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We study finite volume effects in heavy quark systems in the framework of heavy meson chiral perturbation
theory for full, quenched, and partially quenched QCD. A novel feature of this investigation is the role played
by the scales\, andds, whereA, is the mass difference between the heavy-light vector and pseudoscalar
mesons of the same quark content, afyds the mass difference due to light flaveiU(3) breaking. The
primary conclusion of this work is that finite volume effects arising from the propagation of Goldstone
particles in the effective theory can be altered by the presence of these scalesA Simages significantly
with the heavy quark mass, these volume effects can be amplified in both heavy and light quark mass
extrapolationginterpolationg. As an explicit example, we present results Boparameters of neutr&@ meson
mixing matrix elements and heavy-light decay constants to one-loop order in finite volume heavy meson chiral
perturbation theory for full, quenched, aNg=2+1 partially quenched QCD. Our calculation shows that for
high-precision determinations of the phenomenologically interesiityj3) breaking ratios, finite volume
effects are significant in quenched and not negligible in partially quenched QCD, although they are generally
small in full QCD.
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. INTRODUCTION Mgpl>1, 3

Numerical calculations of hadronic properties using lat-where L is the spatial extent of the cubic box. Therefore,
tice QCD have provided significant inputs to particle physicsgiven thatf L/\2 (f ,~132 MeV) will be close to one in
phenomenology. In particular, the joint effort between ex-|attice simulations in the near future, one can still neglect the
periment and theory to investigate the unitarity triangle in thechiral symmetry restoration effects resulting from the Gold-
Cabibbo-Kobayashi-Maskaw@KM) matrix fromB meson  stone zero momentum modg 3] when Eq.(3) is satisfied.

decays and mixing has made impressive progfdgsin The main task of this work is to study the volume effects
which lattice QCD has played an important role. Nevertheqye to the presence of the scales

less, current lattice calculations are still subject to various

systematic errors. In this paper, we address finite volume A, =Mpc—Mp (4)
effects which arise in lattice calculations for heavy-light me-

son systems from the light degrees of freedom. Our framegng

work is heavy meson chiral perturbation theory (KRT)

with first order 1M p and chiral corrections. We assume the 8=Mp —Mp, (5)
mass hierarchy s

« r
Mgp<A,<Mp, (1) whereP andl'D are the heavy light \1/ector ar]d pseudoscalar
mesons containing aor d anti-quark, and Py is the heavy-

whereM gp is the mass of any Goldstone particMp is the light pseudoscalar meson .with aranti-quark. The ;cala*
mass of the heavy-light meson, ang is the chiral symme- appears due to the breaking of heavy quark spin symmetry

try breaking scale. Under this assumption, we discard corredhat is of O(1/Mp) and 65 comes from light flavorSU(3)
tions of the size breaking in the heavy-light meson masses. Under the as-

sumption of Eqg.(1), A, is independent of the light quark

Mgp mass, andS; does not contain any Wy corrections, at the
oo (20 order we are working.

P In the real world, bothA, and 65 are not very different

Concerning the finite volume, we work with the condition from the pion mass. In fag#],

that
MBS_MBIQJ‘ MeV, (6)
*Electronic address: arndt@phys.washington.edu
TElectronic address: dlin@phys.washington.edu IWe work in the isospin limit in this paper.
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Mp —Mp=104 MeV, (7)  perturbation theory[ (P)QyPT] [7,8]. Therefore trans-
forms linearly under SU(3),®SU(3)r, SU(3|3),
Mgs—Mg=46 MeV, @  ©SU(3|3)g andSU(6|3), @ SU(6|3)x in full QCD, QQCD
and PQQCD respectively. The symbalsjtr” in the above
and equation means “trace” in full QCD and “supertrace” in

(PYQQCD. The variabley is defined as
Mpx—Mp=142 MeV. 9)

—2(0|uu+dd|0)
In current lattice simulations, these mass splittings vary be- X=2BoMy= 5 My, (12)
tween 0 and~ 150 MeV. Therefore it is important to include f

them in the investigation of finite volume effects. Equation W

(3) implies that the Compton wavelength of the GoldstoneWhere the quark mass matrikl is
particle is small compared to the size of the box. Therefore MgQCD)=diag(m,m,ms) (12)

finite volume effects mainly result from the propagation of

the Goldstone particles to the boundary. However, as showim full QCD,

in Sec. lll, A, and 5 can, in a non-trivial way, alter these

effects. In particular, sincé, varies with the heavy quark ME,QQCD)=diag(m,m,ms,m,m,ms)

mass, finite volume effects can be significantly amplified in Talmee ghos

heavy quark mass extrapolations.

This paper is organized as follows. In Sec. Il we summa- (13
rize the ingredients of HMPT relevant to this work. Section
[l is devoted to the discussion of HWPT in a finite volume, in QQCD, and
emphasizing the role played % andA, . We then present (POQCD) _ - - -~
an explicit calculation of neutrd8 meson mixing and heavy- My = diag(m,m,mg,m,m,mg m,m,m;)
light decay constants in Sec. IV and discuss the phenomeno- valence sea ghost
logical impact that finite volume effects can have. We con-
clude in Sec. V. Some mathematical formulas and results are (19
summarized in the Appendixes.

