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We use the effective-potential method of Balazs, applied earlier to n.7f and mE' scattering, to
calculate isospin-0 KK scattering, taking into account p, co, f, and A2 exchange, with param-
eters determined from experiment and SU(3), as well as Q exchange. We obtain self-consis-
tent values of 1008 MeV and 0.14 for the mass and reduced width of the Q in the KK channel,
compared with experimental values of 1020 MeV and 0.23. Using Q exchange with the self-
consistent values of the parameters, together with the other exchanges, then yields an f '
meson with mass and KK partial width of 1540 MeV and 31 MeV, compared with experimental
values of 1514 MeV and 53 MeV. We also correct a numerical error in the earlier K* boot-
strap calculation, and make some genera]. comments on the comparison of the pattern of
vector and tensor masses and widths obtained using the method with experiment; the over-all
results appear encouraging.

In two previous papers" we have reported rea-
sonably successful "bootstrap" calculations of the
p and K* mesons which employed the method de-
veloped by Balazs' for constructing an effective
energy-dependent potential. In each case we take
the potential to correspond to the exchange of the
vector and tensor mesons which are coupled to
the crossed channels; the inclusion of tensor ex-
change is important in obtaining results in good
agreement with experiment. Here we apply the
same method to KK scattering in the isospin-0
P wave in order to obtain theoretical values for
the P meson mass and width.

Since the method neglects inelasticity, one must
first ask whether it makes sense to apply it in a
situation where the threshold and resonance
masses are as large as in the case of KK scatter-
ing and the P. However, there are several favor-
able factors which suggest that melastic effects
indeed may not be large. In the first place, con-
servation of G parity prevents the coupling of the
isospin-0 P-wave KK system to any even number
of pions. One must still worry about the three-
pion channel. However, the experimental fact
that the Q has a KK branching ratio of about 80/p
(Ref. 4) suggests that it may indeed be permissi-
ble to neglect the coupling to three pions and make
the elastic approximation.

Before giving the results of the present calcula-
tion, we first wish to make a correction in the re-
sults of II; the correction in question also has a
bearing on the results of the present paper. The
values given in II for the ratios in the pen to pKK
and pww to pKK* coupling constants predicted by
SU(3) are too large by a factor of 2. [The error
resulted from incorrectly relating the ratios of

the decay widths to the values of SU(3) Clebsch-
Gordan coefficients in a case where both decay
products belong to the same SU(3) multiplet. ] As
a result, the numerical factors $ and 16 in Eqs.
(4a) and (3') of II should be replaced by ~4 and
16/W2, respectively. This means that the differ-
ence between the SU(3) prediction for the value of
the pKK reduced partial width [the parameter I"~
in the p-exchange potential as given by Eq. (3) in
II j based on the experimental p width, and that
based on the experimental K* width, is only half
as large as stated in II, and the corresponding
range of self-consistent K* parameters is thus
reduced. In particular, the best solution obtained,
namely, m~+=930 MeV and a K* width of 50 MeV,
now occurs with a p-exchange potential corre-
sponding to a pKK coupling constant about 40$
larger than that obtained from SU(3) and the ex-
perimental K* width, and about 60 larger than
that obtained from SU(3) and the experimental p
width. In II it was suggested that the difference
between the values of the p~ coupling, and hence
of the p-exchange portion of the mK effective po-
tential, obtained from the p, and from the K*
widths, together with SU(3) should give a reason-
able estimate of the uncertainty in the results due
to SU(3) breaking. If we confine the p-exchange
potential to this range, we obtain a range of self-
consistent K* masses of about 1000 to 1030 MeV,
so that the corrected theoretical values of the M
mass are in somewhat worse agreement with the
experimental value of 890 MeV, the discrepancy
now being 10% to 15%. The predicted value of the
K* width is insensitive to this change, and re-
mains in agreement with experiment, and the
other qualitative results of II, e.g. , the nature of
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V(r, s) =
-8Polm„l'„q,"(2j +1)P,.(1+s/2q„')e ~~"

v sm„r (2)

In Eq. (2), J3o, is a crossing matrix element whose
value is -,'or -', for the cases I=1 or 0, respec-
tively, q„=(m„'/4—m»'), where m» is the kaon
mass, and I"„is the reduced width of the ex-
changed resonance in the EK channel, and is re-
lated to I„,, the partial half-width in the energy-
squared variable by

r„=I„,m, /(8q„""). (3)

We note in passing that in this problem the u
channel (KZ) is exotic, so that, in our approxima-
tion where the potential is assumed dominated by
resonances treated in the narrow-width approxi-
mation, there is no u-channel contribution to the
potential.

