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No-extended supersymmetric Chern-Simons theory for arbitrary gauge groups
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We present a model of supersymmetric non-Abelian Chern-Simons theories in three dimensions with arbi-
trarily many supersymmetries, callety-extended supersymmetry. The number of supersymmeétrieguals
the dimensionality of any non-Abelian gauge graB@asN=dim G. Due to the supersymmetry parameter in
the adjoint representation of a local gauge gr@ipsupersymmetry has to be local. The minimal coupling
constant is to be quantized, when the homotopy mapping is nontrivigd(G) =Z. Our results indicate that
there is still a lot of freedom to be explored for Chern-Simons type theories in three dimensions, possibly
related to M theory.
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[. INTRODUCTION vector field, transforming as the adjoint representatiofsof
The gaugino field\' is a Majorana spinor. Our total action
Three-dimensional(3D) space-time is peculiar in the 1=fd3x £ has a Lagrangian composed of the three main
sense that Chern-SimoK€9) theories[1-3] can accommo- parts: a supergravity Lagrangian,B-type term and SCS
date arbitrarily many supersymmetrigg—7]. Some typical terms, as
examples were given in[4] with the gauge groups
OSpP|2;R)®0Sp@|2;R), or with N=8M and N=8M
—2 supersymmetries if5], or SON) symmetries in[6].
Another example is conformal supergravity CS theory with
vN-e_xtended s_upersymme_tries with local SB()(gaug_e sym- + Zghet| F
metries[8,5]. Since arbitrarily many supersymmetries are al- 2
lowed in these model§4—8], we sometimes call them 1
No-extended supersymmetric models. +=ghe(A\h, (2.1
However, all of these known theories so far have rather 2
limited gauge groups, such as ORE or SON) [5]. In this
Brief Report, we generalize these results, constructing supe
symmetric CS(SCS theory with non-Abelian gauge field 1
strengths for arbitrary gauge gro@ In our formulation,G Diuth)' =0[uth' + Zw[u|r57r5¢\v]| +gf B, v,
can be any arbitrary classical gauge groAip,B,,,C,,Dp,

1 R 1
L=-7eRw)+5€"(§,/D, i)+ 59e°C /G,

1
Ia | 1JK Ia Jp K
WA= Z9TRAASA,

Y\_/here we adopt the signaturey(,) = diag(—,+,+), and

as well as any exceptional gauge grdup G,, Eg, E;, and (229
Eg. We can include nontrivial trilinear interactions for non- [ - [ [ JKa Jp K

X =9,A —3d,A '+gf" A A", 2.2h
Abelian gauge groufs. In our system, the number of super- pr e wd o (2.2
symmetries equals the dimensionality of the gauge group as 5 VlE%Bvl —9,B.'+gfI¥B JBVK, (2.20
N=dimG. " K K’

I | 1JK J K
H,, =(,C, +gf""B,C)—(u=v)
Il. No-EXTENDED LOCAL SUPERSYMMETRIES =D,C, - DVC,L' _ (2.2d

WITH ARBITRARY GAUGE GROUP

. . . Th rit’¥ of th I
Our model is based on spinor charges transforming as th e structure constarft™ of the gauge grou'G plays a

. . . : Erucial role in our formulation. The covariant derivatilzg,
adjoint representation of an arbitrary gauge gro@. It is

. . h th a Lorentz connection and minimal lin
well known that local supersymmetry is needed, when spmoras both a Lorentz connection and alcoup @I‘é’

charges are nonsinglet under a local gauge gi@un our which is the gauge field ofs. The constantg andh area

model, the gauge group can be completely arbitrary with priori nonzero ar_md arlrasitrary. A.S usual in supergra{/ﬁy j[he
the relationshigN=dim G. Lorentz connectionw,, ~ is an independent variable with an

Our field content is similar to the models given in Sec. I algebraic field equatiofdO]:
in [6], namely, €,",4,'.A,",B,',C,'"\") where " is 1. A i
the gravitino in the adjoint representation %6, bothB,,' @mrs™ @mrs= 5 (Cimnrs™ Cimsrt Csrm), (2.39
andA,' play the role of the gauge field f@, andC ' is a

C,u.VrEO",u.evr_ O"Vep,r_(w,ul 7r l/lvl)- 2 38
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The structure of the Lagrangia®2.1) is very similar to  while ﬁu' is its Hodge dual: R, =(1/2)e, "R, .
that in Sec. 2 irf6], but there are also differences. The most  The on-shell closure of our system is rather easy to see,
important one is that the gauge gro@pn the present case is pecause of the field equations
completely arbitrary, and the gravitino is in the adjoint rep-

resentation ofG. There is no restriction on the gauge
groupG.
Our total actionl is invariant under local supersymmetry:

5oe, "=+ (Y™, (2.49
1
5Qz,b’u'=+(9lue'+Z&)Mrsyrse'-i-gf”KBMJeK
+gf|JK7VEJ|:|WK
E+D#€I+gfIJK’yV€]|:|MVK, (2.4b
8A =+ 1K@y, \), (2.40
8oB,'= + 1Ky R, ) +h Ky, \ ),
(2.40
8oC,,'= = (&y, ) +h K@y, \), (2.40
| 1 1JK v J K K 2 K
Soh'=— Sty e (2R, + G, H,,5)
1
- SNy,
_2fIJKfKLM(Y[ﬂl//V]J)(EtyMTQ’VM)' (240

