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Bilarge neutrino mixing and µ-t permutation symmetry for two-loop radiative mechanism

Ichiro Aizawa,1* Motoyasu Ishiguro,1† Teruyuki Kitabayashi,2‡ and Masaki Yasue`1§

1Department of Physics, Tokai University, 1117 Kitakaname, Hiratsuka, Kanagawa 259-1291, Japan
2Accelerator Engineering Center, Mitsubishi Electric System and Service Engineering Company Limited,

2-8-8 Umezono, Tsukuba, Ibaraki 305-0045, Japan
~Received 1 March 2004; published 30 July 2004!

The presence of approximate electron number conservation andm-t permutation symmetry ofS2 is shown
to naturally provide bilarge neutrino mixing. First, the bimaximal neutrino mixing together withUe350 is
guaranteed to appear owing toS2, and then, the bilarge neutrino mixing together withuUe3u!1 arises as a
result of a tiny violation ofS2. The observed mass hierarchy ofDm(

2 ! Dmatm
2 is subject to another tiny

violation of the electron number conservation. This scenario is realized in a specific model based on
SU(3)L3U(1)N with two-loop radiative mechanism for neutrino masses. The radiative effects from heavy
leptons contained in lepton triplets generate the bimaximal structure, and those from charged leptons, which
breakS2, generate the bilarge structure together withuUe3u!1. To suppress dangerous flavor-changing neutral
current interactions due to Higgs exchanges especially for quarks, thisS2 symmetry is extended to a discrete
Z8 symmetry, which also ensures the absence of a one-loop radiative mechanism.
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I. INTRODUCTION

Recent observations of terrestrial neutrino oscillations
K2K @1# and KamLAND@2# are proved to be consistent wit
the observations of atmospheric and solar neutrino osc
tions @3,4#. These oscillations are characterized by t
squared mass differences and mixing angles, which are
spectively given byDmatm

2 ;231023 eV2 and sin22uatm;1
for atmospheric neutrinos andDm(

2 ;731025 eV2 and
sin22u(;0.8 for solar neutrinos@5#. These mixings can be
theoretically explained by the oscillations among thr
known neutrinos,ne,m,t , if they are massive@6#. In fact, the
experimental data indicate that the atmospheric and s
neutrino oscillations can, respectively, originate from t
nm-nt mixing and thene-nm mixing, which are both almos
maximal. The mass hierarchy ofDmatm

2 @Dm(
2 as well as

the large mixing angles suggest that the neutrino mass m
has almost bimaximal structure@7,8#.

To accommodate massive neutrinos with tiny masses
O(1021) eV (;ADmatm

2 eV), there are two theoretica
ideas: one is the seesaw mechanism@9,10# and the other is
the radiative mechanism@11,12#. While to understand the
observed patterns of the neutrino mixings, let us conside
the first approximation, the maximal neutrino mixings.
realize these maximal mixings, we often demand spec
relations among neutrino masses, for example,mnenm

5mnent
and/or mnmnm

5mntnt
, where mn in j

( i , j 5e,m,t)

stands for the mass forn i-n j . To naturally ensure the pres
ence of such specific relations, one may invoke a cer
symmetry, such as aU(1) symmetry based onLe2Lm2Lt
([L8) @13# for the maximal solar neutrino mixing or am-t
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permutation symmetry for the maximal atmospheric neutr
mixing @14–17#.

In this paper, we consider the neutrino oscillation bas
on the radiative mechanism. It has been argued that the o
nal version of the Zee’s one-loop radiative mechanism@11#
failed to explain the favorable LMA solution for solar neu
trinos, namely, the significant deviation from the maxim
solar neutrino mixing@18#. To get around the difficulty, one
has to extend the original Zee’s framework@14,19# by ~i!
permitting the second Higgs scalar~introduced in the Zee
model! to couple to the leptons,~ii ! employing a triplet
Higgs scalar,~iii ! including a sterile neutrino, or~iv! intro-
ducing two-loop radiative effects with the absence of on
loop radiative ones. We are concentrating on examining tw
loop radiative effects@12# because there are few theoretic
models based on two-loop radiative mechanism that exp
the observed properties of the current neutrino oscillatio
The advantage of utilizing two-loop radiative effects lies
the fact that Majorana neutrino masses ofO(1021) eV can
be naturally generated without strong fine-tuning of vario
couplings. Denoting the lepton-number violating coupling
f inherent to Majorana neutrino masses, we roughly estim
the one-loop effect to bef mt

2m/16p2M2 and the two-loop
effect to be f 2mt

2m/(16p2)2M2 for m;vweak

@5(2A2GF)21/25174 GeV# as the mass scale of the sta
dard model andM;1 TeV as the mass scale beyond t
standard model. The estimated mass becomesO(1021) eV
for f ;1024 in the one-loop effect andf ;1021 in the two-
loop effect. The very small magnitude off ;1024 for the
one-loop case entails the strong fine-tuning while the mag
tude of f ;0.1 for the two-loop case can be naturally of ord
e, wheree stands for the electric charge. In the present ana
sis, all the new couplingsf beyond the standard-model one
are set to be;e. The pattern of the neutrino mixings is als
naturally explained by the use of them-t permutation sym-
metry.

