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Tests of Hadronic Bremsstrahlung Production at Large Nucleon Momentum Transfer*

H. M. Fried
DePartment of Physics, Erozen University, Providence, Rhode Island 02912

and

T. K. Gaisser
Bartol Research I"oundation of the I'ranklin Institute, Szoarthmore, Pennsylvania 19081

(Received 21 August 1972)

It is suggested that hadronic bremsstrahlung may become the dominant production process
in nucleon-nucleon reactions at large momentum transfer to the final nucleons. Correlation
tests are proposed to distinguish the model from other models of inclusive processes.

As the multiplicity of mesons produced in inelas-
tic hadron reactions continues to increase with
incident particle energy, it becomes possible to
distinguish between competing theories of such
production. ' Specific tests involve the measure-
ment of correlations, or fluctuations, in the in-
clusive probability distributions for a finite num-
ber of measured particles, with different models
generating different forms for the energy depen-
dence of the emitted particles. ' The purpose of
this note is to remark that there exist elementary
correlation tests for the validity of the hadronic
bremsstrahlung model, ' a model which may be-
come important in inelastic proton-proton colli-
sions at large nucleon momentum transfers. Here,
pions are produced by the decay of soft, neutral
vector mesons (SNVM) which are shaken off by the
nucleons as they scatter. One neglects finite-
width corrections of the NVM-pion decay in order
to avoid introducing correlations between decay
pions of like charge. 4

This simple picture of SVM bremsstrahlung is
quite similar in principle, if not in detail, to well-
known "limited correlation" models, ' and permits
a certain theoretical ease in deriving distributions
which may be compared to incipient bubble-cham-
ber and hybrid-system data. ' Just as wide-angle
elastic PP scattering may be qualitatively under-
stood on the basis of a generalized eikonal model, '
so may one intuitively expect the bremsstrahlung
mechanism to become important when nucleon mo-
mentum transfers become large. The SVM brems-
strahlung mechanism is insufficient, by itself, to
describe the majority of low-momentum-transfer
events, since the single-SVM distribution function
vanishes at X=P~~ /P~~ =0 for smallP .' The
low-momentum-transfer events are presumably
due to a peripheral production mechanism (diffrac-
tion dissociation and/or multiperipheral produc-
tion) and are apparently characterized by a Gaus-
sian transverse-momentum dependence. ' In con-

trast, hadronic bremsstrahlung is characterized
by an inverse power dependence on momentum
transfer to the final nucleons. Hadronic brems-
strahlung may therefore eventually become the
dominant production mechanism outside the periph-
eral region. ' The transition between the two re-
gimes may be expected to occur for final nucleon
transverse momenta squared in the regiori 2.5
—3.5 (GeV/c)', as we show below in our conclud-
ing remarks. To test the model in its proper re-
gion of applicability, we suggest the following
analysis of these anticipated National Accelerator
Laboratory (NAL) experiments.

From the array of final charged-particle tracks
in a typical PP bubble-chamber picture, one se-
lects those with two outgoing protons only, "cor-
responding to a fixed set of (six) invariants con-
structed from the proton 4-momenta. One at-
tempts to pair each of the charged-pion tracks
with another of opposite charge, and determines
in this way which pairs may be considered to have
originated in the decay of a p'. Those pions which
cannot be so identified must arise from &u (or oth-
er resonance) decay, or from nonresonance multi-
peripheral mechanisms. If the n' from ~ decay
could be identified, the number of such NVM's
measured would be considerably higher, but if
only charged pions are to be measured, this anal-
ysis picks out the p' decays only. If the brems-
strahlung mechanism is valid, one expects the
relative number of such observed p' to increase
with nucleon momentum transfer, ' as shown in
Fig. 1. (A less definitive test would be simply to
measure correlations between pions of like charge
at large values of nucleon momentum transfer. )

Each pair of so-labeled pions defines a parent
p' of appropriate 4-momentum k; a sufficient num-
ber of such events permits the introduction of one-
and two-particle inclusive distribution functions,
p(k) and p(k„k, ), constructed at fixed nucleon mo-
menta. These functions may then be compared
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Pla. 1. Differential SNVM multiplicity as a function of final nucleon angle at various incident energies.

