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Heavy meson chiral perturbation theory in finite volume
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We study finite volume effects in heavy quark systems in the framework of heavy meson chiral perturbation
theory for full, quenched, and partially quenched QCD. A novel feature of this investigation is the role played
by the scalesD* andds , whereD* is the mass difference between the heavy-light vector and pseudoscalar
mesons of the same quark content, andds is the mass difference due to light flavorSU(3) breaking. The
primary conclusion of this work is that finite volume effects arising from the propagation of Goldstone
particles in the effective theory can be altered by the presence of these scales. SinceD* varies significantly
with the heavy quark mass, these volume effects can be amplified in both heavy and light quark mass
extrapolations~interpolations!. As an explicit example, we present results forB parameters of neutralB meson
mixing matrix elements and heavy-light decay constants to one-loop order in finite volume heavy meson chiral
perturbation theory for full, quenched, andNf5211 partially quenched QCD. Our calculation shows that for
high-precision determinations of the phenomenologically interestingSU(3) breaking ratios, finite volume
effects are significant in quenched and not negligible in partially quenched QCD, although they are generally
small in full QCD.
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I. INTRODUCTION

Numerical calculations of hadronic properties using l
tice QCD have provided significant inputs to particle phys
phenomenology. In particular, the joint effort between e
periment and theory to investigate the unitarity triangle in
Cabibbo-Kobayashi-Maskawa~CKM! matrix from B meson
decays and mixing has made impressive progress@1#, in
which lattice QCD has played an important role. Neverth
less, current lattice calculations are still subject to vario
systematic errors. In this paper, we address finite volu
effects which arise in lattice calculations for heavy-light m
son systems from the light degrees of freedom. Our fram
work is heavy meson chiral perturbation theory (HMxPT)
with first order 1/M P and chiral corrections. We assume t
mass hierarchy

MGP!Lx!M P , ~1!

whereMGP is the mass of any Goldstone particle,M P is the
mass of the heavy-light meson, andLx is the chiral symme-
try breaking scale. Under this assumption, we discard cor
tions of the size

MGP

M P
. ~2!

Concerning the finite volume, we work with the conditio
that
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MGPL@1, ~3!

where L is the spatial extent of the cubic box. Therefor
given that f pL/A2 ( f p'132 MeV) will be close to one in
lattice simulations in the near future, one can still neglect
chiral symmetry restoration effects resulting from the Go
stone zero momentum modes@2,3# when Eq.~3! is satisfied.

The main task of this work is to study the volume effec
due to the presence of the scales

D* 5M P* 2M P ~4!

and

ds5M Ps
2M P , ~5!

whereP* andP are the heavy-light vector and pseudosca
mesons containing au or d anti-quark,1 andPs is the heavy-
light pseudoscalar meson with ans anti-quark. The scaleD*
appears due to the breaking of heavy quark spin symm
that is of O(1/M P) and ds comes from light flavorSU(3)
breaking in the heavy-light meson masses. Under the
sumption of Eq.~1!, D* is independent of the light quar
mass, andds does not contain any 1/M P corrections, at the
order we are working.

In the real world, bothD* and ds are not very different
from the pion mass. In fact@4#,

MBs
2MB591 MeV, ~6!

1We work in the isospin limit in this paper.
©2004 The American Physical Society03-1
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MDs
2MD5104 MeV, ~7!

MB* 2MB546 MeV, ~8!

and

MD* 2MD5142 MeV. ~9!

In current lattice simulations, these mass splittings vary
tween 0 and;150 MeV. Therefore it is important to includ
them in the investigation of finite volume effects. Equati
~3! implies that the Compton wavelength of the Goldsto
particle is small compared to the size of the box. Theref
finite volume effects mainly result from the propagation
the Goldstone particles to the boundary. However, as sh
in Sec. III, D* and ds can, in a non-trivial way, alter thes
effects. In particular, sinceD* varies with the heavy quark
mass, finite volume effects can be significantly amplified
heavy quark mass extrapolations.

This paper is organized as follows. In Sec. II we summ
rize the ingredients of HMxPT relevant to this work. Section
III is devoted to the discussion of HMxPT in a finite volume,
emphasizing the role played byds andD* . We then presen
an explicit calculation of neutralB meson mixing and heavy
light decay constants in Sec. IV and discuss the phenom
logical impact that finite volume effects can have. We co
clude in Sec. V. Some mathematical formulas and results
summarized in the Appendixes.

As this work progressed, we were informed that simi
ideas and techniques were also being applied in he
baryon chiral perturbation theory@5#.2 Although the underly-
ing physics is somewhat different, many technical aspe
are quite similar to those presented here.

II. HEAVY MESON CHIRAL PERTURBATION THEORY

The chiral Lagrangian for the Goldstone particles is

LGP5
f 2

8
~s!tr@~]mS†!~]mS!1S†x1x†S#

1Ah8@a~]mF0!~]mF0!2M0
2F0

2#, ~10!

where Ah851 for quenched QCD~QQCD! and partially
quenched QCD~PQQCD!, and Ah850 for full QCD. S
5exp(2iF/ f ) is the non-linear Goldstone particle field, wit
F being the matrix containing the standard Goldsto
fields.3 We use f 5132 MeV. In this work, we follow the
supersymmetric formulation of~partially! quenched chiral

2We thank Silas Beane for drawing our attention to his work.
3In this paper, we only address situations where there are

multi-particle thresholds involved in loops. This is the case for
explicit calculation presented in Sec. IV. Therefore, in spite of
sickness pointed out in Ref.@6#, we can still use the Minkowsk
formalism even for the case of~P!QQCD. This makes the physic
discussion in Sec. III simpler compared to the Euclidean formali
The effects from multi-particle thresholds in finite volume HMxPT
will be discussed in a future publication.
01450
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perturbation theory@(P)QxPT# @7,8#. ThereforeS trans-
forms linearly under SU(3)L ^ SU(3)R , SU(3u3)L
^ SU(3u3)R andSU(6u3)L ^ SU(6u3)R in full QCD, QQCD
and PQQCD respectively. The symbol ‘‘~s!tr’’ in the above
equation means ‘‘trace’’ in full QCD and ‘‘supertrace’’ in
~P!QQCD. The variablex is defined as

x[2B0Mq5
22^0uūu1d̄du0&

f 2
Mq , ~11!