To respect the power of the permutation symmetry~with-
©2004 The American Physical Society11-1
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out fine-tunings of couplings to meet an ‘‘artificial’’ permu
tation symmetry!, as ordinary charged leptons badly bre
the permutation symmetry by their masses, new sour
whose interactions can preserve the permutation symm
are required. As the simplest extension of the stand
model, we choose anSU(3)L3U(1)N model @20#, which
contains heavy leptons in lepton triplets as new sourc
SU(3)L3U(1)N models are known to exhibit the intriguin
aspect that~i! it predicts three families of quarks and lepto
if the anomaly-free condition onSU(3)L3U(1)N and the
asymptotic-free condition onSU(3)c are imposed; and~ii !
the need of the three families of quarks and leptons gr
theoretically arises because the anomalies from three fa
lies of leptons and one family of quarks that a
SU(3)L-triplets are cancelled by those from two families
quarks that areSU(3)L-antitriplets. Furthermore, these mo
els naturally provide the radiative mechanism for neutrin
of the Majorana type because the standard Higgs dou
together with a Zee scalar specific to the one-loop radia
mechanism is regarded as the Higgs triplet@21–23#. Our
SU(3)L3U(1)N model includes three families of lepto
triplets to be denoted bycL

i 5(nL
i ,,L

i ,EL
i )T( i 5e,m,t),

where (nL
i ,,L

i )T is the standard doublet andEL
i is negatively

charged heavy leptons@24#. It can be argued that to activat
a two-loop radiative mechanism requires a Higgs scala
j5(j11,j1,j̄1)T @23#. It will be shown that Eq.~13! is
generated by leading two-loop radiative effects due to
01501
s,
ry,
rd

s.

p
i-

s
let
e

f

e

heavy-lepton exchanges while the charged-lepton excha
add less-dominant two-loop effects that give a slight dev
tion of uatm from the maximal value ofuatm5p/4 and a
significant contribution onu( to give sin22u(;0.8.

In the next section, we discuss the possible pattern
neutrino mass matrix, which is consistent with the observ
neutrino oscillations. In Sec. III, we describe the detail of t
SU(3)L3U(1)N model including Yukawa and Higgs inter
actions as well as the symmetry structure summarized in S
II. In Sec. III, how to generate the neutrino masses and m
ings is discussed and the observed properties of neutrino
cillations are shown to be well explained. The final section
devoted to a summary.

II. NEUTRINO MASS MATRIX

To see the appearance of underlying symmetries that
proximately describe the observed neutrino oscillations,
show the parametrization of masses and mixing angles
terms of neutrino masses given by a matrixM n ,

M n5S a b c

b d e

c e f
D , ~1!

on the flavor basis. The digitalization ofM n is performed by
the mixing matrix ofUMNS @6# defined by
UMNS5S 1 0 0

0 cosu23 sinu23

0 2sinu23 cosu23

D S cosu13 0 sinu13

0 1 0

2sinu13 0 cosu13

D S cosu12 sinu12 0

2sinu12 cosu12 0

0 0 1
D ~2!

5S cosu12cosu13 sinu12cosu13 sinu13

2cosu23sinu122sinu23cosu12sinu13 cosu23cosu122sinu23sinu12sinu13 sinu23cosu13

sinu23sinu122cosu23cosu12sinu13 2sinu23cosu122cosu23sinu12sinu13 cosu23cosu13

D . ~3!
The massesm1,2,3, and mixing anglesu12,23,13, for u(5u12
anduatm5u23, are computed to be

m15c12
2 l11s12

2 l222c12s12A,

m25s12
2 l11c12

2 l212c12s12A,

m35s23
2 d1c23

2 f 12c23s23e, ~4!

sin22u125
8

81x2
,

sin22u235124D2S c23
2 5

1

2
1D,s23

2 5
1

2
2D D ,
tan 2u1352
s23b1c23c

m32l1
~5!

with

l15a, l25c23
2 d1s23

2 f 22c23s23e, A5
c23b2s23c

c13
,

~6!

x5A2
l22l1

A
, D5

s~ f 2d!1A2~b2sc!s13

4e2A2~b1sc!s13

,

~7!

for D2!1, whereca5cosua and sa5sinua for a512, 23,
13, ands561 for s2356us23u.
1-2
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Since sin2u13!1 @25# is reported, let us first set sinu13
50. For the maximal atmospheric neutrino mixing chara
terized by D50, the relation ofd5 f ~corresponding to
mnmnm

5mntnt
) is required@26# and can arise as a result o

them-t permutation symmetry while the maximal solar ne
trino mixing characterized byx50 arises froma5d5e5 f
50, indicating theL8 conservation. Our strategy used in th
paper to realize the bilarge neutrino mixing is to start w
the maximal atmospheric neutrino mixing due to them-t
permutation symmetry. This symmetry allows us to set

a50, c56b, f 5d, ~8!

which are subject to~i! the Le conservation fora50; ~ii ! a
tiny breaking of theLe conservation forbÞ0; and~iii ! the
m-t permutation symmetry forc56b and f 5d. It should
be noted that a further possible relation ofd5 f 5e ~or d
5 f 52e) may arise from the Majorana mass term of (nt
1nm)2

„or (nt2nm)2
….