with approximate theoretical distributions sug-
gested by the bremsstrahlung model, below. The
most elegant way of derivation makes use of tech-
niques recently described by deoroot, and by Bas-
setto, Toiler, and Sertorio, in their discussions
of the uncorrelxted jet model, ' producing approxi-

mate results resembling earlier results of Van
Hove. " The "total" cross section (a two-proton
inclusive distribution) summed over all emitted
mesons for fixed final nucleon momenta P„p4 is
given by

e(p, p )=Q —,f dkfdk lr, (p„p;,p„„p„k, k„)I'2"'(Q —Q 2,.),
n=O i=1

where d'k=(f'k/o), and (I)=—p, +p, —p, -p, . The
class of limited correlation models may be de-
fined by the replacement

I T(p„p.;p.,p. , k, ~ ~ ~ k.)l'- I T.(p„p.;p.,p.)l

&&f(k ) ' ' ' f(k„),
(2)

where f(k) implicitly depends on P„P„P„P,in
some model-dependent way; e.g. , deoroot uses
(in the c.m. system) f f(k~, k)(/p, ), while the
bremsstrahlung model may be defined by

g ~i ~2 P3 ~4
P (ke)' k P, 'k P, k P, k P, ) '

The "limited" correlations of such models are
those due only to energy-momentum conservation.

Inclusive meson distributions are most conve-
niently written in terms of the "grand partition
function"

C(Q)=(ke) f d ee'e'exp d'kf(k)e

where the implicit P„P„P„P,dependence of f(k)
is also understood to be present in C(Q). For
fixed nucleon momenta, and hence fixed (I), one
has
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1 dv——= p(k)vdk
whereupon (9) reduces to

exp[-ak, k,'+-,'b(k,"&u, +k," &u, ) —c&u, &u, j, (10)
= f(k)C(Q —k)/C(Q)

1 d2v

r d'k, d'k,

(4) with a, b, c three constants (functions of nucleon
momenta). A very crude but very simple estimate
of 0 ' may be obtained by replacing the k„k, fac-
tor in the integrand of Q„„by 45„,k'. Then

= f(k,)f(k, )C(Q —k, —k, )/C(Q) . (5)

By using (4) to eliminate the f(k) dependence of (5),
there results '

p(k„k, ) C(Q)C(Q —k, —k, )
p(k, )p(k2) C(Q-k, )C(Q-k, ) ' (6)

where A = fdk f(k)i„, k," = Jd k k„f(k)i „„and 0„„
= fdk f(k)k„k, ~ „,. In each integrand, a cutoff p, ,
has been introduced in the manner of previous
computations, ' while the Gaussian integral of (I)
exists and may easily be computed:

C(Q)-(2))) [det0]-'" exp[--,'Q 0 ' Qj. (8)

All A and k," dependence, which drops out of the
ratio (6), has been suppressed. Equation (8) is
equivalent to the results obtained by the use of
the central limit theorem, as in Ref. 11, and is
valid in this model context when the multiplicities
are very large. With (8), one immediately finds
correlations given by

p(k„k, )-

(k )'(k }
=exp[-k, 0 ' k, ], (9)

where the (0 ')„„components depend upon fixed
nucleon momenta.

Equation (9) ean readily be tested by observing
those p, of small transverse momenta, k, -o,

in which it is assumed that the C(K) are themselves
nonsingular distributions, so that the ratios (4}
and (6) are sensible.

Equation (6), which is valid for all limited cor-
relation models of this sort, suggests a simple
test of the bremsstrahlung model, in which the
arithmetic forms correspond to the emission of
relatively soft (in the c.m. system) NVM's. An

analytic evaluation of (3) is quite difficult, but the
physical picture suggests the use of an approxima-
tion which generalizes a previous "dipole" approxi-
mation employed in wide-angle estimates' of elas-
tic reactions: For "large Q" and "small k, " only
small values of k ~ z should be important, and one
expands the exponential factor of (3}up to and in-
cluding its quadratic z dependence,

(:(())-(iz) e f d z exp[i(i) —k ) z ——',z„ZZ „z„],

npv--4I 25pv dk k
&c

--4 p, '5„„(v),
where (v) represents the "differential multiplicity"
for these fixed-proton-momentum reactions. '
Then (9) becomes

exp[4k, k2/p (v) ]= exp[-2(s» —p, 2)/pm( v) ],
where s» denotes the (positive) invariant -(k,
+k,)'. For the special case of R~(r2) =0, and sizable
longitudinal momenta, one has more negative cor-
relation when k, and k, are in opposite hemi-
spheres (2k, ~ k, --4&v, &u, ) than when they are in
the same hemisphere [2k, k, -—p, '(~,/&u, + &u, /~, )].
In this aspect the correlations are similar to
those of Ref. 2, but their detailed forms are quite
different.

