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Production and decay distributions of p from m p 7r 7r p have been measured in an
optical spark chamber experiment ai 5 GeV/c. About 3000 events are obtained with 610
«cu (dipion mass) «910 MeV/c and -0.04» t ~-0.35 (GeV/c) . Our data, and p and p
data from other experiments, are used to study the cu and t dependences of the helicity-
frame cross sections. We find that (1) poodo/dt and Rep~p der/dt are the same for p and

p production except for an over-all normalization. factor (2) the ~ distributions of p&~&do/

dt and p&+
&

do/dt for p are strongly skewed toward low values of cu while the corres-
ponding distributions for p are not. The first result is shown to be reasonable in the
context of a model assuming m and cu exchange and absorption effects. We have not been
able to explain the second result. The forward-backward asymmetry of the p decay from
this experiment is significantly smaller than values from some other experiments between
2.5 and 8 GeV/c.

I. INTRODUCTION

The production and decay characteristics of the
p meson in the reaction

have been studied in a number of bubble-chamber
experiments at incident m momenta up to 8
GeV/c. ' " This reaction is of interest because
the dynamics are expected to be relatively simple
if the dominant production mechanism is the ex-
change of a single pion. Considerable theoretical
effort has gone into the study of reaction (1), and
to the characteristics of p' mesons produced in
the reaction

r p-7r 7r'n (2)

The most successful treatment of these reactions
has coxne from the absorption modified one-pion-
exchange (OPEA) model. 's Indeed, this model
gives a very good description'~ of the low-momen-
tum-transfer dynamics of reaction (2) up to an
incident pion momentum of 15 GeV/c.

Reaction (1) is not as well understood as reac-
tion (2). There is clear evidence"" that for in-
cident m momenta above 4 GeV/c, the p produc-
tion and decay distributions in reaction (1) are not
consistent with OPEA. This is not surprising
since it has been known for some time that ex-
changes other than n exchange may be important
for p production. " Since ~' is the most important
exchange that can contribute to p production, but
not to p' production, it has been assumed to be

responsible for deviations of p cross sections
from OPEA behavior. While the inclusion of ~'
exchange has made it possible to fit p decay dis-
tributions, ""the role of this exchange in p pro-
duction has not been clearly established because
of the low statistical accuracy of the data. The
experimental situation below 4 GeVjc is even less
clear. Malamud and Schlein" give evidence based
on one high-statistics bubble-chamber compilation
that some exchange mechanism in addition to m ex-
change is important between 2 and 2 GeV/c, while
Scharenguivel et a/."find from another compila-
tion that m exchange is sufficient.

In this paper we will show that &u' exchange (or
some other non-m exchange) does have an impor-
tant effect on p production and decay distributions
at 5 GeV/c and probably does also between 2 and
2 GeV/c. This will be done by examining the
measured dependence of p and p' decay density-
matrix elements on dipion mass, &, and produc-
tion four-momentum transfer squared I'. We find
that the partial cross sections in the helicity frame
p,",do/dt and Rep~odo/dt (defined in Sec. IX) for p
decay are consistent with those for p' decay, while
the cross sections pP, da/dt and p~s, do/dt for p
are quite different from those p' decay; We will
also show that while some features of this situation
can be qualitatively explained by assuming ab-
sorbed ~ exchange, the most interesting feature
is not explained by conventional models; this is,
that for reaction (1), the cross sections pp, do/dt
and pp, do/dt have superimposed on the usual p
resonance shape, a factor that decreases rapidly
with increasing .
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p PRODUC TION AND DECAY. .

scribed in Sec. V.
In order to guarantee that, the final m momen-

tum could be measured over the energy range de-
scribed above, and for all dipion decay configura-
tions, it was necessary that the magnet aperture
be designed to accept pions at large angles to the
beam direction. With the Argonne SCM 105 mag-
net used in this experiment, a sufficiently large
angular acceptance could be obtained only by rais-
ing the magnet so that most of the gap was above
the median plane of the apparatus. For this rea-
son, only events where the m goes above the pro-
duction plane are included in the final p decay
distributions. Our distributions nevertheless con-
tain all of the available information since invari-
ance of the cross sections under reflection through
the production plane makes it unnecessary to ob-
serve events where the n goes below the produc-
tion plane.