As this work progressed, we were informed that similarin PQQCD. We keep the strange quark mass different from
ideas and techniques were also being applied in heavipat of the up and down quarks in the valence, sea and ghost
baryon chiral perturbation theof$].2 Although the underly-  sectors. Notice that the flavor singlet stdtg= str(®)/ /6 is
ing physics is somewhat different, many technical aspectgendered heavy by thHd(1), anomaly in PQQCD9,10] and

are quite similar to those presented here. can be integrated out; it has to be kept as a dynamical degree
of freedom in QQCD.
1I. HEAVY MESON CHIRAL PERTURBATION THEORY The inclusion of the heavy—light mesons in chiral pertur-

bation theory was first proposed in Refé1-13, with the
The chiral Lagrangian for the Goldstone particles is  generalization to quenched and partially quenched theories
given in Refs[14,15. The 1M and chiral corrections were
studied by Boyd and Grinsteifil6] in full QCD and by
Booth[17] in QQCD. The spinor field appearing in this ef-
fective theory is

f2
Lop=g (IUL(9, XN (92) + 3 Ty +x 3]

+A,[a(3,P0)( Do) —MEDF], (10)
1+9
where A, =1 for quenched QCDQQCD) and partially HgQ)=T(P§,(MQ)7"—PgQ)75), (15
quenched QCD(PQQCD, and A,,=0 for full QCD. %
=exp(2®/f) is the non-linear Goldstone particle field, with \yhere PQ and Px(? annihilate pseudoscalar and vector
® being the matrix containing the standard Goldstongnesons containing’é heavy quakand a light anti-quark of

fields® We usef=132 MeV. In this work, we follow the flayora. Under a heavy quark sp@U(2) transformatiors,
supersymmetric formulation ofpartially) quenched chiral

HQ - SHY . (16)

2We thank Silas Beane for drawing our attention to his work. ~ Under the vector light-flavor transformatiod [i.e., U

%In this paper, we only address situations where there are ne& SU(3) for full QCD, UeSU(3|3) for QQCD andU
multi-particle thresholds involved in loops. This is the case for thee SU(6|3) for PQQCO,
explicit calculation presented in Sec. IV. Therefore, in spite of the
sickness pointed out in Ref6], we can still use the Minkowski HgQ)HHf)Q)Uga. a7
formalism even for the case 0P)QQCD. This makes the physics
discussion in Sec. Ill simpler compared to the Euclidean formalismAlso, the conjugate field, which creates heavy-light mesons
The effects from multi-particle thresholds in finite volume WRIT  containing a heavy quai® and a light anti-quark of flavaa,
will be discussed in a future publication. is defined as
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H=7"H @y, (18) N1Bo trp(HEPLEMGé+ ETM € TapHE?)
Furthermore, the Goldstone particles appear in thexiRV +\1Bo trp(HOH) [ EM &+ ETM (€M pp.
Lagrangian via the field
(24)
£=el 't (19 ) . . .
We choose to work with the effective theory in which the
which transforms as heavy-light pseudoscalar mesons that contain a heavy quark
and au or d valence anti-quark are massless. Notice that the
£é—UEUT= U&ul, (20 term proportional to\; in Eq. (24) causes a universal shift to

) all the heavy-light meson masses. This means that the masses
whereU, () is an element of the left-handédght-handed  appearing in the propagators of heavy vector mesons and any

SU(3), SU(3[3) and SU(6|3) groups for QCD, QQCD, meson containing ars anti-quark (valence or ghostare
and PQQCD respectively. The HNPT Lagrangian, to low- ghifted as follows:

est order in the chiral and W expansion, for mesons con-

taining a heavy quark) and a light anti-quark of flavoa is —i(gu—v,u0,) i o5
then 2(0-kK—A, +ie)' 2(v-k—0dsti€)’ (25)
Lipaypr= i tip(HP ,*H) and
i _ .
+ 5 tip(HQu [T &+ £4 £ 1pHD) — 19y 0,0
277 ‘ 20 k—A, —o.ti€)’ (26)
i — .
+ EgtrD(HgQ)y#ys[gTaﬂg—ga#gT]angQ)) for P*, P, and P} (heavy vector meson containing an

valence or ghost anti-quarkrespectively. The mass shifts
i . can be written in terms of the couplings in Ed23) and
+B, 5 yto(HIOHD y, yo)st &' omé—¢an£"],  (24)

(22 A2

A,=-8—", (27)
whereB,, =0 for full QCD, andB,, =1 for (P)QQCD We
do not distinguish the coupling in these theories. It is im- gng
plicitly assumed that “(s)y" is taken appropriately in flavor
space. t means taking the trace in Dirac space. The 0s=2N1Bo(mg—m). (28
HMyPT Lagrangian for mesons containing a heavy anti- - _
quarkQ and a light quark of flavoa is obtained by applying In PQQCD, there are two additional mass shifts because the
the charge conjugation operation to the above Lagrangiaf€2 qguarks have different masses from the valence and ghost

[18]. At this order, the propagators f6%® and P*(Q me-  duarks:

sons are ~ ~ ~
0s=Mp_—Mp=2\1Bo(ms—m), (29

i _i(guv_v,u,vv)

2(v-k+ie)’ 2(v-k+ie)

(22 and

respectively. dsea= Mp—Mp=2\;1Bo(m—m), (30

The effects of chiral and heavy quark symmetry breaking o
have been systematically studied in f{di6] and quenched whereP (P,) is the heavy-light pseudoscalar meson with a
[17] HMxPT. Among them, the only relevant features nec-d(s) sea anti-quark. The propagators of the heavy mesons
essary for the purpose of this work, i.e., the investigation oftontaining sea anti-quarks are
finite volume effects, are the shifts to the masses of the _
heavy-light mesons. These shifts are from the heavy quark I

spin breaking term 2(v-k— SgeqTi€)’ 3D
M e —1(8u—v,0,)
_trD(H(Q)O. VH(Q)O.MV), (23) g,ul/ U,uvv
Mp aooma 2(v-k—A, — Sgesti€)’ (32
and the chiral symmetry breaking terms .
i
(33

2(0-K— Sgeq— Osti€)’
“However, since we integrate out the in PQQCD, the coupling
v does not appear in the results presented in this paper. and
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M
(34) N (39)

—i (g;u;_ UuUy
2(v-k—A, — Sgeq Ostie€)

To see explicitly how this phenomenon appears in a calcula-

— _ ) ~
for P, P* (vector meson with & sea anti-quark Ps, and tion, we consider a typical sum in one-loop HH®T, with a

P$ (vector meson with as sea anti-quark respectively. Goldstone propagator and a heavy-light vector meson propa-
gator in the loop, in a cubic box with periodic boundary
lll. FINITE VOLUME EFFECTS condition

In this section, we discuss generic features of finite vol- 1 dk,
ume effects in HM/PT. For clarity, we use the symbal for JMgp,A)=—i _32 f >
L>% ™

one of (A, , &, Js, See) OF @any sum among them.