The estimate (11) replaces the ratio (9) by a
number which never exceeds unity, thereby em-
phasizing an expected lack of positive correlation
in this bremsstrahlung model. If large nucleon
momentum transfer experiments do not display
the large positive correlations suggested in anoth-
er context in Ref. 2, it would be worthwhile to
examine the data according to (10). If (10) appears
to be roughly correct, separate measurements of
(4) and (5), along with more careful estimates of
C(Q), would be in order.

To conclude, we summarize various predictions
of the hadronic bremsstrahlung mechanism of par-
ticle production, and estimate the region in which
it may be the dominant process of meson produc-
tion. The specific picture we use is that, at high
energies and large momentum transfers to the
nucleons, the dominant process is single-hard-
meson exchange accompanied by SNVM brems-
strahlung. This generalizes to inelastic PP scat-
tering the eikonal picture of Ref. 7.

We emphasize that the prediction for the SVM
differential multiplicity ( v) (the quantity corre-
sponding to the pion differential multiplicity H of
Anderson and Collins'} does not depend on the de-
tails of the hard-meson exchange, since this can-
cels out in the calculation of (v). The differential
multiplicity is, however, proportional to y. ,&, the
parameter which combines the effects of momen-
tum cutoff p, „SVM-nucleon coupling g, and our
approximate way of enforcing energy-momentum
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conservation. Since the corresponding quantity

y,&
that enters into the elastic PP calculation de-

pends only on p, and g (energy-momentum con-
servation is exact here), there is no a priori rea-
son to have y„=y. „. In Ref. 3, y „was chosen to
satisfy y. „«y„ in order to obtain a coefficient of
Ins for the total multiplicity that was in accord
with the experimental value. In view of the fact
that hadronic bremsstrahlung is not the dominant
contribution to particle production at small values
of momentum transfer to the nucleons, 4 it is more
natural to choose y „~y„. The total multiplicity
due to the hadronic bremsstrahlung is small (neg-
ligible compared to production via a peripheral
mechanism) and is either constant or logarith-
mically increasing with energy, depending on the
details of the hard-meson-exchange amplitude at
large t, as well as on the precise relation between

3
y,) and y,)

It will be argued below that

(12)

with q the (c.m. ) nucleon elasticity, is a simple
and reasonable choice for y- „which incorporates
energy-momentum conservation in a consistent
way and leads to constant total SVM multiplicity.
In Fig. 1 we plot the differential SVM multiplicity
for various primary energies with this choice of
y. „and q =-', ." The value of p, '-3 (GeV/c)',
above which the hadronic bremsstrahlung process
is expected to dominate, is indicated in the figure.
It is outside the accessible kinematic region at
q =2 and Ehb=30 GeV. We have made the assump-
tion that most events correspond to the final nucle-
ons having zero total momentum in the c.m. sys-
tem. The last assumption was also made by An-
derson and Collins' in deriving values for the dif-
ferential multiplicity to compare with the 30-GeV

pP experiment. Furthermore, the data they use
have inelasticities in the range 0.25-0.8, so that
—,
' is an appropriate elasticity for comparison. The
differential multiplicity was compared with experi-
ment in Ref. 9 by a model-dependent calculation
that involved evaluating the phase space for n„
pions and comparing differential phase-space
shapes with single proton cross sections at vari-
ous angles to determine n„as a function of proton
angle. In general, and in the present model, (v)
also depends on inelasticity. Furthermore, com-
parison between our prediction for (v) and that of
Anderson and Collins for n„ is to be treated with
caution because (i) their phase-space integrals
are evaluated for pions, and (ii) at 30-GeV lab
energy and inelasticity --,' the maximum number
of p's that can be produced is four or five, so that
kinematic limits are important here. Further-
more at g = —,', the range of P~ values at which had-
ronic bremsstrahlung may begin to dominate is
possibly beyond the kinematic limit. Nevertheless,
the similarity between the two results for differ-
ential multiplicity is encouraging.

To estimate the value of final nucleon transverse
momentum for which the hadronic bremsstrahlung
mechanism may begin to dominate peripheral pro-
duction processes we make a specific assumption
for the single-hard-meson exchange that gives
rise to the large-angle scattering, and calculate
the resulting single-proton distribution. The trans-
verse momentum dependence calculated from had-
ronic bremsstrahlung ean then be compared with
the experimentally observed Gaussian falloff of
the peripheral process to locate the critical value
of Pj.