Restricting ourselves to the case ofd5 f 5e, thus utiliz-
ing (nt1nm)2, we find the following situations on the
masses and mixing angles of neutrinos. In the case ofc23
.0 ands23.0, the mass matrix withc5b yields

m15m250, m352d, sin22u2351, tan 2u135A2
b

d
,

~9!

where u12 is undetermined, while the mass matrix withc
52b yields

um1u5um2u5A2b, m352d,

sin22u235sin22u1251, sin 2u1350. ~10!

In the case ofc23.0 and s23,0, the mass matrix withc
5b yields

m350, sin22u2351,

sin22u125
8

81x2 S x5
2d

b D , sin 2u1350, ~11!

wherem1 andm2 are given by Eq.~4! with u12 given here,
while the mass matrix withc52b yields

m15sin2u12d, m25cos2u12d, m350,

sin22u2351, sin 2u1351, ~12!

whereu12 is undetermined. The gross feature of the obser
neutrino oscillations is compatible with the zeroth order p
dictions in the cases ofs23.0 with b52c @14,15# and of
s23,0 with c5b @16#.

We choose the case ofs23.0 with c52b that incorpo-
rates the bimaximal structure
01501
-

-

d
-

M n5S 0 b 2b

b d d

2b d d
D . ~13!

The hierarchy of ubu!udu, which is the seed ofDm(
2

!Dmatm
2 realized afterum1uÞum2u, originates from the tiny

violation of the electron number conservation. The obser
property of sin22u(;0.8 is explained by a tiny violation o
S2. In the next section, we realize this starting neutrino m
texture in aSU(3)L3U(1)N gauge model, where mass te
ture of heavy leptons as the third member of a lepton trip
plays an essential role.

III. MODEL

The particles in our model are specified by quantum nu
bers placed as@SU(3)L ,U(1)N#. The hyperchargeY and the
electric chargeQ are given byY5l8/A31N and Q5(l3

1Y)/2, respectively, whereN/2 is theU(1)N number andla

are the Gell-Mann matrices with Tr(lalb)52dab(a,b
51,2, . . . ,8).Leptons are assigned to be

cL
i 5~n i ,, i ,Ei !L

T :~3,22/3!, ,R
e,m,t :~1,21!,

ER
e,2,1 :~1,21!, ~14!

whereER
j for j 5(e,2,1) are the mass eigenstates of t

negatively charged heavy leptons, and the superscripts6 of
E6R represent the chiral partners of thet6m states ofE6L
to be defined by their Yukawa interactions while quarks
assigned to be

QL
e5~d,2u,u8!L

T :~3* ,1/3!,QL
m5~s,2c,c8!L

T :~3* ,1/3!,

QL
t 5~ t,b,b8!L

T :~3,0!,uR ,cR ,tR :~1,2/3!,dR ,sR ,bR :~1,

21/3!,uR8 ,cR8 :~1,2/3!,bR8 :~1,21/3!. ~15!

Other notations forQi , Qi5(di ,ui ,u8 i )L
T ( i 5e,m) and Qt

5(ut,dt,d8t)L
T , and for the corresponding right-hande

quarks are also used. All gauge anomalies are cancelle
these quarks and leptons@24#. Higgs scalars are assigned
be

h5~h0,h2,h̄2!T:~3,22/3!, r5~r1,r0,r̄0!T:~3,1/3!,

x5~x1,x̄0,x0!T:~3,1/3!, ~16!

which develop the following vacuum expectation valu
~VEVs!:

^0uhu0&5~vh,0,0!T, ^0uru0&5~0,vr,0!T,

^0uxu0&5~0,0,vx!T, ~17!

where the orthogonal choice of these VEVs will be guara
teed by appropriate Higgs interactions introduced in E
~26!.
1-3
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Since the model respects them-t permutation symmetry
of S2, in order to generate the phenomenologically consis
charged-lepton masses that do not respect them-t permuta-
tion symmetry, the model employs the followin
S2-antisymmetric Higgs scalars:

r85~r81,r80,r̄80 !T:~3,1/3!, r95~r91,r90,r̄90!T:~3,1/3!,
~18!

as well asS2-symmetric Higgs scalarx8:

x85~x81,x̄80,x80!T:~3,1/3! ~19!

with

^0ur8u0&5~0,vr8,0!T, ^0ur9u0&5~0,vr9,0!T,

^0ux8u0&5~0,0,vx8!
T. ~20!