In the limit where the heavy quark mass goes to infinity 1
and the light quark masses are equal, all the heavy mesons in %
HM xPT become on-shell static sources, and there is a veloc- (K>*—M ép+ ie)(v-k—A+ie) '
ity superselection rule when the momentum transfer involved
in the scattering of the heavy meson system is fd&]. For  \yhere the spatial momentuknis quantized in a finite vol-
illustration, consider the vertex with couplir@in Lymy et ume as
introduced in Eq(21). The heavy-light mesoP can scatter

(40

into PE‘S) by emitting a Goldstone particle with madép L [2a) .
through this vertex. The momenta of the mesBnand P(; k= (T i, (41
are

with i being a three dimensional integer vector. Using the

el 39 Poisson summation formula, it is straightforward to show
that
and
MP?’S)UM+kM:MPUM+kM, (36) T Mgp,A)=I(Mgp,A) +Ip(Mgp,A), 42)
where

where the velocityv ,=(1,0,0,0) in the rest frame of the
heavy mesons, ankl, is the soft momentum carried by the J dk 1
(

Goldstone particle. The infinitely heawy and PZ*S) mesons J(Mgp,A)=—i
do not propagate in space. Therefore, when such a system is
in a cubic spatial box, finite volume effects result entirely

2m)* (K2=MZp+ie)(v-k—A+ie)

from the propagation of the Goldstone particle to the bound- (43
ary with momentunk~Mgp. In this case, the volume ef- o o
fects behave like exp{MgeL) multiplied by a polynomial IS the infinite volume limit of7(M¢gp,A), and
in 1/L.

The breaking of heavy quark spin agdJ(3) light flavor (1 22 . K|
symmetries in HWPT can induce a mass difference Jrv(Mep,d)={ 5~ 2 | K| W Wt d)

Mpx =Mp+A, (37) Si EﬁL
Py~ Me [ smRllL) s
InL

which complicates the above picture. In this scenario, the
(5 is still regarded as a static source, but it is off shell with,yith
the virtuality A. The period during which the Goldstone par-

ticle can propagate to the boundary is limited by the time N EVEE
uncertainty conjugate to this virtuality, i.e., wi=VIk|*+Mgp (45)

1 is the finite volume correction toJ(Mgp,A). In the
ot~ A (39 asyrrjptotic limit whereM gpL>1 it can be shown thdtwith
n=/n|)

This means that finite volume effects, which arise from the

propagation of the Goldstone particles in such a system, will Jev(Mgp,A) = (
decrease aA increases. Equatiof88) also indicates that the n+0
suppression of the volume effects by a non-zArds con-

trolled by the parameter where

~nMgeL
87TnL)e A 49

014503-4
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A=D1 Erf(2)] +] ——
[ @1 VoL

N

FARD
+ ie(z [1-Erf(2)]

I

2
g) e®I)[1-Erf(z)]

72°
16

573 .
32

9z
64

8

+ol
n

with

A
Mep

nM
ZE( \/ el (48)
2
The quantity.A is the alteration of finite volume effects due
to the presence of a non-zer. It multiplies the factor
exp(—nMgpL), which results from the propagation of the
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FIG. 1. dJy(Mgp,A), defined in Eqg.(51), plotted against
Mgp, With three different choices af. This function indicates the
deviation(in percent of the asymptotic form od, from the defi-
nition in Eq. (44). The size of the volume in this plot i&
=2.5 fm. The Goldstone maddl ;p=0.197 GeV corresponds to
MgpL =2.5, andMp=0.32 GeV corresponds tMgpL=4. The
curve forA=0.1 GeV is hidden by that fah=0.2 GeV.

this work. Also, in this paper we include only the terms with
In|=1, V2, V3, V4 and /5 in the Poisson summation for-
mula We have confirmed that truncating the sum|rit

Goldstone particle to the boundary. It is possible to analyti-= /5 is a very good approximatiofto ~3%) whenM gl

cally compute the higher order corrections4in powers of
1/(nMgpL). In this way, one can achieve any desired nu-
merical precision. Here it is clear that this alteration of vol-
ume effects is controlled by the ratio in E®R9).

Next, we consider different limits ofl at fixedM gp and
L. WhenA =0, clearlyA=1. If A is very small compared to
Mgp, such thatz<1, A is dominated by the (Mgpl)°
term, i.e.,

A~e®[1-Erf(z)]. (49)

Since Erf@z) grows much faster than exg in this regime,
A will decrease af\ increases. When is of O(Mgp) or

larger,z>1, and one can perform an asymptotic expansion

of the error function. It can be shown that in this situation,

A ! 50

= (50
That is, A also decreases ds increases. We have also nu-
merically checked that this is true wher=1. This means
that the asymptotic formula in E¢46) reproduces the physi-
cal picture outlined in the beginning of this section for any
A. To demonstrate how fast the asymptotic form in E)
converges to Eq44), we define

IV (Mgp,A) = IE ™ Mgp,A)
IV (Mgp,A)

where is the functionJg, evaluated numericallyEq.
(44)], andJaSympls the asymptotic form in Eq47). In Fig. 1,
we pIothF\, as a function oM gp with three choices oA.
It is clear from this plot thatlp, is approximated wellto
<3%) by the asymptotic form wheMgpL=2.5. We use

dJrv(Mgp,A) =

. (51)

num

=2.5. The functionlg,(Mgp,A) is plotted againsMgp in
Fig. 2, with L=2.5 fm and three choices . It is clear
from this plot thatA can significantly alter the finite volume
effects inJ(Mgp,A).