where the quark mass matrixMq is

M q
(QCD)5diag~m,m,ms! ~12!

in full QCD,

~13!

in QQCD, and

~14!

in PQQCD. We keep the strange quark mass different fr
that of the up and down quarks in the valence, sea and g
sectors. Notice that the flavor singlet stateF05str(F)/A6 is
rendered heavy by theU(1)A anomaly in PQQCD@9,10# and
can be integrated out; it has to be kept as a dynamical de
of freedom in QQCD.

The inclusion of the heavy-light mesons in chiral pertu
bation theory was first proposed in Refs.@11–13#, with the
generalization to quenched and partially quenched theo
given in Refs.@14,15#. The 1/M P and chiral corrections were
studied by Boyd and Grinstein@16# in full QCD and by
Booth @17# in QQCD. The spinor field appearing in this e
fective theory is

Ha
(Q)5

11v”
2

~Pa,m* (Q)gm2Pa
(Q)g5!, ~15!

where Pa
(Q) and Pa,m* (Q) annihilate pseudoscalar and vect

mesons containing a heavy quarkQ and a light anti-quark of
flavor a. Under a heavy quark spinSU(2) transformationS,

Ha
(Q)→SHa

(Q) . ~16!

Under the vector light-flavor transformationU @i.e., U
PSU(3) for full QCD, UPSU(3u3) for QQCD andU
PSU(6u3) for PQQCD#,

Ha
(Q)→Hb

(Q)Uba
† . ~17!

Also, the conjugate field, which creates heavy-light mes
containing a heavy quarkQ and a light anti-quark of flavora,
is defined as

o
e
e

.
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H̄a
(Q)5g0H (Q)g0 . ~18!

Furthermore, the Goldstone particles appear in the HMxPT
Lagrangian via the field

j[eiF/ f , ~19!

which transforms as

j→ULjU†5UjUR
† , ~20!

whereUL(R) is an element of the left-handed~right-handed!
SU(3), SU(3u3) and SU(6u3) groups for QCD, QQCD,
and PQQCD respectively. The HMxPT Lagrangian, to low-
est order in the chiral and 1/MQ expansion, for mesons con
taining a heavy quarkQ and a light anti-quark of flavora is
then

LHMx PT52 i trD~H̄a
(Q)vm]mHa

(Q)!

1
i

2
trD~H̄a

(Q)vm@j†]mj1j]mj†#abHb
(Q)!

1
i

2
g trD~H̄a

(Q)gmg5@j†]mj2j]mj†#abHb
(Q)!

1Bh8

i

2
g trD~H̄a

(Q)Ha
(Q)gmg5!str@j†]mj2j]mj†#,

~21!

whereBh850 for full QCD, andBh851 for ~P!QQCD.4 We
do not distinguish the couplingg in these theories. It is im-
plicitly assumed that ‘‘(s)tra’’ is taken appropriately in flavor
space. trD means taking the trace in Dirac space. T
HMxPT Lagrangian for mesons containing a heavy a
quarkQ̄ and a light quark of flavora is obtained by applying
the charge conjugation operation to the above Lagrang
@18#. At this order, the propagators forPa

(Q) and Pa*
(Q) me-

sons are

i

2~v•k1 i e!
,

2 i ~gmn2vmvn!

2~v•k1 i e!
, ~22!

respectively.
The effects of chiral and heavy quark symmetry break

have been systematically studied in full@16# and quenched
@17# HMxPT. Among them, the only relevant features ne
essary for the purpose of this work, i.e., the investigation
finite volume effects, are the shifts to the masses of
heavy-light mesons. These shifts are from the heavy qu
spin breaking term

l2

M P
trD~H̄a

(Q)smnHa
(Q)smn!, ~23!

and the chiral symmetry breaking terms

4However, since we integrate out theh8 in PQQCD, the coupling
g does not appear in the results presented in this paper.
01450
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l1B0 trD~H̄a
(Q)@jMqj1j†M qj†#abHb

(Q)!

1l18B0 trD~H̄a
(Q)Ha

(Q)!@jMqj1j†M qj†#bb .

~24!

We choose to work with the effective theory in which th
heavy-light pseudoscalar mesons that contain a heavy q
and au or d valence anti-quark are massless. Notice that
term proportional tol18 in Eq. ~24! causes a universal shift t
all the heavy-light meson masses. This means that the ma
appearing in the propagators of heavy vector mesons and
meson containing ans anti-quark ~valence or ghost! are
shifted as follows:

2 i ~gmn2vmvn!

2~v•k2D* 1 i e!
,

i

2~v•k2ds1 i e!
, ~25!

and

2 i ~gmn2vmvn!

2~v•k2D* 2ds1 i e!
, ~26!

for P* , Ps , and Ps* ~heavy vector meson containing ans
valence or ghost anti-quark!, respectively. The mass shift
can be written in terms of the couplings in Eqs.~23! and
~24!:

D* 528
l2

M P
, ~27!

and

ds52l1B0~ms2m!. ~28!

In PQQCD, there are two additional mass shifts because
sea quarks have different masses from the valence and g
quarks:

d̃s5M P̃s
2M P̃52l1B0~m̃s2m̃!, ~29!

and

dsea5M P̃2M P52l1B0~m̃2m!, ~30!

whereP̃ ( P̃s) is the heavy-light pseudoscalar meson with
d(s) sea anti-quark. The propagators of the heavy mes
containing sea anti-quarks are

i

2~v•k2dsea1 i e!
, ~31!

