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Charged lepton contributions to the solar neutrino mixing and u13

Andrea Romanino
CERN, Department of Physics, Theory Division, CH–1211 Geneva 23, Switzerland

~Received 3 March 2004; published 27 July 2004!

A charged lepton contribution to the solar neutrino mixing induces a contribution tou13, barring cancella-
tions or correlations, which is independent of the model building options in the neutrino sector. We illustrate
two robust arguments for that contribution to be within the expected sensitivity of high intensity neutrino beam
experiments. We find that the case in which the neutrino sector gives rise to a maximal solar angle~the natural
situation if the hierarchy is inverse! leads to au13 close to or exceeding the experimental bound depending on
the precise values ofu12, u23, an unknown phase and possible additional contributions. We finally discuss the
possibility that the solar angle originates predominantly in the charged lepton sector. We find that the construc-
tion of a model of this sort is more complicated. We comment on a recent example of natural model of this
type.

DOI: 10.1103/PhysRevD.70.013003 PACS number~s!: 14.60.Pq
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I. INTRODUCTION

The steady, remarkable progress we have witnesse
recent years in experimental neutrino physics has enabl
significant advance in our understanding of the lepton sec
The case for three neutrino oscillations is now compell
~although a full oscillation pattern still has to be observe!
and the peculiar neutrino mass and mixing pattern obse
represents a nontrivial handle on their origin. It is then na
ral to wonder what the understanding we gained implies
the value of the observables still to be measured, in partic
u13. A major part of the rich neutrino experimental progra
available and partially under way will in fact focus on me
suring that mixing angle, which has also important implic
tions for leptonicCP violation and astrophysics. While man
models do provide predictions foru13, the number of possi-
bilities is high enough to make almost any value ofu13,
from zero to the present bound, compatible with so
model. In this paper, we will therefore try to overcome t
bulk of the model dependence in those predictions by foc
ing on general mechanisms leading to calculable contr
tions tou13.

While both the neutral and charged lepton sectors cont
ute to lepton mixing, most of the uncertainties in mod
building come from the neutrino sector. This is because
light neutrino mass matrix is still less constrained than
charged lepton one and, more important, because the o
of its smallness introduces additional degrees of freed
For example, in the case of the type I see-saw mechan
the light neutrino matrix is determined by two independe
mass matrices.1 We will therefore concentrate on contribu
tions tou13 that are independent of the model building in t
neutrino sector and rely instead on properties of the char

1One way of getting oriented in the jungle of model buildin
possibilities in the neutrino sector is by considering minimal mod
@1#. See also the general arguments in@2–5#. In @6# the assumption
is made that the neutrino contribution to the mixing matrix is
maximal. In some cases the model building in the neutrino
charged lepton sector can be closely related@7#.
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lepton sector.2 In particular, we identify a contribution tou13

induced by the charged lepton contribution to the solar m
ing angle, which arises in the absence of correlations in
charged lepton mass matrix. We discuss two motivated
pectations for the size of the latter contribution, both lead
to values ofu13 likely to be within the reach of high intensity
conventional neutrino beam experiments. In particular,
consider the case in which the neutrino sector gives rise
maximal solar angle. This is typically the case in mod
with inverse hierarchical neutrinos@11#. In this case, the
charged lepton sector must account for the observed de
tion of u12 from 45°, which in turn leads to a contribution t
u13 close to the present experimental bound@11,12#. We pro-
vide a simple analytical expression for the latter involvi
one physical phase and we plot the distribution of the co
sponding numerical expectation taking into account the
certainty on the mixing parameters and possible additio
contributions@13#. Indeed, since additional contributions
u13 may be present, accidentally canceling the piece c
trolled by the charged lepton sector, the expectations we
should be considered as lower limits onu13, uncertain by a
factor of order one. A condition for a nonaccidental canc
lation is discussed in@14#.

