—0 in that limit, as indicated in Eq3). We ;64 as follows: In Sec. Il various electromagnetic form

will return to this important point further below. factors are defined and related to the magnetic moment and
, ) charge. Section Il gives details of the gauge and chirally
v, P . %P g invariant one-loop calculations resulting in form factors
404 4 .
y yornd rnl iat I'1,40%), which are related tdS(E’j',\),l(qz). In Sec. IV we
7 P X present our numerical results and summarize our findings.
"p ve p Ve Technical details of our calculation are relegated to
@ ® © Appendix A.
v, v, vV,
v, 7 Il. LEPTON ELECTROMAGNETIC FORM FACTORS
N o =
! VN 7 g Ry Quite generally the electromagnetic current for a pointlike
v, Y, ) v, spin+4 particle is given by
@ 6] ()] —

eu(p’)Qy,u(p), )
FIG. 2. Electromagnetic coupling of a photoy with
4-momentum g=p’—p to the neutrino speciesv, (¢ where Q is the particle charge in units of the elementary
=e ,u,7 ) of 4-momentump’ (final) and p (initial), with a  chargee=J4ma. Applying Eq. (5) to the neutrinoy,, (I
charged "¢ ")-pair propagating in the loop(a) The point- =g u,7), yields a zero result due @Q, =0 for all . The
coupli+ng tc_> the neutral neutrino vanishéls)_the photon c_ouples_ to presence of the meson cloud due to the W%E-Coupling
the =", with the ¢~ a “spectator” (this diagram contains chiral [see Figs. )—2(f)] complicates the structure of the neutrino

singularities, see te.)‘t © th? photon couples to .the .negati‘{ew electromagnetic current, so that instead of &jone has the
charged leptorf ~, with the #™ a “spectator”(no chiral singulari- general form 12]

ties, see teyt (d) to first order this diagram vanishgsist like (a)];

(e),(f) renormalization of the neutrino mass; it vanishes just (e ’

and(d). In the loop arr* or a#° can propagate in which case/a eu(p’) &Fl(qZ)_,_ &Fz(q2)+ y Fg(qz) u(p), (6)
or a neutrino, respectively, would accompany the pion. m, m, a
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whereq, = p,’L— p. - Note that a point-coupling as in Eth)
will contribute only to T'3(g?), see also Eq(9b) below.

While the spin-1/2 and spin-1 content of the three-field
coupling, Eq.(6), gives in general three independent Dirac-

scalar form factorsl’1,2,3(q2), the requirement of gauge in-

PHYSICAL REVIEW D 70, 033005 (2004

Gg is then given by

Ge(0?)=2(1+7)I'1(q*)+T'3(q?)

=F1(q%) = 7F(a?). (10

variance of the spin-1 electromagnetic current reduces them

to two,

I'1(g)=TI5(q?), (7)
but does not restridf 5(g?) due to
g“u(p’)y,u(p)=u(p’)(m,—m,)u(p)=0 tS)

which follows straight from the free Dirac equation. In Eq.
(6) m; is the mass of the lepton” associated with the neu-
trino v; of massm,,, within the same lepton familj16]. The
two independent form factorflyg(qz) are related to the
“Sachs” form factors, GE,M(qZ), and to the “Dirac,”
F.(9?), and “Pauli,” F,(g?), form factors (= —q/4m?
=0)

1
I‘l(qZ)Erz(qZ): m[GE(qZ)—GM(qZ)]

1
- EFz(qz)
I'3(9%)=Gun(a®)=F1(g?) +F,(g?). 9)

To first order the purely electromagnetic compondrsise
Figs. 2a) and 2d)-2(f)] give vanishing contributions to
G (which we limit here to Fig. 2

If Z, is the bare charge of leptdn [appearing in Fig.
2(c)] we find

(g3 =T (g?)+zT?q?),

{93 =T (g?)+2Z T (g?). (11)
The normalization is then
F{P(0)=0=21{(0)+T%(0),
MM — T M= ey P
FM©0)=-2r{"0)=G{0)=r,—, (12)

with ug=e/2my, r ,=m,/m,, andu, the magnetic moment
of the neutrino. Inspection of Egéll) and(12) reveals that
Z, is given by z,=-[2T{"(0)+T¥?(0))/[2r{?%(0)
+I§9(0)].

ll. ONE-MESON LOOP CONTRIBUTION TO  Gg y(Q?)