2 i ~gmn2vmvn!

2~v•k2D* 2dsea1 i e!
, ~32!

i

2~v•k2dsea2 d̃s1 i e!
, ~33!

and
3-3
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2 i ~gmn2vmvn!

2~v•k2D* 2dsea2 d̃s1 i e!
~34!

for P̃, P̃* ~vector meson with ad sea anti-quark!, P̃s , and
P̃s* ~vector meson with ans sea anti-quark!, respectively.

III. FINITE VOLUME EFFECTS

In this section, we discuss generic features of finite v
ume effects in HMxPT. For clarity, we use the symbolD for
one of (D* , ds , d̃s , dsea) or any sum among them.

In the limit where the heavy quark mass goes to infin
and the light quark masses are equal, all the heavy meso
HMxPT become on-shell static sources, and there is a ve
ity superselection rule when the momentum transfer invol
in the scattering of the heavy meson system is fixed@19#. For
illustration, consider the vertex with couplingg in LHMx PT
introduced in Eq.~21!. The heavy-light mesonP can scatter
into P(s)* by emitting a Goldstone particle with massMGP

through this vertex. The momenta of the mesonsP andP(s)*
are

M Pvm ~35!

and

M P
(s)* vm1km5M Pvm1km , ~36!

where the velocityvm5(1,0,0,0) in the rest frame of th
heavy mesons, andkm is the soft momentum carried by th
Goldstone particle. The infinitely heavyP and P(s)* mesons
do not propagate in space. Therefore, when such a syste
in a cubic spatial box, finite volume effects result entire
from the propagation of the Goldstone particle to the bou
ary with momentumk;MGP. In this case, the volume ef
fects behave like exp(2MGPL) multiplied by a polynomial
in 1/L.

The breaking of heavy quark spin andSU(3) light flavor
symmetries in HMxPT can induce a mass difference

M P
(s)* 5M P1D, ~37!

which complicates the above picture. In this scenario,
P(s)* is still regarded as a static source, but it is off shell w
the virtualityD. The period during which the Goldstone pa
ticle can propagate to the boundary is limited by the ti
uncertainty conjugate to this virtuality, i.e.,

dt;
1

D
. ~38!

This means that finite volume effects, which arise from
propagation of the Goldstone particles in such a system,
decrease asD increases. Equation~38! also indicates that the
suppression of the volume effects by a non-zeroD is con-
trolled by the parameter
01450
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MGP

D
. ~39!

To see explicitly how this phenomenon appears in a calc
tion, we consider a typical sum in one-loop HMxPT, with a
Goldstone propagator and a heavy-light vector meson pro
gator in the loop, in a cubic box with periodic bounda
condition

J~MGP,D!52 i
1

L3(
kW
E dk0

2p

3
1

~k22MGP
2 1 i e!~v•k2D1 i e!

, ~40!

where the spatial momentumkW is quantized in a finite vol-
ume as

kW5S 2p

L D iW, ~41!

with iW being a three dimensional integer vector. Using t
Poisson summation formula, it is straightforward to sho
that

J~MGP,D!5J~MGP,D!1JFV~MGP,D!, ~42!

where

J~MGP,D!52 i E d4k

~2p!4

1

~k22MGP
2 1 i e!~v•k2D1 i e!

~43!

is the infinite volume limit ofJ(MGP,D), and

JFV~MGP,D!5S 1

2p D 2

(
nW 5” 0W

E
0

`

dukW uS ukW u

wkW~wkW1D!
D

3S sin~ ukW uunW uL !

unW uL
D ~44!

with

wkW5AukW u21MGP
2 ~45!

is the finite volume correction toJ(MGP,D). In the
asymptotic limit whereMGPL@1 it can be shown that~with
n[unW u)

JFV~MGP,D!5 (
nW 5” 0W

S 1

8pnLDe2nMGPLA, ~46!

where
3-4
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A5e(z2)@12Erf~z!#1S 1

nMGPL
D F 1

Ap
S z

4
2

z3

2 D
1

z4

2
e(z2)@12Erf~z!#G

2S 1

nMGPL
D 2F 1

Ap
S 9z

64
2

5z3

32
1

7z5

16
1

z7

8 D
2S z6

2
1

z8

8 De(z2)@12Erf~z!#G1OS F 1

nMGPL
G3D ,

~47!

with

z[S D

MGP
DAnMGPL

2
. ~48!

The quantityA is the alteration of finite volume effects du
to the presence of a non-zeroD. It multiplies the factor
exp(2nMGPL), which results from the propagation of th
Goldstone particle to the boundary. It is possible to anal
cally compute the higher order corrections ofA in powers of
1/(nMGPL). In this way, one can achieve any desired n
merical precision. Here it is clear that this alteration of v
ume effects is controlled by the ratio in Eq.~39!.

Next, we consider different limits ofA at fixedMGP and
L. WhenD50, clearlyA51. If D is very small compared to
MGP, such thatz!1, A is dominated by the (1/MGPL)0

term, i.e.,

A'e(z2)@12Erf~z!#. ~49!

Since Erf(z) grows much faster than exp(z2) in this regime,
A will decrease asD increases. WhenD is of O(MGP) or
larger,z@1, and one can perform an asymptotic expans
of the error function. It can be shown that in this situatio

A;
1

z
. ~50!

That is,A also decreases asD increases. We have also nu
merically checked that this is true whenz'1. This means
that the asymptotic formula in Eq.~46! reproduces the physi
cal picture outlined in the beginning of this section for a
D. To demonstrate how fast the asymptotic form in Eq.~47!
converges to Eq.~44!, we define

dJFV~MGP,D!5
JFV

num~MGP,D!2JFV
asymp~MGP,D!

JFV
num~MGP,D!

, ~51!

where JFV
num is the functionJFV evaluated numerically@Eq.