Since our apparatus was triggered on the recoil
proton, we were not able to observe events with
very small ~t~. The recoil protons require a ki-
netic energy, T~, of from 20 to 40 MeV, depend-
ing on their point of origin in the liquid hydrogen
target, to escape the target and produce a pulse

in the proton counter. As a result, we do not ob-
serve events with

~
t

~

= 2M~T~ less than about 0.05
(GeV/c)' .On the other hand, for T~& 200 MeV,
the time-of-flight resolution of the proton counter
(-1.2 nsec full width at half maximum) is no longer
sufficient to clearly identify the type of event, so
we do not use events with ~&~ & 0.4 (GeV/c)'.

The range of dipion mass that we observe is also
limited by the proton counter. The horizontal
lines on Fig. 1 show the extreme polar angles pos-
sible for protons originating at any point of the
hydrogen target and reaching any point of the pro-
ton counter. As can be seen from Fig. 1, we do
not observe events with ~ & 1200 MeV/c'.

All of the information associated with each event
was recorded on a single frame of 35-mm film.
This included horizontal and vertical views of the
spark chambers and several sets of panel lights
containing a digitized record of the time of flight
and pulse height from the proton counter. About
400000 pictures were taken in all. As a final re-
mark, we mention that the veto counters P1
through V4, shown in Fig. 2, were used to sup-
press background from interactions taking place
outside the hydrogen target.

III. PRELIMINARY EVENT SELECTION
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Since only a small fraction of the 400000 pic-
tures taken contained interesting events, we used
the Michigan Automatic Scanning System, MASS, '
to make a rapid prescan that eliminated many of
the unwanted events. In the prescan, the tracks
in the beam and recoil proton spark chambers
were measured and the proton time-of-flight lights
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FIG. 3. Distribution of events in squared missing
mass, ~2, as calculated from the recoil proton momen-
tum after the preliminary scanning. (d is the effective
mass of X in the reaction vr p X p. This histogram
contains only one fifth of the total data of the experi-
ment.
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FIG. 4. Elastic differential cross section. The
straight line is the best fit of an A exp(Et) form to the
data.
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were read. We rejected aQ frames that had more
than one track in the beam chambers and all
frames for which the event origin was not in the
liquid hydrogen target. There remained 221 000
events. For each of these events we computed t
and &u (the invariant mass of all final-state parti-
cles except for the proton. Events with ~tj & 0.40
(GeV/c)' were cut from the sample due to the poor
resolution in the proton velocity measurement for
such events. Figure 3 shows the distribution in
~' for a typical sample containing about one fifth
of the data of the experiment. It can be seen that
the elastic events centered in the peak at ~' =0.02
(GeV/c')2 make up about 80% of ttus sample, and
that the elastic peak overlaps the lower part of
the inelastic region. The cutoff in events above
l.l (GeV/c')' is due primarily to the geometry of
the hydrogen target and proton counter as was ex-
plained in Sec. II.

To avoid having to measure further the large
number of elastic events in the data, all events
with missing mass squared less than 0.3 (GeV/c')2
were considered to be elastic and cut from the
sample of events which were to be completely
measured. While it is clear that some inelastic
events are included in these "elastic" events and
that some real elastic events are included in the
inelastic region, these eri.ors were found to be
only of the order of a few percent. About 25000
candidates for p events survived this cut on +'.