We also discuss the possibility that the charged lep
contribution to the solar mixing angle is large and accou
for most of it. We first consider the case in which the entr
in the charged lepton mass matrix are uncorrelated and s
that ~i! the induced contribution tou13 is well beyond the
experimental bound~the ‘‘u13 tuning problem’’! and that~ii !
in SU~5! grand unified models, the electron mass~or the up
quark mass! gets a contribution way larger than the observ
value~the ‘‘me tuning problem,’’ numerically more relevant!.
This makes the construction of a natural model of this s
considerably more complicated@13#. We then discuss the
case in which correlations are present in the charged lep
mass matrix. In particular, we consider the possibility,

s

d

2This contribution arises in a number of explicit models, in som
cases providing a precise prediction foru13, see e.g.@8,3,9,10,6#.
We focus here on the general features of the effect.
©2004 The American Physical Society03-1
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ANDREA ROMANINO PHYSICAL REVIEW D 70, 013003 ~2004!
cently pointed out in@14#, that such correlations arise from
non-accidental physical mechanism. A condition on
charged lepton mass matrix sufficient to naturally solve
u13 tuning problem has been identified in@14#. We show that
an additional condition is necessary to ensure that theme
tuning problem is also solved in SU~5! models. The mecha
nism illustrated in@14# may easily account for the latter con
dition as well.

II. CHARGED LEPTON ROTATIONS AND u13

The neutrino mixing matrixU is the combination of two
unitary matrices,Ue andUn , entering the diagonalization o
the charged lepton and neutrino mass matricesmE andmn ,3

U5UeUn
† , where mE5Uec

T mE
diagUe ,

mn5Un
Tmn

diagUn . ~1!

The decomposition ofU into Ue and Un is of course not
physical in the~minimally extended! standard model~SM!.4

On the other hand, any attempt at investigating the origin
the fermion flavor structure involves physics beyond the S
that identifies a privileged basis in flavor space. This is
basis in which the entries of the fermion mass matrices
most simply related to the physics originating them and
which possible correlations among the entries inmE , mn

have to be considered accidental or related to symmetrie
other physical mechanisms of the underlying theory.

We can then wonder if lepton mixing, and in particular t
two large mixing angles observed in atmospheric, solar
terrestrial neutrino experiments, originate from the neutr
or the charged lepton sector. It is well known that the atm
spheric angleu23 can equally well originate from the neu
trino @15# or the charged lepton@16# sector. The solar angle
can in principle also come from both sectors. However,
we will see later on, cancellations or correlations in t
charged lepton mass matrix are required in the case in w
the origin of the solar angle is in the lepton sector. For
time being, we consider the case in which the entries ofmE
are not correlated and show that in general a left-han
12-rotation in the charged lepton sectoru12

e induces a contri-
bution tou13. This derivation is closely related to that in@3#.

Barring correlations in the charged lepton mass ma
mE

5, the hierarchy of charged lepton masses translates
hierarchical structure ofmE :

3We use a convention in which the left-handed fields lie on
right-hand side ofmE .

4An SU(2)L-invariant transformation in flavor space can equa
well rotate the physical mixing in the neutrino and in the charg
lepton sector.

5Democratic models are an example in which such correlati
are not accidental.
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Um11 m12 m13

m21 m22 m23

m31 m32 m33

UE

!Um22 m23

m32 m33
UE

mt!um33uEmt
2 . ~2!

Note that the condition~2! is compatible with asymmetrica
matrices and in particular with the atmospheric angle or
nating frommE .

The charged lepton mass matrix can be approxima
diagonalized by the subsequent diagonalization of his 232
blocks. As a consequence of Eq.~2!, the diagonalization of
the heaviest 23 block should be performed first, so that

Ue5U12
e U13

e U23
e , ~3!

whereUi j
e is a complex rotation in thei j block. The ordering

~3! ensures that the mixing parameters are directly relate
the entries ofmE and are therefore independent, barring c
relations already present inmE or induced by the first step
of diagonalization. For our purposes, it is sufficient to co
sider the two casesU12

e Þ1, U13
e 51 and U13

e Þ1, U12
e 51.