Another typical sum that appears in one-loop KIRT in
a finite volume is

1

K2—MZptie

1 dkq
K(Mp,A)=—i <F>Z [E=

1 2
X| ————]| . 2
v-k—A-He) (52)
It is straightforward to show that
K(Mgp,A)=K(Mgp,A) +Kpy(Mgp,A), (53
where
0.0025 § ——- A=0.00GeV
— 0.002 [\ —=== A=0.10GeV
a \
& 0.0015¢ \ A =0.20 GeV
= R
£ 0.0014"%
S\
0.0005| \(.
D
Y
03 04 05 06 07 08
Mgp (GeV)

FIG. 2. Jry(Mgp,A) plotted as a function oM ¢p, with three
different choices ofA corresponding to the three curves. The size of
the volume in this plot isL=2.5 fm. The Goldstone madd gp
=0.197 GeV corresponds M pL =2.5, andM gp=0.32 GeV cor-

the asymptotic forms for integrals of this type throughoutresponds tdvgpl =4.

01450
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Map (GeV)
—o.oozsm—w 06 07 08
-0.005},” /
a y
5 000y g ——- A=0.00GeV
<  -oo01}/
< -o.0125}/ = A=010GeV
X

o A=0.20 GeV

~0.0175

-0.02

FIG. 3. Kpy(Mgp,A) plotted as a function oM gp, with three

different choices oA corresponding to the three curves. The size of

the volume in this plot i =2.5 fm. The Goldstone madd sp
=0.197 GeV corresponds M gpl =2.5, andM gp=0.32 GeV cor-
responds taM gpL =4 in this plot.

3J(Mgp,A)
KMgp,A)=——F—— (54
is the infinite volume limit of/C(M gp,A) and
3Jpv(Mgp,A)
Kev(Mgp,A)=———1—— (55

dA

is the finite volume correction t&(Mgp,A). The function
Kev(Mgp,A) is plotted againsMgp in Fig. 3, withL=2.5
fm and three choices af. As expected|Kg/(Mgp,A)| also
decreases whef increases at fixetl gp andL.

IV. NEUTRAL B MIXING AND HEAVY-LIGHT DECAY
CONSTANTS

The study of neutraB meson mixing allows the extrac-

tion of the magnitude of the CKM matrix elemewity, and

hence the determination of one of the sides of the unitarity,

triangle. The frequency of tth-gd oscillations, which is

PHYSICAL REVIEW D70, 014503 (2004

betweerB, andBy states contains all the long-distance QCD
effects in Eqg. (56), and has to be calculated non-
perturbatively. SincéV,,| =1 to good accuracy andimy has

been well measured, a high-precision calculation of

(Bgl058=%(w)|By) enables a clean determination |bf|.

The frequency of the rapiBs-Bg oscillations can be pre-
cisely measured at the Fermilab Tevatron and CERN Large
Hadron Collider{1]. Therefore an alternative approach is to
consider the ratio
2( Mg,

Mg,

Amg | Vi

Vi (BJO2%By)|
Amg  |[Vig

(B4l03*7By)|’

(58)

in which many theoretical uncertainties cancel. HArg; is
the mass difference in thd&,-Bs system and(©5B=2
=[by*(1—ys)s][by,(1—-ys)s]. The unitarity of the CKM
matrix implies|V.s~|V¢y| to a few percent, anfV | can
be precisely extracted by analyzing semileptoBiclecays
[1]. Therefore a clean measurementAah/Amy will yield
an accurate determination p¥ .

The matrix elements in Eq58) are conventionally pa-
rameterized as

— 8
AS=2|o \ _ 2 52
(BglO4” "By = §MquBqBBq(M)1 (59

where the parame’[eBBq measures the deviation from the

vacuum-saturation approximation of the matrix element, and
g=d or s. The decay constarigq is defined by

(0107, 750IBo(P)) =iP, ;. (60
Lattice QCD provides a reliable tool for calculating these
non-perturbative QCD quantities from first principfeSince
Amg/Amy will be measured to very good accuracy, it is
important to have clean theoretical calculations ftne

given by the mass differencé&mg, in this mixing system g3 preaking ratios dfthe matrix elements, decay con-
has been well measured by various experimental collaborasants and parameters involved. Current lattice calculations
tions [1]. It is also calculable in the standard model via anpaye to be combined with effective theories in order to ob-
operator product expansion in which the top quark &84d (55 these matrix elements at the physical quark masses. This
boson are integrated out. Resumming the next-to-leading ofrocedure can introduce significant systematic errors and
der short-distance QCD effects, one obtains dominate the uncertainties in th8U(3) breaking ratio
[32,33
_ Ge 2 * |2
Amd__ZMW|thth| 78So(Xt) Cp(1) fg \/Bg
87T §= s S, (61)
o AB=2 fB BB
[(BalOg~~“(w)|By)l

2Mp ’

(56) which is the key theoretical input for future high-precision

determination of|V,4| via the study of neutraB mixing.®

where u is the renormalization scales,=m?/M2,, and However, the use of effective theory also offers a framework

So(%;) =0.7842" (to better than 1%is the relevant Inami-
Lim function[20]. The coefficientsyg=0.55 andCg(u) are
from short-distance QCD effec®1,22. The matrix element
of the four-quark operator

5Some selected reviews in the long history of lattice calculations
for the B mixing system can be found in Ref23-31].