The elastic events from the ' cut were used as
a check on our method of analysis. Figure 4
shows the elastic differential cross section com-
puted as a function of t for the entire experiment.
Each event has been weighted to account for the
azimuthal acceptance of the proton counter and
amount of target avaQable for that event configura-
tion. There are no data points in Fig. 4 for ~t~

& 0.08 (GeV/c)' because the geometry of the ex-
periment excludes such events. A fit of the form
A exp(Bt) to the data of Fig. 4 gives A =48.4+ 2.6
mb/(GeV/c)' and B= .788+ 0.2 5(GeV/c) ', values

that agree well with the results from other experi-
ments at this energy. " While the normalization
and average t dependence of our data are accurate
to 5% there may be some small deviations from
the correct distributions over a t range of -0.02
(GeV/c)'. Some of the data points of Fig. 4 deviate
more from an exponential fit than their statistical
errors (about the size of the circles) would allow.
We have not been able to find an instrumental
cause for these deviations.

IV. FINAL-EVENT SELECTION

The events with ~'& 0.3 (GeV/c')' were com-
pletely reseanned and measured by human scan-
ners. It was necessary to use human scanners for
the spark chambers downstream of the hydrogen
target because multiple tracks in these chambers
often caused a track quality too poor for the auto-
matic scanner. The human scanners rejected all
events having more than, or less than, one charged
particle track in chambers 5 and 6 (see Fig. 2).
This cut reduced the number of events from 25000
to 14 000.

Qn all remaining events the following measure-
ments were made: (a) final-state m tracks in
chambers 5 and 6, (b) n tracks through the mag-
net chambers (if possible), and (c) positions of y
showers (if possible). Each measured event was
classified as belonging to one of six types depend-
ing on the kind of measurements made. Table I
summarizes the labels used for each event type,
the measurements made for each type, and the
number of events of each type observed in the ex-
periment.

It can be seen from Table I that there are about
twice as many eve'nts with one measured y shower
as there are with two measured showers. This is
to be contrasted with the expected ratio of one y
to two y conversions in the lead plate which is
about &. There were primarily two effects that
made the measurement of more than one y shower

TABLE I. Types of events for hand scanning. The type assigned each event corresponds to
the measurements available for that event.

Type

Measurements made
track Number of

through
magnet showers

Number
of

events
observed

Number of
constraints

in
fit to p

hypothesis

Maximum
for

accepted
p events

Yes
Yes
Yes
No
No
No

1102
2010
3766
1986
3561
1276

15
10

5
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and

PT p ~7T p+27T ~ (4)

In the rest of this section we describe our deter-
mination of the background corrections for the
various event types.

Of the five types remaining after rejection of
type 9, only type 3 can be simulated by elastic
scattering; there are no y showers in this case.
Since elastic scatterings are much more numer-
ous than p events, a relatively small fraction of
elastic events having ~2& 0.3 (GeV/cm)2 (probably
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FIG. 5. Distribution of g2 values for the fit of all
type-3 events to the elastic hypothesis, ignoring re-
coil proton momentum. The dashed curve is the
Monte Carlo generated background. The solid curve
is the distribution for background which leaves a 1-C
distribution for elastic events.

difficult. First, a spark was often obliterated by
"spark robbing" from another track nearby.
Second, shower tracks were sometimes confused
by the appearance of additional tracks due to show-
er particles that were reflected by the magnet.
While we are therefore not able to predict a priori
the probabilities for observing different event
types, we can measure these probabilities by
studying events that can be identified without using
the y showers. Our procedure for doing this is de-
scribed in the next section under the heading of
efficiency corrections. These efficiency correc-
tions allow us, among other things, to estimate
the number of good reaction (1) events among the
unconstrained type-9 events listed in Table I.
Consequent1y, we reject all type-9 events at this
point and do not consider them further.

Since each event type is identified by different
kinds of measurements, the background from
channels other than reaction (1) is different for
each type The. major contributors to the back-
ground are the two reactions

due to the proton's suffering a second interaction)
can cause a significant background in the p events.
To eliminate these elastic events, all type-3
events were first fitted to the elastic hypothesis
ignoring tlge Proton information; this is a 1-C fit.
Figure 5 shows the resulting distribution of y'
values. The peak for small X' shows the presence
of elastic events. The dashed line shows the
Monte Carlo generated shape of the background in
this X distribution assuming that it is due to re-
action (1); the solid line shows the background dis-
tribution which, when subtracted from the mea-
sured X' distribution leaves a classical 1-C shape
for the elastic events. The rough agreement be-
tween the solid and dashed lines gives us confi-
dence that, having rejected all events with y'& 1.0,
we know how many reaction (1) events are lost
and elastics accepted by this cut. Approximately
V00 of the 3766 type-3 events were eliminated by
the cut.