Since the two possibilities are actually equivalent~up to a
relabelling of the second two rows ofmE) in the u235p/4
limit, in this paper we will consider theU12

e Þ1, U13
e 51 case

only.
When combiningUe andUn in the physical neutrino mix-

ing matrix, theU12
e rotation ends up on the left-hand side

U:

U5U12
e Û, ~4!

where Û5U23
e Un

† and the standard parametrization can
used forUn . Note that, wherever it comes from, the atm
spheric angle resides inÛ. Now, in order to read the value o
the solar angleu12 from Eq. ~4! we have to writeU in the
parametrization that definesu12, in which the 12 rotation lies
on the right-hand side:U5U23U13U12. This means thatU12

e

has to be commuted withÛ and in particular with the large
23 rotation, thus inducing a contributionũ13 to u13 which is
easily found to be given by

sinũ135sinu12
e tanu23

Acos2u12
e 1tan2u23

.sinu12
e sinu23, ~5!

where u12
e is the angle associated toU12

e and the approxi-
mated expression holds for smallu12

e . Eq. ~5! generalizes
results in@3,17,10#. By construction, under the present a
sumptions the contribution in Eq.~5! is independent of pos
sible additional contributions tou13. A cancellation among
them would be accidental.

The contribution tou13 we obtain this way does not de
pend on the many unknowns associated with the mo
building in the neutrino sector. In particular, it is independe
of the form of the light neutrino mass matrix; of the mech
nism accounting for its smallness; of the form of the Ma
rana and Dirac mass matrices in see-saw models. It is
independent of the origin of the atmospheric mixing an
~neutrino or charged lepton sector!.
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FIG. 1. Distribution ofu13 ob-
tained by adding a random

contribution to sinũ13

5Ame /mm sinu23 ~a! or sinũ13

5tanu23/2 cos 2u12/cosf ~b!.
The vertical dotted line represent
the present limit. The case cosf
51 ~solid! and cosf50.5
~dashed! are both shown in~b!.
See comments in the text.
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On the other hand,ũ13 does depend on properties of th
charged fermion sector, such as the size of theu12

e rotation
and the independence of the entries ofmE . In the next sec-
tion we illustrate two arguments on the expected size ofu12

e .

III. TWO ARGUMENTS ON THE SIZE OF u12
E

We first consider a well known, robust ansatz on the str
ture of the light 232 block of the charged fermion mas
matrices. The ansatz is characterized by a negligible 11
ment and by the approximate equality of the absolute va
of the 12 and 21 elements@18,9#. Such a pattern can b
accounted for by an elegant non-Abelian symmetry@19#.
More important, it leads to the successful and precise~at the
5% level! relation uVusu5Amd /ms. Furthermore, in a SU~5!
grand unified model, the relationsm12(21)

E 5m21(12)
D , together

with the Georgi-Jarlskog factor 3 inm22
E 53m22

D ~necessary to
account for the muon mass!, lead to a second successf
prediction: me /mm5(md /ms)/9. A prediction for u12

e also
follows, which can certainly be considered well motivate
in the light of the above. The prediction isu12

e

5(me /mm)1/2.0.07 @8,9#, leading to

sinũ13.Ame /mm sinu23.0.05, ~6!

3–4 times below the present experimental value and th
fore within the reach of future high intensity neutrino bea
experiments.