~44!#, andJFV
asympis the asymptotic form in Eq.~47!. In Fig. 1,

we plot dJFV as a function ofMGP with three choices ofD.
It is clear from this plot thatJFV is approximated well~to
<3%) by the asymptotic form whenMGPL>2.5. We use
the asymptotic forms for integrals of this type througho
01450
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-
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n
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this work. Also, in this paper we include only the terms wi
unW u51, A2, A3, A4 andA5 in the Poisson summation for
mula. We have confirmed that truncating the sum atunW u
5A5 is a very good approximation~to ;3%) whenMGPL
>2.5. The functionJFV(MGP,D) is plotted againstMGP in
Fig. 2, with L52.5 fm and three choices ofD. It is clear
from this plot thatD can significantly alter the finite volume
effects inJ(MGP,D).

Another typical sum that appears in one-loop HMxPT in
a finite volume is

K~MGP,D!52 i S 1

L3D(
kW
E dk0

2p S 1

k22MGP
2 1 i e

D
3S 1

v•k2D1 i e D 2

. ~52!

It is straightforward to show that

K~MGP,D!5K~MGP,D!1KFV~MGP,D!, ~53!

where

FIG. 1. dJFV(MGP,D), defined in Eq.~51!, plotted against
MGP, with three different choices ofD. This function indicates the
deviation~in percent! of the asymptotic form ofJFV from the defi-
nition in Eq. ~44!. The size of the volume in this plot isL
52.5 fm. The Goldstone massMGP50.197 GeV corresponds to
MGPL52.5, andMGP50.32 GeV corresponds toMGPL54. The
curve forD50.1 GeV is hidden by that forD50.2 GeV.

FIG. 2. JFV(MGP,D) plotted as a function ofMGP, with three
different choices ofD corresponding to the three curves. The size
the volume in this plot isL52.5 fm. The Goldstone massMGP

50.197 GeV corresponds toMGPL52.5, andMGP50.32 GeV cor-
responds toMGPL54.
3-5



-

rit

or
an

o

D
-

of

-
rge
to

e
nd

se

is

-
ns
b-
This
and

n

ork

ns

d-

o

D. ARNDT AND C.-J. D. LIN PHYSICAL REVIEW D70, 014503 ~2004!
K~MGP,D!5
]J~MGP,D!

]D
~54!

is the infinite volume limit ofK(MGP,D) and

KFV~MGP,D!5
]JFV~MGP,D!

]D
~55!

is the finite volume correction toK(MGP,D). The function
KFV(MGP,D) is plotted againstMGP in Fig. 3, with L52.5
fm and three choices ofD. As expected,uKFV(MGP,D)u also
decreases whenD increases at fixedMGP andL.

IV. NEUTRAL B MIXING AND HEAVY-LIGHT DECAY
CONSTANTS

The study of neutralB meson mixing allows the extrac
tion of the magnitude of the CKM matrix elementVtd , and
hence the determination of one of the sides of the unita
triangle. The frequency of theBd-B̄d oscillations, which is
given by the mass difference,Dmd , in this mixing system
has been well measured by various experimental collab
tions @1#. It is also calculable in the standard model via
operator product expansion in which the top quark andW
boson are integrated out. Resumming the next-to-leading
der short-distance QCD effects, one obtains

Dmd5
GF

8p2
MW

2 uVtdVtb* u2hBS0~xt!CB~m!

3
z^B̄duO d

DB52~m!uBd& z
2MB

, ~56!

where m is the renormalization scale,xt5mt
2/MW

2 , and
S0(xt)'0.784xt

0.76 ~to better than 1%! is the relevant Inami-
Lim function @20#. The coefficientshB50.55 andCB(m) are
from short-distance QCD effects@21,22#. The matrix element
of the four-quark operator

O d
DB525@ b̄gm~12g5!d#@ b̄gm~12g5!d# ~57!

FIG. 3. KFV(MGP,D) plotted as a function ofMGP, with three
different choices ofD corresponding to the three curves. The size
the volume in this plot isL52.5 fm. The Goldstone massMGP

50.197 GeV corresponds toMGPL52.5, andMGP50.32 GeV cor-
responds toMGPL54 in this plot.
01450
y
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betweenBd andB̄d states contains all the long-distance QC
effects in Eq. ~56!, and has to be calculated non
perturbatively. SinceuVtbu51 to good accuracy andDmd has
been well measured, a high-precision calculation

^B̄duO d
DB52(m)uBd& enables a clean determination ofuVtdu.

The frequency of the rapidBs-B̄s oscillations can be pre
cisely measured at the Fermilab Tevatron and CERN La
Hadron Collider@1#. Therefore an alternative approach is
consider the ratio

Dms

Dmd
5UVts

Vtd
U2S MBd

MBs

DU ^B̄suO s
DB52uBs&

^B̄duO d
DB52uBd&

U , ~58!

in which many theoretical uncertainties cancel. HereDms is
the mass difference in theBs-B̄s system andO s

DB52

5@ b̄gm(12g5)s#@ b̄gm(12g5)s#. The unitarity of the CKM
matrix implies uVtsu'uVcbu to a few percent, anduVcbu can
be precisely extracted by analyzing semileptonicB decays
@1#. Therefore a clean measurement ofDms /Dmd will yield
an accurate determination ofuVtdu.

The matrix elements in Eq.~58! are conventionally pa-
rameterized as

^B̄quO q
DS52uBq&5

8

3
MBq

2 f Bq

2 BBq
~m!, ~59!

where the parameterBBq
measures the deviation from th

vacuum-saturation approximation of the matrix element, a
q5d or s. The decay constantf Bq

is defined by

^0ub̄gmg5quBq~pW !&5 ipm f Bq
. ~60!