We proceed now with a calculation of one-meson loop contributions, Figs-Zc) (to avoid cluttering of indices we use

subscripty for neutrinov; throughout,

Fig. 2(a): eu,(p')Q,y,u,(p)=0,
Fig. 2(b) i Zf d'%
1J. . —| —1

o V2 (2m)

'
'é_k_m|+i8

fa. 200 ( _G,:Fw)zf d*k
10. C). —1
9 & 2 ) en
i
APy T ——

i
K(1- Kys)uy(p)me(ZkMJqu)

24P (K+d)(1—kys)

i
(k+@)?—m2+ig’

m

u,(p k(1= ks)

i
: k(l—K)’s)Uv(p)m, (13

wherek=1+¢ is assumed realGr=1.16637(1)x 10 > GeV ? is the Fermi constarjtl0], andF . appears in the invariant
amplitude M describing charged pion decapP£p+k, |=e or u here,
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GeFr
M:WIP U (P) Y, (1= rkys)vy(K) (14
so thatF .= \/ifw is determined by comparison with the measured pion meandg
1 GZFZm3 2t,
=T, 7= T2t 1+ e| 1+ — | + O(2.12)
T I 87 t(1— |)
=[2.60335)x10 8 5]t (15

for |=w. One findsF ,=0.92m_.. In Egs.(13), (14), e = k— 1 describes deviations from the puMé-A) form of the leptonic
current inM, tj=m, /m,TEr;l, andt,=m,/m_=r,/r _ in terms of the parameters, as defined in Appendix A. The loop
integrations, Eq(13), are described in detail in Appendix A. We obtain as the main rd&® (0) andI'{?*®(0) in Eqgs.(A8)
and(A1l), respectiverF(gv)(O) is then the combination given in E@.1), so that we obtain the magnetic moment in the form

m’ m,
W= o Ty ‘1)?+ﬂ(2)s—l+ﬂ‘3> (16)
|
where
b2
——— 07— (1) -
,LL(l): 5 5 fdxf
(4r) 1+b?%/a?
xcb11++232061++22+
9\ 2 S[1+(x+y)7] 91212 (X+y) —2(x+y)
G2FZm? 1-x
S j o], dyg( )
G F2 2(1 K)2+—(1 K) . X
Lo
K 2 2
(4r) 1+b?/a?
1 C
_D e Zb N2l =S|+ Zgl =<
X[ f( 2) f( 2) ZQ(AZ) ] 4

Let us consider the limim,—0 in Eq. (16). The first term
~uin Eq. (16) is ~m, whereas the second termu(?) is
~¢&. Hence both trivially vanish in the limim,—0. The
third term~ 1 also vanishes fom,— 0 but in a nontrivial

inspection ofu ) in Eq. (16) and the corresponding term in
Eq. (4) reveals that essentially=e/sin 4, in Eq. (4) is re-
placed with GgF .m,) in the first term of Eq(16). Unless
the double-integral is very large,") will lead to generally

manner. We recall that fan,— 0 the loop has to shrink to a much smaller results than E¢4). The same holds true for
point. This, of course, would be the case for the “trivial” the second ternwhich is limited by the empirical smallness
shrinkingA — 0. There is, however, a more physical shrink- of ¢), see our numerical analysis in the next section. The

ing which takes the limitm_—c in the (71 7)-loop. This
would mean that,/\?— andc,/\?>—=, in which case
f(x)=g(x) would vanish, limy_,.f(x)=0 [see the explicit
form of f andg after Eq.(A8)].

third term in Eq.(16) which has no analogon in the approxi-
mated result4) shows a peculiam,-dependence and is even
for the vacuum values ofnf,.,m,) sizeable ifm, exceeds
the meV-range. All three terms display an interesting dy-

For a comparison between E{l6) and the Standard namical enhancement mechanism not present if&qgThe
Model result(4) we notice that only the first term is present photon coupling to thersr-intermediate state leads to chiral

in Eq. (4) due toe=0 and the sensible restriction to the singularities (n_*

leading order inm2/m3,. The large W-mass in Eq4) is

replaced withm, in Eq. (16) in compliance with the analogy and Xb), and is free of termsx;n\j\,1

between Figs. (B) and 1b) and Figs. &) and 2c). Close

and logm_-termg not present in the Stan-
dard Model result which is derived from diagrams Fig®) 1

or logmy, for my—0.
Hence the enhancement is not a direct result of the different
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m?/m?
t 1
m, =3meV 3eV

