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A broken-chiral-invariant and broken-dilational-invariant effective Lagrangian with a
symmetry-breaking term belonging to the (3,3*) @ (3*, 3) representation of SU(3)® SU(3) is
used to obtain the matrix element of the o term between 1 and %’. It utilizes both wave-func-
tion-renormalization mixing and mass-matrix mixing. The presently available upper limit
of the #.— nnw decay rate requires a rather large value for this ¢ term and, correspondingly,
rather large values for the mixing parameters that vanish in the symmetry limit and ought

to be small.

The nature of the interaction that breaks chiral
SU(3) ® SU(3) symmetry is an interesting and, as
yet, largely unresolved problem. One method to
investigate this problem is to consider processes
that involve two pions where the soft-pion limit
yields a matrix element of the “o term” — the dou-
ble commutator of axial charges with the symme-
try-breaking Hamiltonian. This method has been
applied to 7N scattering, particularly by Cheng
and Dashen' who find a rather large value of the
o-nucleon matrix element. Such a large value is,
however, provided within the framework? of bro-
ken dilation invariance. Riazuddin and Oneda® have
pointed out that the -1’ matrix element, which
appears in the soft-pion limit of 7’ - n77 decay, is
also probably very large. Recently, Weisz, Ria-
zuddin, and Oneda® have calculated the o-nn’ ma-
trix element by using the method of broken dilation
invariance, but they obtain a small value.

We shall review the situation in n’— nm7 decay.
In particular, we shall show that some of the ap-
proximations made by Weisz ef al.* are not sup-
ported by an effective Lagrangian that is invariant
under dilations and the chiral group excépt for a
symmetry-breaking part that belongs to the (3, 3*)
@ (3* 3) representation and has a single dimension
d. This Lagrangian gives a singlet-octet mixing
scheme that utilizes both wave-function-renormal-
ization mixing (i.e., nondiagonal kinetic-energy
terms) and mass-matrix mixing. This mixing
scheme enables us to obtain a somewhat larger
value of the o term than that found by Weisz ef al.
after their approximations are altered to conform
with our model. However, if the decay width turns
out to be near its present upper limit, the o term

7

would be quite large, and large mixing parameters
would be required. These parameters vanish in
the symmetry limit and ought to be small. Al-
though our calculation is by no means model-inde-
pendent, a large decay width would cast consider-
able doubt on the postulated structure of the sym-
metry-breaking Lagrangian. Thus, although we
disagree with some of the details of the work of
Weisz et al., our conclusion is substantially the
same as theirs. The need for further experimen-
tal work to clarify the situation in 1’ decay is ob-
vious. It is important to have improved measure-
ments on both the decay width and on the slope of
the Dalitz plot. We turn now to the details of our
work.

We label the four-momentum of the n’ by p’ and
that of the n by p. The pions are labeled by iso-
spin indices a and b, and they carry off four-mo-
menta ¢, and g,. We use the energy variables

V:"(q1"q2)'(p+pl)/4mn' (1)
and
Vp==qy " qy/2Mm,y . (2)

The method of current algebra can be applied to
n’ - nmm decay in precisely the same way that it is
used in 7N scattering. We use the method advo-
cated by Brown, Pardee, and Peccei.® A simple
alteration of their formula (6) expresses the n’ de-
cay amplitude as

v v \? m- \*
T (N’ = nm7) =By [onn' +<Fi-> a+ (Z) b +<m: > C] .
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Here a, b, and ¢ are dimensionless, nonsingular
functions, and o, measures the breaking of chiral
symmetry in the sense that

F'rrzonn'z% Z;l'(n'[xa’[Xa’"£sn]]l77l>- (4)

The X, are the generators of chiral transforma-
tions with an isospin normalization, and F, =92.6
MeV is the pion decay constant. It is important
to observe that at the special (unphysical) point
v =vy =0 the decay amplitude is determined by the
o term save for corrections of order m,* Since
the o term itself is of order m,? it should dominate
the amplitude at this point and thus be determined
by an extrapolation of the physical decay amplitude
into the unphysical region.