®Notice that the symbok as defined in Eq(61) is in the tradi-
tional notation inB physics, and has nothing to do with the Gold-
stone field¢ introduced in Sec. Il

058=2=[by*(1— yo)d][by,(1—-y5)d] (57

014503-6
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FIG. 4. Diagrams contributing to the one-loop calculation of © ()
decay constants. The thitthick) solid lines are the heavy-light
pseudoscalafvecto) mesons. The dashed lines are Goldstone par- F|G. 5. Diagrams contributing to the one-loop calculation of the

ticles, and the crosses are the “double poles” which appear irg parameters. The open circles are the operators defined i68q.
(P)QYPT. The open squares are the operators defined in@2y.

and the dots are vertices from the HMT Lagrangian. Diagrams ) o
(c) and (d) are for wave function renormalization. The diagrams contributing ty | andBp  are presented

in Figs. 4 and 5 respectively. Only diagraifts and (d) de-
for studying finite volume effects in lattice calculations PeNd on the heavy meson mass shifts. Therefore it is the
[5,6,34—46. We will demonstrate in this section that finite relative weight between these diagrams and the “tadpole

volume effects might turn out to exceed the current quotedliagrams(a) and (b) which determines the dependence on
systematic errors for quantities suché&s the heavy meson mass in finite volume effects.

Although this is the first one-loop calculation for these
decay constants anB parameters in finite volume, some
results in the infinite volume limit already exist in the litera-
In this subsection, we discuss one-loop calculations foture: fp(s) have been calculated at the lowest order in full

the B parameters and heavy-light decay constants mentiongd 8], quenched 14,15 and partially quenchef15] QCD,
above in finite volume HMPT including the appropriate and up to first-order corrections in the chiral ant1}/ ex-
mass shifts to the first non-trivial order of the chiral andpansions in ful[16] and quenched QCPL7]. The B param-
1/Mp expansions. The inclusion of other first-order correc-eters have been calculated only at lowest ofd&t18. Our
tions in these quantities is straightforward. It simply intro- results, as presented in Appendix B, agree with all these pre-

duces additional low-energy constafitECs) which account  vious calculations in the appropriate limits.
for short-distance physics and do not give rise to finite vol-

ume effects at this order, so we will not discuss this issue
here. We have performed the calculation for full QCD, B. Phenomenological impact
QQCD and PQQCD with the mass shifts given between EqGSs. e have used the one-loop results in Appendix B to in-
(25 and(34). o vestigate the impact of finite volume effects gn In this
For the purpose of this work, the axial currént, s, is ~ work, we intend only to estimate the possible size of errors
in this quantity, and will leave the actual comparison with
I (Q) ¢1b lattice data to a future publication. Notice that the one-loop
Au (2)trD[yﬂ75Hb &l (62) calculation is valid only forM ,<A,. Nevertheless, we
present our results favl . up to~800 MeV, where, in prin-
and the four-quark operato©®“Pa=? (when P,= Ba.s. ciple, higher-order chiral corrections should be included.
OAPa=2 pecomex427?) is However, finite volume effects are exponentially suppressed
’ at such large pion masses.
Following the usual procedure in lattice calculations for
&, we study twoSU(3) breaking ratios

A. The one-loop calculation in finite volume

0= 48[ (£P Q)3 £P* (D)2 (P2 £P(@)e]

(63 fg

E=1- (64)
in HM yPT[18], wherex andg are the low-energy constants ®
which have to be determined from experiments or lattice
calculations. Notice that the indea in Eqg. (63) is not and
summed over. Again, the inclusion of the chiral an®1}/
corrections in these operators simply introduces additional
LECs and we do not investigate this aspect here. We assume Be,

that k and B8 are the same in full, quenched and partially &= Bg ' (65
quenched QCD. AlsoA,, and O%® can couple to they” in

QQCD, but the couplings are N/ suppressefl15], and we

neglect them. in terms of which,
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O 0006 N\ = c----- a—ot0gey O COBINAN T A, =0.10GeV
2 0004 A, = 0.20 GeV 3 0.004 A, =0.20 GeV
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FIG. 6. (¢f)gy in full QCD plotted againsM ., with L=1.6 fm. The pion mas# .=0.35 GeV corresponds tdl .L=2.8, andM
=0.5 GeV corresponds tl .L =4 in this plot.

&= &Es. (66) the up and down quark mass is varied. By using
(M) phys= 0.498 GeV and i1 )y, 0.135 GeV[4], we fix

Furthermore, we define
(é)rv  and  (&s)ry (67) (M 38) prye= 2Bo(Mg) prys=0.691 GeV (71)

to be the contributions from finite volume effects, i.e., those
from the volume-dependent part in the one-loop results pre- . . Ivsis. Notice tha .
sented in Sec. IV A. To be more precise, we use the formula8S &N input parameter in our analysis. Notice thag) pnysis

collected in Appendix B to calculate the volume correctionsnmo;;rr:se mizsfng];s ispr:a)gilr%ﬂtegesonds?r?d tr;]e ssi‘g;)f(lig%tnjfr: d
with respect to the lowest-order valued fBS (BBS) and y 9 pny

) pion masses. To the same order, we can adopt(Zg).to
fg (Bg), then take the difference between the results as ajyite

estimate of &;)py [(ég)pyv]- Since theseSU(3) ratios are
not very different from unity(at most~20%), this is a rea-
sonable estimate of these effects. 2 2
" . . . 0s=N1(M33—M?7), 72
Traditionally, many quenched lattice simulationsBy 5= MMz M7) (72
and fB(S) were performed usindg ~1.6 fm. Therefore we
present our estimate for finite volume effects in QQCD withand use K3g)gnys: (M,)pnys @nd physical Mg —Mg
this box size. For comparison, we adopt the same volume foL o 091 GeV[4] to determine °
full QCD. As for PQQCD, we work withL=2.5 fm where
most current high-precision simulations are carried[d{.