Lattice QCD provides a reliable tool for calculating the
non-perturbative QCD quantities from first principles.5 Since
Dms /Dmd will be measured to very good accuracy, it
important to have clean theoretical calculations for@the
SU(3) breaking ratios of# the matrix elements, decay con
stants andB parameters involved. Current lattice calculatio
have to be combined with effective theories in order to o
tain these matrix elements at the physical quark masses.
procedure can introduce significant systematic errors
dominate the uncertainties in theSU(3) breaking ratio
@32,33#

j5
f Bs

ABBs

f BABB

, ~61!

which is the key theoretical input for future high-precisio
determination ofuVtdu via the study of neutralB mixing.6

However, the use of effective theory also offers a framew

5Some selected reviews in the long history of lattice calculatio
for the B mixing system can be found in Refs.@23–31#.

6Notice that the symbolj as defined in Eq.~61! is in the tradi-
tional notation inB physics, and has nothing to do with the Gol
stone fieldj introduced in Sec. II.

f
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for studying finite volume effects in lattice calculation
@5,6,34–46#. We will demonstrate in this section that finit
volume effects might turn out to exceed the current quo
systematic errors for quantities such asj.

A. The one-loop calculation in finite volume

In this subsection, we discuss one-loop calculations
theB parameters and heavy-light decay constants mentio
above in finite volume HMxPT including the appropriate
mass shifts to the first non-trivial order of the chiral a
1/M P expansions. The inclusion of other first-order corre
tions in these quantities is straightforward. It simply intr
duces additional low-energy constants~LECs! which account
for short-distance physics and do not give rise to finite v
ume effects at this order, so we will not discuss this iss
here. We have performed the calculation for full QC
QQCD and PQQCD with the mass shifts given between E
~25! and ~34!.

For the purpose of this work, the axial currentb̄gmg5qa is

Am5S k

2D trD@gmg5Hb
(Q)ja

†b#, ~62!

and the four-quark operatorO DPa52 ~when Pa5Bd,s ,
O DPa52 becomesO d,s

DB52) is

Oaa54b@~jPm*
(Q)†!a~jP* (Q̄)m!a1~jP(Q)†!a~jP(Q̄)!a#

~63!

in HMxPT @18#, wherek andb are the low-energy constan
which have to be determined from experiments or latt
calculations. Notice that the indexa in Eq. ~63! is not
summed over. Again, the inclusion of the chiral and 1/M P
corrections in these operators simply introduces additio
LECs and we do not investigate this aspect here. We ass
that k and b are the same in full, quenched and partia
quenched QCD. Also,Am and Oaa can couple to theh8 in
QQCD, but the couplings are 1/Nc suppressed@15#, and we
neglect them.

FIG. 4. Diagrams contributing to the one-loop calculation
decay constants. The thin~thick! solid lines are the heavy-ligh
pseudoscalar~vector! mesons. The dashed lines are Goldstone p
ticles, and the crosses are the ‘‘double poles’’ which appea
(P)QxPT. The open squares are the operators defined in Eq.~62!
and the dots are vertices from the HMxPT Lagrangian. Diagrams
~c! and ~d! are for wave function renormalization.
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The diagrams contributing tof P(s)
andBP(s)

are presented
in Figs. 4 and 5 respectively. Only diagrams~c! and ~d! de-
pend on the heavy meson mass shifts. Therefore it is
relative weight between these diagrams and the ‘‘tadpo
diagrams~a! and ~b! which determines the dependence
the heavy meson mass in finite volume effects.

Although this is the first one-loop calculation for the
decay constants andB parameters in finite volume, som
results in the infinite volume limit already exist in the liter
ture: f P(s)

have been calculated at the lowest order in f
@18#, quenched@14,15# and partially quenched@15# QCD,
and up to first-order corrections in the chiral and 1/M P ex-
pansions in full@16# and quenched QCD@17#. TheB param-
eters have been calculated only at lowest order@15,18#. Our
results, as presented in Appendix B, agree with all these
vious calculations in the appropriate limits.

B. Phenomenological impact

We have used the one-loop results in Appendix B to
vestigate the impact of finite volume effects onj. In this
work, we intend only to estimate the possible size of err
in this quantity, and will leave the actual comparison w
lattice data to a future publication. Notice that the one-lo
calculation is valid only forMp!Lx . Nevertheless, we
present our results forMp up to;800 MeV, where, in prin-
ciple, higher-order chiral corrections should be include
However, finite volume effects are exponentially suppres
at such large pion masses.

Following the usual procedure in lattice calculations f
j, we study twoSU(3) breaking ratios

j f5
f Bs

f B
~64!

and

jB5
BBs

BB
, ~65!

in terms of which,

f

r-
n

FIG. 5. Diagrams contributing to the one-loop calculation of t
B parameters. The open circles are the operators defined in Eq.~63!.
3-7
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FIG. 6. (j f)FV in full QCD plotted againstMp , with L51.6 fm. The pion massMp50.35 GeV corresponds toMpL52.8, andMp

50.5 GeV corresponds toMpL54 in this plot.
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j5j fAjB. ~66!

Furthermore, we define

~j f !FV and ~jB!FV ~67!

to be the contributions from finite volume effects, i.e., tho
from the volume-dependent part in the one-loop results p
sented in Sec. IV A. To be more precise, we use the formu
collected in Appendix B to calculate the volume correctio
with respect to the lowest-order valuesof f Bs

(BBs
) and

f B (BB), then take the difference between the results as
estimate of (j f)FV @(jB)FV#. Since theseSU(3) ratios are
not very different from unity~at most;20%), this is a rea-
sonable estimate of these effects.

Traditionally, many quenched lattice simulations ofBB(s)

and f B(s)
were performed usingL;1.6 fm. Therefore we

present our estimate for finite volume effects in QQCD w
this box size. For comparison, we adopt the same volume
full QCD. As for PQQCD, we work withL52.5 fm where
most current high-precision simulations are carried out@47#.
Throughout this subsection, we ensure that the condition

MpL>2.5 ~68!

holds in all the plots presented here.
We first discuss the procedure in full and quenched QC

When studying the light quark mass dependence of (j f)FV
and (jB)FV , we follow a strategy similar to that in Ref.@32#.
That is, we use the Gell-Mann–Okubo formulas to expr
MK andMh in terms ofMp andM33 @M33, defined in Eq.
~B11!, is the mass of the fictitious meson composed ofs and
s̄ quarks#

MK
2 5

M33
2 1Mp

2

2
~69!

and

Mh
25

2M33
2 1Mp

2

3
. ~70!

