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A partial-wave analysis of the charged three-pion system in the reaction ~ p pz TL ~
for incident 7l momenta from 5 to 25 GeV/'c shows the existence of a broad enhancement
(- 300 MeV) in the J~ = 2 fx (S-wave) state in the region of the A3(1650). No other state
(J» 4) shows structure in this region. Upper bounds for pm and e 7L. decay modes of the
A3 are given. The interference of the 2 f~ (S-wave) amplitude with other amplitudes has
been observed. The mass variation of the phase of the 2 fr (S-wave) amplitude measured
with respect to the phases of other amplitudes does not show the behavior expected for the
relative phase between resonant and nonresonant amplitudes. Results are given on the
polarization and momentum-transfer dependence of the A3 and on the A3 production cross
section as a function of incident ~ momentum.

I. INTRODUCTION AND SUMMARY

The A, is an enhancement at M -1.65 GeV ob-
served in the three-pion state produced in the
reactions ~'p- r'm'm p. ' Estimates of the A3
width have ranged from 0.05 to 0.4 GeV. A sub-
stantial fraction of the enhancement is believed
to occur in the f'w channel, ' ' but enhancements
in other channels —in particular in the "direct"
3~ channel -have also been reported. ~' The proz-
imity of the A, to the f'm threshold has led to the
guess that the A., may have spin-parity J =2 and
also to the speculation that it may be a Deck'
rather than a resonance phenomenon. Previous
studies' have not led to an unambiguous deter-
mination of the spin and parity of the A, Recent-
ly the analysis of an 11.7-GeV r' experiment has
led Caso et aL.' to conclude that the f'm contribu-
tion to the A., enhancements in other spin-parity
states (in particular in the state J =0, decaying
into e'w) were also found in this study

In this paper we present a detailed account of
an analysis of the 3r system observed in a series
of m p- m m m'p experiments at incident momenta
from 5 to 25 GeV/c. By a method' based on fitting
the complete "decay" distribution (Dalitz and
angle variables) of the 3v system we have sorted
out the contributions of different spin-parity
states (for J &4) and of different decay modes
(e w, p'm, f '~, and -to some extent —"3w"} in
the A., region (VI„=1.5-1.8 GeV) and considered
in detail the M, „dependence over a wider region.

Our results concerning the A, phenomenon are:
(1) The only J state showing an enhancement in

the A. , region is J =2 .
(2) The only channel showing an enhancement in

the A, region is in the f'm channel, with orbital
angular momentum l =0. No enhancement is seen
in the channels e'm, p m, or 3r either for J =2
or any other J state.

(3) TheA, enhancement, 4 =2 (S-f'71},' is
well fitted by a Breit-Wigner shape with M =1.66
+0.01 GeV and I'=0.27+0.06 GeV.

(4) The interference term between the produc-
tion amplitudes for 2 (S-f'v) and 2 (P- p'w) has
been observed. Although the S wave peaks in the
A. , region and the P wave does not, the relative
phase does not vary significantly with M3, .

(5) The interference terms between the produc-
tion amplitude for 2 (S-f'm) and the amplitude
for the states 0, 1', and 3' have also been ob-
served. Again, although only the 2 (S}amplitude
peaks in A. , region, no variation of the relative
phases with M, „ is observed.

(6) The differential cross section do/dt' for
A, (2 S) production decreases exponentially with
t'. ' The observed exponent j,s 7.7y0. 8 GeV

(7) The polarization of the A, has been ob-
served. In the t-channel frame, the most im-
portant magnetic substate is

~
2 0), with a small

but measurable contribution in the substate
~
2 1)

—~2 -1). The polarization, in the t-channel
frame, does not depend significantly on t'.

(8) In the range 11-25 GeV the dependence of
the m P-A, p cross section on laboratory momen-
tum is consistent with a power-law dependence.
If such a power-law dependence is assumed the
power is -0.8 +0.3 and the cross section for pro-
duction of A, (more precisely for production of
J~=2 -f'w- m'm w, with M„=1.5-1.8 GeV and
t'&0. 7 GeV') in the reaction v P-A, p is 35 +4 pb
at 16 GeV.
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TABLE I. List of experiments with the number of m-P p7r'7t 7t events at each momentum.

Momentum
(GeV/c) No. of events

No. of events
in Q& region ~ Group

5
7

7.5
11
13
16

18.5
20
25

26251
5483

10904
3403
2150
5186

4799
3680
2119

1073
391
707
403
233
584

548
401
253

University of Illinois
Toronto-Wisconsin
University of Illinois
Genova-Hamburg-Milano-Saclay
Harvard University
Aachen-Berlin-Bonn-C ERN-

Heidelberg
Notre Dame University
Harvard University
U'niversity of Wisconsin

This region is defined by 1.5 & M&~ & 1.8 GeV, t' &0.7 GeV . For 11-25-GeV//c experiments events with 1.16 & M& ~+
&1.32 GeV are excluded. For 5—7.5-GeV/c experiments events with M&„+ &1.4 GeV or 1.16 & M& &1.32 GeV are ex-
cluded.

II. EXPERIMENTAL DATA

The data discussed in this paper come from a
study of the reaction m p-Pm m m' in a series of
hydrogen bubble-chamber exposures at incident
momenta from 5 to 25 GeV/c (see Table I). In
this section we survey the main features of the
data. Because of the problems caused by the
presence of strong ~" and 4' signals at the lower
incident momenta, we present separately the re-
sults of the low-energy (P„»= 5, 7, 7.5 GeV/c) and
of the high-energy (p„» =11,13, 16, 18.5, 20, 25
GeV/c) experiments.

Figures 1 and 2 show the 3m mass spectra for

all events and (shaded) for events after the in-
dicated cuts on t"' and on P~ masses. In the high-
energy data two enhancements are clearly seen.
The enhancement at M,„=1.0-1.4 GeV is due to

AL
y and A, production. The enhancement centered

at M„-1.65 GeV, the A„ is the subject of this
paper. Similar enhancements are seen in the
low-energy data; however, the A. , signal is less
prominent, particularly after the cuts (shaded
histograms). Figure 3 shows the 3v mass spec-
tra (with the same t' and b. cuts as the shaded
histograms in Figs. 1 and 2) for events with at
least one v'v combination in the f' mass region
(1.14-1.36 GeV). Clear A, peaks are seen, which

7r p —
p 7r+7r Yr at 11-25 GeV/c

700—

600—
0

500

400—

IJJ
300

Jl.