There is first of all a contribution to the po-
tential from g exchange itself, so that we indeed
have a bootstrap situation. From (2) we find the
Q-exchange potential, V&, is given as

V@=-61'&m &(2q&'+ s)e ~" /(v s m er), (4)

where m& and I'@ are the mass and reduc-ed widih
[defined by Eq. (3)] of the P.

In addition to the exchange of the P itself, con-
tributions to the potential binding the Q can
come from the exchange of the p, ~, f, and A, .
(We neglect the f', whose effect would be small
because of its large mass. ) We will take the pa-
rameters of these particles from experiment,
combined, where necessary, with SU(3), in con-
structing their contributions to the potential,
though we note, as a matter of principle, that one
could avoid experimental input by using the re-
sults of I together with SU(3) and would arrive at
essentially the same results.

If we neglect, for simplicity, the small mass
difference between the p and &u (this has a negli-
gible effect), we may combine the p- and ~-ex-
change contributions into a single term, Vp in
the potential. Putting numerical values into Eq.

the Regge trajectories, are unchanged.
Next we ask what exchange forces should be in-

cluded in constructing our potential in the KK
case. If we write the Schrodinger equation in the
form

(V + u )q(r) = V(r, e)y(r),

then the contribution to the potential for isospin-
0 IQC scattering due to the exchange of a resonance
of mass vs„, spin j, the isospin I in the t channel
(we use the usual Mandelstam variables s, t, and

u, with s being the c.m. energy in the direct chan-
nel) is given by' (in units with I= c = 1)

2
Y~ K+Kft' y

(6a)

(6b)

where I'p and I'~~~, are, respectively, the re-
duced partial widths for the decays p- mn and
E*-En. Using the experimental values4 of I p„,
and I'»~»„Egs. (6a) and (6b) yield I'~ =0.105 and
I'p =0.14, respectively, where, as discussed
above and in II, the difference in these two num-
bers seems a reasonable estimate of the uncer-
tainty due to SU(3) breaking. A similar ambi-
guity enters in determining I' . Let 1,be the re-
duced partial width for the isosinglet member of
the vector octet in the limit of exact SU(3). Then

(7a)

(7b)

The physical ~ is related to the members of the
vector octet and singlet by

[ &u) = -sin 8
~ 8) + cos 8~ 1),

where 8 is the v-Q mixing angle. Since, in the
limit of SU(3), the singlet particle cannot decay
into two pseudoscalar mesons in a P state because
the over-all [space-plus-SU(3) j wave function of
the final state would be antisymmetric, Eqs. (7)
yield

I' =-,' sin'6I'p„ (8a)

(Sb)=2 sin'8 I'

Using the usual value of the mixing angle obtained
by requiring the Gell-Mann-Okubo formula to
hold for the vector octet, Egs. (8a) and (8b) yield,
respectively, I =0.14 and I' =0.22. In deter-
miriing Vp, we take the value of I

p
based on the

E*width, i.e., 0.14, since that gives the best re-
sult in the A. * bootstrap of II. We take the value
of I' which, of course, does not enter in the E*
case, in our present calculations to lie at the
lower end of its range, i.e., I =0.14, since this
turns out to yield the best agreement between the
"bootstrapped" values of the Q parameters and
experiment. However, as we shall see, the re-
sults are quite insensitive to variations of I in
the indicated range, partly because the importance
of the co-exchange force is suppressed by the
small value of the crossing matrix element.

(2), one obtains

Vz =-65(&I'~+-', I )(-10.6+s)e™&"/(v smear).

(5)
Assuming that the reduced widths, as defined by
(3), are proportional to the sc(nares of coupling
constants which obey SU(3), one has for I'~ the
reduced partial width of the p in the KK channel
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Lastly we write down the f a-nd A, -exchange con-
tributions to the potential. As in the p~ case,
we neglect for simplicity the small f-A, mass dif-
ference, and combine the two contributions into
a single term, V&„,which is given by

-37.2(-,' I'~+ $I'„)[-,' (7.4+ 0.5s)' —27]e

Wsm„r

The values of 1"z and I„,the reduced partial
widths of the f and A, obtained from experiment, ~

are 0.15 and 0.12, respectively. There are rather
large experimental uncertainties in the KKbranch-
ing ratio of the f and hence in the value of I'f,
however, as with the ~, the importance of f ex-
change is suppressed by the crossing matrix, and
our results are very insensitive to even large vari-
ations in this branching ratio.

