
PHYSICAL REVIEW D 70, 013001 ~2004!
Three-generation flavor transitions and decays of supernova relic neutrinos
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If neutrinos have mass, they can also decay. Decay lifetimes of cosmological interest can be probed, in
principle, through the detection of the redshifted, diffuse neutrino flux produced by all past supernovae—the
so-called supernova relic neutrino~SRN! flux. In this work, we solve the SRN kinetic equations in the general
case of three-generation flavor transitions followed by invisible~nonradiative! two-body decays. We then use
the general solution to calculate observable SRN spectra in some representative decay scenarios. It is shown
that, in the presence of decay, the SRN event rate can basically span the whole range below the current
experimental upper bound—a range accessible to future experimental projects. Radiative SRN decays are also
briefly discussed.
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I. INTRODUCTION

In the past few years, compelling evidence has emerge
favor of neutrino masses and mixings~see, e.g.,@1# for recent
reviews!. Within a three-generation framework, the know
flavor eigenstates of neutrinosna and antineutrinosn̄a (a
5e,m,t) must then be considered as linear superposition
mass eigenstatesn i ( i 51,2,3),

n
~2 !

a5(
i

Ua i n
~2 !

i , ~1!

where the mixing matrixUa i ~assumed here to be real fo
simplicity! can be expressed in terms of three mixing ang
(u12,u13,u23) in the standard parametrization@2#. The n i
squared mass spectrum can be cast in the form

~m1
2 ,m2

2 ,m3
2!5M21S 2

dm2

2
,1

dm2

2
,6Dm2D , ~2!

wheredm2 andDm2 govern the two independentn oscilla-
tion frequencies, whileM2 fixes the absoluten mass scale.
Current neutrino oscillation data~see, e.g.,@3,4#! provide the
best-fit values:

dm2.7.231025 eV2, ~3!

u6Dm2u.2.031023 eV2, ~4!

sin2u12.0.29, ~5!

sin2u23.0.50, ~6!

and the upper bound~at 3s) @4#

sin2u13,0.067. ~7!

The sign ofDm2 is currently unknown, whileM2 is bounded
from above by laboratory and astrophysical constra
(AM2&few31021 eV @1#!.

In general, massive neutrinos not only can mix, but c
also decay~see, e.g., the reviews in@5–7#!. Neutrino decay
0556-2821/2004/70~1!/013001~15!/$22.50 70 0130
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has been invoked in the past, e.g., to solve the solar neu
problem or the atmospheric neutrino anomaly~see@8# and
references therein!. These and other neutrino decay solutio
have not been experimentally validated so far, implying t
the decay lifetimes (t i in the rest frame! must be sufficiently
long to leave unperturbed the current neutrino phenome
ogy. Roughly speaking, this can be achieved by impos
t iE/miL@1 in the laboratory frame, whereL andE are the
neutrino path length and energy, respectively. Such ar
ments, properly refined and applied to solar neutrinos@L/E
;O(107) km/MeV#, lead to a safe lower bound@9#1

t i

mi
*531024 s/eV. ~8!

Similarly, from the supernova~SN! 1987A neutrino events
@L/E;O(1016) km/MeV# one might naively guess a muc
stronger lower bound,

t i

mi
*O~105! s/eV, ~9!

which, however, does not hold for relatively large values
the mixing angleu12 @11#, as those implied by current data i
Eq. ~5! ~see also the comment at the end of Sec. IV C!. On
the other hand, for neutrino decay effects to be observabl
our universe, it must be roughlyt iE/mi&1/H0, whereH0 is
the Hubble constant; by settingH0570 km s21 Mpc21 and
taking E;O(10) MeV ~i.e., in the energy range probed b
supernova neutrinos!, a rough upper bound for the ‘‘neutrin
decay observability’’ is obtained,

t i

mi
&O~1011! s/eV. ~10!

1This bound can be improved, forn→ n̄ decays, by one to two
orders of magnitude~depending on specific scenarios! through the

nonobservation of solarne→ n̄e transitions in the KamLAND ex-
periment, as recently reported in Ref.@10#.
©2004 The American Physical Society01-1
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The comparison of Eqs.~8! and ~10! implies that many de-
cades int i /mi are still open to experimental and theoretic
investigations.

The exploration of relatively long neutrino lifetimes, an
of the associated decay effects, can be effectively purs
through astrophysical and cosmological observations. Fo
stance, evidence for neutrino decay might be signaled b
anomalous flavor composition of high-energy astrophys
neutrinos@12#. Neutrino decay might also profoundly alte
the flux of supernova relic neutrinos~SRN!2—both in energy
spectrum and in flavor composition—and possibly push
observable component close to the current experimental S
upper bounds@13,14#, as recently pointed out in Ref.@15#.
Given the promising prospects for detecting SRN signals
the Super-Kamiokande~SK! water Cherenkov detector~if
doped with Gd@16#! or in planned larger detectors such
the Underground Nucleon Decay and Neutrino Observa
~UNO! @17# or Hyper-Kamiokande@18#, we think that the
interesting idea of probing neutrino decay through SRN d
@15# appears as an opportunity which, although challeng
deserves further studies.

On the basis of the previous motivations, in this work w
aim at providing a general framework, as well as spec
examples, for the calculation of nonradiative two-body d
cays of SRN,

n i→ n
~2 !

j1X ~11!

~and for analogous antineutrino decays!, whereX is a ~pseu-
do!scalar particle, e.g., a Majoron@7#. After considering the
‘‘standard’’ case of 3n flavor transitions without decay in
Sec. II, we discuss in Sec. III the more general case ofn
transitions followed by decays, and give the explicit soluti
of the neutrino kinetic equations for generic decay para
eters. Specific numerical examples~inspired by neutrino-
Majoron decay models! are given in Sec. IV, in order to
show representative SRN event rates and energy spect
the presence of decay. Conclusions and prospects for fu
work are given in Sec. V.

A final remark is in order. In this paper, we focus o
invisible two-body decays@Eq. ~11!# since they can be tested
in principle, by future SRN data. Invisible decays into thr
neutrinos are not considered here, also because the ty
final-state neutrino energy would generally be too low to
probed by SRN observations. Radiative two-body neutr
decays, instead, do not suffer of such ‘‘low-energy’’n detec-
tion problem, but are however severely constrained by
current astrophysicalg-ray phenomenology. A brief discus
sion of the photon background from hypothetical SRN rad
tive decays is given in Appendix A. Appendix B finally dea

2In the following, we shall use the acronym ‘‘SRN’’ to broadl

indicate relicn and n̄, either in mass or in flavor basis, dependi
on the context. In fact, although observable SRN signals from

verse beta decay are induced byn̄e only ~see Sec. II D!, neutrino
flavor transitions and decays imply, in general, an interplay am

all n and n̄ mass and flavor states.
01300
l

ed
n-
an
l

s
N

n

ry

ta
,

c
-

-

in
re

cal
e
o

e

-

with some subdominant 3n oscillation effects in the atmo
spheric neutrino background, which are often overlooked
SRN searches.

II. THREE-NEUTRINO FLAVOR TRANSITIONS
WITHOUT DECAY

In this section we consider the standard case of fla
transitions among three stable neutrinos. Although the
decay case for SRN has already been treated in prev
works ~see, e.g.,@19–23# for recent contributions!, we prefer
to discuss its calculations in some detail, both to make
paper self-consistent, and to better appreciate the differe
with the case of unstable neutrinos. In this section we a
define the notation, as well as our default choices and
proximations for several inputs~from cosmology and astro
physics, neutrino oscillation data, and supernova simu
tions! needed to compute the SRN signal. The same inp
will be used in the presence ofn decay~Sec. IV!.