~ ~ 'l ~

21337 Events

Q 15302 Events, t'&.7 a 6 out

200

100

0.9 1.3 1.7 2.1 2.5 2.9 3.3 3.7 4.1 4.5
37r E f fee ti ve Mass {GeV)

FIG. 1. m+m 7r mass spectrum for the 11-25-GeV/c data. The shaded histogram is for t' & 0.7 GeV2, M&„+= 1.16-
1.32 GeV out.
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FIG. 2. x+x 7r mass spectrum for the 5-7;5-GeV/c
data. The shaded histogram is for t' & 0.7 GeV~, M&„+
& 1.4 GeV out, M& -= 1.16-1.32 GeV out.

FIG. 3. 3-71 mass spectra for events with at least one
x+7r mass inf (1.14-1.36 GeV). In the shaded histo-
gramS eVentS With a 7r+7I maSS in po (0.665-0.865 GeV)
are removed. (a) 11-25-GeV/c data: t' & 0.7 GeV~,

hI&~+ = 1.16-1.32 GeV out; (b) 5-7.5-GeV/c data: t'
& 0.7 GeV, M~ „+& 1.4 GeV out, M& ———1.16—1.32 GeV
out.

p p7r 7r 7r at II-25 GeV/c

survive after events with a ~'m combination in
the p' mass region (0.665-0.865 GeV) are re-

. moved. Comparison with the unselected spectra
(shaded histograms, Figs. 1 and 2) makes it
plausible that a substantial part, perhaps all, of
the A, enhancements are due to f'm events. The
width of the f'w peaks is about 0.3 GeV with no
evidence of finer structure.

80-

60—

40—

& 20-

1.5&M& &l.8 GeV37r

t'&.7 GeV

26I8 Events
p7r

(o)

A. 6"and 60 Production

Our aim is to study the r'n n system in the
neighborhood of the A, . The presence of a strong
interaction between the proton and any of the ~'s
in the final state will certainly complicate the
analysis. Figures 4 and 5 show the Pm' and Pm

mass spectra for events in the A, region (M,„
= 1.5-1.8 GeV, t' &0.7 GeV'). In the high-energy
data there is a modest 4"(1236) signal and no
apparent structure in the Pn spectrum. To sim-
plify the analysis we therefore remove events
with M(Pm') between 1.16 and 1.32 GeV. In the
analysis of the data we can and do take into ac-
count the effect of such a 4" cut. We have fur-
ther verified that the results, after correcting
for the cuts, are independent of the width of the

cut (and of the presence or absence of a b, '

O

I.O
0

LIJ

l,4 l.8 2.2
I

2.6
I

3.0

(b)

80—

60-

40—

20-

I,O
I I I

I.B 2.2 2.6
Effective Mass (Gevj')

3.0

FIG. 4. (a) p7I+ mass spectrum for A3-regi» (M3g
= 1.5-1.8 GeV, t' & 0.7 GeV ) events in 11-25-GeV/e
data; (b) pm mass spectrum (2 combinations per event)
for the same events.
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p-pm- 7r 7r at 5-7.5 GeV p-pA —p7r 7T m at 11-25 GeV/c3
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(a)

p7r

240—

200—

2422 Events (a)
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200—
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800—

1.2 1.4 !.6 1,8 2.0 2.2 2.4 2.6 2.8 3.0 3.2

(b)

p71

Q Mp~+&1.4 GeV

I60—

120-

OJ~ 80-
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O
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LLI

80-

binations

(b)

200—

0
1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0 3.2

Effective Mass (GeV)

FIG. 5. (a) p 7r mass spectrum for A3-region (M3g
= 1.5-1.8 GeV, t' & 0.7 GeV ) events in 5-7.5 GeV/c data;
(b) p7r mass spectrum (2 combinations per event) for
the same events, shaded histogram: M& ~+ & 1.4 GeV
out.

cut).
The situation is quite different for the low-en-

ergy data. Figure 5 shows a very strong b" sig-
nal and a significant 4' signal. To remove these
signals from the data we have chosen to remove
all events with M(Pw') below 1.4 GeV or M(Pw )
between 1.16 and 1.32 GeV. As may be seen by
referring to Fig. 2 these are drastic cuts. About
70% of the events in the A, mass region are re-
moved and the (calculated) loss of "true A,"
events (state Z M =2 0, decaying into f'w ) is
about 40%. With such a drastic mutilation of the
data it is not surprising that the results of the
analysis are not completely independent of the
choice of width for these cuts. The main conclu-
sions presented in this paper are however inde-
pendent of the precise choice of cuts applied to
the low-energy data.

B. Decay Distributions in the A 3 Region

The detailed analysis discussed in subsequent
sections is based on the distribution of events in
5-dimensional space (2 Dalitz-plot variables and
3 Euler angles). In this section we oresent vari-
ous projections of the decay distribution. The

60-

40-

20-

0 I

4
I I I

.8 1.2 1.6 2.0 2.4
Effective Mass Squared {GeV )

2

FIG. 6. Dalitz-plot projections in A3 region of the
11-25-GeV/c data (see Ref. 12).

data are shown in Figs. 6-12 for events in the
A, region. " The curves shown are the results
of the fits described in Sec. III and take into ac-
count the effect of the cuts.

Figures 6-9 give information about the Dalitz-
plot distribution of the events. The Dalitz-plot
projections (Figs. 6 and 7) show that strong p'
and f' bands are present. From the results of
the fit (or by analysis of the Dalitz plot alone)'w

one finds contributions (in the high-energy data)
of about 35% from f'w, 40% from pow, and 25%
from e'w (and 3w). Figures 8 and 9 show the
density of events along the f' and p' bands. The
only obvious features are those due to the cross-
ing of the other p' and f' bands.

