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:0-extended supersymmetric Chern-Simons theory for arbitrary gauge groups
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We present a model of supersymmetric non-Abelian Chern-Simons theories in three dimensions with arbi-
trarily many supersymmetries, called:0-extended supersymmetry. The number of supersymmetriesN equals
the dimensionality of any non-Abelian gauge groupG asN5dim G. Due to the supersymmetry parameter in
the adjoint representation of a local gauge groupG, supersymmetry has to be local. The minimal coupling
constant is to be quantized, when the homotopy mapping is nontrivial:p3(G)5Z. Our results indicate that
there is still a lot of freedom to be explored for Chern-Simons type theories in three dimensions, possibly
related to M theory.
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I. INTRODUCTION

Three-dimensional~3D! space-time is peculiar in th
sense that Chern-Simons~CS! theories@1–3# can accommo-
date arbitrarily many supersymmetries@4–7#. Some typical
examples were given in@4# with the gauge groups
OSp(pu2;R) ^ OSp(qu2;R), or with N58M and N58M
22 supersymmetries in@5#, or SO(N) symmetries in@6#.
Another example is conformal supergravity CS theory w
;N-extended supersymmetries with local SO(N) gauge sym-
metries@8,5#. Since arbitrarily many supersymmetries are
lowed in these models@4–8#, we sometimes call them
:0-extended supersymmetric models.

However, all of these known theories so far have rat
limited gauge groups, such as OSp@4# or SO(N) @5#. In this
Brief Report, we generalize these results, constructing su
symmetric CS~SCS! theory with non-Abelian gauge field
strengths for arbitrary gauge groupG. In our formulation,G
can be any arbitrary classical gauge groupAn ,Bn ,Cn ,Dn ,
as well as any exceptional gauge groupF2 , G4 , E6 , E7 , and
E8 . We can include nontrivial trilinear interactions for no
Abelian gauge groupG. In our system, the number of supe
symmetries equals the dimensionality of the gauge grou
N5dimG.

II. :0-EXTENDED LOCAL SUPERSYMMETRIES
WITH ARBITRARY GAUGE GROUP

Our model is based on spinor charges transforming as
adjoint representation of an arbitrary gauge group;G. It is
well known that local supersymmetry is needed, when spi
charges are nonsinglet under a local gauge groupG. In our
model, the gauge groupG can be completely arbitrary with
the relationshipN5dimG.

Our field content is similar to the models given in Sec.
in @6#, namely, (em

m ,cm
I ,Am

I ,Bm
I ,Cm

I ,l I) where cm
I is

the gravitino in the adjoint representation of;G, both Bm
I

andAm
I play the role of the gauge field forG, andCm

I is a
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vector field, transforming as the adjoint representation ofG.
The gaugino fieldl I is a Majorana spinor. Our total actio
I[*d3x L has a Lagrangian composed of the three m
parts: a supergravity Lagrangian, aBF-type term and SCS
terms, as

L[2
1

4
eR~v!1

1

2
emnr~ c̄m

IDnc r
I !1

1

2
gemnrCm

IGnr
I

1
1

2
ghemnrS Fmn

IAr
I2

1

3
g fIJKAm

IAn
JAr

KD
1

1

2
ghe~ l̄ Il I !, ~2.1!

where we adopt the signature (hmn)5diag(2,1,1), and

D [mcn]
I[] [mcn]

I1
1

4
v [mu

rsg rsc un]
I1g fIJKB[m

Jcn]
K,

~2.2a!

Fmn
I[]mAn

I2]nAm
I1g fIJKAm

JAn
K , ~2.2b!

Gmn
I[]mBn

I2]nBm
I1g fIJKBm

JBn
K , ~2.2c!

Hmn
I[~]mCn

I1g fIJKBm
JCn

K!2~m↔n!

[DmCn
I2DnCm

I . ~2.2d!

The structure constantf IJK of the gauge group;G plays a
crucial role in our formulation. The covariant derivativeDm

has both a Lorentz connection and minimal coupling toBm
I ,

which is the gauge field ofG. The constantsg and h are a
priori nonzero and arbitrary. As usual in supergravity@9#, the
Lorentz connectionvm

rs is an independent variable with a
algebraic field equation@10#:

vmrs8v̂mrs[
1

2
~Ĉmrs2Ĉmsr1Ĉsrm!, ~2.3a!

Ĉmn
r[]men

r2]nem
r2~ c̄m

Ig rcn
I !.

~2.3b!

Note that theCG term is nothing but aBF term.
©2004 The American Physical Society01-1



s
s
p

y:

-

ee,

-

n-

.
f
s,

the

BRIEF REPORTS PHYSICAL REVIEW D70, 027701 ~2004!
The structure of the Lagrangian~2.1! is very similar to
that in Sec. 2 in@6#, but there are also differences. The mo
important one is that the gauge groupG in the present case i
completely arbitrary, and the gravitino is in the adjoint re
resentation ofG. There is no restriction on the gauge
groupG.

Our total actionI is invariant under local supersymmetr

dQem
m51~ ē Igmcm

I !, ~2.4a!

dQcm
I51]me I1

1

4
v̂m

rsg rse
I1g fIJKBm

JeK

1g fIJKgneJĤmn
K

[1Dme I1g fIJKgneJĤmn
K , ~2.4b!

dQAm
I51 f IJK~ ēJgmlK!, ~2.4c!

dQBm
I51 f IJK~ ēJgnRmn

K!1h fIJK~ ēJgmlK!,
~2.4d!

dQCm
I52 f IJK~ ēJcm

K!1h fIJK~ ēJgmlK!, ~2.4e!

dQl I52
1

2
f IJKgmneJ~2Fmn

K1Gmn
K1Ĥmn

K!