All remaining. events in the sample were fitted
to the reaction (1) hypothesis. In order to simpli-
fy the fitting procedure for events having only one

y shower (types 2 and 8), we note that the opening
angle of the two y rays from the m' decay is very
small for energetic m" s. It is then reasonable to
assume that the m was emitted in the direction of
the y shower and to compensate for the approxi-
mation by assigning an angular error, proportion-
al to the opening angle, to the m' direction. The
number of constraints is then the same for one-
and two-shower events as is indicated in Table I.

We show the X' distributions for the fits of types
1 and 8 events in Figs. 6 and V; we present these
distributions because they show the extremes of
background levels. To determine the background
correction for each type, we first verify that the
X' distributions have the correct shape for small
y', where reaction (1) events dominate, and for
large y' where reaction (4) events are assumed
to dominate. Only for type-3 events, where there
are no y showers, do the X' distributions have the
classical shapes expected for Gaussian error dis-
tributions. Since the errors in the y shower mea-
surement are not Gaussian distributed, we have
used a Monte Carlo technique to find the expected
X' shapes for reaction. (1) and reaction (4) events
fitted to the reaction (1) hypothesis. The error
distribution for y showers was determined experi-
mentally by studying the distribution in shower
position near an opening (beam exit hole) in the
lead plate. The Monte Carlo generated X' distri-
butions agree well with the observed X' distribu-
tions for types 1, 2, 7, and 8. Using these dis-
tributions, we set the X' limits given in Table I as
most appropriate for each type of reaction (1)
event. The solid curves in Figs. 6 and 7 are the
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FIG. 6. Distribution of g values for the fit of all
type-1 events to the reaction (1) hypothesis. The solid
line in the enlargement on the right shows the Monte
Carlo generated shape of background. All events with
X2 & 15.0 were accepted as reaction (1).

FIG. 7. Distribution of y2 values for the fit of all
type-8 events to the reaction (1) hypothesis. The solid
curve in the enlargement on the right shows the Monte
Carlo generated shape of the background. All events
with g & 4.0 were accepted as reaction (1).

expected background distributions normalized at
large X' where there are essentially no events
from reaction (1). The background corrections
are almost insignificant except for type-V and

type-8 events where the y showers are essential
for identification. For type-V and type-8 events
together, 890 of the events accepted are background
and 13% of the real events are lost. This fraction
of real events lost is checked by an independent
method in the next section.

To test our assumption that most background is
from reaction (4), we examine the distribution in
~' for events rejected by the cuts described above.
These distributions are shown for each event type
in Fig. 8. They agree well with the missing-mass
distribution observed for reaction (4) in bubble-
chamber experiments at about the same energy. '
Qf course, our missing-mass distributions cut off
artificially above 1.1 (GeV/c')' due to the geo-
metrical limit of the experiment. The rejected
type-3 events obviously contain a number of elas-
tic events, as is expected. The rejected type-8
events show a strong p peak, which again is ex-
pected since from the distributions in Fig. V it is
estimated that nearly 5(P/g of the rejected events
belong to reaction (1).