Ne look next at the decay angular distributions:
Figs. 10 and 11 give the distribution in the Euler
angles 8, P, y, and Fig. 12 the distributions in
w„~ f' and w,„~ p'. As discussed in Sec. V, the
angular distributions are independent of I; when t-
channel axes (Gottfried-Jackson axes) are used.
Therefore the angular distributions shown in Figs.
10-12 refer to t-channel axes. '4 The angles 8

and Q are the polar and azimuthal angles of the
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7r p- p&&- pvr+Tr m. at 5-7.5 GeV/c 7r p —pA —p7r+7r 7r a t 11-25 GeV/c
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2 Combinations

100—

80—

60-

( a ) p band

1340 Entries

l20 — j

80—
C3

40—
O

O
QJ

80—

60

(b)

40—

20-

O

0
LIJ 200—

l I t I

0 .4 .8
I t I t I s ~

1.2 1.6 2.0 2.4

( b ) f band

1139 Entries

IOO

20-

.4 .8 1.2 1.6 2.0 2.4

Effective Mass Squared(GeV )
2

FIG. 7. Dalitz-plot projections in A3 region of the
5-7.5-GeV/c data (see Ref. 12).

I t I

0 .4 .8 1.2 1.6 2.0 2.4
vr+7r Effective Mass Squared (GeV )

'2

FIG. 8. (a) p band (0.665-0.865 GeV); (b)f band
(1.41-1.36 GeV) projections for A3 region of the 11—25-
GeV/c data (see Ref. 12).

~'; y is the angle between the 3~ plane and the
plane containing z and m'. "

We note that
(a) the distributions for the low-energy and the

high-energy data are quite similar, the differ-
ences being mostly a consequence of the 4" cuts;

(b) the distribution in cos8 for f'w events is
close to l

1'» ~' apart from a moderate asymme-
try 16~

(c) the Q distribution for f'w (as well as for
all events) is nearly uniform";

(d) the distribution in w, „~3' (Fig. 12) is pre-
dominantly 8 wave (about 75-80% for the high-en-
ergy data).

(b), (c), and (d) indicate that the f'w in the A,
region is an S-wave decay of a J = 2, J, = 0
state.

There are indications also that the p-m system
is quite complicated in the A, region.

(e) The y distribution for all events has a sharp
peak (in the high-energy data) indicating that an-
gular momenta up to at least J=4 may be re-
quired to fit the data.

III. PARTIAL-WAVE ANALYSIS

A. Method

The method used to decompose the r'm w data
into contributions from different partial waves is
to make a maximum-likelihood fit to the distribu-
tion of events in the 5-dimensional decay space.
At fixed incident momentum, fixed momentum
transfer, and fixed 3~ mass the coordinates used
to describe the decay configuration of each event
are the Dalitz plot coordinates [s, =Ms(w'ws ),
ss =M'(w'w, )] and a set of three Euler angles.
Each event is assigned a probability, P, given
by

P=+ p„A,At*, ,
ab

a —= (J,P,M, ),
5 -=(Z,P,M, ) .

In this expression the density matrix, p„, is as-
sumed to describe the production of 3m states,
averaged (summed) over initial (final) proton
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FIG. 9. (a) p band (0.665—0.865 GeV); (b) f band
(1.14-1.36 GeV) projections for A3 region of the 5-7.5-
GeV/c data (see Ref. 12).

spin variables, and averaged over the other vari-
ables (s, t,M„) of the data sample. The A's are
amplitudes that describe the "decay" of a state
into the final 37t configuration. In this paper these
decay amplitudes are calculated on the assump-
tion that they are dominated by cascade process-
es, A -R'm -(m'n )m, with R' one of the well-
known ~m resonances. To allow for the possibility
of more than one decay mode we expand the decay
amplitudes A into a linear superposition of am-
plitudes, each corresponding to one decay mode:

A JPM P g JPA JPhf
ss ts (2)

where l is the orbital angular momentum for the
R'm system, S the spin of R . Explicit formulas
for the amplitudes A, ~ are given in Appendix B.

We note that, as written, Eqs. (1) and (2) imply
that if more than one decay mode is allowed for
some J~, the resulting amplitudes add coherently.
There is no a priori reason that this should be so,
since in the extreme case that one decay mode
arises entirely from a helicity-nonf lip production
amplitude, another from a helicity-flip amplitude,

0

FIG. 10. Euler-angle distributions (Gottfried- Jackson
frame) for the A3 region of the 11—25-GeV/g data (see
Ref. 12). (a) -(c) refer to all events in the A3 region;
(d) -(f) refer to events in f bands (1.14-1.36 GeV),
but not in p bands (0.665-0.865 GeV). The Euler angles
are defined in the text.

the two modes would be completely incoherent.
The coherence assumption is easily relaxed by
treating decay modes with the same J~M as sepa-
rate states, each entering separately in the den-
sity matrix.

In this paper we have used only dipion reso-
nances with I=0, 1, and S=0, 1, 2. The masses
and widths used were

S=O: M, =0.765 GeV, y, =0.4 GeV;

S 1 Mp 0 765 GeV y yp 0 135 GeV

S=2: M~ =1.264 GeV, yy =0.15 GeV.

The values used for the ~ and p were obtained by
fitting 3w data in the A, -A, region. ""For the f0

we used values quoted by the Particle Data Group. '
The assumption about the S =0 m-m phase shift im-
plied by the use of a simple resonance (the e ) is
clearly not correct above the KK threshold. "
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the fitting process due account is taken of the re-
quirements imposed on p„by parity conservation,
and of the requirement that p„must be a Her-
mitian matrix with no negative eigenvalues.

FIG. 12. 0- ~ fr& distributions forf and for p events:
(a) f events, 11-25-GeV/c data; (b) f events, 5-7.5-
GeV/c data; (c) p events, 11-25-GeV/c data; (d) p
events, 5-7.5-GeV/c data. f events are defined as A3-
region events (Ref. 12) vrith M(n'+n, ) in f (1.14-1.36 GeV)
and M(m'+aq) not in p (0.665-0.865 GeV). p events are
similarly defined, Note that forf events && = -f and
for p events 0& = -p.