We investigate the situation where a lattice calculation
performed at the physical strange quark mass (ms)phys, but
01450
e
e-
s

s

n

or

.

s

s

the up and down quark massm is varied. By using
(MK)phys50.498 GeV and (Mp)phys50.135 GeV@4#, we fix

~M33!phys52B0~ms!phys50.691 GeV ~71!

as an input parameter in our analysis. Notice that (M33)phys is
not the mass of a ‘‘physical’’ meson, and the subscript j
means this mass is estimated by using physical kaon
pion masses. To the same order, we can adopt Eq.~28! to
write

ds5l1~M33
2 2Mp

2 !, ~72!

and use (M33)phys, (Mp)phys and physical MBs
2MB

50.091 GeV@4# to determine

l150.1982 GeV21. ~73!

This determines howds varies withMp . We have also tried
to use vanishing pion mass andMDs

2MD50.104 GeV@4#

to fix (M33)phys and l1, and the results presented in th
subsection are not sensitive to this variation from the val
quoted above.

The results for (j f)FV and (jB)FV for full QCD and
QQCD from this analysis are presented in Figs. 6–9, w
two different values for the couplingg ~and also g in
QQCD!. Here we stress again that the influence on fin
volume effects from the presence ofD* andds depends on
the size of these couplings, which are not well determin
Inspired by the recent CLEO measurement ofg in the charm
system@48,49# and a recent lattice calculation@50#, we vary
g2 between 0.3 and 0.5. As for the couplingg, which is a
quenching artifact and has never been determined, we
its value betweeng and2g. It is clear from these plots tha
finite volume effects are generally small in full QC
(<2%), but can besignificant in QQCD (;3% to ;7%
for jB) in the range ofMpL where lattice simulations are
3-8
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FIG. 7. (jB)FV in full QCD plotted againstMp , with L51.6 fm. The pion massMp50.35 GeV corresponds toMpL52.8, andMp

50.5 GeV corresponds toMpL54 in this plot.
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normally performed. This is clearly due to the enhanc
long-distance effect arising from the ‘‘double pole’’ structu
in ~P!QQCD, as first pointed out in Ref.@6#, and manifests
itself in various places, e.g., nucleon-nucleon potentials@51#
andp-p scattering@6,38,39,52#.

Although it has been well established that infinite volum
chiral corrections are smaller in theB parameters than in th
decay constants due to the coefficient in front ofg2 in the
one-loop results, it is clear from these plots that finite volu
effects are more salient injB than in j f . All the quenched
lattice calculations forjB have so far concluded that th
quantity is consistent with unity with typically 3% erro
However, we find that the volume effects are already at
level of 3–4 % whenMp50.45 GeV in a 1.6 fm box where
many quenched simulations were carried out. This error
pends on both light and heavy quark masses in the sim
tion and hence is amplified after extrapolating the resul
the physical quark masses. Also, the fact that volume eff
01450
d

e

e

e-
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o
ts

tend toward different directions in full QCD and QQC
whenMp becomes smaller indicates that quenching error
these quantities can be larger than those estimated in
@15#. Since finite volume effects have not been included
the analysis of lattice calculations ofjB hitherto, one should
be cautious when using the existing quenched results for
quantity in any phenomenological work.

For the analysis in PQQCD, we assume that both the
lence and sea strange quark masses are fixed at that o
physical strange quark. However, we vary the light sea qu

massm̃. For this purpose, we defineMSS to be the mass of
the meson composed of two light sea quarks. Therefore,

MSS
2

~M33!phys
2

5S m̃

m̃s
D

m̃s5physical ms

. ~74!
FIG. 8. (j f)FV in QQCD plotted againstMp , with L51.6 fm and choices of the couplingsg and g. The pion massMp50.35 GeV
corresponds toMpL52.8, andMp50.5 GeV corresponds toMpL54 in this plot. We seta50 andM05700 MeV.
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FIG. 9. (jB)FV in QQCD plotted againstMp , with L51.6 fm and choices of the couplingsg and g. The pion massMp50.35 GeV
corresponds toMpL52.8, andMp50.5 GeV corresponds toMpL54 in this plot. We seta50 andM05700 MeV.
igs.
CD
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ed
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can

t re-
Also, we can express the mass shiftsd̃s anddseain terms of
meson masses:

d̃s5l1~M33
2 2MSS

2 ! ~75!

and

dsea5l1~MSS
2 2Mp

2 ! ~76!
01450
by using Eqs.~29! and~30! with the same value ofl1 as in
Eq. ~73!.

The results for the PQQCD analysis are presented in F
10 and 11. The double pole insertions also appear in PQQ
and it is clear from these plots that finite volume effec
cannot be neglected if one hopes to determinej to the level
of a few percent. In particular, in the range ofMp and L
where current and future lattice simulations are perform
@47#, they can already be at about 4%, and the dependenc
the heavy meson mass is quite strong. Therefore they
become comparable to the error presented in the lates
view @31#,
FIG. 10. (j f)FV in PQQCD plotted againstMSS ~see text for the definition ofMSS), with L52.5 fm and two different values forMp .
The pion massMp

2 5M33
2 /4 corresponds toMpL54.4 andMp

2 5M33
2 /8 corresponds toMpL53.1. The massMSS50.197 GeV corresponds

to MSSL52.5, andMSS50.32 GeV corresponds toMSSL54 in this plot.
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FIG. 11. (jB)FV in PQQCD plotted againstMSS ~see text for the definition ofMSS), with L52.5 fm and two different values forMp .
The pion massMp