U. CORRECTIONS TO THE DATA

Many reaction (1) events which our apparatus
wouM have ideally detected are missing from the
final sample of 8300 events. That this is true is
obvious from the h, rge number of type-9 events,
lacking sufficient measurements for identification.
%e have divided these losses into four categories
labeled efficiency losses, hole losses, veto losses,
and normalization losses. The efficiency losses
include losses due to inelastic interactions of the

80-.
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FIG. 8. Distributions of squared missing mass for
events rejected by the fits to the reaction (1) hypothesis.

m in the lead plate, the failure of y rays to con-
vert, poor spark quality, and poor scanner mea-
surements. The hole losses are those events lost
when the y rays go through a beam exit hole in the
lead plate; the veto losses are those eases where
the picture of a reaction (1) event was not taken
because one of the charged particles from the
event went through a veto counter. Fortunately,
none of these losses are such that we lose all of a
particular class of events, i.e., all events of a
particular t, dipion mass, and decay direction.
Therefore, we correct for these losses by calcu-
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lating weighting factors for each event, where the
weight factor is inversely proportional to the
probability for observing and identifying that event
as a reaction (1) event considering the various loss
mechanisms. The normalization losses are due
primarily to events rejected when there were two
beam pions within the resolving time of the cham-
bers. The correction for this effect is straight-
forward and has been verified by the correct nor-
malization of the elastic scattering data described
in Sec. III.

The efficiency correction for a type-3 event is
determined by the chance for the m to interact in
the lead plate or for the scanners to err in mea-
suring the m tracks. This chance is found to be
12.V%%uo by looking at the final-state v for a large
number of elastic events. An additional 2.6%%uo is
added to the type-3 efficiency correction to ac-
count for the reaction (1) events lost and back-
ground accepted by the X' cuts. The efficiency
corrections for the other types of events are found

by studying that subclass of events for which the
m momentum has been measured to be less than
4.0 GeV/c; these are type-l, -2, and -3 events.
By comparing the number of these events that are
accepted using only the m momentum information
(a type-3 fit) against the number that are accepted
using only the y shower information (type- I and
type-8 fits), it is possible to compute the effi-
ciency with which the y rays convert and are cor-
rectly measured. It is found that this efficiency
depends somewhat on the laboratory momentum
of the w' and lies between VO and 80%%uo. In this
comparison the fraction of reaction (1) events re-
jected by the type-l, -2, - I, and -8 y' cuts is
computed and is found to agree closely with the
fraction computed from the X' distributions as de-
scribed at the end of Sec. IV.

A I—,
'

by I in. rectangular hole was cut in the
center of the lead plate (Fig. 2) to allow the beam

to pass. The presence of this hole makes it im-
possible to identify some of the reaction (1) events
which would otherwise have been type-7 or type-8
events. When the most energetic y rays (or pos-
sibly both y rays) pass through the hole, there is
no y shower and the event is lost. The highest
losses are for those events where the n' has maxi-
mum energy and is directed towards the center of
the hole. Even for this class of events, the event
can be identified 20'%%uo of the time, i.e., for 20%%uo of
the possible decays of a mo of a given momentum and
and direction a y shower sufficient to identify the
event will be produced. For each reaction (1)
event that we identify, we compute from the posi-
tion, direction, and momentum of the w' the proba-
bility of losing that class of event due to the hole,
and weight the event accordingly.

It was necessary to use a number of veto coun-
ters in this experiment to hold down the number of
uninteresting pictures. Several of these veto coun-
ters occasionally caused the loss of real reaction
(1) events. In Fig. 2 it is seen that it is possible
for the final-state w to enter C4 (the veto counter
intended to detect beam pions) and for the event
to be lost. Detailed calculations show this to be
an insignificant loss; C4 has only a few square
inches of area. However, a second possible loss
proves to be quite significant. Positrons pro-
duced in y showers with momenta from 70 to 200
MeV/c can turn around in the magnet and come
back through veto counter t/4. Due to the strong
horizontal component of the magnetic field in this
region, the positrons are also bent downward.
The net effect is that events with y showers above
the production plane veto themselves out more
frequently than events with y showers below the
production plane, because the positrons from the
lower y showers tend to run into the bottom pole
face (recall that the magnet was placed asym-
metrically in the vertical sense, so that the pro-

~ Efficiency ~ Hole ~Veto~ Correction EJ Correction' ~Correction

EZ2 Efficiency Correction
KII3 Hote Correction~ Veto Correction

Z
y 400--
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I 200-
R
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90 I 80 0
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FIG. 9. The effects of the three major corrections on
the cos8 distribution for p events in the helicity frame.