In the presence of additional contributions, Eq.~6! should
be interpreted as a lower bound onu13 that can be evaded i
a cancellation occurs. In order to estimate how smallu13 can
be made by such a cancellation, we add to sinũ13 a random
contribution larger than 1024, with flat logarithmic distribu-
tion and arbitrary phase, in such a way that the additio
contribution alone would have a flat distribution in the log
rithmic scale of Fig. 1. We then obtain a probability dist
bution for u13, which is shown in Fig. 1~a!. The peak at
u13. ũ13 is due to the small values of the additional cont
bution ~which all giveu13. ũ13) and is therefore not particu
larly meaningful. More meaningful is the range ofu13 in
which the probability distribution is not too much suppress
with respect to the plateau on the right of the peak. We fi
that the suppression factor is larger than 5 foru13,0.02. In
other words, a cancellation leading tou13,0.02 is unlikely.
Figure 1~a! is a ~mild! generalization of Fig. 1~b! in @9#,
where the
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additional contribution comes from a specific structure of
neutrino mass matrix. See also@3,10#.

The case in which the neutrino mass spectrum is of
inverted type provides a different, purely phenomenologi
constraint onu12

e . Strictly speaking, the argument follow

from assuming that the matrixÛ in Eq. ~4! is in the form
Û5U23(u)U12(u125p/4). This is the typical situation in
models leading to the inverted neutrino mass pattern. In s
models, in fact, the deviation of the neutrino contribution
the solar angle fromp/4 is related toDm21

2 /Dm32
2 and turns

out to be small compared to the observed deviation@11#,
barring tunings.6 Depending on the model, the atmosphe
angle can come from the neutral or the charged lepton se
~or both!, but in both casesÛ has the above form, up to
possible further 13 rotation, which we neglect. A sizableu12

e

is required in this case to account for the observed value
u12, significantly different fromp/4 @11,12#. The relation
between the deviation ofu12 from p/4 and the requiredu12

e

involves a physical phasef @1,13#:

sinu135sinu sinu12
e ,

tanu235cosu12
e tanu, ~7!

tanu125U12cosu tanu12
e eif

11cosu tanu12
e eifU .

Solving for u12
e , we obtain the following equation fo

sinu12
e /Acos2u12

e 1tan2u23[x5sinu13/tanu23:

2x

11x2
5

cos 2u12

cosf
~8!

or, neglecting terms quadratic inx,

sinu12
e 5

cos 2u12

2 cosu23cosf
. ~9!

6If the atmospheric angle comes from the charged lepton se
the 11 and 22 elements of the neutrino mass matrix should to
tuned to be equal up to a phase. This could be obtained in a
accidental way by using a non-Abelian symmetry.
3-3
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ANDREA ROMANINO PHYSICAL REVIEW D 70, 013003 ~2004!
At the same order,u13 is given by

sinu135
tanu23

2

cos 2u12

cosf
. ~10!

In explicit models, the phasef can be related to the leptoni
CP-violating phase in the standard parametrization@1#. Nu-
merically, the prediction foru13 is very close to or beyond
the experimental bound, depending on cosf and on the val-
ues used foru12, u23. In Fig. 1~b! we show the distribution
for sinu13 we obtain by using the present distributions foru23
andu12 and by adding a random contribution as before. T
solid line corresponds to cosf51, whereas the dashed lin
corresponds to cosf50.5. In the case cosf51, the prob-
ability is suppressed by a factor of more than 5~compared
with the plateau on the right of the peak! when u13,0.07.
When cosf,0.5, this happens in the whole allowed rang

Note that Eq.~9! is not compatible with the powerfu
ansatz described at the beginning of this section, sinc
requires a largeru12

e (u12
e ;0.25–0.30!. In order to avoid a

large contribution to the electron mass, this in turn require
significant asymmetry in the 12 block ofmE .

IV. u12 FROM THE CHARGED LEPTON SECTOR
„NO CORRELATIONS IN mE…

Let us now consider the possibility that the solar an
originates predominantly in the charged lepton sector.
first consider again the case in which the entries inmE are
independent. Thenu12 must originate from theU12

e factor in
Eq. ~4!. Since the required size of theu12

e rotation is now
quite large,

sinu12
e 5

sinu12

cosu23
.0.8, ~11!

we can expect the induced contribution tou13 to be large.
Indeed, in the limit in which the matrixÛ in Eq. ~4! consists
of a pure 23 rotation, we have

sinũ135tanu23tanu12.0.6–0.7, ~12!