FIG. 3. Magnetic moment as a function of neutrino mass, in

units of 10 ¥ug. Ag=1 GeV, m_,=140 MeV. The dotted line
indicates the limiting procedure,—« asm,—0, see text. The
Standard Model result4) is (in units of 10 8ug) ~1 for m,
=3 eV and~10"2 for m,=3 meV.

boson propagators in the looffsigs. 1 and 2but a result of
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2
&)

[IO_Is/‘B]

1 ! 1|

(=

i
4x10™*
m Im}

FIG. 4. Magnetic moment as a function of the pion mass, in
units of 10 *¥ug . In the vacuumm?2/m?~10° and outside the dis-
played rangeAg=1 GeV as in Fig. 3, but nown,/m,=1 due to
medium effects. Fom,=0 (“chiral restoration in the medium),

., diverges due to the presence of chiral singularitiua;1 and
log(m,), see text. Solid line: sum of all three contributions, Eq.
(16); dashed curve: —u®m,/m,; long-dashed curve:
—10Cu@e (¢=10"% assumeyf dotted curve:u®/r,. Both the

the peculiar photon-boson and boson-fermion couplingsecond and third contribution in E(L6) are negative. Note that the

present in Figs. (B and Xb) and Figs. 2b) and 4c¢), respec-
tively. For m,—0 the underlying chiral symmetry is exact
and the photon-nucledri2], photon-pion[13], and photon-
neutrino (this work) coupling goes preferably via the
wa-intermediate(“doorway”) state. Particle properties in

vacuum are not affected as the empirical pion mass is fa
from zero. Here is where medium effects come in. Those ar details ofm
known to affect masses; relatively large effects have beefNOWn details ofm,—

second contribution is enhanced by*10

is negative as well and of order 1€ over the neutrino mass
range displayed here. Fan,<3 eV our (positive result

ils comparable with the Standard Model res@#. If m,
furns out to be in the meV-range the result depends on un-
(shrinking of loop when the neu-

reported for the pion and nucleon masses. Medium effectino becomes pointlike fom,=0, see dashed curve in
on my, are generally expected to be much smaller than thosE19- 3. o ] o
for m_. Hence medium effects should selectively modify The striking analogy with the one-loop contributions to

electromagnetic properties of neutrinfike w,,(r?), etc)
due to diagrams Figs.(4 and Ib) (small effect is ex-
pected and diagrams Figs.(B) and Zc) (drastic effects pos-
sible).

the neutron form factor@rE‘yM(qZ) suggests to first take the
limit my,—m, and then consider the limih,—0. The an-

ticipated termsm;l and logf,) do indeed appear for
m,/m,—1 for m_ near zero. This is displayed in Fig. 4.

In the next section we present our numerical results folNote that there are no terms,,* or logm,y (for my,—0) in

various values of X,m_,m;,m,).

IV. RESULTS AND DISCUSSION

The loop integration requires a cutaffz=Am, . In com-
pliance with the analogous one-loop calculatjag] for the
neutron form factor we choose the same cutoff:
=1 GeV. Next we observe in Eq$l6) and (17) that u(*
and u® also containe-terms, (I k)?=(2+¢)?°=4+4¢
+0(&?),(1— k)2=¢2 To ordere (¢<10 3) there are no
(b%/a?)(1— k)?-terms in . In the first term~ ) in
Eqg. (16) the terms(m§/m2€) is negligible compared with
the leading term. I(®), e<1 can be neglected. The only
numerically noticeable dependence bfa stems from the
normalization 1/(#b?%/a?). Remarkably.(?) does not de-
pend onb/a. In our numerical results below we will assume
b<a throughout. Other values can easily be implemente
using Eq.(17). The actual valueb/a have to be supplied by
measurements of the helicity “profile” of a given “beam” of
neutrinos. Form,<m,, m_=140 MeV (i.e., the vacuum
values it is easy to see thai(® dominatesu, . In Fig. 3 we
display the neutrino mass dependence @f for m,
e[3 meV,3 e\. u, (solid curve is dominated by the third
term in Eq.(16) which is positive; in units ofug the first
term is negative and of order 18— 10 2%, the second term

the Standard Model result far, . This is a peculiarity of the
mar-intermediate state and its coupling to the photarcon-
sequence of the underlying chiral symmetiye emphasize
that enhancement effectever and above the vacuum value
for w,) appear only once the mass rating/m, andm,/m,

are drastically modified due to the pions interaction with a
dense or hot medium.