We do not address here the problem of the uncertain
affecting these—and other equally admissible—inp
choices, being mainly interested to highlight the addition
effects of neutrino decay~as compared with the standar
case!. Careful considerations about central values and un
tainties of the various inputs will be necessary, howev
when supernova relic neutrinos will be eventually detec
by experiments and used to constrain models, with or w
out neutrino decay~see @23# for a recent approach usin
simulated data!.

Finally, we remind that three-flavor oscillations affect n
only the signal in SRN searches, but also the atmosph
background. We discuss in Appendix B some subtle 3n ef-
fects which are often neglected in calculating the atm
spheric neutrino background rate.

A. Input from cosmology and astrophysics

The local~redshiftz50) number density of mass eigen
statesn i per unit of energy, coming from all past core
collapse supernovae, is given by~see, e.g.,@19#!

nn i
~E!5E

0

`

dzH21~z!RSN~z!Yn i
„E~11z!…, ~12!

where RSN(z) is the supernova formation rate~per unit of
time and of comoving volume at redshiftz), Yn i

(q) is the

average yield3 of n i for a typical supernova@per unit of ini-
tial, unredshifted energyq5E(11z)], and H(z) is the
Hubble constant at redshiftz which, in standard notation@2#,
reads

H~z!5H0@~11z!2~11VMz!2VLz~21z!#1/2. ~13!

-

g

3The yield of an species represents the integral of then luminos-
ity over the emission time, and is equal to the totaln number times
the normalizedn energy spectrum. Since SRN signals are intrin
cally time-averaged, we usen yields Yn ~rather than luminosities!
throughout this work. Expressions for theYn functions are given
below.
1-2
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THREE-GENERATION FLAVOR TRANSITIONS AND . . . PHYSICAL REVIEW D70, 013001 ~2004!
Since supernova relic neutrinos are ultrarelativistic (v.c),
the above number density per unit of energynn i

(E) can be

identified, in natural units (c51), with the local relicn i flux
per unit of time, area, and energy.

We assume, following@19,21#, that the functionRSN is
given by

RSN~z!50.0122RSF~z!/M ( , ~14!

where the star formation rateRSF is parametrized as@24#

RSF~z!50.3h65

exp~3.4z!

451exp~3.8z!
M (yr21Mpc23 ~15!

for z,5 ~and RSF50 otherwise @19#!, with h65
5H0/65 km s21 Mpc21. ~Other choices are also possib
for RSF; see, e.g.,@22#.!

The above expression forRSF actually holds for an
Einstein–de Sitter cosmology (VM ,VL)5(1,0). For a dif-
ferent cosmology one has to apply a correction factor@19#

RSF→RSF

@~11z!2~11VMz!2VLz~21z!#1/2

~11z!3/2
, ~16!

which cancels the dependence ofnn i
upon (VM ,VL) in Eq.

~12!. This cancellation does not apply in the presence
neutrino decay~see Sec. III B!. When needed, we shall the
fix VM50.3, VL50.7, and h6551.077 ~i.e., H0
570 km s21 Mpc21), consistently with recent determina
tions of cosmological parameters@25#.

B. Input from neutrino oscillation phenomenology

The smallness of thedm2/Dm2 ratio @see Eqs.~3! and~4!#
and of sin2u13 @see Eq.~7!# lead to the approximate decou
pling of the supernova 3n dynamics into ‘‘high’’ ~H! and
‘‘low’’ ~L! 2n subsystems, governed by (kH ,sin2u13) and
(kL ,sin2u12), respectively, wherekH56Dm2/2E and kL
01300
f

5dm2/2E are the two independent neutrino wave numb
~see, e.g.,@26# and references therein!. Matter effects@27# are
governed by the potentialV56A2GFNe(x), whereNe(x) is
the electron density at radiusx ~roughly falling asx23 out-
side the supernova neutrinosphere, up to shock-wave eff
@28#!, and the plus~minus! sign refers to neutrinos~an-
tineutrinos!. The four cases corresponding to sgn(Dm2)
561 ~normal or inverted hierarchy! and sgn(V)561 ~neu-
trinos or antineutrinos! lead, in general, to different physics

In supernova neutrino oscillations, it is customary to a
erage out unobservable interference phases from the be
ning, and to work directly in terms of level crossing pro
abilities Pi j @29#. At the exit from the supernova, the yield
of neutrino mass eigenstatesYn i

are then given by

Yn i
5(

a, j
Pi j uUa j

m u2Yna
~17!

~and similarly for antineutrinos!, where Ua j
m and Yna

are,
respectively, the mixing matrix elements in matter and
neutrino flavor yields at the neutrinosphere.

The usual assumptionYnm
5Ynt

5Yn̄m
5Yn̄t

[Ynx
implies

that the inner matrix product in Eq.~17! depends only on
Ynx

, Yne
for neutrinos (Ynx

, Yn̄e
for antineutrinos!, and on

the squared mixing matrix elementsuUei
mu2. Such elements

are given by

~ uUe1
m u2,uUe2

m u2,uUe3
m u2!

5~cos2u13
mcos2u12

m ,cos2u13
msin2u12

m ,sin2u13
m !,

~18!

where

cos 2u13
m .

cos 2u132V/kH

A~cos 2u132V/kH!21sin22u13

.2sgn~V!sgn~Dm2!, ~19!
e 3
or
TABLE I. Relevant mixing matrix elements and supernova neutrino yields in the four possibln
scenarios. Thek↔ l level crossing in theH system~if any! is reported in the 5th column. See the text f
details.

Scenario uUe1
m u2 uUe2

m u2 uUe3
m u2 k↔ l Yield of i-th n state

Yn1
5Ynx

n, normal hierarchy 0 0 1 3↔2 Yn2
5(12PH)Ynx

1PHYne

Yn3
5PHYnx

1(12PH)Yne

Yn̄1
5Yn̄e

n̄, normal hierarchy 1 0 0 — Yn̄2
5Ynx

Yn̄3
5Ynx

Yn1
5Ynx

n, inverted hierarchy 0 1 0 — Yn2
5Yne

Yn3
5Ynx

Yn̄1
5(12PH)Ynx

1PHYn̄e

n̄, inverted hierarchy 0 0 1 3↔1 Yn̄2
5Ynx

Yn̄3
5PHYnx

1(12PH)Yn̄e
1-3
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cos 2u12
m .

cos 2u122V/kL

A~cos 2u122V/kL!21sin22u12

.2sgn~V!, ~20!

and we have used the fact thatuV/kH,Lu@1 at the neutrino-
sphere.

A further simplification of Eq.~17! comes from the adia
baticity of the 1↔2 level crossing in theL subsystem@PL
.0 for the mass-mixing values in Eqs.~3! and ~5!#. The
matrix Pi j has then~at most! one nontrivial 232 submatrix
with indices (k,l ) and off-diagonal entryPH , wherePH is
thek↔ l crossing probability in theH subsystem~equal forn
and n̄ @26#!. The final results for the yield of thei-th mass
eigenstate at the exit from the supernova are collected
Table I.