FIG. 11. Euler-angle distributions (Gottfried- Jackson
frame) for theA& region of the 5-7.5-GeV/c data (see
Ref. 12). (a) —(c) refer to all events in the A3 region;
(d)-(f) refer to events in f ~ bands (1.14-1.36 GeV),
but not in p bands (0.665-0.865 GeV). The Euler angles
are defined in the text.

Since the behavior of this phase above the KK
threshold is not well known at present, we have
investigated how sensitive our results are to vari-
ations in this phase shift by repeating some of the
fits with different assumptions about the &(S =0)
dipion propagator (these assumptions are given in
detail in Appendix 8). We have found that the re-
sults reported n this paper are very stable
against reasonable changes in the 8 =0 7t71 phase
shifts.

In the fitting process the parameters which de-
termine the density matrix p„and the complex
coupling coefficients C, ~ are varied to maximize
the likelihood, A,

A = r lnp —I pdr .
events

The integral of P is limited to those regions of
phase space from which events are accepted. In

8. Fits to theA& Region

It would be nice if we could apply directly the
method just described using all possible J M
states (up to some reasonable maximum value of
J) and every possible decay mode. This approach
will not work since the number of parameters re-
quired would be prohibitively large. We use
therefore a more selective approach based in
part on the experience gained in fitting the 3m

system at lower masses [the A, (Ref. 17) and A
(Ref. 18) regions] and in part on a careful exam-
ination of the experimental decay distributions.

In the A, -A region it was found that the assump-
tion of coherence (between different decay modes
of a given Z~ state) is well satisfied experimental-
ly. Since the assumption of coherence reduces
greatly the number of parameters required, we
made this assumption at the start of our A, study,
subject to subsequent reexamination. Also i&i the
A, -A, region we observed that all unnatural-parity
states (J~=0, 1', 2, . . .) were produced almost
entirely in the polarization" substates

i

J' 0),
while in the natural-parity series (only 8~ =2' is
actually observed) the dominant substate was ob-



SPIN-PARITY ANALYSIS OF THE As

TABLE II. States and decay modes studied in the A.3 (M3„=1.5-1.8 GeV) region. The states and decay modes under-
lined were retained for the M3~-dependence study.

gP

0
1+

2
3'
4

0
0+ 1+1
0+1+2+1 2
0'1+1-
0+

Sb
P
D
F

P
SD
PF
D

D
PF
SD
P
D

1
2'
3
4+

All
1+0-
All
1+

"Flat" = incoherent-phase-space term

'We use states
~

J~M")~
~
J M)+eq(-)s~ J -M), e=(-) ' P.

The entries S, P, D, F refer to the orbital angular momentum, l =0, 1, 2, 3.

served to be
~
J 1)+~4 -1). We therefore

started with the same assumption about polariza-
tions in the A, region, again subject to subse-
quent reexamination. The assumption that M = 0
dominates follows also by looking at the decay
angular distributions, which are nearly flat in
azimuth (Q) but have considerable structure in
cos8.

In the A, -A, region the most important Z~

states and decay modes were found to be 0 (S
-ss and P-pm), I'(P-ew and S-pv), 2 (P-ps), and 2'(D -ps), with some indications of
2'(D- pm). In the A, region we expect (and see
in the data) the onset of the f'w decay mode, most-
ly via S wave (only 2 can contribute) with evi-
dence for some P wave (1', 2', and 8' can con-
tribute to the P wave). After an initial selection
of states we studied very carefully the data in
the A, region (M„=1.5-1.8 GeV} doing a large
number of fits in which a few states at a time (to
avoid the need of too many parameters} were
added to the initial set.

Table II gives a list of all states and decay
modes considered in this study. The more im-
portant ones (underlined in the table) were select-
ed for a study of the M„dependence. This set
includes all states and decay modes mentioned in
the preceding discussion, with the exception of
1'(P -f s}, which was found to be negligible. The
set also includes a phase-space term (labeled
"flat") which gives rise to a uniform distribution
in decay space (Dalitz plot+ Euler space) and
which does not interfere with any other terms.
This term was included to explore the possible
occurrence of a direct 3m decay mode in spite of
the fact that no need for it was found in any of our

fits. Most of the remaining states and decay
modes (those not underlined in Table II) were
completely rejected by the fits or resulted in
completely negligible contributions (sl-2 /p of
the events). A few states gave marginally signif-
icant contributions in the A, region but were
clearly too small to be included in fitting the
smaller data samples available to study the M, „
dependence. Among these states are 2 (P- pv)
and 4 (F-ps). Also small but finite contribu-
tions in the magnetic substates

~
Z~l) —

~
Z -1)

were found for JP=1', 2, 3'. In each case it was
found that the results for the remaining states
were essentially unchanged by including or omit-
ting these marginal contributions.

How well the fits agree with the data may be
judged by looking back at the experimental dis-
tributions (Figs. 6-12). In the figures the solid
lines correspond to the fits obtained using only
the states and decay modes shown underlined in
Table II. The agreement is satisfactory with
significant discrepancies only in the azimuthal
(Q) distribution for all events [Fig. 10(b)], in the
y distribution for all events [Fig. 10(c)], and in the

p distribution for p-v events [Fig. (12)]. The
dashed lines (where shown) are the result of fits
with the states

~
Z 1) —

~
8 -1) added for 4 =1', 2

(but not 8'} and with 2 (j'-pv} also added. The y
distribution seems to indicate a need for inclusion
of pm decay modes with higher spina; the addition
of a 4 (E-ps) term improves the fit somewhat,
but even higher spina appear to be required. Since
none of these effects are really relevant to our
main goal of elucidating the A, structure, we have
felt it was not worthwhile to push further in the
direction of improving the fit to the data.
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C. N3~ Dependence

Having established what states and decay modes
are required, we investigated the dependence on
the 3m mass by making fits to the data in 0.1-GeV-
wide bins from M„=0.8 to M„=2.0 GeV. The
states and decay modes used are those shown un-
derlined in Table II.

The results of the fits to the high-energy data
(11—25 GeV) are shown in Figs. 13-17. The fits
were made to events with t'&0.7 GeV'. Events
with M(Pm') =1.16-1.32 GeV were not used in the
fits, but the results shown have been corrected
for this cut.