The two-loop radiative mechanism can be initiated by int
ducing three Higgs scalars denoted byj8, k11, andk811 as
S2-symmetric states andj as anS2-antisymmetric state:

j5~j11,j1,j̄1!T:~3,4/3!,

j85~j811,j81,j̄81!T:~3,4/3!,k11,k811:~1,2!,
~21!

wherej8 hasLe51 and others haveLe50.
Since our model contains quarks with the same cha

whose mass terms can be generated byr andx betweenQL
e

and down-type quarks and byr† andx† betweenQL
m,t and

up-type quarks, dangerous flavor-changing-neutral-cur
~FCNC! interactions are generally induced at the pheno
enologically unacceptable level@27#. To avoid these interac
tions, Yukawa interactions must be constrained such th
triplet quark flavor gains a mass from only one Higgs fie
@28#. The lepton sector also contains the similar FCNC pr
lem because, i( i 5e,m,t) and Ei( i 5e,6) have the same
charge. It is known that to impose such a constraint on F
NCs is readily achieved by introducing a certain discr
symmetry. We combine theS2-permutation symmetry and
the discrete symmetry for the FCNC suppression into aZ8
symmetry. Listed in Table I are the quantum numbers ofS2 ,
Z8 , L, and Le for leptons and Higgs scalars in our discu
sions, wherec6L5(cL

t 6cL
m)/A2, ,6R5(tR6mR)/A2 and

S2 is shown for comparison. In this table, we have omitt
the quark sector of the model sinceZ8 of quarks can be
easily adjusted to respect theZ8 conservation for the given
Z8 of Higgs scalars to reach quark interactions in Eq.~22!.

The Yukawa interactions for leptons are now describ
by LY :

2LY5~c1L!c~ f j8cL
ej81 f jc2Lj!1F f k

1,~,1R!c,1R

1
1

2
f k

2E~E2R!cE2RGk111F f k8
2,

~,2R!c,2R

1
1

2
f k8

1E
~E1R!cE1RGk8111 f ,cL

ereR
01501
nt

-

e,

nt
-

a

-

-
e

d

1cL
1~ f

1
,r,1R1 f

2
,r8,2R!1cL

2~g
1

,r9,1R

1g
2

,r,2R!1 f EcL
exER

e1 f E
1c1LxE1R

1 f E
2c2Lx8E2R1 (

i 5e,m
QL

i ~hcDR8
i1rcUR

i 1xcUR8
e!

1QL
t ~hUR

t 1rDR
t 1xDR8

t!1~H.c.! ~22!

with

UR
i 5 (

j 5e,m,t
f u j

i uR
j , DR

i 5 (
j 5e,m,t

f d j
i dR

j ,

UR8
i5 (

j 5e,m
f u8 j

i uR8
j , DR8

i5 f d8t
i dR8

t , ~23!

where f ’s andg’s denote the Yukawa couplings. The Higg
interactions are given by Hermitian terms composed
fa

†fb (f5h,r,r8,r9,x,x8,j,j8,k11), which include the
potential terms ofVhrx,rx

Vhrx5lhruh3ru21lrxur3xu21lxhux3hu2, ~24!

Vrx5lrr8ur
†r8u21lrr9ur

†r9u21lxx8ux
†x8u2

~25!

with the definition of (a3b)a[eabgabbg and by non-
Hermitian terms in

V5
1

2
lhxjx8@~h†x!~j†x8!1~h†x8!~j†x!#1lhrjr~h†r!

3~j†r!1
1

2
lhr8jr9@~h†r8!~j†r9!1~h†r9!~j†r8!#

1mjhkj
†hk111mj8hk8j8†hk8111~H.c.!, ~26!

where m ’s and l ’s denote mass scales and coupling co
stants, respectively. These Yukawa and Higgs interactions
invariant under~i! theZ8-transformation, which is spontane
ously broken; and~ii ! the Le-transformation, which is not

TABLE I. Particle contents withSL2 , Z8, andLe quantum num-
bers for quarks, leptons, and Higgs scalars, whereS2L51(2) de-
notes symmetric~antisymmetric! states andv851.

cL
e eR c1L ,1R c2L ,2R ER

e E1R E2R

S2L 1 1 1 1 2 2 1 1 2

Z8 v6 v4 v5 v3 1 v6 v3 v2 v7

L 1 1 1 1 1 1 1 1 1
Le 1 1 0 0 0 0 1 0 0

h r r8 r9 x x8 j j8 k11 k811

S2L 1 1 2 2 1 1 2 1 1 1

Z8 v v2 v7 v5 v3 v v3 v5 v2 v4

L 0 0 0 0 0 0 22 22 22 22
Le 0 0 0 0 0 0 0 21 0 0
1-4



wa
s

c-

an

th

en
on
d
la

t
r

t
s

ed
g

ve
el
s

di

on

a-

sed

BILARGE NEUTRINO MIXING AND m-t . . . PHYSICAL REVIEW D70, 015011 ~2004!
spontaneously broken, but explicitly broken byj8†hk811.
The S2-permutation symmetry is preserved in the Yuka
interactions, but explicitly broken by the Higgs interaction
The b- and c-terms in Eq.~1! can be generated by intera
tions containingj8†hk811. All other interactions are forbid-
den. We note that:

~i! The orthogonal choice of VEVs ofh, r, andx as in
Eq. ~17! is supported byVhrx if all l ’s are negative
becauseVhrx gets lowered ifh, r, and x develop
VEVs and one can choose VEVs such that^0uh1u0&
Þ0, ^0ur2u0&Þ0 and^0ux3u0&Þ0.

~ii ! The choice of VEVs ofr8, r9, andx8 as in Eq.~20!
is supported byVrx if all l ’s are negative.

~iii ! A (h†x)(j†r) term, which is absent inV, would
cause one-loop radiative effects, such as in Fig. 1,
similarly for the terms withr→r8,r9, andx→x8.