FIG. 10. The effects of the three major corrections ori

the Q distribution for p events in the helicity frame.
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duction plane was only 5 in. above the bottom pole
face). Before correcting for this loss, we saw a
significantly greater number of events with strong
y showers where the final m went above the pro-
duction plane (so y's are below) than where the v

went below the production plane. Using photon
shower distribution function tables for lead" and
a detailed map of the magnetic field, the proba-
bility of losing each event was calculated. This
probability was never greater than 50%%u~ and was
considerably less for the events where the m is
above the production plane, the only events we
will use in studying the p decay. All events were
weighted to correct for this loss.

Figures 9 and 10 show the effects that each of
the three corrections have on the p decay distribu-
tions in the p helicity frame. In this frame the p
is at rest and the direction of the recoil proton is
the negative Z axis. The angle 8 is measured
from the positive Z axis and p is measured from
the production plane. In both figures two distribu-
tions are shown, the distribution of events which
have the m above the production plane and the
distribution of events with the m below the pro-
duction plane. The latter distribution is given
only to show how the veto corrections tend to re-
store symmetry under reflection through the pro-
duction plane. The events with the m down will
not be used to compute the density-matrix ele-

ments because the corrections are larger and be-
cause there is a kinematic region for which events
cannot be observed with high efficiency. For cos8
between 0.4 and 0.8, a m' heading down is likely
to hit the bottom pole face of the magnet and the
m' is produced with too low an energy and at too
large an angle to produce good y showers. The
clear histograms below all the hatched areas in
Fig. 9 show the distributions seen before any cor-
rections are applied.

VI. NUCLEON RESONANCE PRODUCTION

In this section we investigate the possibility that
resonances in the m p and w'p system may in-
fluence the observed properties of the p . The p
decay angular distribution can be particularly
sensitive to reflections of the nucleon resonances.

To look for np resonances in our data, we ex-
amine histograms in M(w p) and M(v p), the invari-
ant masses of the n p and n'p systems, respec-
tively. These histograms are shown in Figs. 11
and 12. The smooth curve drawn in each histo-
gram is the expected distribution of pion-proton
masses calculated from the observed p distribu-
tions. The only significant resonancelike struc-
ture in these distributions is the single spike in
the v p distribution at a mass of 1.17 GeVjc'.
This peak is an instrumental effect. Our correc-
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an~

LJ

-.04 & t & —.I I
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4Q-- 40-- ++ I
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3.Q

FIG. 11. (n. p) mass spectra for events with dipion
mass between 660 and 860 MeV/c~ for different t
intervals. The smooth curves show the mass distribu-
tions expected from the reflection of the p.

FIG. 12. (Hp) mass spectra for events with dipion
mass between 660 and 860 MeV/e2 for different t
intervals. The smooth curves show the mass distribu-
tions expected from the reflection of the p.
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tion for events lost due to the hole in the lead plate
accounts as it should for missing events, but it
does not account for the shift in the w' direction
introduced by our fitting procedure; i.e., a m'

headed just into the hole wi)1 be deflected if it
emits a y just out of the hole, but the converse is
not true. We conclude that there is no evidence
in our data for interference between mp resonances
and the p .

It is of course best to study the overlap discussed
above in an experiment for which the complete
range of kinematic variables is observed for all
three of the final-state particles of reaction (1).
Eisner et al. ' found in such an experiment at 4.2
GeV/c that the cross section for n, '(1236) is nearly
a third of the p cross section, but that there is
no significant overlap between the p and the ~'.

count the range of t available for each value of .
The functions R, (~) and R, (&u) are given by

(6)exy (B,t)d t,

375. /c)

250-

R(=J
~min

where exp(B, t) is the shape of the t distribution at
fixed (d to be demonstrated in the next section.