Figure 13 shows the contribution of the "flat"
term (phase-space), the combined contributions
of all &Om decay modes, the combined contribu-
tions of all p'm decay modes, and the combined
contributions of all f'w decay modes. The only
structure in the A, region occurs in the f'm
mode.

Figure 14 shows the contributions (for all de-
cay modes) of each/ state. The only structure
in the A, region occurs in the state J =2 .

Figures 15-17 show the contributions of individ-
ual decay modes to the states 8~=0, 1', and 2 .
The only structure in the A, region occurs in the
f'm (S-wave) decay mode of the state J'=2 .

We therefore associate the A, enhancement in
the 3m mass spectrum with the 2 (S-fm) state.
To determine the mass and width of the A„we
have fitted the 2 (S-fm) spectrum to a simple
Breit-Wigner shape. No background was used.
We obtain a mass of 1.66+0.01 GeV and a width
of 0.27 ~0.06 GeV for the A, . If a background had
been used, the mass and width of the A, would de-
pend on the shape of the background.

A completely similar analysis was carried out
also for the low-energy data (5-7.5 GeV). The
only difference in the analysis is that a wider 6"
cut (M~, +& 1.4 GeV out) was used, and a cut on
a'(M~, =1.16-1.32 GeV out) was also made.
The results were again corrected for these 4
cuts. The results obtained were quite similar to
those for the high-energy data, but are somewhat
less certain because of the drastic cuts. We pre-
sent here only the results for the 2 state (Fig.
18}. The main uncertainty caused by the cuts
turned out to be in the amount of 2 (P- p m), the
amount found depending on the width of the 4' cut.
If no 4'cut at all is made a (marginal) peaking of
2 (P- p'm) in the A, region is seen."

We would now like to comment on some other
features of the results shown in Figs. 14-17. A
large enhancement in the 1' state in the A, region
is observed. Spin-parity 0 peaks in that region
as well. The 2' state shows a Breit-Wigner
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{GeV)

377

FIG. 13. "Flat, " ex, px, andfm contributions vs
M3~, 11-25-GeV/c data, t' &0.7 GeV . "Flat" refers
to a term with uniform distribution in Dalitz plot and
Euler space.

D. J and Branching Ratios of A3

The results of the fits described in the previous
sections are that no structure in the A, region is
seenexcept in the state Z'=2 inthe f'w (S-wave)
channel. Since no other structure was seen we

shaped peak around 1.3 GeV corresponding to the
A." The 0 (P- pw} state shows a clear peakin
the A, region; however, throughout the mass re-
gion considered the 0 (S-cw} state is larger than
the 0 (P- pm) state. The 1'(S-pw) state peaks
strongly around 1.1 GeV and is roughly 0.3 GeV
wide. This is the state which is normally associ-
ated with the A, ." The amount of the 1'(P-cw)
state is approximately constant in the mass re-
gion investigated and it exceeds the1'(S- ps) con-
tribution for masses higher than 1.4 GeV.
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FIG. 14. Contributions of J =0, 1, 2, 2+, 3+ states vs M3~ for 11-25-GeV/c (t' &0.7 GeV ) data.

can only put upper limits to the contributions of
other decay modes of the state J~=2 and to the
contributions of other J states to the A, enhance-
ment.

For the states and decay modes which were in-
cluded in the M, „.-dependence study (underlined
in Table II) we can obtain upper limits for the re-
spective contributions to the A, effect by drawing
a smooth background and by taking into account
statistical fluctuations. For the states which
were not included in the M„-dependence study,
but which were studied in the M„=1.5-1.8 GeV
region (these are shown not underlined in Table

200—

p-pw+7r w at II-25 GeV/c

+
qw(P wove)

100

0
900—

II) we can estimate an upper limit by assigning
to the A, the respective contributions (if any) ob-
tained from fits in M,„=1.5-1.8 GeV. In this way
we arrive, for example, at the following upper
limits for alternate decay modes of the 2 state:
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FIG. 15. Contributions of 0 (S e~) and 0 (P pn)
vs Ms„ for 11-25-GeV/c (t' & 0.7 GeV2) data.

FIG. 16. Contributions of 1+(S p7I) and 1+/' e~)
vs M3„ for 11-25-GeV/c (t' & 0.7 GeV2) data.
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FIG. 17. Total J+= 2, 2 (S fz) and 2 (P p71)

contributions vs M3 for 11-25-GeV/c (t' & 0.7 GeV )
data.

FIG. 18. Total J+= 2, 2 (S f z) and 2 (P p7t)
contributions vs M3~ for 5-7.5-GeV/c (t' & 0.7 GeV )
data.

2 (P-pw w'w w )&10%,

2 (D-cow -w'w w )K 6%%uo,

2 (F-p'w---w'w w )sl0%%uo-,
-

2 (D-f'w--w'-w w )~ 6%%uo,
--

where the fractions are all relative to the amount
of 2 (S-f'w -w'w w ).

With regard to a possible "3m" effect in the A,
region we remark that in the fits described we
found no evidence of structure in the ~'m channel
in any J state and no evidence of structure (in
fact, no contributions at all) in the "flat" term.
The "flat" term, in our analysis, corresponds
to a term which has not only a uniform distribu-
tion over the Dalitz plot but also an i.sotropic dis-
tribution in the decay angles. Further more the
"flat" term is not allowed to interfere with any
other terms. It is conceivable that a term with-
out appreciable Dalitz-plot structure but with a
nonisotropic angular distribution could be missed
in our fits. To circumvent this possibility we
have also made Dalitz-plot fits to the data, i.e.,
fits which ignore the angular distributions. These
fits —described in Appendix A - also show no
structure in "3m" in the A, region and lead us to
conclude that an upper limit of about 20%%uo Irelative
to 2 (S -f'w - w'w w )] can be placed. on the con-
tribution of a 3w term (defined as a term showing

no appreciable Dalitz-plot structure) to the A,
phenomenon.

