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Chern-Simons-like action induced radiatively in general relativity
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The Chern-Simons-like gravitational action is evaluated explicitly in four-dimensional space-time by radia-
tive corrections at the one-loop level. The calculation is performed in the fermionic sector where the Dirac
fermions interact with the background gravitational field, including the parity-violating t;!m?p. The
investigation takes into account the weak field approximation and dimensional regularization scheme.
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I. INTRODUCTION tion scheme. Coleman and Glashp#8] argued that such a
term must unambiguously vanish to first ordetip for any
The theory of the electromagnetism was crucial to quesgauge-invarianCPT odd interaction. They considered that
tioning Galilei invariance and to giving rise to Lorentz sym- the axial currenii should stay gauge invariant in the quan-
metry. Nowadays, in string theory one may find a way totum theory at any momentum or at any space-time point.
question Lorentz invariance, since there are interactions thﬁince(ji)z oL(x)/éb,,, this condition is equivalent to the
support spontaneous breaking of Lorentz symmElfyone  requirement that the Lagrangian density corresponding to the
of those interactions being described by the Chern-Simongjuantum effective action should be gauge invariant. Thus,
like action. based on this requirement, the Chern-Simons-like term is not
The Chern-Simons term was first introduced in three-generated since its Lagrangian density is explicitly not gauge

dimensional gauge field and gravitational field theories byinvariant. Jackiw and Kostelecky14] showed that the
Deser, Jackiw, and Templetd@]. In the gauge theories in- Chern-Simons-like term is induced. They thought that since

teresting phenomena are exhibited such as exotic statistick, Only couples with a constant 4-vectbr, , it is true to
fractional spin, and massive gauge fields. These phenomefigauire only thaj®, with zero-momentum be gauge invariant
are of topological nature and they can be produced when wat the quantum level. Sinag'd*xj5)=8S/sb, , this condi-

add the Chern-Simons term to the Lagrangian which detion is equivalent to the requirement that the quantum effec-
scribes the system under consideration. Posteriorly, was ofive action should be gauge invariant. This controversy on a
served that if one adds the Chern-Simons-like term in fourP0ssible Chern-Simons-like term generated through radiative

dimensional space-time to Maxwell's theory, both LorentzCorrections was carefully investigated by many autfas-

and CPT symmetries are violated. The model predicts the28)- This phenomenon was analyzed in quantum electrody-
namics as a part of the standard model. Our purpose in this

rotation of the plane of polarization of radiation from dis- X ; i : S .
tance galaxies, an effect which has not been observei@yet Paper is to derive the Chern-Simons-like gravitational action
’ induced by Dirac fermions coupled to a background gravita-

In recent paperd4,5], modification of general relativity . . . .
when one adds the Chern-Simons-like gravitational term hallonal field. The result shows that the Chern-Simons-like

been studied. The authors have observed that in this modifid§™ i$ genferre]lted bykr?digtive fermionlloops,duglder th_e asi—
theory the Schwarzschild metric is a solution, gravitationaSUmption of the weak field approximation and dimensiona

waves possess two polarizations which travel with the velocfegularization scheme.

ity of light, and polarized waves are suppressed or enhanced.
The induction by radiative correction of the Chern-

Simons term has been analyzed in the last 20 years. Redlich

[6] in a seminal paper studied the subject in the context of

quantum electrodynamics in three dimensions of space-time. The action that we are interested is given by

Following this paper other models in quantum field theory

were investigatefi7—9]. Extension to higher odd dimensions

was done and also in the case of a gravitational background Y — = — .

field [10,11]. S—f d'x| 5ie€yy°Dy—ee b,y ysh|, (D)
Colladay and Kostelecky12] analyzed the question of

whether the Chern-Simons-like term is generated by radia-

tive corrections when the Lorentz ar@PT-violating term  where we have included the parity-violating term. Hefg

b, y*ysy is added to the conventional Lagrangian of quan-is the tetrad(vierbein, e=dete”,, andb, is a constant

tum electrodynamics in four-dimensional space-time. They-vector. The covariant derivative is given by

have observed that such term is dependent on the regulariza-

II. EVALUATING THE CHERN-SIMONS-LIKE
GRAVITATIONAL ACTION

1
D= 0,+ SW,ca0%, 2
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FIG. 1. One-loop contribu-
tions.
() (b) (c) (d) (e

where WMCd is the spin connection and =3[ y° 9], fermion propagator withd insertion
whereas the covariant derivative on a Dirac-conjugate field
is 3w =—ilbys. 9
— 1 — . . . . .