We find in the next section that B,= 9.7 (GeV/c) '
(p production) and B,=8.0 (GeV/c) ' (background).
The limits t;, and t are eit|.er the fixed limits
of cuts or the ~-dependent geometrical limit de-

VII. DIPION MASS SPECTRUM

We have carried out a detailed study of the di-
pion mass spectrum for events from reaction (1).
Our purpose is to estimate the relative fractions
of p resonance and nonresonant background pro-
duction and the mass and width of the p resonance.

Figure 13 shows the dipion mass spectra we ob-
serve for various values of t. These distributions
are limited, for instrumental reasons, to values
of &u between 0.6 and 1.1 GeV/c' and to values of
t between -0.35 and -0.04 (GeV/c)'. The lower
limits at & =0.6 GeV/c' and t = -0.35 (GeV/c)' are
necessary because of the prescanning cuts (de-
scribed in Sec. III) at &v' = 0.3 (GeV/c')' and
-t =0.4 (GeV/c)'. The limits here are tighter
than the prescanning cuts to allow for edge effects
due to the shifts in and t when the complete fit
to reaction (1) is carried out. These shifts are
simply the measurement errors near the limits
in question, 6~-0.04 GeV/c' and n, t-0.03
(GeV/c)'. An upper limit at ~ =1.1 GeV/c' is
placed to avoid having to use events for which the
geometrical detection efficiency becomes small.
Finally, the upper limit on t actually depends on

For ~& 0.8 GeV/c' we observe no events with
t & -0.04 because the recoil protons for more
positive t fail to escape from the hydrogen target.
For ~& 0.85 GeV/c', the uyyer limit decreases
with increasing & as can be seen from the proton
trigger kinematics curves in Fig. 1.

To estimate the amount of p production, and
the resonance parameters, the spectra have been
fitted to the form

E(&u) =Afe~(u&)R, (&o) +Bfeo(~)R, (~),

125.
l

OJ
O

0 75-
C9

D
O

200--
Ol

0)
I

3
IOO-

z

50.-

25.

I

.7

.7

7'.

I

.8

.8

—.Il~ t & -.04 (GeV/c)

.9 I,O

-.20~ t ~ -.II (GeV/c )
2968 events

.9
(GeVic )

I.Q
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where feel(v) is a Breit-Wigner resonance func-
tion, f~(ro) is three-body phase-space background,
and R, (~) and R, (~) are functions to take into ac-

FIG. 13. (7t m ) mass spectra for various t intervals.
The smooth curves are fits of the (Breit-Wigner)
+ (phase-space) form to the data (see the text for de-
tails).
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scribed above. We remark that R, (~) and R2(~)
are very slowly varying functions of u. The basic
form used for fBw(~) is

~ 2p2(~)fBW(&) = f (&) (~2 ~ 2)2+ „2I2(~)

We have tried a number of the parametrizations
for f (~) and I'(~) used in previous studies of the
p mass spectrum. " These parametrizations are
listed in the first column of Table II. The quan-
tities q and A that appear in some of the expres-
sions for I'(&u) are, respectively, the pion momen-
tum in the dipion rest frame, and a parameter
representing an interaction radius in the scatter-
ing"

Table II shows the results of various combina-
tions of f (&u) and I'(~) fitted to the data by means
of Eqs. (5), (6), and (I). We find that Fit 2, the
form used in several lower-energy experiments, '
does not drop off fast enough with increasing ~ to
give a good fit to the data of this experiment.
However, by giving f(&u) an ~ "dependence, the
fit is considerably improved, as in Fit 5. The
values for R in Fit 3 are zero because this value,
with the constraint that R be positive, gives the
most rapid falloff with increasing ~.