Throughout this subsection, we ensure that the condition \,=0.1982 GeV L. (73
M_L=25 (69
holds in all the plots presented here. This determines howg varies withM .. We have also tried

We first discuss the procedure in full and quenched QCDto use vanishing pion mass aMi, —Mp=0.104 GeV[4]
When studying the light quark mass dependenceégfe(;  to fix (M33)pnys and A, and the results presented in this
and (¢g)ry, We follow a strategy similar to that in Rdf32]. subsection are not sensitive to this variation from the values
That is, we use the Gell-Mann—Okubo formulas to expressgjuoted above.

My andM, in terms ofM . and M3 [M g3, defined in Eq. The results for &)gy and (£g)gy for full QCD and
(B11), is the mass of the fictitious meson composed ahd  QQCD from this analysis are presented in Figs. 6—9, with
two different values for the couplingy (and alsovy in

s quarkg
QQCD). Here we stress again that the influence on finite
, M3+M2 volume effects from the presence Af and 8, depends on
K= o (69 the size of these couplings, which are not well determined.
Inspired by the recent CLEO measuremengah the charm
and system[48,49 and a recent lattice calculati¢b0], we vary
g° between 0.3 and 0.5. As for the coupling which is a
) 2MZ,+ M2 quenching artifact and has never been determined, we vary
- 3 (70 its value betweelg and —g. It is clear from these plots that

finite volume effects are generally small in full QCD
We investigate the situation where a lattice calculation ig<2%), but can besignificant in QQCD 3% to ~7%
performed at the physical strange quark masg) (s, but  for £g) in the range ofM L where lattice simulations are
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FIG. 7. (¢g)gy In full QCD plotted againsM ., with L=1.6 fm. The pion masM .=0.35 GeV corresponds tdl .L=2.8, andM ,
=0.5 GeV corresponds tl .L =4 in this plot.

normally performed. This is clearly due to the enhancedend toward different directions in full QCD and QQCD
long-distance effect arising from the “double pole” structure whenM . becomes smaller indicates that quenching errors in
in (PQQCD, as first pointed out in Reff6], and manifests these quantities can be larger than those estimated in Ref.
itself in various places, e.g., nucleon-nucleon potenfd$  [15]. Since finite volume effects have not been included in
and -7 scattering 6,38,39,52 the analysis of lattice calculations &§ hitherto, one should
Although it has been well established that infinite volumepe cautious when using the existing quenched results for this
chiral corrections are smaller in tieparameters than in the - qantity in any phenomenological work.
decay constants due to the coefficient in frontgdfin the For the analysis in PQQCD, we assume that both the va-
one-loop results, it is_clea_r from th(_ase plots that finite volumgance and sea strange quark masses are fixed at that of the
effects are more salient igg than in¢;. All the quenched physical strange quark. However, we vary the light sea quark

lattice calculations foréz have so far concluded that this = For thi defird be th ¢
quantity is consistent with unity with typically 3% error, Massm. For this purpose, we defindssto be the mass o

However, we find that the volume effects are already at thdh® meson composed of two light sea quarks. Therefore,

level of 3—4 % wherM ,=0.45 GeV in a 1.6 fm box where
many quenched simulations were carried out. This error de-

. . : 2 ~
pends on both light and heavy quark masses in the simula- Mss [m
tion and hence is amplified after extrapolating the result to Maa)2 =~ (74)
i (Msg)phys | Ms m_=physical m
the physical quark masses. Also, the fact that volume effects 5= Phy s
M, (GeV) M, (GeV)
B ] B ]
0.4 0.5 0.7 0.8 0.005 0.7 0.8
-0.005 -0.

> - L=1.6 fm ,-\E _0.01 L=1.6 fm

T S _ —— A=

B -0.015 — — A, =0.00GeV 5 0015 A, = 0.00 GeV
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§ 1 oo T A TS § -0.025 —— A, =0.20GeV

3 -0.025 A, = 0.20 GeV C

! y=g 0.03
(a) —0.03 (b) -0.035
,—\ = /--
:_\..T_.\ L=1.6 fm 0.01 v \\\

z - - . 0.005 — \\\ L=1.6fm

] M, (GeV) AL TS —— Iy -

5 -0.005 ( % i

£ — — A, =0.00GeV 3 . 0.5 M (%GV) L

C G —0.005 i (e

g -0.01 \ ==== A, =0.10GeV S — — A, =0.00GeV

c 9°=030 ____ , _go0Gev & -0.01 , ——== A,=010GeV

_ _ T g =050 A, = 0.20 GeV
() 0015 r=-9 (d) —0.015 y=-g '

FIG. 8. (¢)gy in QQCD plotted againsim .., with L=1.6 fm and choices of the couplingsand y. The pion masiM .=0.35 GeV
corresponds td1 L =2.8, andM .=0.5 GeV corresponds tM L =4 in this plot. We setx=0 andMy=700 MeV.
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FIG. 9. (¢g)rv in QQCD plotted againsi ., with L=1.6 fm and choices of the couplingsand y. The pion masi ,=0.35 GeV
corresponds toM .L=2.8, andM .=0.5 GeV corresponds tdl .L =4 in this plot. We setx=0 andM=700 MeV.

Also, we can express the mass shiftsand ds.,in terms of

meson masses:

= _ 2 2
55—)\1(M33_ Mss) (79
and
_ 2 2
5sea_)\1(MSS_ M 77) (76)
g =03 — — = A,=0.00GeV
0.004
0.003P. .\ =g m  =em=e- A= 0.10 GeV
e
@ 0.002 A, =0.20 GeV
g 0.001 \ Mss (GeV)
s
4 5~—0Q6____0.7
-0.001 o T
(a) —0.002 -
— — — A, =0.00GeV
0.01 gz —gg e A, =0.10 GeV
N A, =0.20 GeV
0.005 N\ L=251fm
,i Q\ Mss (GeV)
= 0.3 0.7
& 5 :
o -0.005
-0.01 ,
M
(€) —0.015 8

by usin

g Egs(29) and(30) with the same value af; as in

Eq. (73).