2 5M33
2 /4 corresponds toMpL54.4 andMp

2 5M33
2 /8 corresponds toMpL53.1. The massMSS50.197 GeV corresponds

to MSSL52.5, andMSS50.32 GeV corresponds toMSSL54 in this plot.
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after quark mass extrapolations.7

V. CONCLUSION

We have investigated finite volume effects in heavy qu
systems in the framework of heavy meson chiral perturba
theory. The primary conclusion is that the scalesD* andds ,
which are heavy-light meson mass splittings arising from
breaking of heavy quark spin and light flavorSU(3) sym-
metries, can significantly reduce the volume effects in d
grams involving heavy meson propagators in the loop. T
physical picture of this phenomenon is that some heavy-l
mesons are off shell in the effective theory, as a conseque
of the velocity superselection rule, with the virtuality cha
acterized by the mass splittings. The time uncertainty con
gate to this virtuality limits the period during which th
Goldstone particles can propagate to the boundary. Fi
volume effects caused by the propagation of the Goldst
particles naturally affect the light quark mass extrapolat
or interpolation in a lattice calculation. On top of this, o
work implies that they also influence the heavy quark m
extrapolation or interpolation, since the scaleD* varies sig-
nificantly with the heavy meson mass. The strength of t
influence is process dependent, determined also by the
tive weight between diagrams with and without heavy me
propagators in the loop. The volume effects can be ampli
by both heavy and light quark mass extrapolations. There

7Finite volume effects presented in this work are, however, co
lated with the errors arising from chiral extrapolations.
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it is important to perform calculations to identify these e
fects in phenomenologically interesting quantities.

We have presented an explicit calculation in finite volum
HMxPT for theB parameters in neutralB meson mixing and
heavy-light decay constants, in full, quenched, and partia
quenched QCD. We have used these results to estimate
impact of finite volume effects in theSU(3) ratioj, which is
an important input in determining the magnitude of the CK
matrix elementVtd . Within the parameter space where mo
quenched lattice calculations have been performed, we
that, although this impact is quite small (<;2%) in full
QCD, it can be significant in QQCD. This is due to th
enhanced long-distance effects arising from the double p
structure. This error will be amplified by the quark ma
extrapolations and hence can exceed the currently qu
systematic effects. Furthermore, finite volume effects te
toward different directions in full and quenched QCD f
decreasingMp . This means that quenching errors inj may
be significantly larger than what was estimated befo
Therefore one has to be cautious when using the exis
quenched lattice QCD results forj in phenomenological
work. In PQQCD, our results indicate that finite volume e
fects are typically between 3% and 5% in the data range
future high-precision simulations, and they can be sign
cantly amplified in the procedure of quark mass extrapo
tions. This means that they are not negligible in future latt
calculations ofj.
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APPENDIX A: INTEGRALS AND SUMS

We have regularized ultra-violet divergences that app
in loop integrals using dimensional regularization, and s
tracted the term

l̄5
2

42d
2gE1 log~4p!11. ~A1!

The integrals appearing in the full QCD calculation are d
fined by

I l̄~m![m42dE ddk

~2p!d

1

k22m21 i e

5
im2

16p2 F l̄2 logS m2

m2D G , ~A2!

H l̄~m,D![~grn2vrvn!m42d
]

]DE ddk

~2p!d

3
krkn

~k22m21 i e!~v•k2D1 i e!

53
]

]D
F l̄~m,D!, ~A3!

where

F l̄~m,D!5
i

16p2 H F l̄2 logS m2

m2D G S 2D2

3
2m2DD

1S 10D2

9
2

4m2

3 DD1
2~D22m2!

3
mRS D

mD J ,

~A4!

with

R~x![Ax221 logS x2Ax2211 i e

x1Ax2211 i e
D , ~A5!

and m is the renormalization scale. For the quenched a
partially quenched calculations, we also need the integra

I l̄
(h8)

[m42dE ddk

~2p!d

1

~k22m21 i e!2
5

]I l̄~m!

]m2
~A6!

and
01450
-
3-

ar
-

-

d

H l̄
h8~m,D![~grn2vrvn!m42d

]

]DE ddk

~2p!d

3
krkn

~k22m21 i e!2~v•k2D1 i e!

5
]

]m2
H l̄~m,D!. ~A7!

In a cubic spatial box of sizeL in four dimensions with
periodic boundary condition, so that the three-momentum
quantized as in Eq.~41!, one obtains the sums~after subtract-
ing the ultra-violet divergences!

I~m![
1

L3 (
kW
E dk0

2p

1

k22m21 i e
5I ~m!1I FV~m!

~A8!

and

H~m,D![~grn2vrvn!S 1

L3D(
kW

]

]D

3E dk0

2p

krkn

~k22m21 i e!~v•k2D1 i e!

5H~m,D!1HFV~m,D! ~A9!

for the full QCD calculation, where

I ~m!5I l̄~m!u l̄50 ~A10!

and

H~m!5H l̄~m,D!u l̄50 ~A11!

are the infinite volume limits ofI andH, and (n5unW u)

I FV~m!5
2 i

4p2
m(

nW 5” 0W

1

nL
K1~nmL!

→
mL@1 2 i

4p2 (
nW 5” 0W

Amp

2nLS 1

nLDe2nmL

3H 11
3

8nmL
2

15

128~nmL!2

1OS F 1

nmLG
3D J ~A12!

is the finite volume correction toI (m). The functionHFV is
the finite volume correction toH(m,D) and can be obtained
via

HFV~m,D!5 i @~m22D2!KFV~m,D!22DJFV~m,D!

1 i I FV~m!#, ~A13!
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whereJFV(m,D) andKFV(m,D) are defined in Eqs.~44! and
~55!.

For QQCD and PQQCD calculations, one also needs

I h8~m![
1

L3 (
kW
E dk0

2p

1

~k22m21 i e!2
5

]I ~m!

]m2
1

]I FV~m!