4–5 times above the experimental limit. Therefore, the m
trix Û should contain an additional 13 or 12 rotation fac
cancelling most ofũ13. We will refer to this problem as the
‘‘ u13 tuning problem.’’ In this scenario, one of the few hin
on the origin of lepton mixing~the smallness ofu13) would
be an accident. On the other hand, the degree of cancella
needed to bringu13 below the experimental limit is mild. A
potentially more serious tuning problem comes from
me!mm hierarchy, at least in SU~5! models, as we now see

Let us callu12
ec the right-handed rotation involved in th

diagonalization of the light 232 block of the charged lepton
matrix ~after diagonalization of the 23 block!. Thee/m mass
ratio is then given by

me

mm
.Um11

E

m̂22
E

2tanu12
e tanu12

ecU , ~13!
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wherem̂22
E is the 22 entry ofmE after diagonalization of the

23 block. As a consequence, we expectme /mm to be of the
order of tanu12

e tanu12
ec;tanu12

ec or larger, barring cancella

tions. On the other hand,u12
ec is related to the left-handed 1

rotation in the down quark sectoru12
d ~analogous ofu12

e ) by
GUT relations:u12

d 5Cu12
ec , where C comes from possible

SU~5! Clebsch-Gordan factors. We also know thatu12
d con-

tributes to the CKM elementVus . Indeed, if the up quark
mass is to be naturally small, the up quark contribution
Vus must be subdominant. That is because the up quark
trix is symmetrical in SU~5! and u12

u ;uVusu would give a
large contribution tomu /mc through a relation similar to Eq
~13!. We then haveu12

d .uVusu and a contribution tome /mm

of order uVusu/C. In minimal SU~5!, this would be about 50
times larger than the measured value. Even in the presen
a ~plausible! Clebsch-Gordan factor, the necessary tuning
still larger than that involved in theu13 tuning problem. We
refer to this problem as the ‘‘me tuning problem.’’

In summary, in absence of correlations inmE , generating
the solar mixing angle from the charged lepton sector
quires cancellations in the determination ofu13 and, in SU~5!
models, in the determination of the electron~or up quark!
mass.

V. u12 FROM CORRELATIONS IN mE

Let us now consider the case in which the entries of
charged lepton mass matrix are correlated. It has rece
been shown@14# that such correlations can be naturally i
duced in a Froggat-Nielsen context by the dominance o
heavy vector-like lepton exchange~analogous to the single
right-handed neutrino dominance scenario in the neutr
sector @15#!. More precisely, the approximate vanishing
the determinant of thexi j coefficients in

mE}S ae8 be8 O~e8!

x21e x22e O~e!

x31 x32 1
D ~14!

(e8!e!1;a,b,xi j ) has been identified as a condition fo
the largeu12 ~and u23) to originate in a natural way from
mE . The correlations inmE translate in fact in a relation
between the 12, 13, 23 rotations in Eq.~3! cancelling the
physicalu13 angle. This can easily be seen by observing th
unlike the case in which correlations are absent, the pro
way to diagonalizemE is by performing the left-handed 1
rotation first, followed by the 23 rotation.

The form of mE in Eq. ~14! is not unique. For example
the pattern

S e8 0 x13e

0 e8 x23e

x31 x32 1
D , ~15!

with ux13x322x31x23u!1, also gives a large solar angle in
natural way. However, it is not compatible with SU~5! ~see
below! and it is harder to obtain from the model buildin
3-4
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point of view ~see however@7#!. Another possibility is that
correlations are not present in the initial form ofmE but they
are induced by the first steps of the diagonalization in
~3!. In the following we will concentrate on the possibility i
Eq. ~14!.