The experimental situation is far from clear.
The observed® variation of the amplitude in vy
gives

a/o,,,,:z59. (5)

The precise decay rate is not yet known; only an
upper limit” ', <1.3 MeV now exists. If one
takes this upper limit, divides out the phase
space,® takes the square root, and uses a linear
extrapolation in vy with a slope given by Eq. (5),
one gets

|0',ml|58.9. (6)

A theoretical estimate of this quantity can be
made by using the ideas of broken dilation invari-
ance. First we note that, with the symmetry-
breaking Lagrangian

—8gp =Uy+Cllg (7)
belonging® to the (3, 3*)® (3%, 3) representation of
the chiral group, Eq. (4) gives

FlPom=5(c+V2Xn|ug+V2uyn'). (8)

The constant ¢ can be estimated® from the mass
splitting of the meson octet to be about

c~-1.25, 9)

We now assume that, except for a constant, the
only part of the Lagrangian that breaks scale in-
variance'® is the chiral-symmetry-breaking term
U, +cug and that this term has a single dimension
d. This hypothesis yields a constraint on the trace
of the stress-energy tensor

~T#, =(4 —d)(u, +cu,) +const . (10)

that may be used to eliminate u, and put Eq. (8) in
the form

Fo2om=5(c+V2)c™ = V2)Xn|cug|n')

—féz—cjffmlr"uln'). (11)

The conservation of the stress tensor requires
that its matrix element has the general structure

(P T | ' (p') = (&"" k? — k*E") B, (k?)
+[ P*PY % ~ (P*RY +E*P')E - P

+g"(k « PY]B,(k?), (12)
where
k=p-p', P=p+p’. (13)

We shall assume that the form factor B,(¥*) van-
ishes, for it is associated with a tensor form in-
volving high (quartic) powers of the momenta. This
assumption is akin to that often made in *“hard-pi-
on theory” where quantities involving high powers
of the momenta in vertex functions are discarded.
In terms of an effective Lagrangian, our assump-
tion corresponds to the omission of interactions
involving a large number of derivatives. We now
have

(n|T*, [n')=3k*B,(k?), (14)

which should be a small quantity since the squared
momentum transfer ¥* in the 7’ — nw7 decay is
small. The omission of this trace gives

Flom=sc+V2)c™=V2Xn|cu|n'y.  (15)

The value of the matrix element {n|cu,|n’) de-
pends very much on the model employed for mix-
ing the unperturbed octet and singlet states. We
shall use a model that contains both wave-function
(A) mixing and mass (#) mixing and always work
only to first order in the mixing parameters with

e+ =20, do=n' = (6+M)n. (16)
It should be noted that the wave~function mixing is
not an orthogonal transformation. The effective
Lagrangian that will be presented below gives rise

to this pattern of mixing with only one constraint
on the two parameters, namely,

m.2 - 2\1/2
(= m,
N
n n

4., 2_ 1,2 _ ., 2\1/2
g<3m1r Ty zmn)
2
My™ = My

~0.18. 1

It should be emphasized that this is only a very
crude estimate, because the mass splitting m g

- m,,2 is of second order in the symmetry break-
ing. The formula (17) attributes the entire second-
order effect to mixing and neglects second-order
corrections to the Gell-Mann-Okubo mass rela-
tion.'' At any rate, our effective Lagrangian gives



=3

(nleug|n') = 2@2my? = my® = me2) 6= 2),  (18)

and thus

L+ VEVT e

O’ = 37

X3(2my? = my? = m,2)(0 = 1)

~11(6-1). (19)

Our result (19) will accommodate the experimen-
tal limit (6) with [A - 6|~ 0.8. If the rate turns out
to be close to its present upper limit, this would
require an uncomfortably large difference A — 6 for
parameters that vanish in the symmetry limit and
ought to be small. Our result (19) should corre-
spond to that of Weisz ef al.* if we set A=0 to con-
form with their mixing scheme. It does not, ex-
cept for the special case when d =2. This dispari-
ty arises, we believe, becauce some of their ap-
proximations are invalid. In particular, their Eq.
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(82) is not correct, as shown by an examination of
the tree graphs to the effective Lagrangian which
we now present.