There is some controversy over the medium corrections
onm,_. Our results indicate that, shoutd,. increasedue to
medium effects, all electromagnetic effeGg),\,l(qz) would
become much weaker than the Standard Model contributions
given in Eq.(4). There is, however, the possibility that some
medium effects(dense and/or hptconspire tolower m,
(NJL-type models consistentlpwer m,., see[14]). In that
case neutrin@lectromagnetiprocesses compete with weak
processes, Ed4), and have to be taken into account when
neutrino elastic(and inelasti¢ scattering is considered in

eutron stars, etc., resulting in a much shorter mean free path
n layers where the medium-corrected pion mass approaches
the chiral limit.
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APPENDIX: EVALUATION OF LOOP INTEGRALS
First we calculate the matrix element in Fig@b), Eq. (13),

u,(p")(K+4)(1—kys)(p—K+m)K(1—xys)u,(p)
_ 2k
=(1+ Kz)uy(p’)(ker)(lb—k)k( 1- —275) u,(p)
1+ K

+(1—x2)mu,(p") (K+d)ku,(p).

(A1)
In generalu,(p) is a superposition of both helicity statas , for which ysu.=*u.,
! (au_+buy) (A2)
u,= au_+bu,).
JaZ+b? B

It is easy to see that “crossed” terms - - “Uy andU+~ --u_ in Eqg. (Al) vanish. For diagonal terms one finds
Eq. (Al)=(a*{u_Ku_[(1+ x)?(2k-p—k?®—2m?2)+2mm,(1— «?)]+u_u_m(k®=2k-p)[(1— k?)—r (1+«)?]}

+b2{u, ku,[(1—x)2(2k- p—k2=2m?)+2mm,(1— «x2)]+u, u, m(k®—2k-p)
X[(1= k%) =1, (1= k)*1)/(a*+b?) (A3)
andr,=m,/m, 1+ k=2+¢,1— k’=—2e+ O(?).

Using the Feynman parametrization for products in denominasees for example EqB1) of Ref.[12]] one finds

o[t (¥ d*k 2k, +q, L
(13b)=—ieGgF% [ dx dy > —[a“{u_ku_Py(k,p,x,m,)
o Jo (2m)* [(k+1)2—mfcy(x,y, n)+ie]®

+u_u_mP,(k,p,x,m,)}+bu ku, P,(k,p,— x,m,)+u u,mPy(k,p,— k,m,)}]/(a%+b? (A4)

where P;=(1+ «)?(2k- p—k?—2m?)+2mm,(1— k?), P,=(k?>—2k-p)[(1—«?)—r,(1+k)?], |, =0,Y—p,.(1-X=Y)
=p.(Xx=1)+yp,, Co=r3(1—x—y)2+ (112 (1-x—y) +Anxyri+ri(x+y), andr ,=m_/m.

Next we perform a shift of the origitk—k=k+1 and use the fact that under symmetric integratigrkk, f(k?)
— 0,2k, KKk?f (k%) — (1/2)k*f (k?) ,, .k, f (k?)—0 for any function f, with the result

1 1-x d*k 1
Eq. (13b)=—ieG§F§Tf dxf dyf
0 0

2
(2m)* [KP—micy(x,y, p) +iel®

a? u_y,u_Ps(x,y,K% k) +u_u_

!

- p 5
m—“ Pa(X,y,K? k) + Fl: Ps(x,y,k?, k)

14

X + b?

U+ Yul+ P3(x,y,~k2, —K) +U+U+

] / (a®+b?) (A5)

where P3(x,y,K?, k) = 3(1+ ) K MRy (X,y, 7) —k?], Pa(x,y,k?)=mZK?f1(x,y) +m{fo(x,y), Ps(x,y,k?)=P4(y,x.k?),

Ri(X.Y, 7)== 4mxyri—r2[1+(x+y)? ]+ O(er,), f1(xy)=2r,(x+y)(4y—1)+O(e), fa(x,y)=4r,(1-2y)[(x+Yy)R
+2r,]+O(g). Thed*-integration can now be done using

4
|n(ﬁ]2)5f d’l 1

(2m)* [12—=m2+ie]"

X

' - p -
i 2 _ e 2 _
m P4(X,y,k%, — k) + m Ps(x,y,k%, K))

It is well known thatl,, converges fon=3,

co i 1
= e D2y (2 (Ao
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Equation(A5) containsl, , as well, which both have to be regularized. For consistency we regulaltizg(n=1,2,3) in
Eq. (A5),

}\2

1+—
Ch

15°(micp) = — 4 mf[)\z—cblog

)?