IV. PHASE OF THE A3 AMPLITUDE

Our results show that only the 2 (S-fw) contri-
bution peaks in the A, region. As previously
mentioned, the peak is well fitted by a Breit-
Wigner shape with M„,=1.66 +0.01 GeV and I"„
=0.27 +0.06 GeV. If the observed peak is due to
the f'w decay of a J =2 resonance, the produc-
tion phase should be Q„,= Qo —Arg(M„, ' —M„'
—iM„,I'„,). While we cannot observe this phase
directly we do obtain from our fits the difference
between this phase and the phase of other produc-
tion amplitudes. Since there is no evidence of
structure associated with other production am-
plitudes it is natural to assume that these other
amplitudes do not u'ndergo any rapid variation in
phase as we cross the A, region. Therefore any
rapid change in the phase difference between the
2 (S-f'w ) amplitude and one of the other ampli-
tudes may be reasonably expected to reflect cor-
responding changes in the 2 (S-fow ) phase.
Such rapid phase changers should be seen in the
A, amplitude, as they were seen by a similar
analysis of the A," if the A~ is a resonance.

Figure 19(a) shows the difference between the
2 (S-f'w ) phase and the 2 (P - pow ) phase, as
a function of M,„. The phases!in each M„bin)
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are from the result of the fits described in Sec.
III C. For each bin the phase is given by
Arg(C~&~/C'p~); see Eq. (2). There is no sign
of any change in this relative phase. The results
shown were obtained using the assumption of co-
herence between amplitudes for different decay
modes of the same Jp state. In particular the
2 (S-f'v ) and 2 (P-p'm ) amplitudes were as-
sumed to be coherent. To test this assumption,
we have repeated the M, „-dependence study with-
out the coherence assumption. This means that
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I t I t I

14 I6 I8
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FIG. 19. Phase in degrees of 2 (S fz) amplitude
relative to phase of 2 P' pm) amplitude vs M3 for
11-25-GeV/e (t'& 0.7 GeV~) data: (a) Q(2 S) -Q(2 P)
with assumption that 2 S and 2 P amplitudes are co-
herent; (b) f15(2 S) -Q(2 P) without the coherence
assumption; (c) coherence factor, phases are in degrees.
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2 (S-f'm ) and 2 (P-p'w ) enter separately in
the density matrix. In this case the relative
phase Q(2 S) —Q(2 P) is given by the phase of
the interference matrix elements p~~ (we abbre-
viate 2 S to S and 2 P to P). The degree of co-
herence is given by n =

I p~ „I /( p~ ~p»)'". The
coherence assumption corresponds to forcing n
to have its maximum value n =1. The results of
these fits are, within errors, the same as those
obtained previously. Figure 19(b) shows the rel-
ative phases Q(2 S) —Q(2 P) obtained in these fits
and Fig. 19(c) shows the quantity n. From Fig.
19(c) one can see that, within rather large errors,
the hypothesis of coherence is fairly well satis-
fied. More importantly, one sees that the results
for the relative phases are the same (although the
statistical errors are larger).

Figure 20 shows the phase of the 2 S amplitude
relative to several other amplitudes [0 (S - em),

1'(P-em), 1'(S-pm), 3'(D-pw)j. ln all instances
the relative phases appear to be —within errors—
independent of M„. Although the statistical er-
rors are appreciable, it is evident that in no case
is the phase variation consistent with the assump-
tion that all of the A, bump (or a substantial part
of it) is due to the decay of a resonance.

V. t DEPENDENCE AND POLARIZATION OF THE A

Figure 21 shows the momentum-transfer de-
pendence of the 2 (S-fm) contribution to the data
in the M, „=1.5-1,8-GeV interval. The results

57r Effective Mass (GeV)

FIG. 20. Phase in degrees of 2 (S f z) amplitude
relative to other amplitudes as a function of 3m mass for
the high-energy data. The reference amplitudes are:
{a) 0 (S em), (b) 1+(P cx), (c) 1+(S p~), (d)
3+(D pm ).
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FIG. 21. Number of 2 (S f m. ) events inM3„=1.5-
1.8 GeV vs t', for 11-25-GeV/'c data.

refer to the combined results of the high-energy
experiments (P„„=11-25 GeV/c, P„~ -17 GeV/c).
The distribution is well fitted by an exponential
dependence on t'. A fit of the form dv/dt'
~ exp(-At') gives a slope A =7.7 +0.8 GeV '.

This dependence is not very different from that
for all events in M„=1.5-1.8 GeV, which also
shows an exponential dependence on t' with expo-
nent 6.6 +0.2 GeV '.

We have also looked at the polarization of the
A, (more precisely we have looked at the polariza-
tion of the state 2 ) both for all events (in M„
=1.5-1.8 GeV) with t'& 0.7 GeV, and separately
in smaller t' intervals. The complete results are
shown in Table III. The results may be summa-
rized as follows:

(a) In the t-channel (Gottfried-Jackson) frame
the 2 state is produced dominantly in the substate
I

2 0), with a small but measurable contribution
in. the substate

I
2 1') =(I 2 1) —

I
2 -I))/~2.

The contributions from the states with M = a 1
show up in the data mainly through their interfer-
ence with the

I
2 0) state (and with the other

I
J~O) states). We have verified that the results

are the same whether or not the state
I
1'1') is

included in the' fits.
(b) Within errors, the polarization in the t-chan-

nel frame is independent of t'. In particular the
statement holds for Re(p»), the only density ma-
trix element besides ppp which is reasonably well
determined in our data.

(c) Figure 22 shows the polar-angle distribution
of the m', both in the t-channel and in the s-chan-
nel" frames. It is clear from the data that the
angular distribution is independent of t in the t-
channel frame but not in the s-channel frame.

TABLE III. A3 density-matrix elements.