The bremsstrahlung-model expression for the
single-nucleon inclusive distribution is [see Eq.
(7) of Ref. 4]

0'

(13)

where

K(x) =- e "'"f(k, P„P ', s )
d'k

(14)

and f is the factor associated with the emission of an SVM.' The differential multiplicity is related to K
by

K(0) = (v) = -2y [Fj(t»)+F(t„)+F( ) uF( +)-uE(4m' -s) -F(4m'-s, 4)],

where s =-(p, +p, )', s~=-(p, +p4)', t»=-(p, -p, )', u„=-(p, -p, )', etc. The quantity
~
M, ~' is the spin-

averaged "elastic" amplitude squared for P, +P, -P, +p„with s~ ~ s.
We approximate Eq. (13) as in Ref. 4 by neglecting the x dependence inside K(x) and assuming that the

dominant contribution is for (p, +p, ), = 0 so that t„=t„=tand u„=u„=u. Thus (fr-om now on all energies
and momenta are expressed in the c.m. system)
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, d cr m 8
I Mol r(o)

d'P' &'Z'I viol E 8s' (16}

where P(q) is the relative probability of producing elasticity =q. It is normalized to unity. When we now

split the "elastic" amplitude into a factor M~, containing the single hard-meson exchange, multiplying the
elastic eikonal factor' we have

d g p

4 g I
Msl' expI2(y. ~-y „)[2E(t)+2E(u)-F(4m'-s)-F(4m'-s„)) .d'P' 16E2E'm 2~ p

In general, y;„„=y(q) must satisfy y „(1)= 0, and it must be small enough so that the differential SVM
multiplicity does not violate energy conservation. It is otherwise unknown. For simplicity we assume the
form stated in Eq. (12). With y„=2—, (taken from the fit to elastic pp scattering in Ref. I) this choice en-
forces energy conservation well enough for the present calculation for energies as low as Z„b = 30 GeV."

For single-pion exchange the quantity —,'Ql Mslo is independent of s for large s, so that the corresponding
E'd'o/d'p' vanishes as s -~. We therefore use single-vector-meson exchange for M„and find

1 I, gp» 4tm'+ (s -2m')(s„- 2m')+ (u-2m')' (s -2m')(s„-2m')+ 2m'(t+ u) —m'(s+s„)
(t -m, ')' (u-mp')(t-mp')

4um'+ (s —2m') (s ~ —2m') + (t —2m')'
(u- mp')' (18}

This expression, together with Eq. (17), consti-
tutes the model approximation for the single-nu-
cleon distribution outside the peripheral region.
For m «P, «Po Eq. (18) simplifies considerably
to

—' g IM„I'=~",

In the same limit

2F(t)+2F(u) -F(4m'-s)-F(4m'-sM)

= -21n 0.4 —,P~

(20}

so that we have

served in Ref. 8. The transition takes place in the
rage 2.6 (GeV/c)' ~p, '~ 3.6 (G V/c)'. "

It is interesting to note the qualitative resem-

IO

10

O
~ cv 1O

C9

d 0' 2 2

E I +ps' op( )d'P' 4m P

0.4
&& exp -4gyo, ln

'
P „'

n
(21)

~b ~~
mm lo

UJ

IO

a scaling form for the inclusive nucleon cross sec-
tion in this region.

To estimate numerically the range of P~' for
which hadronic bremsstrahlung dominates periph-
eral production processes we take' y„=2—,',
gp» /4m=1, and P(q) =1. Then

d 3O f 9&+2
E'

o =C'rl (2.5'rl) " p,

10

10
2 5 4

p' (GeV/c}

where C'=1.6 mb/(GeV /c') if P is expressed in
GeV/c. This function is compared in Fig. 2 with
the Gaussian falloff of the peripheral process ob-

FIG. 2. Transverse-momentum dependence of the
single-proton inclusive cross section: Comparison of
hadronic bremsstrahlung model prediction with Gaussian
falloff at large p~2.
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blance of Fig. 2 to the deviation from Gaussian
transverse momentum dependence observed by
Marmer et al."in the process PP -P +anything.
The beam momentum in this experiment (12.5
GeV/c) is, however, so low that the resemblance
is inconclusive.
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