In general, the crossing probabilityPH depends on then
potential profileV(x) ~see, e.g.,@26#!. This dependence van
ishes in the limiting cases of adiabatic transitions (PH.0)
and strongly nonadiabatic transitions (PH.1), which corre-
spond roughly to sin2u13@1024 and sin2u13!1025, respec-
tively ~see, e.g.,@30#!. In our numerical examples, we sha
consider for simplicity only the two limiting cases,4

PH50 or 1. ~21!

For our purposes, we can also neglect the secondary
rections due to Earth matter crossing@26,30# for arrival neu-
trino directions below the horizon. In this approximation, t
number density of SRN in the flavor basis is simply given

nna
~E!5(

i
uUa i u2nn i

~E!, ~22!

and similarly for antineutrinos. Finally, in the phenomen
logically interesting case of supernova relicn̄e one gets, up
to negligible terms ofO(sin2u13),

nn̄e
~E!.cos2u12nn̄1

~E!1sin2u12nn̄2
~E!, ~23!

where sin2u12 is taken from Eq.~5!.

C. Input from supernova simulations

Concerning the three relevantn flavor yields at the neu-
trinosphereYn (n5ne ,n̄e ,nx), we assume for simplicity eq
uipartition of the total binding energyEb ~taken equal to 3
31053 erg! among all flavors,

Yn~E!5
Eb

6^E&n
w~E;^E&n ,a!, ~24!

4In general,PH is a function of energy@30#, and possibly of time
@26#. However, energy- and time-dependent effects on SRN sig
are relatively small~as compared with the decay effects that w
shall discuss! and are not considered in this work.
01300
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where w(E) is the normalized neutrino spectrum (*dEw
51), ^E&n is the averagen energy, anda is a spectral pa-
rameter. A useful spectral parametrization is given in R
@31#:

w~E!5
~a11!(a11)

G~a11! S E

^E&n
D a e2(a11)E/^E&n

^E&n
, ~25!

whereG is the Euler gamma function. From the admissib
parameter ranges in Ref.@31#, we pick up the following val-
ues:

~^E&ne
,^E&n̄e

,^E&nx
!5~12,15,18! MeV, ~26!

a53. ~27!

Figure 1 shows the functionsYne
(E), Yn̄e

(E), and

Ynx
(E), which follow from the previous assumptions. W

emphasize that such assumptions are not meant to pro
‘‘reference’’ or ‘‘best’’ neutrino spectra, but just a reasonab
input for our numerical computations and for the comparis
of results with and without decay.

ls

FIG. 1. Supernova neutrino yields ofne , n̄e , and nx ~curves
labelled byYne

, Yn̄e
, Ynx

, respectively!, as defined through Eqs
~24!–~27!.
1-4
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FIG. 2. Supernova relicn̄e spectrum~middle
panel!, and associated positron spectrum fro

n̄e1p→n1e1 ~right panel!, in the presence of
3n flavor transitions without decay. The spect
depend on the mass hierarchy~left panel!, which
can be either normal~NH! or inverted~IH!. In the
latter case, there is a further dependence on
crossing probabilityPH . The representative case
PH50 ~‘‘large u13’’ ! and PH51 ~‘‘small u13’’ !
are shown.
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D. Results for supernova relicn̄e fluxes and positron spectra
„no decay…

Supernova relicn̄e’s can produce observable signals~pos-
itrons! through the reaction:

n̄e1p→n1e1. ~28!

For our purposes, the cross section for this process ca
approximated at zeroth order@32#, with Ee15En

21.293 MeV, whereEe1 is the total~true! positron energy.
We will generically refer to ‘‘water targets’’ but not to spe
cific detectors; therefore, we will not include experimen
dependent details such as the difference between true
measured positron energy~i.e., the detector resolution func
tion!, or the detector efficiency function.

Figure 2 shows our SRN flux calculations for no decay,
both cases of normal hierarchy~NH! and inverted hierarchy
~IH!, as reported in the left panel. The middle panel refers
the absolute supernova relicn̄e fluxes @Eq. ~23!# in units of
n̄e /MeV/cm2/s, as a function of neutrino energy. The rig
panel refers to the absolute positron event rate per MeV
per kton-year~kTy! in water, as a function of the true pos
tron energy. In the case of normal hierarchy~solid curves!,
the n̄e and positron spectra do not depend on the cross
probability PH ~see Table I!. This case is indistinguishabl
from the case of inverted hierarchy withPH51 @20#. In both
such cases~NH or IH with PH51) it is

nn̄e
~E!5E

0

`

dzH21~z!RSN~z!@cos2u12Yn̄e
„E~11z!…

1sin2u12Ynx
„E~11z!…#. ~29!

In the case of inverted hierarchy withPH50 ~dashed curves
in Fig. 2!, the supernova relicn̄e spectrum depends only o
Ynx

,

nn̄e
~E!5E

0

`

dzH21~z!RSN~z!Ynx
„E~11z!…, ~30!

and is thus peaked at somewhat higher energy@see Eq.~24!
and Fig. 1#.
01300
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The results in Fig. 2 are in agreement with previous a
solute estimates of the neutrino and positron spectra
water-Cherenkov detectors~see, e.g.,@20#!, modulo different
choices for~some of! the inputs of SRN calculations. As w
shall see, such results can be profoundly modified by n
trino decay.

III. THREE-NEUTRINO FLAVOR TRANSITIONS AND
DECAYS

In this section we discuss and solve the neutrino kine
equations in the general case of 3n flavor transitions plus
decay. We consider generic rest-frame~anti!neutrino life-
timest i and associated decay widths,5

t i
215G i5 (

mj ,mi

G~n i→n j !1G~n i→ n̄ j !. ~31!

Also, in this section we do not set restrictions on branch
ratios6

B~n i→n j !5G~n i→n j !/G i , ~32!

and on neutrino decay energy spectra

cn i→n j
~Ei ,Ej !5Prob@n i~Ei !→n j~Ej !# ~33!

@normalized to unity,*dEjc(Ei ,Ej )51].
Notice that, fort i /mi values above the bound in Eq.~8!,

supernova relicn flavor transitions occur in matter~and be-
come incoherent! well before neutrino decay losses becom
significant, so that hypothetical interference effects betw
the two phenomena@33# can be neglected. For our purpose
flavor transitions inside the supernova can thus be take
decoupled from the subsequent~incoherent! propagation and
decay of mass eigenstates in vacuum.

5In the laboratory frame, the widths are multiplied by the stand
relativistic factormi /E.

6In the following, we shall often use the symbol ‘‘n ’’ loosely, to
indicate both neutrinos and antineutrinos. A distinction between

and n̄ will be made when needed to avoid ambiguities.
1-5
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An important remark is in order. In this work we consid
only vacuumneutrino decays. It is possible, however, to co
struct models where fast invisible decays can be triggered
matter effects@34,35# at the very high densities characteri
ing the supernova neutrinosphere, even in the absenc
vacuum decays~e.g, for diagonal neutrino-Majoron cou
plings; see, e.g.@36#!. In such scenarios, matter-induced d
cays might thus occurbeforeflavor transitions in supernovae
leading to a phenomenology rather different from the o
considered in this paper~and subject to model-depende
constraints from supernova energetics@36–40#!. We empha-
size that the results discussed in the following sections
generally applicable to vacuum neutrino decays occurr
after flavor transitions, while possible matter-induced fast
cays are beyond the scope of this work.

A. Kinetic equations

In the presence ofn decay, the local (z50) SRN number
density per unit energynn i

(E) depends on the history of a

past (z.0) decays having then i as initial or final mass state
The functionsnn i

(E,z) ~number ofn i per unit of comoving

volume and of energy at redshiftz) can be obtained throug
a direct integration of the neutrino kinetic equations, as
scribed below.