(GeV2) 0-0.05 0.05-0.1
t channel

0.1-0.2 0.2-0.4 o.4-o.6 ~ 0-0.7
s channel
0—0.7

poo

Rep &0

Imp (0

Rep 2p

Imp)0

Rep&&

Imp 2)

Imp 2

0,96 +0.11

0.01 +0.05

0.01 + 0.06

0.96 + 0.12

0.01+ 0.06

0.01+ 0.06

0.91+0.11

0.04 + 0.05

0.01+0.06

0.81 + 0.12

0.07 + 0.05

0.03 + 0.06

0.62 + 0.24

0,19+ 0.12

0.94 ~ 0.05

0.02 + 0.02

0.00 + 0.03

0.00 + 0.02

0.11+ 0.02

. 0.00 +0.04 0.01+ 0.05 0.01+ 0.05 0.03 + 0.05

0.09+ 0.04 0.12 + 0.05

0.05 + 0.15 -0.03 + 0.16

0.08 + 0.05

—0.05 +0.14

-0.03+0.04

0.12 + 0.05 0.14 + 0.14

0.03 + 0.16 -0.01 + 0,52 -0.01 + 0.06

-0.03 + 0,02

—0.01 + 0.06

0.00 + 0.01

0.00+ 0.04

0.00 + 0.01

0.00 + 0.06

0.03+ 0.04 -0.03+0.04 -0.05+ 0.04

0.00 +0.15 —0.04 + 0.13 0.03 + 0.16 0.00+ 0.14

-0.01+0.04 0.00 + 0.03 -0.01+ 0.04 -0.01 + 0.04

0.00 +0.13 -0.01+0.12 0.00 + 0.13 0.00+ 0.13

0.01+ 0-.03

0.00 ~ 0.18

0.01+0.03

0.00 ~ 0.15

0.00 + 0.03

0.01+ 0.15

0.00+ 0.03

0.00 + 0,15

-0.01+ 0.05 -0.01+0.05 -0.03 + 0.06 -0.06 + 0.05 -0,14 + 0.15 -0.01 + 0,02

0.41+0.04

0.25 + 0.02

0.04 + 0.02

-0.25+ 0.02

0.04+ 0.02

0.28 + 0.02

-0.01+0.05

0.06+ 0.01

0.00+ 0.06

0.09 + 0.02

0.00+ 0.04

-0.09 + 0.01

0.00 + 0.05

' p2„'s were kept equal to 0 in this fit.
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gy dependence.
The results are shown in Table IV and Fig. 23.

We emphasize that we use a narrow definition of
the A„which includes only the contributions of
2 (S-f'm -v'~ w ) in the interval M„=1.5-1.8
GeV and with t'&0.7 GeV'.

The data at 5-7.5 GeV/c include very large
corrections for the 4" and 6' cuts. The data at
11-25 GeV/c are also corrected for the 6" cut,
but the corrections are quite small. We note that
above 11 GeV/c the ratio of the A, cross section
to the cross section for the channel m P - m m m'P

is —within errors —independent of P»b from 11 to
25 GeV/c. In the same P„» region the data are
consistent with a power-law dependence on P„b
(v~P„b ) with N=0.8+0.2. The fit is shown in
Fig. 23.

50 VII. CONCLUSION

0

Cose

FIG. 22. coso distributions for events in M3 = 1.5-
1.8 GeV, M&„+ = 1.16-1.32 GeV out, for 11-25-GeV/c
data. Distributions are shown for the t -channel frame
(cos8 = k~ ~ f+ in 3-n frame) and in the s-channel frame
(cos8 = +,„q 0+ in 3-w frame) for the intervals t' & 0.1
GeV and t' = 0.1-0.4 GeV . The shaded distributions
are for events with at least one n +7I mass in the
f (1.14-1.36 GeV) and no m+x mass in the p (0.665-
0.865 GeV).

VI. s DEPENDENCE OF A3 PRODUCTION

We present for completeness the dependence of
the A, production cross section on the incident
m momentum, although the statistical errors for
individual experiments are uncomfortably large
and preclude a precise statement about the ener-

It has been the aim of this paper to present as
complete as possible an account of the experimen-
tal facts on the properties of the A, and on its pro-
duction. We expect that similarly detailed ac-
counts of the A, and A, will be presented soon.""
We believe that an attempt to understand the im-
plications of the results should refer simulta-
neously to the A„A„and A, data and to their
interrelationship. We have in mind in particular
the relative phases and the momentum depen-
dence. The lack of phase change for the A, am-
plitude with the 3m mass, the t dependence and s
dependence, and the polarization need to be under-
stood, as well as the very similar behavior for
the Ay The lack of phase change for the A, dis-
agrees with the assumption that all (or a substan-
tial part) of the A, phenomenon can be interpreted
as due to the decay of a resonance. The result
is, presumably, in agreement with a Deck-mech-

TABLE IV. Cross sections.

Momentum
(GeV/c)

Cross section Cross section
(mb) for Number of (pb) for

n. p pm+ad x /3 events x p p/& 50—

Tr p pA~

5
7
7.5

11
13
16
18.5
20
25

1.76 + 0.07
1.83 + 0.12
1,60 + 0.10
1.14 + 0.10
1.01+ 0.09
1.13+ 0.05
0.86 + 0.07
0.88 + 0.09
0.63 +0.09

366 + 52
135~ 26
208 + 30
110+ 19
106+ 17
182 + 22
175+23
116+17
68+20

25+4
43~9
31+5
37+8
50+9
39+ 5
32~5
27+4
20~6

20—

IO I I

5 IO 20
LAB. MOMENTUM (GeV/c)

I

50

The number of A3 events and the A3 cross section
refer only to the 2 (S f m' 7I+x n ) contribution in
the region M3~=1.5-1.8 GeV, and t' &0.7 GeV .

FIG. 23. Cross section for x p A3p vs incident
momentum. The cross sections refer only to the pro-
duction of m+n "

n with M3~ = 1.5-1.8 GeV and t' & 0.7
GeV through the amplitude 2 ($ f x z+x 7I ).
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anism interpretation. We are reluctant however
to accept the view that the A, (and A, ) phenomena
are understood consequences of the Deck hypoth-
esis.