~iv! The suppression of FCNC for quarks is ensured by
absence ofxDR

e and rDR8
e for QL

e , of x* UR
i and

r* UR8
i for QL

i , and ofx,R
i andrER

i for cL
i .

Our model also respects theL-conservation iflhxjx8 ,
lhrjr , and lhr8jr9 are absent; and theL8-conservation if
mj8hk8 is also absent. Both theL- andL8-conservations are
not spontaneously broken.

Before discussing neutrino oscillations, we should m
tion another dangerous flavor-changing interaction of lept
due to the existence ofr, r8, and r9 because the charge
leptons can simultaneously couple to these Higgs sca
These interactions are found to be suppressed down to
phenomenologically acceptable level because the supp
sion factor is at mostmt

2/vweak
2 from the incoming and out-

going vertices and provides enough suppression. Since
approximateLe conservation is satisfied by our interaction
all Le-changing flavor interactions, such asm→eg, are more
suppressed. The detailed analyses have been describ
Ref. @14#. The existence of heavy leptons and extra gau
bosons as well as heavy exotic quarks@29# may also disturb
well-established weak-interaction phenomenology. Howe
the additional contributions from these exotics will be w
suppressed because they are sufficiently heavy. Their ma
controlled by the VEVs ofx andx8 are taken to be;2 TeV
for the later analyses.

The heavy lepton mass matrix is simply given by the
agonal masses computed to bemEe5 f Evx , mE15 f E

1vx ,
and mE25 f E

2vx8 . On the other hand, the charged lept
mass matrix has the following nondiagonal form:

FIG. 1. Forbidden one-loop diagram.
01501
.

d

e

-
s

rs.
he
es-

he
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in
e

r,
l
ses

-

M ,5S m,
ee 0 0

0 m,
mm m,

mt

0 m,
tm m,

tt
D , ~27!

where

m,
ee5 f evr~5me!,

m,
mm5

1

2
@~ f ,

11g,
2!vr2 f ,

2vr82g,
1vr9#,

m,
mt5

1

2
@~ f ,

12g,
2!vr1 f ,

2vr82g,
1vr9#,

m,
tm5

1

2
@~ f ,

12g,
2!vr2 f ,

2vr81g,
1vr9#,

m,
tt5

1

2
@~ f ,

11g,
2!vr1 f ,

2vr81g,
1vr9#. ~28!

The diagonalized charged lepton matrixM ,
diag is obtained by

the use of two unitary matrices ofU andV as shown in the
Appendix. For the given mixing angles ofa and b in Eq.
~A1!, the mass parameters in Eq.~28! can be determined by
Eq. ~A5! in terms ofmm,t .

IV. NEUTRINO MASSES AND OSCILLATIONS

The neutrino mass matrix is given byM n
H andM n

C

M n5M n
H1M n

C , ~29!

whereM n
H (M n

C) arises from the two-loop radiative mech
nism based on Fig. 2~Fig. 3! for the heavy-lepton~charged-
lepton! exchanges. The effective mass terms are expres
by

~c1Lrx8!2, ceLrx8•c2Lrx8, ~30!

from Fig. 2 and by

FIG. 2. Heavy lepton mediated one-loop diagrams.
1-5
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~c2Lr1c1Lr9!x•~c2Lr1c1Lr9!x81~x↔x8!,

ceLrx•~c2Lr1c1Lr9!x81~x↔x8!, ~31!

from Fig. 3, where the product of the three particles re
abc5eabgaabbcg . After, x, x8, r, andr9 acquire VEVs,
where some of these contribute to masses of the heavy
tons and of the charged leptons, the heavy-lepton contr
tions supply main terms of neutrino masses, which are ei
S2-symmetric orS2-antisymmetric, while the charged-lepto
contributions supply minor terms of neutrino masses, wh
are the admixtures of the S2-symmetric and
S2-antisymmetric contributions. These neutrino masses
expressed as

M n
H5mn

HS 0 2r n
H r n

H

2r n
H 1 1

r n
H 1 1

D ,

M n
C5S 0 dmn

em dmn
et

dmn
em dmn

mm dmn
mt

dmn
et dmn

mt dmn
tt
D , ~32!

FIG. 3. Charged-lepton mediated two-loop diagrams.
01501
s

p-
u-
er

h

re

whereM n
H and r n

H are calculated to be

mn
H52

1

2
f j

2~lhrjrvr
21lhr8jr9vr8vr9!

3mjhkmE2
2 I H~mj

2 ,mE2
2 ,mk11

2
!,

r n
H5A2

f j8
f j

mj8hk8
mjhk

f k8
1E

f k
2E

mE1
2

mE2
2

I H~mj8
2 ,mE1

2 ,mk811
2

!

I H~mj
2 ,mE2

2 ,mk11
2

!
~33!

with

I H~m2,mE
2 ,mk

2!

5
J~mE2

2 ,m2,mE
2 ,mh2

2 ;mk
2!2J~mE

2 ,m2,mE2
2 ,mj1

2 ;mk
2!

mh2
2

2mj1
2 ,

~34!