While the ux21x322x31x22u!1 condition on the coeffi-
cients in Eq.~14! does solve theu13 problem discussed in th
previous section, the additional condition

uax222bx21u!1 ~16!

must be imposed in order to ensure that the electron m
and the up quark mass are naturally small in SU~5! grand
unified models~namely to ensure that theme problem illus-
trated above is also solved!. The only possibility to escape
the condition ~16! is boosting the 13 entry in Eq.~14!,
namely imposing the alternative conditionum11

E u, um12
E u

!um13
E u.

The argument goes as follows. In SU~5! the light block of
the up quark mass matrix is symmetric. As a conseque
the up quark contribution touVusu must be subdominant, a
discussed in the previous section, and we can identifyuVusu
with its down quark contribution. We then obtain, e.g.
minimal SU~5!,

me

mm
cosu23;UVus

ax222bx21

ax211bx22
U. ~17!

The condition~16! follows from uVusu@me /mmcosu23. We
have usedu12

ec.uVusu and we have neglected the contributio

of the 13 entry in Eq.~14! to u12
ec that arises due to the 2

rotation. If that entry is larger thanO(e8), its contribution to
u12

ec and Vus dominates and the connection withme /mm is
lost, thus leading to the alternative possibilityum11

E u, um12
E u

!um13
E u.

The above can be rephrased by using the example in
I of @14#. Assume that the lepton mixing matrix is in the for
U5U23(u235p/4)U12(u). Then, using the notation of Eq
~4! in @14#,

mE5VeS cme sme 0

s/A2mm 2c/A2mm mm /A2

2s/A2mt c/A2mt mt /A2
D . ~18!

Given the relation between (Ve)12 andVus , takingVe;1 is
gy

ev

01300
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not a good approximation in SU~5!. For instance, in minimal
SU~5! we have

mE.S Vuss/A2mm 2Vusc/A2mm Vusmm /A2

s/A2mm 2c/A2mm mm /A2

2s/A2mt c/A2mt mt /A2
D . ~19!

Additional contributions to the first and second rows prop
tional to Vub andVcb might also be relevant, but they hav
been omitted in Eq.~19!.

From the model building point of view, the additiona
condition ~16! does not represent an additional challeng
The same mechanism accounting for the correlation in
lower left block ofmE may well account also for the corre
lation in the upper left block. This is illustrated by the e
plicit SU~5! model in Appendix A of@14#. In the light of Eq.
~19!, we remark however that one might expect the first r
of mE to be suppressed by only a factoruVusu compared to
the second row.

VI. SUMMARY

We have shown that a charged lepton contribution to
solar neutrino mixing induces a contribution tou13, barring
cancellations or correlations, which is independent of
model building options in the neutrino sector. We have illu
trated two robust arguments for that contribution to be with
the expected sensitivity of high intensity conventional ne
trino beam experiments. The corresponding expectations
u13 are shown in Fig. 1. In particular, in the case in which t
neutrino sector gives rise to a maximal solar angle~the natu-
ral situation if the neutrino spectrum is inverted, barring no
accidental tunings! we have given a simple analytical expre
sion for the induced contribution tou13 taking into account
the dependence on a physical phase. The numerical valu
u13 turns out to be very close or exceeding the experime
bound, depending on the precise value of the solar and
mospheric mixing angles, the value of the phase, and
presence of additional contributions. We have also discus
the possibility that the solar angle originates predominan
in the charged lepton sector. In the case in which no co
lations are forced in the charged lepton mass matrix, we h
shown that this possibility faces two fine-tuning problem
one in the determination ofu13 and one in the determinatio
of the electron~or up quark! mass in SU~5! models. We have
also considered the case in which correlations are prese
the charged lepton mass matrix and, in the context of
possibility discussed in@14#, we have identified the addi
tional conditions that allow to solve theme tuning problem
in SU~5! models.
ys.
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