To make this conclusion acceptable, one would
need a more realistic and more detailed evalua-
tion of the model, capable of accounting for most,
if not all, of the observations in the A, -&, region.
Such an evaluation, if successful in giving a co-
herent interpretation of the data, would also open
up the possibility of testing theoretical predictions
regarding the phase of the A, production ampli-
tude, including its dependence on s and t.
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APPENDIX A: DALITZ-PLOT ANALYSIS

We describe briefly the results obtained when a
Dalitz-plot analysis is applied to the high-energy
(11-25 GeV/c) data. The event selection is the
same as for the analysis of the complete decay
distribution (referred to as the "complete" anal-
ysis in this appen'dix); we select events with t'
&0.7 GeV and reject events with M~,+ =1.16-1.32
GeV. No corrections for the M~,+ cuts were
made, since these require taking into account
the polarizations.

Three reasons motivated our Dalitz-plot anal-
ysis:

(1) We wanted to compare resolution and results
for the two methods.

(2) We wanted to investigate whether apparent
inconsistencies between our results and some pre-
viously published results of Dalitz-plot analyses
are significant.

(2) We wanted to reexamine the question of a
possible "3m" decay mode in the A, region.

Two sweeps of the data for M„=1.3-2.0 GeV
in 0.1-0eV bins were carried out using two differ-
ent sets of states. The states used and the re-
sults are shown in Figs. 24 and 26(a) for one
sweep, and in Figs. 25 and 26(b) for the other

In the first sweep we used the states included
in a published Dalitz-plot analysis of the ~ z'~'
system produced in the reaction m'P - m m'm'P at'
p„b = 11.7 GeV/c except that 2'(D- pII) was re-

7r p —p7r+Tr 7r at II-25 GeV/c

400
FLAT 0 S(e7r)

I P(~7r)

800—
O~ 6oo-

I
400-

W 20
IJJ

S (P7r)
2 P (p7r) 2 S (f7r)

400-
2+O (p~)

200 -I
, &, k z

1.4 1.6 1.8 2.0

D (pvr)

1.4 1.6Y 1.8 2.0

M& (Gev)

FIG. 25. Results of Dalitz-plot fits to the 11-25-GeV/c
data (t' & 0.7 Gevt, + + = 1.16-1.32 GeV out). These
fits differ from those in Fig. 24 only in the set of states
and decay modes included. "Flat" means a uniform
Dal itz-plot distribution.

FIG. 24. Results of Dalitz-plot fits to the 11-25-GeV/c
data (t' & 0.7 Gevt, +~= 1J.6-1.32 GeV out). Only
the states and decay modes shown in the figure were
included in the fit.
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(a) (b)
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O
2 600-
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7r p —p7r+7r 7r at II-25 GeV/c ferences should be considered as significant. We
note in particular that neither our Dalitz-plot
analysis nor our "complete" analysis confirms
the structure in 0 (S - ew) seen in Fig. 6 of Ref.
7 for the m' data.

(3) The results of our Dalitz-plot analyses (Fig.
26) regarding the contributions of the fw, pw, and
~m+37t channels are in excellent agreement with
the results of our "complete" analysis. We note
that in no case do we see any evidence of struc-
ture in the A., region in the ~m channel, the 3m

channel, or the combined em+3m channel.

APPENDIX 8: FORMULAS FOR DECAY AMPLITUDES

I a I s I i I0-

400-

200-

I s I a I, I

l 4 I6 18 2Q
M, „(GeV)

evr + $m

l.4 l.6 I.8 2.Q
M&„(GeV)

We write the amplitude A.,~" for the decay of a
state with spin-parity J~, J,=M, into the final
m, n, m' state via a dipion resonance, 8, of mass
M„, width I „, spin S, with orbital angular mo-
mentum / in the intermediate R-m state, as

A. ', ~s" =N g g (ZM
~

tSm p, }P,'I .'(P, )B,q. ,'I"„(q.,). . .
my

FIG. 26. Results of Dalitz-plot fits, by decay channel:
(a) from fits shown in Fig. 24; (b) from fits shown in
Fig. 25.

tained. Our results (Fig. 24) should be compared
with Fig. 6 of Ref. 7. In the second sweep we
wanted to include the same states and decay
modes which were used in our "complete" anal-
ysis. We experienced some convergence difficul-
ties in doing this, and as a consequence decided
to omit 0 (P - pw), 2'(P -fw), and 3'(P-fw),

which had given relatively minor contributions
(above M, „=1.3 GeV) in our "complete" analysis.
We list our conclusions regarding the results ob-
tained:

(1) The resolution in the Dalitz-plot analyses
is substantially worse than in the "complete"
analysis. It is particularly difficult, in the
Dalitz-plot analysis, to separate within a decay
channel (say pw) the contributions of different J
states. It is also nearly impossible to separate
the ew channel from the Sw channel (called "flat"
in our figures, and corresponding to a uniform
Dalitz-plot population).

(2) The results of our Dalitz-plot analysis of
the 11-25-GeV/c w data differ in some respects
from the results of our "complete" analysis of
the same data and from the results of the Dalitz-
plot analysis of the 11.V-GeV/c w' data reported
in Ref. 7. Taking into account the limited resolu-
tion of the Dalitz-plot analyses, none of these dif-

(B1)

In (Bl), N is a positive normalization factor,
p, (p, ) is the momentum of the dipion w'ww (w'w, )
measured in the 3w frame, and q, (q, ) is the mo-
mentum of the m' in the dipion frame.

The propagator, B,, for the dipion resonance is
taken, except as noted below, to be

B,. =(M„'-s, -iM„r„)-', (B2)

I „=y„(q(/qo) "(Ms/~s( ) . (BS)

In (BS), y„ is the reduced width, s,. is the square
of the appropriate m'm mass, and q, the magni-
tude of q, at s, =M„'.

As discussed in Sec. IIIA, we have examined
the stability of our results against changes in the
assumed behavior of the S =0, I =0 m-m phase
shift above KK threshold. Three different param-
etrizations were tried for the propagators J3,. for
S =0. In all three cases the parametrizations
(B2), (BS)were used for vs, below 0.98 GeV (8
MeV below K'K threshold). Above 0.98 GeV we
tried the following three alternatives:

(a) B, as given in (B2),
(b) B,. =0.5 (-iM, r, )-',
(c) B; = (1 —Eo /2s, )(-iM, I',) ' where E = 1 GeV.
Alternative (a) was used in all fits reported ex-

plicitly in the paper.
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