J~m1
2 ,m2

2 ,m3
2 ,m4

2 ;mk
2!5

G~m1
2 ,m2

2!G~m3
2 ,m4

2!

mk
2

, ~35!

G~x,y!5
1

16p2

x ln~x/mk
2!2y ln~y/mk

2!

x2y
, ~36!

under the assumption that the masses ofk11 andk811 are
heavy enough to neglect other masses in the integration.
masses used here are denoted bymf

2 for the corresponding
particle off. The explicit form ofJ is given by
he
J~a,b,c,d;e!5E d4k

~2p!4

d4q

~2p!4

1

~k22a!~k22b!~q22c!~q22d!~~k2q!22e!
, ~37!

which can be evaluated via the following formula:

E d4q

~2p!4

1

~q22a!~q22b!~q22c!
52

i

16p2 F a ln a

~a2b!~a2c!
1

b ln b

~b2a!~b2c!
1

c ln c

~c2a!~c2b!G . ~38!

To evaluateM n
C , it is convenient to express2LY of Eq. ~22! in terms of the neutrinos in weak interactions and t

diagonalized charged leptons,c,5(eL ,mL ,tL)T, n5(neL ,nmL ,ntL)T, and,5(eR ,mR ,tR)T, whose relevant terms are

ncUTfjUc,j̄11ncUTfj8Uc,j̄811,cVTfkV,k111,cVTfk8V,k8111c,M ,
diag,1~H.c.!, ~39!

where

fj5
f j

2 S 0 0 0

0 0 1

0 21 0
D , fj85

f j8

A2 S 0 21 21

1 0 0

1 0 0
D , fk5

f k
1,

2 S 0 0 0

0 1 1

0 1 1
D , fk85

f k8
1 ,

2 S 0 0 0

0 1 21

0 21 1
D . ~40!

It is not difficult to reach an effective Lagrangian corresponding to Fig. 3:
1-6
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Le f f5lhxjx8vxvx8 (
(w,K)5(j,k),(j8,k8)

mwhK (
m,m8,n,n85e,m,t

nm
c ~UTfw

TU !mm8~Mdiag
, !m8m8

3~VTfKV!m8n8I ,~mw̄1
2 ,mK11

2
!m8n8~Mdiag

, !n8n8~UTfjU !n8nnn , ~41!

where

I ,~mw̄1
2 ,mK

2 !ab5
J~ma

2 ,mw̄1
2 ,mb

2 ,mh2
2 ;mK

2 !2J~ma
2 ,mw̄1

2 ,mb
2 ,mj̄1

2 ;mK
2 !

mh2
2

2mj̄1
2 . ~42!

Equation~41! can be further calculated to be

Le f f5
1

16
f j

2f k
1,lhxjx8vxvx8mjhkI ,~mj̄1

2 ,mk11
2

!ncS 0 0 0

0 mt
2~cb1sb!2 2mmmt~cb

22sb
2 !

0 2mmmt~cb
22sb

2 ! mm
2 ~cb2sb!2

D n

2
1

16A2
f j f j8 f k8

2,lhxjx8vxvx8mj8hk8I ,~mj̄81
2 ,mk811

2
!ncS 0 X Y

X 0 0

Y 0 0
D n, ~43!
i-

u

m

or-

e

ex-

illa-
where the integral of I , is defined as I ,(m1
2 ,m2

2)ab

5dabI ,(m1
2 ,m2

2) with me,m,t
2 safely neglected in the denom

nators in the integral, and

X5mt
2~ca1sa!~cb2sb!22mmmt~ca2sa!~cb

22sb
2 !,

Y5mmmt~ca1sa!~cb
22sb

2 !2mm
2 ~ca2sa!~cb1sb!2.

~44!

Since

Le f f52
1

2
ncM n

Cn, ~45!

each entry ofdmn’s in Eq. ~32! can be easily read off from
Eq. ~43!.

To see the order of magnitudes of neutrino masses, we
the simplest choice of masses

me,m,t
2 !mh2

2
!mE2,E1

2
!mj1,j81,j̄1,j̄81

2
~5m2!!mk11,k811

2 .
~46!

This choice reduces the integrals ofI H and I , to

I H~m2,mE
2 ,mk

2!52S 1

16p D 2 1

mk
2m2

ln
mk

2

m2
ln

m2

mE
2

,

I ,~m2,mk
2!52S 1

16p D 2 1

mk
2m2

ln
mk

2

m2
ln

m2

mh2
2 . ~47!

We also choose the following magnitudes of relevant para
eters for neutrino masses:

~i! vr5vr85vr95vweak/20 (;10 GeV) and vh

5vweak, wherevr , which controls theb-quark mass,
01501
se

-

can be safely set to be;10 GeV andvh , which sup-
plies thet-quark mass, should be;vweak, becausevh

andvr,r8,r9 are related to weak boson masses prop
tional to vweak

2 5(allvHiggs
2 .

~ii ! vx5vx8510vweak (;2 TeV) becausex and x8 are
the key fields for the symmetry breaking ofSU(3)L

3U(1)N→SU(2)L3U(1)Y , leading to vx,x8
@vweak.