The
10 and

results for the PQQCD analysis are presented in Figs.
11. The double pole insertions also appear in PQQCD

and it is clear from these plots that finite volume effects

cannot

be neglected if one hopes to deterngirie the level

of a few percent. In particular, in the range Mf_, and L

where

current and future lattice simulations are performed

[47], they can already be at about 4%, and the dependence on
the heavy meson mass is quite strong. Therefore they can
become comparable to the error presented in the latest re-

view [31],
=05
g =0 — — — A, =0.00GeV
0.004 M2
33 /ph
= 0.003 M72r=74p ¥ em-m-- A, =0.10 GeV
T 0.002L A. =0.20 GeV
o -~
o 0.001 L=2.5fm — Mgs (GeV)
0.3 & §5-..06 07
~0.001 fm—— S——-
(b)
— — — A, =0.00GeV
0.01 g2 =05 @ =———— A, =0.10 GeV
. 0.005 L=2.5 fm A= 020 AN
s N Mgs (GeV)
y‘- \\\\
o 03 05 0.6 0.7
-0.005 e
2
—0.01] e Masdonys
(d) T8

FIG. 10. ¢f)ey in PQQCD plotted againd¥l 5 (see text for the definition dflg9, with L=2.5 fm and two different values favl ..
The pion mas$2=M344 corresponds tt1 ,L =4.4 andM?2=M348 corresponds tt1 ,L =3.1. The mas#lss=0.197 GeV corresponds
to Mgd =2.5, andM gs=0.32 GeV corresponds g4 =4 in this plot.
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FIG. 11. (¢g)ryv In PQQCD plotted againd¥l s (see text for the definition df1gg, with L=2.5 fm and two different values favl ..
The pion mass?2=M?2/4 corresponds tt ,L =4.4 andM2=M2,/8 corresponds tt ,L =3.1. The masdlss=0.197 GeV corresponds
to Mgd =2.5, andMg<=0.32 GeV corresponds el sd-=4 in this plot.

£=1.23+0.10 (77 it is important to perform calculations to identify these ef-
fects in phenomenologically interesting quantities.

We have presented an explicit calculation in finite volume
HM yPT for theB parameters in neutr@ meson mixing and
heavy-light decay constants, in full, quenched, and partially

V. CONCLUSION qguenched QCD. We have used these results to estimate the
impact of finite volume effects in theU(3) ratio &, which is

We have investigated finite volume effects in heavy quarkan important input in determining the magnitude of the CKM
systems in the framework of heavy meson chiral perturbatiomatrix elemen¥/,4. Within the parameter space where most
theory. The primary conclusion is that the scalgsandds,  quenched lattice calculations have been performed, we find
which are heavy-light meson mass splittings arising from thehat, although this impact is quite smak(2%) in full
breaking of heavy quark spin and light flavBitJ(3) sym-  QCD, it can be significant in QQCD. This is due to the
metries, can significantly reduce the volume effects in diaenhanced long-distance effects arising from the double pole
grams involving heavy meson propagators in the loop. Thetructure. This error will be amplified by the quark mass
physical picture of this phenomenon is that some heavy-lighgxtrapolations and hence can exceed the currently quoted
mesons are off shell in the effective theory, as a consequenggstematic effects. Furthermore, finite volume effects tend
of the velocity superselection rule, with the virtuality char- toward different directions in full and quenched QCD for
acterized by the mass splittings. The time uncertainty COﬂjUdecreasing\A .- This means that quenching errorsédmmay
gate to this virtuality limits the period during which the pe significantly larger than what was estimated before.
Goldstone particles can propagate to the boundary. Finit¢herefore one has to be cautious when using the existing
volume effects caused by the propagation of the Goldstonguenched lattice QCD results faf in phenomenological
particles naturally affect the light quark mass extrapolationyork. In PQQCD, our results indicate that finite volume ef-
or interpolation in a lattice calculation. On top of this, our fects are typ|ca||y between 3% and 5% in the data range of
work implies that they also influence the heavy quark massyture high-precision simulations, and they can be signifi-
extrapolation or interpolation, since the scdlg varies sig-  cantly amplified in the procedure of quark mass extrapola-
nificantly with the heavy meson mass. The strength of thisions. This means that they are not negligible in future lattice
influence is process dependent, determined also by the relgalculations of¢.
tive weight between diagrams with and without heavy meson
propagators in the loop. The volume effects can be amplified
by both heavy and light quark mass extrapolations. Therefore ACKNOWLEDGMENTS

after quark mass extrapolatiohs.
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APPENDIX A: INTEGRALS AND SUMS X > Y -
(k*=m°+ie)(v-k—A+ie)

We have regularized ultra-violet divergences that appear

in loop integrals using dimensional regularization, and sub- J
tracted the term = WHH m,A). (AT)
A= —— — ye+log(4m) + 1. (A1) In a cubic spatial box of siz¢ in four dimensions with
4-d periodic boundary condition, so that the three-momentum is

guantized as in Eq41), one obtains the suntafter subtract-
The integrals appearing in the full QCD calculation are de-ing the ultra-violet divergences
fined by

L a1 Z(m)= E fZW = (M (M)
m=p f (2m9 K2—m?+ie (A8)
and
m” |+ lo (mz) (A2)
= —logl — ||, 1
u H(m,A)= (gPV—vPv”>(—3)E "
d d%
Hi(m, A)=(g"" —vrp ") pt 4% dko Koks
. JA) (2m)° Xf 27 (K2—m?+ie)(v-k—A+ie)
e =H(m,A)+Hg/(m,A) (A9)