D, =d,¢— SWoc qipacl. (3)  The three relevant interaction fermion-graviton vertices are

Using the expressions above we can rewrite the(Egas
E [
1 = e 1 =~ 71 7u(2pF0),, (10
Szf d*x Eiee”a¢yaaﬂw+ Ziee"a¢wﬂcdl“a°d¢

- eeﬂaﬁb# ’ya’)/S l//) ’ (4) E
=i YMbVYS’ (11)

where I'3¢9= 1 (24994 permutations)—i.e., the antisym-

metrized product of threg matrices. and
In the weak field approximation we considey,,= 7,,,

+h,, (9*"=»n*"—h*"), which induces an expansion for

the vierbeine,,=7,a+3h,a (e4=7"%—3h%). Then, the .L,_ : i
linearized Chern-Simons-like action takes the fdeh =-— 1—677/3”1““”“(q1—q2)p. (12

S,mear=%J d4xh‘”v)‘eaMp(9f’(ay(97h§—avﬁth). (5)  The one-loop order correction to the effective action are
given in Fig. 1.

Graphs(c), (d), and (e) do not contribute to generate

ern-Simons-like action. The only relevant graphs (@e

and (b) whose the Feynman integral are given by

The main purpose of the present work is to induce this actiora:h
by radiative correction of fermionic matter field to obtain the
relation betweemw, andb, . In order to perform this calcu-
lation we consider the fermionic model represented by the
action

vaf __i_ d4p v
) IZ"(q)= 16trf (Zw)4[7"(2p+q) S(p)
ir'fh] _ "y iS[h,y,
1= | Dypye, ® X y*(2p+ QPSP+ QBysS(p+ )] (19

where the linearized effective action is given by and

— 1 —
sth .01 | d4><(§il//r”3ul//+ Ph L

i d
vaf _ p y v
g™ (a) = —16trf [»*(2p+a)

_ (2m)*
— by , 7 N

Vouy ”"‘”) " X S(p)bysS(P) Y (2p+ Q)P S(p-+ )]
with — Trh=yr—ihery, and  TH'=Lbry ys—(i/ 4
16)(9,h,p) nP*TP#*. In this expression, we neglect the _
terms proportional th=7*"h,,, because they do not con- It is straightforward to see that
tribute to generate the Chern-Simons-like action.

The Feynman rules that we obtain from H@) are the [I#veb(q)=T14"*F(q) =TI¢"*A(—q), (15)

following:

fermion propagator which appears when substituting the loop momenpta;p

. —qgx, and we using the cyclic properties of the trace of a
'_, (8) product of y matrices. So from now on we work only with
p—m Eqg. (13) which takes the form

—»=8(p)=
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d*p [2p+a(l-2x)]"[2p+a(l—2x)]"
vaf —_
e fdxf@w)“ [p2—m2+x(1-x)q°]°
XAy (p— dx+ m) Y[ B+ d(1—x) + m]Bya[ p+ (1 —x)+m]}, (16

where we have used the Feynman parameter to combine the denominatof1®)EFirst of all, to simplify the numerator of
Eq. (16) we take into account that the trace of an odd producy ofatrices time3y5 is zero. Thus we have

4 Y
H,mﬁ(q)___f J dp [2p+q(1-2x)]"[2p+q(1-2x)]

{[¥5+¢1(1 X)]7(b—4x) y*

(2m)* [p?—m?+x(1—x)g?]®
X[p+G(1=x)]bys+m7p+(1—x)]y*y*Bys+m*y*(p—x) y*Bys
+mPy oy [P+ G(1—x)]Bys}. 17
|
Other algebraic properties of thematrices are used to cal- I1#v*b(q) =by e****q [AG? 9P "+Bafq”],  (24)

culate the numerator of Eq17). For instance, we can use
that the trace ofys times an even number gf matrices can
be reduced: Try*y'y*yPys]=4ie*"*P and Tf y*y"ys]
=Tr y5]=0. Also, we drop all terms that are oddprto get