~iii ! mh25vweak, mE65evx(;0.5 TeV), mj25mj̄2

5mj825mj̄825vx(;2 TeV) andmk11,k8115vx /e
(;6 TeV) to satisfy Eq.~46!.

~iv! mjhk5evx with mj8hk8 /mjhk;0.1, which can be re-
garded as a natural relation@30# because the limit of
mj8hk8→0 recovers theLe-conservation.

~v! f j,j85 f k
2E5 f k8

1E
52 f k

1,52 f k8
2 ,5e and

lhrjr,hr8jr9,hxjx8;e so that higher loop effects ar
safely neglected.

This mass-setting provides sufficient suppression of
otic contributions in low-energy phenomenology.

To see the magnitude of parameters for neutrino osc
tions, we omit the terms proportional tomm (!mt) in Eq.
~43! and obtain that

mn
H53.331022

l

e
eV, r n

H5A2
mj8hk8
mjhk

, ~48!

dmn
mm526.631023

l,

e
~cb1sb!2 eV,

dmn
em5

6.631023

A2

l,

e

mj8hk8
mjhk

~cb2sb!2~ca1sa! eV,

~49!
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FIG. 4. The dependences of sin22uatm ~the
black curves! and Dmatm

2 ~the gray curves! in
functions of sin 2b for the given values ofl, /l
51.0,1.5,2.0, where the dependence in sina is so
weak that it is covered by the line thickness.
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wherel5lhrjr5lhr8jr9 andl,5lhxjx8 . By choosing the
remaining parameters to be

l

e
50.8,

l,

l
52.0,

mj8hk8
mjhk

50.12, ~50!

so as to recover the observed data, we find using the
mates of Eqs.~48! and ~49! that, for the simplest case o
sa,b50,

Dmatm
2 52.231023 eV2, sin22uatm50.96,

Dm(
2 57.331025 eV2, sin22u(50.79 ~ tan2u(50.37!,

sinu1352.531022, ~51!

where cos 2uatm.0 ~corresponding toD.0) is chosen, and

m153.431023 eV, m259.231023 eV,

m354.831022 eV. ~52!

The mixing angles are determined by sin22uatm5124D2 and
sin22u(58/(81x2) with

D52
dmn

mm

4mn
H

, x5A2
l2

A
, ~53!

as in Eq.~5!. The requirement of sin2u(;0.8 ~corresponding
to x;A2) results inl2;A.

To see the dependence of the charged-lepton mix
anglesa andb in neutrino masses and mixings, we perfor
numerical estimation by keeping the terms proportional
mm in Eq. ~43! and show the results in Figs. 4–7. It can
stated that:

~i! As in Fig. 4, since the atmospheric neutrino mixing
dominated by the heavy-lepton contributions, the p
01501
ti-

g

o

-

dictions of sin22uatm andDmatm
2 are less-dependent o

the charged lepton contributions, where theira de-
pendence hardly manifests itself in this graph beca
it reflects 1<(ca1sa)<A2 in dmn

em as in Eq.~49!,
and similarlym3 is also less-dependent on the charg
lepton contributions as in Fig. 7.

~ii ! As in Fig. 5, since the solar neutrino mixing heavi
depends on the charged lepton contributions, the p
dictions of sin22u( andDm(

2 permitting the observed
values vary with the magnitudes ofl, and charged-
lepton mixing angles.

~iii ! As in Fig. 6, since the sinu1350 from the heavy lep-
ton contributions, its magnitude remains suppresse
be sinu13&0.03 induced by the charged lepton cont
butions.

From Fig. 5, we find that the effects ofmmÞ0 in Eq. ~51!
lower ~raise! the magnitude of sin22u( (Dm(

2 ) from 0.79
(7.331025 eV2) to 0.76 (8.331025 eV2). We note that, in
the simple-minded case ofl, /l51 instead ofl, /l52 as
in Eq. ~50!, the neutrino oscillations are characterized by

Dmatm
2 52.331023 eV2, sin22uatm50.97,

Dm(
2 57.031025 eV2, sin22u(50.85~ tan2u(50.44!,

sinu135~1.321.4!31022, ~54!

for the mixing angles of the charged leptons at sinb
50.75 with all values of sina(>0) allowed.

V. SUMMARY

We have discussed how to theoretically understand
observed properties of neutrino oscillations, which can
summarized as:~i! The atmospheric neutrino mixing is a
most maximal and is characterized by sin22uatm;1. ~ii ! The
1-8
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FIG. 6. The dependences of sinu13 as a function of sin 2b for the given values of sina50 ~thick curves!, 1 ~thin curves!, andl, /l
51.0,1.5,2.0.