X
2_ 2 k— H
(K'=m"+ie)(v-k=-Atie) for the full QCD calculation, where

J [(m)=13(m)|5= A10
3—Fx(m,A), (A3) (m)=1x(m)[3=o (A10)
JA
and
where H(m)=Hx(m,A)[x=o (A11)
i 247 are the infinite volume limits of and#, and (=|n|)
Fa(m,A)= Iog o m2IA
1672 2] )13 - )
. 10A2  4m? A+2(A2—m2) A |Fv(m)=mm§6HKl(nm|_)
9 3 3 MR [
mL>1
(A) s /m(i)e-nm
472 75 Y2nLinL
with
15
X1t snmL 128 1)2
X—\Xc—1+Ii nm
R(x)= \/X - Iog(—E (A5)
x°—1+ie 113
+O( mL ) (A12)

and u is the renormalization scale. For the quenched and

partially quenched calculations, we also need the integrals is the finite volume correction th(m). The functionHp is

§ the finite volume correction tbl(m,A) and can be obtained
, B d% 1 (9ITm) via
D=pt df d K2—m2ti2 (A6)
(2m)% (k*—m-°+ie) am?

Hev(m,A)=i[(m?=A?)Kgy(m,A) — 2AJgy(m,A)
and +il py(m)], (A13)

014503-12



HEAVY MESON CHIRAL PERTURBATION THEORY IN . ..

whereJgy(m,A) andKg,(m,A) are defined in Eq€44) and
(55).
For QQCD and PQQCD calculations, one also needs

, _dl(m)  dlgy(m)
7 (m= 2 JZTF (k*—m +Ie)2 am? am?
(A14)
and
_ 9 e o] L dko
H7(MA)=—~) (g —v*u >(5>§ f—w
kK,
X
(K>—m?+ie)’(v-k—A+ie)
_ dH(m,A) aHFV(m,A). A5
am? om?

APPENDIX B: ONE-LOOP RESULTS FOR DECAY
CONSTANTS AND B PARAMETERS

In this appendix, we collect the results for one-loop cor-
rections tofp /M and By . For convenience, we in-
PN P Pl

troduce

C+(Mgp,X) =I(Mgp) = g*H(Mgp,X) (B1)

and

C?” (Mgp,X)=T" (Mgp) =g*H " (Mgp,x),  (B2)

where the functiong(m), H(m,x), Z” (m) and® 7' (m,x)
are defined in Eqs(A8), (A9), (Al4) and (Al5), respec-
tively.

In full QCD, we find

fp Mp:K

i
1- W[%—(MWA*HGC—(MK Ayt 8y

+C(M,,,A*)]], (B3)
i
fPS MPS:K 1_§[SC*(MK’A*_5S)
+C_(M,7,A*)]], (B4)
3B
szﬁ _ﬁ[3c+(Mw1A*)+C+(M7]IA*)] ’

(BS)

Bp :3_B2[1_

S 2k

In QQCD, we find

fp Mp:K

PHYSICAL REVIEW D70, 014503 (2004

N
3—;2[c+<M7,,A*>]]. (86)

i |«
1+ ﬁ[gC(Mﬁ,A*)

aM2
3

)C” (Mz.4A,)

+297H(MW,A*)H, (B7)

i |«
fps\/MPS: K[ 1+ F|:§C(M33,A*)

Bp:

Bp, =

where

S

+(a|v|§3—|v|g
3

)c"wgg,A*)

+297H(M33'A*)H, (B8)

3B i ( a)
> 1—f—2 1-Z|Cr(M,.A,)
(aMf,—Mg) n,

- T C+(M771A*)
+29vH(Mw,A*)H. (B9)
38 i a

2 [1 |15 ou

M2.—M32|
—(“ > °)cz<M33,A*>
3

+297H(M33A*)H, (B10)
M z3=2M2Z — M2, (B11)

In PQQCD, we find
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fp Mp:K 1267(MVS!A*+6SEQ

[
1_ -
122

+6C_(M,,A, + Sseqt Os)
M3~ M2 —257ss
M2 —M3a+ 855+ 285s

C-(M;.A,)

S

C_(Mx,Ay)

|

(B12)

M2 —MZ—2855+285ss ?
M2~ M3t 855+ 285ss

SG(M5—M2—-2855)

M2 — M2+ 82+2682¢

w

C7 (M, A,)

S

3C- ( M VSst* + 5sea+35_ 55)

i
fps\/Mpsz K‘ 1_ @
+6C_(M s, Ay + Ssoq— 5)
M3;—M2+262

-3 C_(M33,A,)
M2,—M2+283+46%g, o

M%—M33—280s+240s
MZ =M= 2855~ 480s

+2

2
j C_(Mx,Ay)

|

(B13)

FfMig ME 289
M2 M3 2ofe des

7| 6 (M A0)

4 M7—M3+280ss M. A
M2 MLt st 200 T )
T 33 VS VSs

Ci(Mx,Ay)

2
M2 —MZ;— 250+ 25\2155)
M2 —MZg+ 805 +28ss

PHYSICAL REVIEW D70, 014503 (2004

|

(B14)

oMy M2 =265
2 2 2 V+(MW1A*)
M2 M3+ 855t 2855

S

3B [
Bp= {1 | 3C+(M33,Ay)

3f2

2 2 2
Mo M 200 0 (Mgt )
M2 —M33— 2855~ 455ss
M2—M%—2855+285

+2
M7= M33— 2805~ 460s

2
j C+(Mx,A,)

|

(B15)

85 sdM5—M2+2579)
M2 —M3— 25855~ 455s

C7 (Mg3,A)

S

where

M{s=Bo(m+m), M{se=Bo(mg+m),
M2=Bo(m+mg) =M{ss— Mg +M?2,
MZ=Bo(Mms+m)=M{s+Mg—M2,

— N2 2 Y 2
5€/S_M7T_MVS7 6€/SS_M33_MVSS’

1
and M§=§(M§,+ 2M2,—2685—46%5). (B16)

It is straightforward to show that the PQQCD results repro-

duce those for full QCD in the limitsn=m andmg=m.
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