As usual in supergravitjo], H '

; .
tonofH,,

is the supercovariantiza-

HMJEHW|+]¢|JK(EMJ%K), (2.5)

I TR .
andR,,, is the gravitino field strength:
| | 1 A TS | 1JK J, K
Rlu,y = &Ml/jv + Zw,u, '}’rswv +gf B,u, lﬂv _(IU’H V)

=Dy, ~D,y,', (2.6)

7 (for G=A,,B,,C,,D, (n=2, G#D,),
77 for G=SQO4),
0 for G=U(1).

m3(G) =

For a gauge group withr3(G) =7, the quantization condi-
tion is[1]

(2.12

H,, =

nv

I; I;
F,'=0, G,'=0, 0

2.7

where the symboi= is for a field equation. Among the field
strengthd=, G, H, only H has a field equation with superco-
variantized field strength, due to the mininggB« coupling.
To be more specific, the closure of gauge algebra is

[Oq(€1),00(€2)]
= Op(£M) + O6(£M) + Bgl€3) + SLIN®)+ 85+ 6%
(2.9
whereép, g, and s, are, respectively, the translation, gen-
eral coordinate, and local Lorentz transformations, whijle

is the gauge transformation of the gro@ and &3 is an
extra symmetry oCM' for our action, acting like

8iC,'=9,A'+gf*B JA*=D A", (2.9

leaving other fields intact. The parameters in Ej8) are

ng+(?2I,ymell)’ )\rsE+g,ua)'urs_’_zgfl.]K(?llEZJ)HrsK,
(2.10a
|

s

(2.10b

e'=-¢y, . A=-¢gA) R'=-gB

Due to the field equatiof2.7), the existence of the last term
with A in Eq. (2.103 does not matter for on-shell closure.
Since the parametegsandh are arbitrary, we can think of
interesting cases. First, if=0, then we have no SCS terms,
but with a CG term that is a kind oBF term. Second, if
gh#0, then we have generally some quantization for the
coefficients for the CS term, when the gauge gr@uas
nontrivial w3 homotopy mapping. To be more specific,

GZ! F4! E61 E7l E8)|
(2.11

Therefore, as long ds+ 0, the minimal coupling constaigt
should be generally quantized in this model. Third, when we
keepgh#0 restricted as in Eq.2.12 and take the special
limit g—0, we still have the effect of the CS term leaving
the action topologically nontrivial, even though we lose the
minimal coupling.
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[ll. COMMENTS It has been commonly believed that there is a limit fbr

in 3D for interacting models with physical fields, like the

X . ; limit N=<8 in 4D[11]. In this sense, our model establishes a
No-extended supersymmetric non-Abelian CS theories. Th%ounterexample of such wisdom. However, our result does

tnogﬁl_ :ggﬁgn's g‘l:/ae”asmr#rggfr“ =(;jlgi§'ex;indeegl aggrgocl?mlterﬁot seem to contradict the general analysis of supersymmetry
. gauge syn Y, g gauge alg ) algebra in 30/11]. We understand that our result is a conse-
estingly, we have two different constamgtandh which area

- : . . guence of the special features of 3D which has not been well
priori arbitrary. Dependlng_ on the gauge_gro_GpN!th non- emphasized in the past, even though some noninteracting
trivial 73 homoiopy mapplng/, the combinatigh is to be models in[10] had certain indications af, supersymmetry.
quantized asgh_— 6/.(877) (£eZ). . : As a matter of fact, from a certain viewpoint, the existence of
The generalization of supersymmetric CS theories to cers, _supersymmetric interacting theories in dimensians 3
tain special non-Abelian gauge group is not very surprisingisonot unusual. For example, in 1D there are analogoys
some examples for S®) for YN=1,2,... are shown if6]. supersymmetri.eEIZ] ’

However, the important new aspect of our present results is Physics in 3D is. supposed to be closely related to M
that non-Abelian CS theory with arbitrarily many eXtendedtheory, in terms of supermembrane the®fyg]. Our result

supersymmetne§N for an arbitrary gauge grouYJG, to our ;ere seems to indicate there is still a lot of freedom to be

In this Brief Report, we have presented a model of

knowledge, has been presented in this paper for the firs xplored for Chern-Simons theories in 3D. In fact, we

time. Note also that it is the special topological features O howed in our recent papéi4] that Chern-Simons terms

CS theories in 3D that makes it possible to generalize th@vith quantization arise in supermembrane acfi®8] upon

ngmber of supersymmetries up to infinity, consistent alsocompactification with Killing vectors.
with local supersymmetry.

As is usual with non-Abelian CS theorigs,2,4—6, our With these encouraging results at hand, we expect that

L L . T there are more unexplored models wity upersymmetr
action is nontrivial, even |Fw'i0 on shell. This is due to ;3 P ¥ upersy y

the presence of the nonvanishigdJACA term, even for a
pure gauge solutiorFM'tO. It is also important that we
have nontrivial trilinear interactions for the topological vec-
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