The generic form of the kinetic equations for the pha
space distribution functionf is

L@ f #5C@ f #, ~34!

whereL is the Liouville operator andC is the collision op-
erator, embedding creation and destruction terms for the
ticle described byf ~see, e.g.,@5,41#!.

For ultrarelativistic relic neutrinosn i (E.p5upW u), de-
scribed at timet by nn i

(E,t)54pp2f R3(t)/R0
3, the Liouville

operator takes the form7

L@nn i
~E,t !#5F ]

]t
2H~ t !E

]

]E
2H~ t !Gnn i

~E,t !. ~35!

The collision operator of unstable neutrinos reads

C@nn i
~E,t !#5RSN~ t !Yn i

~E!1 (
mj .mi

qji ~E,t !

2G i

mi

E
nn i

~E,t !, ~36!

where

qji ~E,t !5E
E

`

dE8nn j
~E8,t !G~n j→n i !

mj

E8
cn j→n i

~E8,E!.

~37!

7R(t) is the universe scale factor for a Friedmann-Roberts

Walker metric, withH(t)5Ṙ(t)/R(t) in standard notation@2#. With
respect to Ref.@41#, we drop a common factor (4pER3(t)/R0

3)21

on both sides of the kinetic equations.
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The right-hand side of Eq.~36! contains twosourceterms
and onesink term. The first source term quantifies the sta
dard ~decay-independent! emission ofn i from core-collapse
supernovae. The second source term quantifies the pop
tion increase ofn i due to decays from heavier states; th
term is absent for the heaviest neutrino state~s!. The last
~sink! term on the right-hand side of Eq.~36! represents the
loss ofn i due to decay to lighter states with total widthG i ;
this term is absent for the lightest, stable neutrino state~s!.8

B. General solution

In order to solve the set of kinetic equations~34!–~37!,
we first rewrite them in terms of the redshift variablez
5z(t) and of a rescaled energy parameter«5«(E,z),

S t

ED→S z

«
D[S R0 /R~ t !21

E/~11z!
D , ~38!

with associated partial derivatives

S ]

]t

]

]E

D 5S ]z

]t

]«

]t

]z

]E

]«

]E

D S ]

]z

]

]«

D
5S 2H~z!S ~11z!

]

]z
2«

]

]« D
1

11z

]

]«

D , ~39!

where the relationż52(11z)H(z) has been used. With thi
change of variables, the Liouville operator depends oz
only, and the kinetic equations can be directly integrated

More precisely, by defining the auxiliary function

j~z!5E
0

z

dz8H21~z8!~11z8!22, ~40!

and the global source term

Si„«~11z!,z…5RSN~z!Yn i
„«~11z!…

1 (
mj .mi

qji „«~11z!,z…, ~41!

the neutrino kinetic equations~34!–~36! can be cast in a
compact form

-
8Additional terms in the collision operator, due to Pauli blockin

and to inverse reactionsX1n j→n i , can be safely neglected at th
very low number densities of SRN.
1-6
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TABLE II. Branching ratios and energy spectra in 2n Majoron decay scenariosnh→
(2)
n l1X,n for the

extreme cases of quasi-degenerate~QD! and strongly hierarchal~SH! masses of the ‘‘heavy’’ and ‘‘light’’

active neutrinosnh,l . Analogous expressions hold forn̄h decay, with the replacementsnk↔ n̄k(k5h,l ).

Case Mass relations B(nh→n l) B(nh→ n̄ l) cnh→n l
(Eh ,El) cnh→ n̄ l

(Eh ,El)

QD mh.ml@mh2ml 1 0 d(Eh2El) —

SH mh@ml.0 1/2 1/2
2El

Eh
2

2

Eh
S12

El

Eh
D

s

e

l-
ie

e
l

to
r

,
an
all
high-

s-

e

od-

gs

el-
and

pe-
ass
-
-
ra-
ely,

c-

lts

s-

s

2H~z!emiG ij(z)/«
]

]z
@~11z!nn i

e2miG ij(z)/«#

5Si~«~11z!,z!, ~42!

which is easily integrated, giving

nn i
5

1

11zEz

` dz8

H~z8!
Si„«~11z8!,z8…e2miG i [ j(z8)2j(z)]/«.

~43!

By replacing back the variableE5«(11z), one obtains the
general solution of the neutrino kinetic equations,

nn i
~E,z!5

1

11zEz

` dz8

H~z8!
FRSN~z8!Yn iS E

11z8

11z D
1 (

mj .mi

qji S E
11z8

11z
,z8D G

3e2miG i [ j(z8)2j(z)](11z)/E, ~44!

which holds for generic neutrino mass spectrami , decay
widths G i , and decay energy spectracn j→n i

(E,E8). The ef-

fect of flavor transitions is embedded in the yieldsYn i
~see

Table I!, in the same way as for the no-decay case discus
in Sec. II. Notice that the dependence of 1/H(z8) upon the
cosmology cancels with the factorRSN(z8) ~see Sec. II A!
but not with the other factors in Eq.~44!. Therefore, in the
presence of decay, the SRN density acquires a depend
on the cosmological parameters (VM ,VL).

The double integration~over energy and redshift! implied
by Eqs.~37! and ~44! can be performed numerically by fo
lowing the decay sequence, i.e., starting from the heav
state (qji 50) and ending at the lightest state (G i50). The
observable local supernova relicn i density is finally obtained
by settingz50 in nn i

(E,z). We conclude by noting that th
case of no decay@Eq. ~12!# is obtained from the genera
solution @Eq. ~44!# at z50 in the limit t i→` ~i.e., G i50
5qji ), as expected.

IV. APPLICATIONS TO SCENARIOS INSPIRED BY
MAJORON MODELS

In this section we apply the general results of Sec. III B
some representative decay scenarios, inspired by Majo
01300
ed

nce

st

on

models. After a brief overview of the 2n decay case, we
examine and compare a few representative 3n decay cases
which provide SRN yields higher, comparable, or lower th
for no decay. Simplificative assumptions will be made in
cases, in order to reduce the parameter space, and to
light the main effects of neutrino decay.

A. Two-family decay

Let us consider a doublet of ‘‘heavy’’ and ‘‘light’’ neutrino
mass eigenstatesnh,l (mh.ml). We briefly recall that non-
radiative~invisible! decays of the kind

nh→ n
~2 !

l1X, ~45!

may arise through the coupling ofnh,l to a very light scalar
or pseudoscalar particleX ~assumed to be effectively mas
less for our purposes!. In particular,X can be the Goldstone
boson~Majoron! in models with spontaneous violation of th
B2L symmetry of the standard electroweak model@42#.

There is a vast literature on neutrino-Majoron decay m
els ~see, e.g.,@5,7# and references therein! and related phe-
nomenological constraints on neutrino-Majoron couplin
~see, e.g.,@6,36,39,40,43,44#!. Since the neutrino-Majoron
coupling can also contribute to the neutrino mass, mod
dependent relations may arise between neutrino mass
decay parameters~see, e.g.,@39,43#!. The branching ratios
and final-state spectra for the two channelsnh→n l and nh

→ n̄ l are also functions of model-dependent couplings.
Here, however, we do not commit ourselves to any s

cific theoretical model, and assume that the lifetime-to-m
ratio t/mh is a free parameter@subject only to the safe con
straint in Eq.~8!, when needed#. We also focus on two phe
nomenologically interesting cases in which the branching
tios and decay spectra become model-independent, nam
the case of quasidegenerate~QD! neutrino masses (mh.ml
@mh2ml) and of strongly hierarchical~SH! neutrino
masses (mh@ml.0). Table II displays the relevant chara
teristics of the QD and SH cases~for ultrarelativistic neutri-
nos!, obtained as appropriate limits of the general resu
worked out in Ref.@45#.