]m2

~A14!

and

H h8~m,D![
]

]D F ~grn2vrvn!S 1

L3D(
kW
E dk0

2p

3
krkn

~k22m21 i e!2~v•k2D1 i e!
G

5
]H~m,D!

]m2
1

]HFV~m,D!

]m2
. ~A15!

APPENDIX B: ONE-LOOP RESULTS FOR DECAY
CONSTANTS AND B PARAMETERS

In this appendix, we collect the results for one-loop c
rections tof P(s)

AM P(s)
and BP(s)

. For convenience, we in
troduce

C6~MGP,x!5I~MGP!6g2H~MGP,x! ~B1!

and

C 6
h8~MGP,x!5I h8~MGP!6g2H h8~MGP,x!, ~B2!

where the functionsI(m), H(m,x), I h8(m) andH h8(m,x)
are defined in Eqs.~A8!, ~A9!, ~A14! and ~A15!, respec-
tively.

In full QCD, we find

f PAM P5kH 12
i

12f 2
@9C2~Mp ,D* !16C2~MK ,D* 1ds!

1C2~Mh ,D* !#J , ~B3!

f Ps
AM Ps

5kH 12
i

3 f 2
@3C2~MK ,D* 2ds!

1C2~Mh ,D* !#J , ~B4!

BP5
3b

2k2 H 12
i

6 f 2
@3C1~Mp ,D* !1C1~Mh ,D* !#J ,

~B5!
01450
-

BPs
5

3b

2k2 H 12
2i

3 f 2
@C1~Mh ,D* !#J . ~B6!

In QQCD, we find

f PAM P5kH 11
i

2 f 2 Fa

3
C2~Mp ,D* !

1S aMp
2 2M0

2

3 D C 2
h8~Mp ,D* !

12ggH~Mp ,D* !G J , ~B7!

f Ps
AM Ps

5kH 11
i

2 f 2 Fa

3
C2~M33,D* !

1S aM33
2 2M0

2

3 D C 2
h8~M33,D* !

12ggH~M33,D* !G J , ~B8!

BP5
3b

2k2 H 12
i

f 2 F S 12
a

3 D C1~Mp ,D* !

2S aMp
2 2M0

2

3 D C 1
h8~Mp ,D* !

12ggH~Mp ,D* !G J , ~B9!

BPs
5

3b

2k2 H 12
i

f 2 F S 12
a

3 D C1~M33,D* !

2S aM33
2 2M0

2

3 D C 1
h8~M33,D* !

12ggH~M33,D* !G J , ~B10!

where

M335A2MK
2 2Mp

2 . ~B11!

In PQQCD, we find
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f PAM P5kH 12
i

12f 2 F12C2~MVS,D* 1dsea!

16C2~M t ,D* 1dsea1 d̃s!

13
M33

2 2Mp
2 22dVSs

2

Mp
2 2M33

2 1dVS
2 12dVSs

2
C2~Mp ,D* !

1S Mp
2 2M33

2 22dVS
2 12dVSs

2

Mp
2 2M33

2 1dVS
2 12dVSs

2 D 2

C2~MX ,D* !

16
dVS

2 ~M33
2 2Mp

2 22dVSs
2 !

Mp
2 2M33

2 1dVS
2 12dVSs

2
C 2

h8~Mp ,D* !G J ,

~B12!

f Ps
AM Ps

5kH 12
i

6 f 2 F3C2~MVSs,D* 1dsea1 d̃s2ds!

16C2~M zs ,D* 1dsea2ds!

23
M33

2 2Mp
2 12dVS

2

M33
2 2Mp

2 12dVS
2 14dVSs

2
C2~M33,D* !

12S Mp
2 2M33

2 22dVS
2 12dVSs

2

Mp
2 2M33

2 22dVS
2 24dVSs

2 D 2

C2~MX ,D* !

16
dVSs

2 ~M33
2 2Mp

2 12dVS
2 !

Mp
2 2M33

2 22dVS
2 24dVSs

2
C 2

h8~M33,D* !G J ,

~B13!

BP5
3b

2k2 H 12
i

6 f 2 F6C1~Mp ,D* !

23
Mp

2 2M33
2 12dVSs

2

Mp
2 2M33

2 1dVS
2 12dVSs

2
C1~Mp ,D* !

1S Mp
2 2M33

2 22dVS
2 12dVSs

2

Mp
2 2M33

2 1dVS
2 12dVSs

2 D 2

C1~MX ,D* !
01450
16
dVS

2 ~M33
2 2Mp

2 22dVSs
2 !

Mp
2 2M33

2 1dVS
2 12dVSs

2
C 1

h8~Mp ,D* !G J ,

~B14!

BPs
5

3b

2k2 H 12
i

3 f 2 F3C1~M33,D* !

23
Mp

2 2M33
2 22dVS

2

Mp
2 2M33

2 22dVS
2 24dVSs

2
C1~M33,D* !

12S Mp
2 2M33

2 22dVS
2 12dVSs

2

Mp
2 2M33

2 22dVS
2 24dVSs

2 D 2

C1~MX ,D* !

16
dVSs

2 ~M33
2 2Mp

2 12dVS
2 !

Mp
2 2M33

2 22dVS
2 24dVSs

2
C 1

h8~M33,D* !G J ,

~B15!

where

MVS
2 5B0~m1m̃!, MVSs

2 5B0~ms1m̃s!,

M t
25B0~m1m̃s!5MVSs

2 2MK
2 1Mp

2 ,

M zs
2 5B0~ms1m̃!5MVS

2 1MK
2 2Mp

2 ,

dVS
2 5Mp

2 2MVS
2 , dVSs

2 5M33
2 2MVSs

2 ,

and MX
25

1

3
~Mp

2 12M33
2 22dVS

2 24dVSs
2 !. ~B16!

It is straightforward to show that the PQQCD results rep
duce those for full QCD in the limitsm̃5m andm̃s5ms .
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