We write

L£=L, = uy=Ccug, (20)

with £, invariant under dilation and under the
transformations of the chiral SU(3)® SU(3) group
while u, +cu, breaks these symmetries. We shall
use an octet matrix

1 8
@:F Z;}‘a¢a’ (21)
T a=1

where 2, are eight of the nine (3 x3)-dimensional
matrices that provide the defining representation
of U(3), normalized according to

tra A, =28,,, a,b=0,...,8. (22)

We can write £, in terms of this octet matrix and
an additional singlet field ¢,:

£,=32[3F,2tr(0,e7 ®)(0" e ?) +(8,0,)* + (8,x ] = 3e*™ (m 29,2 + V3 ed). (23)

It is well known!? that Lagrangians of this form are invariant under the chiral group. The presence of the
scalar field y makes £, dilationally invariant as well, as has been shown by Ellis and others.!° The sym-
metry-breaking parameter € appears here so as to forbid the coupling of the dilaton field x to the vacuum
in the complete Lagrangian. We take the symmetry-breaking field to have the form

u, = €e"™ tra,{ cos® +sin®[ ap, +Be X0, (2™ 8" p,)]}. (24)

This structure belongs to the (3, 3*)® (3*, 3) repre-
sentation of the chiral group.’? The terms identi-
fied by the factors a and B account for the ¢,-¢,
mixing with\the 8 term giving a wave-function-re-
normalization mixing. In this term we have ex-
ploited the freedom of adding a total divergence to
the Lagrangian, an addition that does not alter
physical amplitudes. Thus, we take the derivatives
to act on the singlet fields x and ¢, and not on the
octet field ®. This is done to ensure that the
equal-time commutator [A$, 8,A}] contains no de-
rivative of the 6 function. In order to explain the
precise structure of the derivatives, we need to
review briefly some formal aspects of dilation in-
variance.

The only result of dilation invariance that is
really needed is the trace condition on the stress
tensor, Eq. (10). The stress tensor can be de-
fined as the response of the action to variations
in the metric tensor g,,(x) when the Lagrangian
has been extended to be invariant against general
coordinate transformations,

T""(x)=z@i3—)f(dx/)ﬁ££. (25)

Such an extension is trivial, all that one need do
is to make replacements of the sort

8k, p~g""8,00,¢. (26)

We shall, however, not make this minimal substi-
tution for the (8,e2**)? contribution to the kinetic
energy. We shall instead replace it by R(e***g,,),
where R is the fully contracted Riemann tensor
with the metric tensor replaced by ¢**g,,. We do
this because v —g £, is now invariant under a
space-time-dependent scale transformation

gulx)~ ¥ g, (x), (27a)

x(®) = x(x) =07 E(x), (270)

with the other fields remaining unchanged. The
corresponding infinitesimal variation of the com-
plete Lagrangian is

0L =—0&(4-d)(u, +cug). (28)

This result is obtained because the derivatives in
Eq. (24) are placed in a manner that enables a co-
variant extension 9,(e***V=gg#”s,¢,) that is scale-
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invariant. If we now consider the variation of the
action, the field variation (27b) does not contribute
by virtue of the field equations, and we learn that

5 f(dxwfgs = f(dx)fZET“”%agw

= f(dx)f—ig‘T“"gwae

=—(4 —d)J‘(dx)\/:gT(uo +Cug)dk.

(29)

Since this holds for arbitrary 6&(x), its flat-space
limit gives the trace condition (10).

It is a straightforward matter to compute the o
term in the tree approximation using the Lagran-
gian (20). Such a calculation verifies the result
(18) that we previously quoted and, in addition,
gives a value for the matrix element of the trace
of the stress tensor

(l=TH, 1) = =D Sz m0-0). (30)
Here
p2=2v3 eb%d(4 -d) (31)

is the mass squared of the particle associated with
the dilaton field x. For reasonable values of this

mass, (L ~1 GeV, this trace contribution to the o
term (11) is indeed negligible.