In the QD case~Table II!, the nh decays only inton l ,
which carries the wholenh energy. When the decay iscom-
plete ~i.e., for lifetimes tE/mh!H0

21 in the laboratory
frame!, the initial nh energy spectrum is then directly tran
ferred to then l energy spectrum.

In the SH case, thenh decays into eithern l or n̄ l with the
same probability, but with different energy distribution
1-7
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FIG. 3. ~Color online! Supernova relicn̄e

spectrum~middle panel!, and associated positro

spectrum fromn̄e1p→n1e1 ~right panel!, for a
decay scenario with normal hierarchy an
quasidegenerate masses~left panel, witht/m and
branching ratios assignments!. The red dashed
curve and the black solid curve correspond to t
limiting cases of complete decay and no deca
respectively. The red dotted curves correspond
incomplete decay witht/m5731010 s/eV. See
the text for details.
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the
~Table II!. When the decay is complete, the initialnh energy
spectrum is then transferred to the finaln l and n̄ l spectra
through convolutions with thec functions in Table II. For
later purposes, in the SH case we define two~normalization-
preserving! convolution operatorsD and D̄, acting over the
nh yield functionsYnh

(E) as:

DYnh
~E!5E

E

`

dE8cnh→n l
~E8,E!Ynh

~E8!, ~46!

D̄Ynh
~E!5E

E

`

dE8cnh→ n̄ l
~E8,E!Ynh

~E8!.

~47!

Notice that, for supernova neutrino yields parametriz
through Eq.~25! @31#, the specific choicea53 in Eq. ~27!
makes the integrals in Eqs.~46! and ~47! analytical and
elementary.9 Qualitatively, in the SH case the action of th
operatorsD and D̄ is to increase the neutrino yields at lo
energy.

The above notation, although introduced for the 2n decay
case, will be frequently used in the following subsections
fact, we shall consider 3n scenarios whose 2n sub-decays
can be treated within either the QD or the SH approximati

B. Three-family decays for normal hierarchy and
quasidegenerate masses

In this section we consider a representative decay scen
which provides SRN densities generallyhigher than for no
decay. The scenario involves normal mass hierar
(1Dm2), with masses much larger than their splittin
(mi

2@Dm2,dm2). The quasidegenerate~QD! approximation,
which forbids decays of neutrinos into antineutrinos and v

9For such choice, operators of the kindDD̄1D̄D andD 21D̄2,
which will appear in 3n decay cases, also lead to analytical in
grals~in terms of exponential integral functions!. For generic, non-
integer values ofa, the analytical expressions become rather
volved, and numerical evaluations are preferable.
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versa, can thus be applied~see Table II!. In the context of

supernova relicn̄e’s, we shall consider only antineutrino de

cays (n̄3→ n̄1,2 and n̄2→ n̄1).

For the sake of simplicity, we assume thatB( n̄3→ n̄2)

5B( n̄3→ n̄1)51/2, and also thatt3 /m35t2 /m2[t/m. By
construction, the decay scenario considered in this sectio
thus governed by just one free parameter10 (t/m). Notice
that, for t/m;O(1010) s/eV, SRN decay effects are ex
pected to occur on a truly cosmological scale@see Eq.~10!#.
For much larger values oft/m, the no-decay case is recov
ered. For much smaller values oft/m, SRN decay is instead
complete, all SRN being in the lightest mass eigenstaten̄1 at
the time of detection.

Figure 3 shows the supernova relicn̄e energy spectrum,
and the associated~observable! positron spectrum, for the
decay scenario described above~and graphically shown in
the left panel!. The energy spectra for complete decay~red
dashed curves! appear to be a factor of;2 higher—and also
slightly harder—than for no decay~black solid curves!. This
difference is entirely due to the role ofnx , as explained
below.

For complete decay, the final state is populated by sta
n̄1’s only, coming both from the initialn̄1 component (Yn̄1

5Yn̄e
) and from fully decayedn̄2,3’s (Yn̄2

1Yn̄3
52Ynx

, see
Table I!, with unaltered neutrino energies~QD case in Table
II !.11 The final relic n̄e density ~given by cos2u12 times the
final density ofn̄1) is thus obtained by redshifting an initia
yield equal to cos2u12Yn̄e

12 cos2u12Ynx
. In the case of no

decay for normal hierarchy, the initial yield is instead giv
by cos2u12Yn̄e

1sin2u12Ynx
@see Eq.~29!#. Therefore, while

the Yn̄e
component is the same in the two cases, the we

of the Ynx
component for complete decay is 2 cos2u12

.1.42, much larger than for no decay, where the weigh

-

10Oscillation parameters have been fixed previously, and the o
relevant unknown (u13 or, equivalently,PH) does not affect an-
tineutrinos in normal hierarchy~see Table I!.

11The case of complete decay could also be obtained from
general solution in the limitt/m→0 ~derivation omitted!.
1-8
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FIG. 4. ~Color online! Supernova relicn̄e

spectrum~middle panel!, and associated positro

spectrum fromn̄e1p→n1e1 ~right panel!, for a
decay scenario with normal hierarchy andm1

.0 ~left panel, with t/m and branching ratios
assignments!. The green dashed curve and th
black solid curve correspond to the limiting cas
of complete decay and no decay, respective
The green dotted curves correspond to inco
plete decay witht/m5731010 s/eV. See the
text for details.
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sin2u12.0.29. The stronger weight ofYnx
for complete de-

cay leads to the increase in normalization, peak energy,
width, which is visible in Fig. 3.12

For incomplete neutrino decay@i.e., for t/m
;O(1010) s/eV], one expects an intermediate situation le
ing to a SRN flux moderately higher than for no decay. F
ure 3 displays the results for a representative case (t/m57
31010 s/eV, red dotted curves!, as obtained through the gen
eral solution of the kinetic equations worked out in Sec.
Summarizing, the decay scenario examined in this sec
can lead to an increase of the SRN rate, as compared with
case of no decay. The enhancement can be as large
factor ;2, the larger the more complete is the decay.

C. Three-family decays for normal hierarchy and m1¶0

In this section we consider a representative decay scen
which provides observable SRN densities generallycompa-
rable to the no-decay case. The scenario assumes tha
mass hierarchy is normal (1Dm2) and that the lightest stat
is basically massless (m1.0), so thatm2,3@m1 and the ap-
proximation of strong hierarchy~SH! can be applied to the
decays ofn2,3 ~and of n̄2,3).

According to Table II ~SH case!, we can takeB(n2

→n1)5B(n2→ n̄1)51/2. For the sake of simplicity, we ex
tend such ‘‘branching ratio democracy’’ to all then3 decay
channels, namely, we takeB(n3→n1)5B(n3→ n̄1)5B(n3

→n2)5B(n3→ n̄2)51/4. We also assumet3 /m35t2 /m2
[t/m, so that, as in the previous section, there is only o
free parameter (t/m). The cases of no decay, incomple
decay, and complete decay, are then obtained fort/m much
larger, comparable, or much smaller thanO(1010) s/eV, re-
spectively.