2
1

2
l I~ ēJgmcm

J!

22 f IJK f KLM~g@mcn]
J!~ ēLgmR̃n

M !. ~2.4f!

As usual in supergravity@9#, Ĥmn
I is the supercovariantiza

tion of Hmn
I :

Ĥmn
I[Hmn

I1 f IJK~ c̄m
Jcn

K!, ~2.5!

andRmn
I is the gravitino field strength:

Rmn
I[S ]mcn

I1
1

4
v̂m

rsg rscn
I1g fIJKBm

Jcn
KD2~m↔n!

5Dmcn
I2Dncm

I , ~2.6!
02770
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while R̃m
I is its Hodge dual: R̃m

I[(1/2)em
rsRrs

I .
The on-shell closure of our system is rather easy to s

because of the field equations

Fmn
I80, Gmn

I80, Ĥmn
I80, Rmn

I80, l I80,
~2.7!

where the symbol8 is for a field equation. Among the field
strengthsF, G, H, only H has a field equation with superco
variantized field strength, due to the minimalgBc coupling.
To be more specific, the closure of gauge algebra is

@dQ~e1!,dQ~e2!#

5dP~jm!1dG~jm!1dQ~e3
I !1dL~l rs!1dL1dL̃ ,

~2.8!

wheredP , dG , anddL are, respectively, the translation, ge
eral coordinate, and local Lorentz transformations, whiledL

is the gauge transformation of the groupG, and dL̃ is an
extra symmetry ofCm

I for our action, acting like

dL̃Cm
I5]mL̃ I1g fIJKBm

JL̃K[DmL̃ I , ~2.9!

leaving other fields intact. The parameters in Eq.~2.8! are

jm[1~ ē2
Igme1

I !, l rs[1jmv̂m
rs12g fIJK~ ē1

Ie2
J!ĤrsK,
~2.10a!

e3
I[2jmcm

I , L I[2jmAm
I , L̃ I[2jmBm

I .
~2.10b!

Due to the field equation~2.7!, the existence of the last term
with Ĥ in Eq. ~2.10a! does not matter for on-shell closure

Since the parametersg andh are arbitrary, we can think o
interesting cases. First, ifh50, then we have no SCS term
but with a CG term that is a kind ofBF term. Second, if
ghÞ0, then we have generally some quantization for
coefficients for the CS term, when the gauge groupG has
nontrivial p3 homotopy mapping. To be more specific,
p3~G!5H Z ~ for G5An ,Bn ,Cn ,Dn ~n>2, GÞD2!, G2 , F4 , E6 , E7 , E8!,

Z% Z for G5SO~4!,

0 for G5U~1!.

. ~2.11!
we
l
g
he
For a gauge group withp3(G)5Z, the quantization condi-
tion is @1#

gh5
,

8p
~,561,62,...!. ~2.12!
Therefore, as long ashÞ0, the minimal coupling constantg
should be generally quantized in this model. Third, when
keepghÞ0 restricted as in Eq.~2.12! and take the specia
limit g→0, we still have the effect of the CS term leavin
the action topologically nontrivial, even though we lose t
minimal coupling.
1-2
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III. COMMENTS

In this Brief Report, we have presented a model
:0-extended supersymmetric non-Abelian CS theories.
total action is invariant underN5dimG-extended and loca
non-Abelian gauge symmetry, closing gauge algebra. In
estingly, we have two different constantsg andh which area
priori arbitrary. Depending on the gauge groupG with non-
trivial p3 homotopy mapping, the combinationgh is to be
quantized asgh5,/(8p) (,PZ).

The generalization of supersymmetric CS theories to c
tain special non-Abelian gauge group is not very surprisi
some examples for SO(N) for ;N51,2,... are shown in@6#.
However, the important new aspect of our present result
that non-Abelian CS theory with arbitrarily many extend
supersymmetries;N for an arbitrary gauge group;G, to our
knowledge, has been presented in this paper for the
time. Note also that it is the special topological features
CS theories in 3D that makes it possible to generalize
number of supersymmetries up to infinity, consistent a
with local supersymmetry.

As is usual with non-Abelian CS theories@1,2,4–6#, our
action is nontrivial, even ifFmn

I80 on shell. This is due to
the presence of the nonvanishinggA∧A∧A term, even for a
pure gauge solutionFmn

I80. It is also important that we
have nontrivial trilinear interactions for the topological ve
tor field Am with arbitrarily many supersymmetries. For e
ample, even though a prototypefree system with;N super-
symmetries was given in@10#, no generalization to trilinea
interactions was successful,exceptthose in@4–8#.
of
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It has been commonly believed that there is a limit forN
in 3D for interacting models with physical fields, like th
limit N<8 in 4D @11#. In this sense, our model establishes
counterexample of such wisdom. However, our result d
not seem to contradict the general analysis of supersymm
algebra in 3D@11#. We understand that our result is a cons
quence of the special features of 3D which has not been
emphasized in the past, even though some noninterac
models in@10# had certain indications of:0 supersymmetry.
As a matter of fact, from a certain viewpoint, the existence
:0-supersymmetric interacting theories in dimensionsD<3
is not unusual. For example, in 1D there are analogous:0
supersymmetries@12#.

Physics in 3D is supposed to be closely related to
theory, in terms of supermembrane theory@13#. Our result
here seems to indicate there is still a lot of freedom to
explored for Chern-Simons theories in 3D. In fact, w
showed in our recent paper@14# that Chern-Simons term
with quantization arise in supermembrane action@13# upon
compactification with Killing vectors.

With these encouraging results at hand, we expect
there are more unexplored models with:0 upersymmetry
in 3D.
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