The effective Lagrangian can also be used to cal-
culate the nonsingular remainder functions which
appear in Eq. (3). A short calculation shows that
it gives b=c =0 and

\/_ 4m:

“=3d FPm

z(‘/_ c) kz (x=19). (32)

We shall take d =3 as suggested by the quark mod-
el and by the broken dilation invariance calcula-
tions? of the ¢ term in 7N scattering. We shall al-
so, somewhat arbitrarily,’® take 4 =1 GeV. These
parameters give a slope

a/o gy =49. (33)

This result is independent of the factor (x - 6)
which cancels in the ratio. The number in Eq. (33)
is close to the experimental number 59 given in
Eq. (5). This agreement is probably fortuitous. It
is easy to add additional terms to the effective La-
grangian which preserve the symmetries that we
have imposed but which alter the value of this ra-
tio. Nonetheless, it is interesting that the imposi-
tion of dilation invariance leads to a derivative
coupling of the dilaton field with the meson fields.
And this derivative coupling leads to the result
(32), a result that produces a large slope.
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Sehgal has proposed that the anomalously low rate observed for the decay K g—- 2u can be
explained if there exists a neutral fermion A with mass <<} M;. We discuss the relevance of
a recent experiment at SLAC by Rothenberg et al. to Sehgal’s proposal. We estimate that if

" Sehgal’s hypothesis were correct, with a tantalum production target the SLAC group should
have observed between 10 and 10° lepton pairs produced by A interactions in their spark cham-
bers, while in fact only 2 two-prong events were observed. This poses considerable difficulty
for Sehgal’s hypothesis. However, because of the uncertainty in our estimates, we do not

believe it can be completely excluded.

Sehgal® has suggested that the anomalously low
rate observed for thedecay K9 — p*+ u~ (Ref. 2) can be
explained if there exists a neutral fermion A which
has a mass that is small compared to 3M x and
which couples to the known particles through an in-
teraction of the form

L=CRy M) +hy), 1)

where [, is a pseudoscalar neutral lepton current,
‘Is=1ysi +eyse, and kg is a pseudoscalar neutral
hadron current. We wish to point out that a recent
experiment at SLAC by Rothenberg ef al.? provides
strong evidence against the existence of such a
particle. Rothenberg ef al. set stringent upper
bounds on the cross section for the production of
neutrinolike particles by electron beams and their
subsequent detection in a massive spark-chamber
array. We shall show that the results of this ex-
periment put a severe restriction on the magnitude
of the coupling constant C in Eq. (1).

With the interaction described by Eq. (1), the dia-
gram shown in Fig. 1 gives an additional contribu-
tion to the amplitude for the decay K2 -2u. With
a suitable choice of the coupling constant C this
contribution can be made to almost cancel the ab-
sorptive contribution of the two-photon intermedi-
ate state, and thus explain the anomalously low
value observed for the decay rate. This leads

Sehgal to the condition
CMiE/4rz5a,

where « is the fine-structure constant. Further-
more, in order that the contribution of AX pairs to
the anomalous magnetic moment of the muon be
acceptably small, it is necessary that

CM2/4rs a.
Thus Sehgal concludes that

BasSCME/4rs a, (2)

if his hypothesis is to be consistent with existing
knowledge.

The experiment of Rothenberg ef al. was similar
to most neutrino experiments conducted at other
accelerators except that an intense electron beam
from the SLAC machine was used as a source, The
detector was an array of spark chambers with
aluminum plates that weighed a total of 20 tons.
These were situated at 0° with respect to a target
in the electron beam and were shielded by approx-
imately 11000 g/cm? of rock, which was sufficient
to stop all charged particles. Details of the ex-
periment are given in Ref. 3. In the course of the
experiment ~100 neutrino events were observed
with several different production configurations.