Figure 4 shows the supernova relicn̄e and positron spec
tra for this scenario where, as depicted in the left panel,
decay channels are open. The results for the no-decay
~solid curves! are identical to those in Fig. 3 and are n
discussed again. The middle panel in Fig. 4 shows that

12The enhancement of the SRN yield for the decay scenario w
normal hierarchy and quasidegenerate masses has also bee
cussed in Ref.@15#.
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neutrino spectrum for complete decay~green dashed curve!
is significantly enhanced at low energy, as compared with
one for no decay. The positron spectrum, however, is v
similar in the two cases~right panel!. These features can b
understood as follows.

For complete decay, the final yield of stablen̄1’s comes
both from the initialn̄1’s and from a complex decay chain
through the action of the operatorsD and D̄ @Eqs. ~46! and
~47!#:

n̄1→ n̄1⇒Yn̄1
, ~48!

n̄2 →
~1/2!D

n̄1⇒
1

2
DYn̄2

, ~49!

n2 →
~1/2!D̄

n̄1⇒
1

2
D̄Yn2

, ~50!

n̄3 →
~1/4!D

n̄1⇒
1

4
DYn̄3

, ~51!

n3 →
~1/4!D̄

n̄1⇒
1

4
D̄Yn3

, ~52!

n̄3 →
~1/4!D

n̄2 →
~1/2!D

n̄1⇒
1

8
DDYn̄3

, ~53!

n̄3 →
~1/4!D̄

n2 →
~1/2!D̄

n̄1⇒
1

8
D̄D̄Yn̄3

, ~54!

n3 →
~1/4!D̄

n̄2 →
~1/2!D

n̄1⇒
1

8
DD̄Yn3

, ~55!

n3 →
~1/4!D

n2 →
~1/2!D̄

n̄1⇒
1

8
D̄DYn3

. ~56!

This chain leads to a SRN density equation for compl
decay formally similar to Eq.~29! ~no decay!, but with the

th
dis-
1-9
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FIG. 5. ~Color online! Supernova relicn̄e

spectrum~middle panel!, and associated positro

spectrum fromn̄e1p→n1e1 ~right panel!, for a
decay scenario with inverted hierarchy and g
neric m3 ~left panel, witht/m and branching ra-
tios assignments!. The black solid curve and the
black dotted curve correspond to the no-dec
case for PH51 and PH50, respectively. The
dashed blue curves correspond to incomplete
cay, with t/m5731010 s/eV, for bothPH51
~short dashed! and PH50 ~long dashed!. The
horizontal dot-dashed~light blue! line at;0 cor-
responds to the case of complete decay. See
text for details.
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integrand in square brackets replaced by cos2u times the sum
of the terms in Eqs.~48!–~56!:

cos2u12S Yn̄1
1

1

2
DYn̄2

1•••1
1

8
D̄DYn3D . ~57!

In the above expression for complete decay, terms wh
are linear and quadratic in the convolution operators prod
a substantial enhancement of the SRN energy spectru
low energy, visible as a ‘‘pile-up’’ of decayed neutrinos wi
degraded energy in the middle panel of Fig. 4.13 At high
energy, however, such terms happen to provide a contr
tion which is numerically close to the no-decay ter
sin2u12Ynx

in Eq. ~29!, so that the high-energy tails of th
SRN spectra for no decay and for complete decay~black
solid and green dashed curves in the middle panel of Fig!
are accidentally very similar to each other. Analogously,
case of incomplete decay~e.g., t/m5731010 s/eV, green
dotted curves!, is appreciably different from the cases of n
decay and of complete decay only at low energy.

In this scenario, the interesting effects of decay are alm
completely confined to lown̄e energies, and are thus wash
out in the observablee1 spectrum, due to the cross sectio
enhancement of high-energy features. In fact, thee1 spectra
for the three cases of complete, incomplete, and no de
turn out to be very similar to each other~right panel of Fig.
4!.

In conclusion, from the results of this section we lea
that there are neutrino decay scenarios which, despite a
tively complex structure~see Fig. 4!, cannot be distinguished
from the no decay case through future SRN observations
any value oft/m above the safe bound in Eq.~8!. Similarly,
such scenarios do not alter the ‘‘standard’’~no-decay! SN
1987A phenomenology, and thus provide a particularly cle
example of how the naive limit in Eq.~9! can actually be
evaded.

13The terms linear and quadratic inD andD̄ carry a mild depen-
dence on the crossing probabilityPH through the neutrino yields
Yn i

’s ~see Table I for normal hierarchy!. Figure 4 refers to the cas
PH50; very similar results are obtained forPH51 ~not shown!.
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D. Three-family decays for inverted hierarchy

We conclude our survey of 3n decays by discussing
scenario where the SRN density is generallysuppressed, as
compared with the case of no decay. The scenario assu
an inverted mass hierarchy (2Dm2), a fixed branching ratio
B( n̄2→ n̄1)51/2@5B(n2→n1)#, and t1 /m5t2 /m[t/m.
Under these assumptions, only the decayn̄2→ n̄1 ~where the
QD approximation is applicable! is relevant to SRN obser
vations. In fact, decays ton̄3 provide a negligible amount o
n̄e’s (}sin2u13). In particular, as graphically reported in th
left panel of Fig. 5, the absolute value ofm3 makes no dif-
ference: It only opens~closes! the ‘‘dashed’’ decay channel
for m3.0 (m3 large!, with no change on the relicn̄e flux for
fixed B( n̄2→ n̄1). In the above scenario, the case of co
plete decay@t/m!O(1010) s/eV# is trivial: since the final
state is populated only byn̄3 ~andn3), the relic density ofn̄e
is negligibly small (}sin2u13).

14

The nontrivial case of incomplete decay@t/m
;O(1010) s/eV# is then expected to lead to an intermedia
suppression of the SRN density. Figure 5 shows the num
cal results for the specific valuet/m5731010 s/eV, in both
casesPH51 ~short-dashed curves! andPH50 ~long-dashed
curves!. The neutrino spectra for incomplete decay~blue
dashed curves! appear to be systematically lower than t
corresponding no-decay spectra~black solid and dotted
curves!, although the difference is mitigated in the positro
spectra~right panel of Fig. 5!. A more substantial suppres
sion of the positron spectrum can be obtained by lower
t/m ~see next subsection!. In conclusion, in the inverted hi
erarchy scenario of Fig. 5, the SRN signal is generally s
pressed by neutrino decay, and can eventually disappea
complete decay.

E. Overview and summary of 3n decays

In the previous three subsections we have discussed
three rather different scenarios, the cases of no de
@(t/m@O(1010) s/eV#, of complete decay @t/m
!O(1010) s/eV#, and of incomplete decay for a specifi

14This is true, in general, for complete decay in any IH scena
1-10
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THREE-GENERATION FLAVOR TRANSITIONS AND . . . PHYSICAL REVIEW D70, 013001 ~2004!
value of t/m(5731010 s/eV). We think it useful to show
also the behavior of the SRN signal for continuous values
the free parametert/m.15

Figure 6 shows the positron event rate integrated in
energy windowEe1P@10,20# MeV which, although lower
than the current SK window@13#, might become accessibl
to future, low-background SRN searches@16#. For each sce-
nario, the rate is normalized to the standard expectations
no decay and normal hierarchy~NH!, and is plotted as a
function oft/m. The black solid line represents the referen
case~no decay in NH!, which is indistinguishable from the
case of no decay with inverted hierarchy~IH! and PH51
~see Sec. II D!. The black short-dashed line refers instead
the no-decay case with IH andPH50. For no decay, varia
tions in the hierarchy or inPH appear to induce relatively
small effect, which might be difficult to uncover once rea
istic experimental and theoretical uncertainties are con
ered in future SRN observations. Decay effects, howe

15This task implies extensive calculations through the general
lution worked out in Sec. III.