We now insert Vp and V» as determined above
into the Schrddinger equation (1), together with

V&, compute the output P-wave amplitude, and
seek input values of m & and I'@ which generate an
output resonance with the same parameters. We
find we obtain self-consistency for the values rn @

= 1008 MeV and I"@—-0.14, compared with the ex-
perimental values of 1020 MeV and 0.23 + 0.02.4

A reduced partial width of 0.14 corresponds to a
partial decay width of 2.1 MeV for a P of mass
1020 MeV in the KK channel, compared with the
value of about 3.5 MeV based on the observed
width and branching ratio of the Q. The actual
width of our theoretical resonance at 1008 MeV
is 0.7 MeV. However, because we are so close
to threshold, the actual resonance width is very
sensitive to the resonance mass, and it seems
clear that the reduced mass is the significant
quantity. We do indeed find that the actual reso-
nance width in energy produced in the effective
potential calculation does scale almost exactly
with the quantity q&'/m &', while the reduced width

remains almost constant as the position of the res-
onance changes. For example, a change of about
30% in the input P width moves the output reso-
nance position to 1020 MeV and triples the output
width, while leaving the output partial width es-
sentially unchanged. Thus it seems clear that the
small physical width of the resonance in our mod-
el reflects, not a factor-of-3 disagreement with
experiment, but simply the small difference in
the theoretical and experimental P masses. Hence
we conclude that we obtain a "bootstrapped" val-
ue for the Q mass in essentially exact agreement
with experiment, and a value for the width which
differs from the experimental value by about 40%.
Interestingly, the width here turns out to be too
small in contrast with the results of many boot-
strap calculations. '

As we have mentioned, there is some ambiguity
in the results, due to the uncertainty in I' . How-
ever, the sensitivity to variations in I" is not
large. If we choose it at the high rather than the
low end of what we have suggested as its reason-
able range, i.e., we take it to have the value of
0.22 based on the K* width, then the bootstrapped
value of the Q mass is decreased by about 40
MeV (so that the Q becomes a bound state) while
the reduced widths remains almost unchanged.

Before proceeding, we should, perhaps, note
that there is no sign of a second bound state in the
isospin-0 KK P wave. Such a state should appear
if the ~ were primarily a bound state in the KK
channel. There is, however, no reason to suppose
that is true; it seems much more likely that other
channels, e.g. , np, are dominant in producing the
cv, so its failure to appear in the current calcula-
tion is not surprising. In terms of SU(3), one
might expect that, having successfully obtained the

p and K* in I and II as resonances of two pseudo-
scalars produced by vector and tensor exchange,
one should similarly be able to generate the par-
ticle corresponding most closely to the remaining
member of a vector octet, i.e., the Q. There is
no reason why one should expect to obtain the ninth
vector meson, an SU(3) singlet, which, in terms
of physical particles, corresponds most closely
to the ~, in a calculation of pseudoscalar-pseudo-
scalar scattering, in view of the decoupling of an
SU(3)-singlet-vector particle from decay into two
pseudoscalars.

Having obtained the self-consistent Q parameters,
and hence determined V@, one can now calculate
the KK isospin-0 D-wave amplitude. From the

behavior of the p and K* trajectories in I and II,
we expect that, in the present calculation, the
calculated Regge trajectory passing through the
output Q resonance, which we have already ob-
tained, will rise at least through j=2, so that we

will find a D-wave KK resonance. In nature, the

Q and f' Regge trajectories are approximately
exchange-degenerate. Since, in our present cal-
culation, we have exact exchange degeneracy, due
to the absence of any contribution to the potential
from u-channel exchanges, the D-wave resonance
which we obtain theoretically should correspond
to the f'. It is true that, in nature, the f will also
appear as a j = 2 resonance coupled to the KK chan-
nel. However, experimentally, the main coupling
of the f is to the mn channel. Moreover, from the
theoretical point of view, we obtained in I an f
in good agreement with experiment in a calcula-
tion involving nn scattering. Therefore, we wouM

not expect to obtain a resonance corresponding to
the f in a calculation of KK scattering. Put an-
other way, one would expect that the f would
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have to be inserted "by hand, " i.e., that it would

be a CDD pole, ' in a KK calculation. Moreover,
if there were a j =2 resonance in the theory at
as low a mass as that of the f, then the Regge
trajectory passing through it would give, by ex-
change degeneracy, a bound state in the Pwave
lying below the Q, i.e., the ~, which we have
already seen is not present. A single-channel
calculation of the f' is less. justifiable than for
the Q, both because of the rather high energy,
and because the D wave can couple to two