15°(m?cy,) = | Iog(1+)\—2)— i
2T a2 C/ A2+c,

A2 |2

2
A +Cyp

i 1

ICO
(47)% 2mic,

$AmPey) = —

(A7)

The superscript “co” refers to a Euclidean cutafi-=Am, ; as discussed in Reff12] this procedure is numerically close to
the Pauli-Villars regularizatiofwhich is—with the exception of dimensional regularization—the only scheme consistent with
gauge- and chiral-invariange

The comparison of Eq(A5) with Eq. (6) confirms separate gauge invariance for this diagram, Rig), '{**(q?)
=I'?)(g?), and giveg17] [note for =0, c,=r(1—x—y)?+(1—r2)(1—x—y)+r3(x+y)],

b2
(1+ )%+ ;(1—@2

G2F2m? (1 1-x c r2
r<2b>0:F—”'f dxf d (—b 21+ (x+y)?] —r,(1- 2
s (0) am? Jo ™o y| 9 2 5 [1+(x+y)7] o ota? ( )

b2
(1+k)%+ ;(1—:02

A8
1+b?/a? (A8)

where f(x)=3xlog(1+1/x) —1—2x/(1+x)—x/[2(1+x)?] is (up to a constant factprthe combination I;+2m?Zc,,
+mpcils), andg(x)=—log(1+1/x) + 1/(1+x) + 1[2(1+x)?] is (up to a constant factpthe combination I+ mZcyl3).

Next we calculate the contribution of the vertex correction, F{g). Zhe corresponding matrix element in E&3c) is now
[first for left-handed neutrinos, i.éb=0 in Eq.(A2)]

u,(p )K(1—xys) (D" —k+m)y,(p—K+m)K(1—«xys)u,(p)
=U, () Y, u(P) (14 k) 2{4k- p'k- p+ K2 k2—mZ—mf— 2k- (p+p’) I} +2mm,(1- k?)k?)
+ U, (P KU, (P)2K,[(1+ k) 2(m2+m’€) — (1 - x?)2mm, ]+ U,(p")u,(p)2K,(k*— 2k-p')
X[mM,(1+ 1)2=m(1— x2) ]+ U, (p' ) Ky,U,(p)2k-q[m,(1+ x)2—m(1— «?)]. (A9)

As before, see EqA3), the result for right-handed neutrinos is obtained by replagimgth — « in Eq. (A9) throughout. The
next steps follow those after EGA3),

d*k m>(
2m)* [(k+1)2—micy(x,z,7) +ie]®

1 1-x
Eq. (13c)=—ieG,%F§Tf dxf dzf (
0 0

aZ(U ‘}/,uqul(kvpi Kvmv)

— 2k, — 2k, _ 2k-q
+u—u—WQ2(kvp!K1mv)+u—ku—_2Q3(k!valmv)+u—kylLu—_3Q4(k!p!K;mV)
| m| m|

+b?

_ o, 2k,
U, ’)/MU+Q1(k,p,_K,mV)+U+U+ WQz(k,p,_K,mV)+U+kU+ ¥Q3(k!p1_K!mv)
|

/ (a®+b?) (A10)

where nowc,=r2(x+2)?+(1-r?)(x+2z) +4nxzr’+r2(1—x—2),

_ 2k-q
+u+ky#u+ FQ4(k,p,—K,my)
|
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4k-p’
Q;=(1+\)? 25 k-p+k2( +(1-N?)2K%r,,

k*  2k-(p+p)
7~ 2 -r,—1
m ¢ m ¢

Qo= (K2—2k-p")Qu/m’¢, Qa/m €=(1+N\)A(1+r)—2r (1-\?), Qu/m*¢=(1+\)%r,—(1-)\2) and |,=—xp,
—zp),, so thatt?=m’(x+2)?+4m2yxz and — - (p+p’) = 2(x+2)m(1+ 7).
Again we findI'{*?(g?)=I'%9(g?), i.e., separate gauge invariance of diagram, Fig. Zor the magnetic contribution we
finally get
bZ
2 _ 2
G;‘;Fimf (1+kx)°+ ;(1 K)

1 1—-X
ré9)= f dxf d
SO== 1+ b2/a? S P

Ce o1 2(c
X{ =gl —|3r \of
{g(xz) ’ A

Sld

§+(x+y)2—2(x+y))+ ] (A11)

Note there is no term-r (1— K2) in I‘(32°)(0).
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