FIG. 6. ~Color online! Positron event rates in the energy ran
@10,20# MeV for various decay scenarios, normalized to stand
expectations for normal hierarchy and no decay. Thet/m range in
abscissa is well above the safe bound in Eq.~8!. Notice how the
expectations branch out~and then reach the complete decay lim!
in the cosmologically relevant ranget/m&1011 s/eV. See the text
for details.
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enlarge dramatically the possible range of observable p
tron rates provided thatt/m is in the cosmologically inter-

esting range belowO(1011) s/eV@See Eq.~10!#. For n̄ decay
in the quasidegenerate NH spectrum of Sec. IV B~red short-
dotted curve in Fig. 6!, the positron rate rapidly increases fo
decreasingt/m, and reaches the ‘‘complete decay platea
already att/m;O(109) s/eV, with an asymptotic enhance
ment by a factor;2.3. In the case of IH spectrum consid
ered in Sec. IV D~dot-dashed and long-dashed blue curves
Fig. 6!, conversely, the positron rate vanishes when
proachingt/m;O(109) s/eV, for both casesPH51 ~dot-
dashed! andPH50 ~long-dashed!. Finally, for the NH spec-
trum with m1.0 of Sec. IV C~green long-dotted curve in
Fig. 6!, the positron rate appears to be almost the same a
no decay, at any value oft/m.

Summarizing, neutrino decay can enlarge the refere
no-decay predictions for observable positron rates by
factor f in the range;@0,2.3#.16

Since the current experimental upper bound on the S
flux from SK @13# is just a factor of;2 –3 above typical
no-decay expectations@13,19# ~including those in this work!,
future observations below such bound are likely to have
impact on neutrino decay models. If experimental and th
retical uncertainties can be kept smaller than a factor of
~a nontrivial task!, one should eventually be able to rule ou
at least, either the lowermost or the uppermost values in
rangef P@0,2.3#, i.e., one of the extreme cases of ‘‘comple
decay.’’ Optimistically, one might then try to constrain sp
cific decay models and lifetime-to-mass ratios through obs
vations~a goal not reachable with current information@15#!.
Degeneracy between decay and no decay in specific mo
~as the one considered in Sec. IV C! will, however, set intrin-
sic limitations to SRN tests of neutrino lifetimes.

V. CONCLUSIONS AND PROSPECTS

Neutrino decays with cosmologically relevant neutri
lifetimes@t i /mi&O(1011) s/eV# can, in principle, be probed
through observations of supernova relicn̄e ~SRN!. We have
shown how to incorporate the effects of both flavor tran
tions and decays in the calculation of the SRN density,
finding the general solution of the neutrino kinetic equatio
for generic two-body nonradiative decays.~Radiative decays
are briefly commented upon in Appendix A.! We have then
applied such solution to three representative decay scen
which lead to an observable SRN density larger, compara
or smaller than for no decay. In the presence of decay,
expected range of the SRN rate is significantly enlarg
~from zero up to the current upper bound!. Future SRN ob-
servations can thus be expected to constrain at least s
extreme decay scenarios and, in general, to test the lik

o-

16These results refer to a prospective positron energy wind
Ee1P@10,20# MeV. For the current SK analysis windowEe1

P@18,34# MeV, the range would be very similar,f P@0,2.7#.
Variations of the reference inputs in Sec. II can also lead to wi
ranges.

d
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hood of specific decay models, as compared with the
decay case.

In this work we have focused on theoretical SRN calc
lations, and have not attempted a phenomenological ana
of the sensitivity to neutrino decay throughprospectiveSRN
experimental data, as those which might be collected, e.g
the proposed Gd-doped Super-Kamiokande detector@16#, in
Hyper-Kamiokande@18#, or in the UNO project@17#. Such
analysis would require a detailed characterization of
many uncertainties affecting both the background-subtra
SRN signal and the theoretical inputs, especially those
lated to supernova simulations and to the star formation r
These uncertainties, although currently rather large,
likely to decrease in the future as more powerful supern
codes and new astrophysical observations will become a
able ~including, hopefully, a galactic supernova explosio!.
When significant improvements will be made in this dire
tion, a systematic approach to SRN predictions and to t
uncertainties will certainly be required, in order to interp
future SRN data and to use them to constrain nonradia
neutrino lifetimes in a range@up to t/m;O(1011) s/eV]
which is both largely unexplored and difficult to access
other means.
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APPENDIX A: RADIATIVE DECAYS OF SUPERNOVA
RELIC NEUTRINOS

Radiative neutrino decays@46,47# of the kind

n
~2 !

j→ n
~2 !

i1g ~A1!

have been considered in a number of papers~see, e.g.,
@5,6,43,44# and references therein!. Limits on the neutrino
lifetime/mass ratiot/m for such decay modes can be deriv
from a variety of arguments@44#. E.g., one of the stronges
bounds,

t/m*O~1020! s/eV, ~A2!

is set by the nonobservation of infrared~IR! photons that
would be emitted by big bang relic neutrinos@48# and, in
addition, by the nonobservation of scattering of high ene
@O(TeV)# photons from distant sources on this hypotheti
IR background@49#. In the context of supernova neutrino
the lack of excessg flux during the SN 1987A neutrino burs
sets a limitt/m*O(1015) s/eV @44,50#. In this appendix, we
estimate phenomenological limits ont/m from SRN radia-
tive decays which, to our knowledge, have not been d
cussed so far in the literature.
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Hypothetical radiative decays of SRN produce a diffu
photon background, whose local (z50) density per unit of
volume and energy is obtained by integrating over the~red-
shifted! source termsqji

g ,

ng~Eg!5E
0

` dz

H~z! (
j i

mj .mi

qji
g
„Eg~11z!,z… ~A3!

where theqji
g have an expression analogous to Eq.~37!, but

with the appropriate final-state energy distribution for t
photon in the laboratory frame,

cn j→n i

g ~Ej ,Eg!5
mj

2

EjDmji
2 S 12a12a

Egmj
2

EjDmji
2 D ~A4!

~for Ej.EgDmji
2 /mj

2), whereDmji
2 5mj

22mi
2 , and the so-

called asymmetry~or anisotropy! parametera quantifies the
amount of parity violation in the decay@44,51# (aP@21,
11# for Dirac neutrinos, whilea50 for Majorana neutrinos
@44#!. In calculating the photon density17 ng from Eqs.~A3!
and~37!, one can assume at first order that the neutrino d
sity at anyz is basically ‘‘undecayed,’’ namely

nn j
~E,z!.nn j

0 ~E,z!

5
1

11zE0

` dz8

H~z8!
RSN~z8!Yn j S E

11z8

11z D ,

~A5!

as derived from Eq.~44! in the limit G jmj /Ej→0. This as-
sumption will be validateda posterioribelow.

In order to perform numerical calculations, the neutri
mass and decay parameters must be fixed. We assume a
resentative NH scenario withm150, so thatmj

2/Dmji
2 .1

~strong hierarchy approximation! and thec function in Eq.
~A4! becomes the same for all decay channels. We also
sume thatt2 /m25t1 /m1[t/m, so that the total photon flux
is

ng~Eg!