FIG. 5. The dependences of sin22u( ~the
black curves! andDm(

2 ~the gray curves! in func-
tions of sin 2b for the given values of sina50
~thick curves!, 1 ~thin curves!, and l, /l
51.0,1.5,2.0.
015011-9
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FIG. 7. The dependences ofm1,2,3 as a function of sin 2b for the given values ofl, /l51.0,1.5,2.0, where the dependence in sina is so
weak that it is covered by the line thickness.
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be
solar neutrino mixing deviates from the maximal mixing a
points to sin22u(;0.8. ~iii ! The Ue3-mixing is suppressed
~iv! The squared mass differences show the hierarchy
Dmatm

2 @Dm(
2 . Our answers consist of~i! The atmospheric

neutrino mixing is almost maximal because the domin
contributions to the neutrino mass matrix give

M n5S 0 b 2b

b d d

2b d d
D , ~55!

as in Eq.~13!, which also give sinu1350, for c23.0 and
s23.0 defined in Eq.~3!. ~ii ! The solar neutrino mixing de
viates from the maximal mixing because less-dominant c
tributions perturb Eq.~55!, yielding sin22u(;0.8. ~iii ! The
Ue3 mixing is suppressed because the dominant contr
tions ensure the appearance ofUe350 and less-dominan
contributions yield the suppressedUe3. ~iv! The squared
mass differences show the hierarchy ofDmatm

2 @Dm(
2 be-

cause the tiny breaking of the electron number conserva
01501
of

t

-

u-

n

allows the appearance of the suppressedDm(
2 . It should be

noted that the following neutrino mass texture instead of
~55!

M n85S 0 b b

b d d

b d d
D ~56!

yields sinu13(;b/A2d)Þ0. These observations are qui
different from those based on the two-zero texture of n
trino masses@31#.

To realize the above scenario, we have adopted the m
based onSU(3)L3U(1)N and have demonstrated that~i! the
dominant contributions arise from the two-loop radiative
fects of the heavy leptons; and~ii ! the less-dominant contri
butions arise from the two-loop radiative effects of the or
nary charged leptons. The model contains the specific Hi
scalars denoted byj5(j11,j1,j̄1)T with Le50 and by
j85(j811,j81,j̄81)T with Le521, which initiate the two-
loop radiative mechanism. These Higgs scalars can also
tiate the one-loop radiative mechanism, which turns out to
1-10
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forbidden by the discreteZ8 symmetry that simultaneousl
forbids the appearance of dangerous flavor-changing inte
tions due to the direct Higgs exchanges inherent to
model. The dominant texture of Eq.~55! is subject to the
S2-symmetric Yukawa interactions of the heavy leptons
volving their diagonalized mass terms. The less-domin
charged lepton contributions receive theS2-breaking ones
due to the existence of theS2-breaking charged-lepton
masses. It is argued that, in Eq.~55!, the j-contributions
yield thed-term while thej8-contributions yield theb-term,
which identically vanishes in the exactLe-conservation.

The S2-permutation symmetry form-t can describe the
gross feature of the observed atmospheric neutrino osc
tions. Since the existing charged leptons obviously do
respect theS2-permutation symmetry, there should be oth
ingredients that respect theS2-permutation symmetry for the
neutrino mixings. If we rely upon the seesaw mechani
instead of the radiative mechanism discussed in this pap
is expected that the type II seesaw mechanism@10# is ar-
ranged to respect theS2-permutation symmetry, while the
ordinary seesaw mechanism@9# influenced by the charge
leptons breaks theS2-conservation, which as in the prese
discussions provides the significant deviation of the so
neutrino mixing from the maximal one.

APPENDIX: CHARGED LEPTON MASSES

In this appendix, the diagonalization of the lepton ma
matrix M , is demonstrated. The diagonal masses are
tained after the transformation by M ,

diag

5diag(me ,mm ,mt)5U,
†M ,V, , where unitary matricesU,

andV, are given by

U,5S 1 0 0

0 ca sa

0 2sa ca

D , V,5S 1 0 0

0 cb sb

0 2sb cb

D
~A1!

with ca5cosa, etc., defined by

ca5A~m,
tt!21~m,

tm!22mm
2

mt
22mm

2
,

sa5A2~m,
tt!22~m,

tm!21mt
2

mt
22mm

2
,

nd

th

01501
c-
is

-
nt

a-
t

r

, it

r

s
b-

cb5A~m,
tt!21~m,

mt!22mm
2

mt
22mm

2
,

sb5A2~m,
tt!22~m,

mt!21mt
2

mt
22mm

2
, ~A2!

where mm
2 1mt

25(m,
mm)21(m,

tt)21(m,
mt)21(m,

tm)2 is an
obvious relation. The diagonal masses are computed to

me
25~m,

ee!2,

mm
2 5

1

2
@~m,

tt!21~m,
mm!21~m,

tm!21~m,
mt!22M2#,

mt
25

1

2
@~m,

tt!21~m,
mm!21~m,

tm!21~m,
mt!21M2#,

~A3!

where

M45@~m,
tt!22~m,

mm!2#21@~m,
tm!22~m,

mt!2#212~m,
ttm,

mt

1m,
mmm,

tm!212~m,
ttm,

tm1m,
mmm,

mt!2. ~A4!

There are the following relations for nondiagonal and dia
onal charged lepton masses:

m,
mm5S2mt1C2mm , m,

tt5C2mt1S2mm ,

m,
mt5

1

cb
22sa

2 @~casaC22cbsbS2!mt

2~cbsbC22casaS2!mm#,

m,
tm5

1

cb
22sa

2 @~cbsbC22casaS2!mt

2~casaC22cbsbS2!mm#, ~A5!

whereC2 andS2 are defined by

C25
ca

21cb
2

2
, S25

sa
21sb

2

2
. ~A6!
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