whereA andB are given by

_ M2
N~veB(n0 n2 n4 A= dx 3—2x)x3(1—x)T'(€/2) — 3x*> —
H,m,;(q)___f f (p%p2p%) ), & (13T 7
(277)4 [p2—m?+x(1-x)g?]*’ B
(18 4ru?\ €
XT(—1+e€l2) 5 (29
when the numerato“"*#(p° p?,p*) has the form -
N#7(p%,p?, pt) = 4p”p(Tg# + Tgh) +2(1—2x) and
X(p"qP+pPg")(TpH+Tph)
o 2\ €2
+(1-2x)%9"A(Tg*+Tok), (19 B 2(1- %) (el2) 4mp
. 32m? —M?
with
Tgk=—4ib, e g [x(1—x)?q°+(2—x)m?], (20) 2| x(2—3x)+ (3~ 2x)x
Tot=—4ib,e M+ (1-x*)¢%]p, 2
q° € 4aru?
—8i(1—X)b, [ e*fqe— exrrigr X(l—X)WE I'(el2) —vz| (26)
—(1=x)€***"q"1qep,,, (21
o b anpd where e=4—D and M?2=m?—x(1-x)g% The next step
Top = —4ib\[2(e**7p,p®— € °p,p” concerns expanding the gamma function that appea# in
_;r_XEa,u)\ppppG)_(Z_X)ell,u)\apz]qa, (22) andB arounde—0; thus, we have
Toh =4ib, e p?p, . (23
A= dx 3x3(1—x)+(5x—3)x*(1—x)
The integral(18) is badly divergent. By power counting 3272
we note that the kinds of divergences are quadratic and loga- 5 5
rithmic. Perhaps the most convenient method for regulating M Amps) 32 E+In AT
divergent integrals without impairing gauge invariance is the € —M? € —M?2
dimensional regularization scheme developed by 't Hooft
and Veltmar[27] in 1972. Thus, we change dimensions from m?
4 to D and we change d*/(2m)* to —ytll— (27)
(n?)?~P2dPp/(27)P], where? is an arbitrary param- q

eter that identifies the mass scale. Thus &(q) takes the
form and
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201 _ 2
B ! flolx[(l—zx)z(s—zx)x(1M—2X)q

= sarzlo (o)== e alan™-a’a’l. (32

+[(2=3x)(1=2x) = 4X(1=x) ]x(1—2x) Finally, the Chern-Simons-like gravitational action induced

. 2 N AP - by radiative corrections is given by
il —yz) Y (28 .
Ir.Jh]= jd“xb}‘h’“’ea \pd°L3.,0"h%—3d,0.,h7*].
As one can sed ldx{(5x—3)x%(1—x)](2/e—)=0 in A = 19272 e !
and [Ldx(2—3%)(1—2x)—4x(1—x)Ix(1—2x)(2/e— y) (33)
=0 in B; then,A andB take the form Comparing to Eq.5) we obtain the relation between the
1 1 5 (1-2x)x3(1—x)2q? parameters, andb, which is written as
A= f dxy 3x°(1—x)+
3272Jo m2—x(1—x)g? 1
vy=——by. (34
2 2 481
2 dap m
—3x°2 ;+In > —y+1 - (29
-M q lll. CONCLUSIONS
and We summarize our work recalling that we have calculated
5 o ) the radiative corrections induced by Dirac fermions coupled
B— 1 fl (1-2x)%%(1—x)q 30 ta gravitational background field, including the nonstand-
3272Jo m?—x(1—x)qg? ard contributionydysy, that violate parity symmetries. In

) . this calculation we have used the weak field approximation
Observe that we have performed an integration by parts on ang dimensional regularization scheme. The coefficient of
for the logarthmic term irA andB. Note that inA the diver-  the Chern-Simons-like gravitational action obtained in Eq.
gent part is present which will disappear when we con3|de(33) is in agreement with the result obtained by Avarez-
the limit m*— 0. Now performing thecintegration, we have  Gaunie and Witten within the context of gravitational

) anomalieqd28].

m“—0 m2—0 1
A= -B = 5 (31
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