5~t/m!21E
0

` dz

H~z!
E

Eg

` dE8

E8
c~E8,Eg! (

j 52,3
nn j

0 ~E8,z!,

~A6!

independently of the decay branching ratios~provided that
they add up to unity, i.e., that only radiative decays occur!. In
the above equation, the inner sum extends to all the unst
states~both n and n̄). From Table I, it follows that the rel-
evant neutrino yield to be integrated is

Yn2
1Yn3

1Yn̄2
1Yn̄3

5Yne
13Ynx

, ~A7!

17For photons (v5c), the densityng ~number ofg per unit of
volume and energy! also represents the flux~number ofg per unit
of area, time, and energy! in natural units.
1-12
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for any value ofPH .
Figure 7 shows the results for the photon fluxng(Eg) in

the above scenario, assumingt/m51014 s/eV and three rep
resentative valuesa521,0,11, corresponding to green do
dashed, red dashed, and blue dotted curves, respectively
curves cross atEg.1.21 MeV, where thea-dependent par
of the integral in Eq.~A6! vanishes. Lower~higher! values of
t/m would simply shift the curves upwards~downwards!
along they-axis. In the same figure, we superpose~as a solid
line! the best fit to the experimentalg background flux mea-
sured by the COMPTEL experiment for Eg
P@0.1, 30# MeV @52#,

ng
bkgd~Eg!.4p3~1.0560.2!

31024S Eg

5 MeVD 22.4

cm22 s21 MeV21.

~A8!

From Fig. 7 we derive that, in order to keep theg flux
from hypothetical SRN decay below the observedg back-
ground, it must be

FIG. 7. ~Color online! Energy spectrum of the photon flux com
ing from hypothetical radiative decays of SRN~dotted, dashed, and
dot-dashed curves!, in a scenario with normal hierarchy,m150,
andt2 /m25t3 /m351014 s/eV. The calculations are performed fo
three representative values of the decay asymmetry param
a (521,0,11). The solid line represents the power-law best fit
the g background measured by the COMPTEL experiment in
rangeEgP@0.1,30# MeV @52#.
01300
he

t/m*O~1014! s/eV, ~A9!

up to ana-dependent factor ofO(1). Similar results would
be obtained for inverted hierarchy andm350 ~not shown!.18

Notice that this limit largely justifiesa posteriorithe ‘‘unde-
cayed’’ approximation fornn in Eq. ~A5!.

We do not further elaborate the SRN constraint in E
~A5!, since it is not competitive with the one in Eq.~A2!. We
note, however, that the supernova relic neutrino bound in
~A9! is stronger than the one coming from the diffu
extragalactic stellar neutrino background @t/m
*O(1012) s/eV# recently discussed in@53#.

APPENDIX B: REMARKS ON 3 n OSCILLATIONS OF THE
ATMOSPHERIC NEUTRINO BACKGROUND

In water-Cherenkov detectors, 3n flavor transitions affect

not only thee1 signal induced by supernova relicn̄e , but
also thee6 background induced by low-energy atmosphe
neutrinos. The irreducible components of thee6 background

@13,14# are due to~1! interactions of atmosphericne andn̄e ;
and ~2! decays of ‘‘invisible’’ m6 ~below the threshold for
Cherenkov emission!, induced by low-energy atmospher

nm and n̄m . In Super-Kamiokande@13#, the background
components~1! and ~2! are characterized by parent neutrin
energy spectra peaked atE;100 andE;150 MeV, respec-
tively @14#.

In @13#, the effects of neutrinos oscillations on thee6

background are calculated by assuming pure 2n oscillations
in the nm→nt channel with maximal mixing~i.e., dm2.0,
u13.0, and sin2u23.1/2). Within the 2n approximation, the
background component~1! is not affected by oscillations
while the component~2! is suppressed by the average effe
of Dm2-driven oscillations, through a factor f m

5sin22u23sin2(1.27Dm2L/E).0.5sin22u23.0.5, where
@Dm2#5eV2, @L#5m, and@E#5MeV. In terms of averaged
flavor oscillation probabilitiesPab , the 2n approximation
implies that (Pee,Pmm ,Pme).(1, 0.5, 0) @13#.

We remark, however, that the 2n approximationdm2

.0, usually valid for typical atmospheric neutrino energi
(*1 GeV), is not applicable in the SRN context. Indeed,
E;O(100) MeV andL;O(R% ), the associated oscillation
phase cannot be neglected@dm2L/E;O(1)#. Even foru13
50, the low-energy atmospheric neutrino background
thus sensitive to the ‘‘solar’’dm2, rather than to the ‘‘atmo-
spheric’’ Dm2 ~which can be effectively taken as̀).

The possibility of probingdm2-driven oscillations at very
low atmosphericn energy (!1 GeV) would deserve, in

18Radiative decays of quasidegenerate neutrinos would ins
produceg ’s with typical energy much lower than in Fig. 7 for bot
NH and IH ~not shown!. We have checked that the correspondi
bound ont/m would be degraded by roughly two orders of ma
nitude, as compared with Eq.~A9!.
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itself, a separate investigation.19 Here we only make some
rough estimates of the relevant flavor oscillation probabilit
Pab for dm2Þ0. We assume isotropic atmospheric neutri
fluxes ~produced ath520 km from the ground level!, equal
components ofn and n̄ ~with weights 3 and 1, respectively
to account for the different cross sections!, and anm /ne fla-
vor ratio r 52. Matter effects are estimated through
constant-density approximation for the Earth. The osci
tions parameters are taken from Eqs.~3!–~6!, with either
sin2u1350 or sin2u1350.067 @see Eq.~7!#. We consider a
representative neutrino energyE5100 MeV, and average
over all incomingn directions.

Under these assumptions, and for sin2u1350, we find
(Pee,Pmm ,Pme).(0.77,0.42,0.11), which differ signifi
cantly from the values~1, 0.5, 0! obtained by settingdm2

50. The atmospheric electron events@background~1!# and
invisible muon events@background~2!# are then modulated
respectively, by the factorsf e.Pee1rPme.0.99 and f m

19For E*O(1) GeV, subleading oscillations driven bydm2 have
instead been considered in several papers; see, e.g.,@54# and refer-
ences therein.
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.Pmm1Pee/r.0.48, which happen to differ only slightly20

from the values (f e , f m)5(1,0.5) considered in@13# by set-
ting dm250. Analogously, for sin2u1350.067 we find
(Pee,Pmm ,Pme).(0.67,0.17,0.41) and (f e , f m)
.(1.01,0.50). Therefore, despite significantdm2-induced
effects on the oscillation probabilities, the irreducible atm
spheric background rates do not appear to be significa
modified as compared with those obtained by~incorrectly!
settingdm250, independently of the value of sin2u13.

In conclusion, the approximationdm250 is not appli-
cable, in principle, to the analysis of the irreducible atm
spheric neutrino background in SRN searches@13#. However,
in practice, this approximation does not appear to be harm
~according to our provisional estimates!. More refined esti-
mates ofdm2-driven oscillations might be of some interest
future high-statistics SRN searches@17,18#, which are ex-
pected to find a signal above the irreducible atmospherin
background. These oscillation effects would instead loose
terest if the ‘‘irreducible’’ background could be ‘‘reduce
away’’ by tagging SRN events, as recently proposed in@16#.

20An accidental cancellation of effects is operative for the spec
value r 52. See, e.g.,@54#.
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