pions. One can only attempt to justify it in

terms of the experimental dominance of the KK
decay mode of the f', and, a posteriori, in terms
of the fact that the calculation is relatively suc-
cessful. Turning to the results of the calculation,
we find a single output j = 2 resonance at a mass
of 1540 MeV with a width of 31 MeV. As in the
case of the P, the predicted mass of the f' is in
good agreement mith the experimental value of
1514 MeV, mhile the predicted KK partial width
is roughly 60'%%uo of the experimental value of about
53 MeV, though the predicted value of the partial
width essentially agrees with the experimental
value to within the rather large uncertainty in the
latter. 4 Strict self-consistency would imply that
the f' also be included in the input potential. As
mentioned previously, we have not done this. The
combination of the large mass and rather small
width of the f' and the small size of the relevant
crossing matrix element mean that the inclusion
of f' exchange in the input would have almost no
effect on the output.

It seems appropriate here to make some gen-
eral remarks concerning the results of I and II
plus the present work. Using the effective poten-
tial approximation for the scattering of various
combinations of pseudoscalar mesons, with the
forces taken to be those due to the possible ex-
changes of vector and tensor mesons, we have
obtained bootstrap values for the masses and
widths of the eight members of the vector-meson
octet by requiring that the input and output values
of these parameters be self-consistent. We not
only find theoretical resonances corresponding to
each member of the octet, but the self-consistent
values of the masses and widths are in fair to
good agreement with experiment; the worst dis-
agreement for the masses is about 11$ for the K*,
and in widths about 40'%%uo for the g. The calcula. —

tion is free of adjustable parameters except for
the limited uncertainty, due to SU(3) breaking,
in the values of the pKK and cuKX couplings, an
uncertainty to which the general nature of the re-
sults is, in any event, insensitive. With this ex-
ception, all of the parameters entering the cal-
culation are either determined self.-consistently,

or, in the case of some of the tensor masses and
decay widths, and of course the pseudosealar
masses, taken from experiment. In the language
of SU(3), given the average mass and mass split-
tings within the pseudoscalar octet, we have shown
that the effective potential procedure allows one
to account reasonably successfully for the average
mass, mass splittings, and decay widths of the
vector octet. This seems to us to offer rather
encouraging support to the point of view that the
vector mesons are composite particles, and that
they may reasonably be regarded as composed
primarily of two pseudoscalar mesons, with other
channels not being of great importance in their
formation.

The pattern of the results for the j =2 reso-
nances is slightly more complicated, but appears
also easily comprehensible. In I and the present
work, we found the model gives good results for
the parameters of the f and f'. We note that ex-
perimentally these are the two members of the
tensor nonet whose decays are strongly domi-
nated by modes involving two pseudoscalar me-
sons. In II, we found that, although the force in
the nK isospin-1 D wave is attractive, no reso-
nance, corresponding to the K**(1420), was gen-
erated, at least up to a mass of 2 BeV. This
suggests that the effect of the symmetry breaking
due to the mass differences within the pseudosca-
lar octet is so severe that, if channels involving
two pseudosealars were the only ones present, the
tensor octet would be incomplete, or at least very
badly split, and that at least one other type of re-
action is crucial in forming the K**: Presumably,
this would be channels involving vector-pseudo-
scalar scattering, in agreement with the presence
experimentally of important Kp and K*@ decay
modes of the K**. We have made no attempt to
calculate the A„since even if one considers only
channels involving two pseudoscalars, one still
has a coupled channel (KK isospin 1 and vq) prob-
lem to deal with. However, in view of the above
remarks and the experimental dominance of the
np decay mode of the A, , we would expect (and
hope) that even if one carried out a coupled chan-
nel KK-nq calculation, any j =2 resonances ob-
tained would be at a much higher mass than the
experimental A., mass, and that the inclusion of
the mp channel would be vital in a successful cal-
culation of the A, If the A, is generated primarily
in the np channel, exchange degeneracy in the re-
action n'p -p n' mill then give a j=2 state with
isospin 0 (i.e., the &u) at the j =1 intercept of the
A, trajectory, so that one would have a dynamical
explanation of the exchange degeneracy of the co

and A, trajectories. The dynamical origin of the
degeneracy of the p-f and ~-A, trajectories would
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remain obscure, and would appear as a numerical
coincidence in this picture, since they would be
generated primarily in different channels (mm and

mp, respectively} and the KK channel, in which
all appear, wouM not be terribly important in
determining their properties. In any event, the
effective potential model considered in I, II, and

the present worp seems to correctly predict,
'

apart from the A, for which the calculation has
not been done, which of the tensor mesons are
dominantly coupled to a decay channel containing
two pseudoscalar mesons; and, for the two (f and
f'}which are so coupled, it gives good predictions
for the masses and widths.
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