We take Fit 5 as our best fit. The relative frac-
tions of p production (for Fit 5) listed in Table II
are used in the next section to calculate the total
cross section for p production. The resonance
parameters from Fit 5 are ~„=766+4 MeV/c2
and I'„=146+8 MeV/c2, where the errors are
purely statistical, and the mean measurement er-
ror, L~ =20 MeV/c2, has been subtracted in quad-
rature from the width. These values agree well
with present world averages. '0 We should empha-
size that the significance of the p parameters de-
termined in this way is not very clear. Some of
the difficulties are pointed out in Ref. 20. We will
discuss this further in Sec. IX where we show that
the mass spectrum for p production is much more
strongly correlated with the decay configuration
than is the spectrum for p production. It appears
that only by studying the simultaneous production
and decay distributions in very-high-statistics
experiments can the significance of the resonance
parameters be understood.

VIII. DIFFERENTIAL CROSS SECTION
FOR p PRODUCTION,

In order to study the t dependence of the events
in various dipion mass intervals, and, in particu-

TABLE II. Fits of various Breit-Wigner forms to the dipion mass spectra. All of t interval is -0.04 to -0.35
(GeV/c)2. t intervals 1, 2, and 3 are, respectively, -0.04&t &-0.11, -0.11&t&-0.20, and -0.20&t &-0.35 (GeV/c)2.
Fit 5 is the fit used for calculating the fraction of p production in p region.

Fit

Degrees
of

freedom X

%p R
660 to 860 (MeV/c') {MeV/c2) A f(QeV/c) ]

all
1
2

3

all
1
2

3

all
1
2
3

82
78
54
44

144
81
70
80

75
72
51
45

82
86
81
80

99
100

98
99

82
87
82
80

760
763
764
757

740
744
745
735

759
762
763
756

132
131
132
142

159
146
156
173

134
134
134
144

Same as Fit 1; sets A = 0

all
1
2
3

all
1
2
3

63
54
45

62
54
44
43

85
94
85
78

84
93
84
78

766
762
768
780

760
760
762
774

148
157
148
142

143
154
144
138

3.4
2.3
3.1
6.0

1.7
1.7
1.6
4.1

2.3
1.2
2.1
2.6
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lar, to calculate the p production cross section,
we have made histograms of events vs t for the
mass intervals of interest.

The data for three dipion mass intervals of dif-
ferent widths centered on the p region are shown
in Fig. 14. For I) -0.10 (GeV/c)' we begin to lose
events due to the inability of the protons from the
far side of the target to reach the proton counter.
The differential cross section for the widest mass
interval (660-860 MeV/c') turns out to be nearly
the same as the cross section for p production.
Using the results of the fits to the dipion mass
spectra (Fit 5) to estimate the fraction of p pro-
duction for various intervals of , we find that
the differential cross section for the widest mass
interval needs to be increased by only 9% to be
equal to the differential cross section for p pro-
duction.

The straight lines drawn in Fig. 14 are fits of
the form A exp(Bt) to the data. Table III gives the
values of the parameters for fits to the three dis-
tributions shown in Fig. 14 as well as the values
of B for fits to events in a dipion mass interval
above and below the p region; the errors in Table
III are statistical errors at the 95/p confidence

level. The values B, and B, used in the preceding
section for the t dependence of the Breit-Wigner
and background terms in the fits to the maJs spec-
tra are, respectively, the first entry in Table III,
and the average of the last two entries. The value
of the slope, B, that we measure for p produc-
tion agrees fairly well with the slope seen in ex-
periments at higher" and lower ' energies.

The dotted curve shown in Fig. 14 is arrived at
by taking the OPEA calculation of Jackson et al."
for 4 GeV/c and projecting it to 5 GeV/c assuming
a 1/P„„' dependence. The dashed curve is the
OPEA prediction arrived at by taking the calcula-
tion of Oh et al. '0 for 7 GeV/c and projecting it to
5 GeV/c with the 1/P„,' dependence. Oh's calcula-
tion follows the Durand and Chiu' OPEA formal-
ism and includes the effect of nucleon-pole terms.
Jackson's calculations were done when only a
small amount of data was available for high P»
and larger iti; by varying the final-state absorp-
tion, his calculations could probably be brought
into satisfactory agreement with our data. We do
not take this agreement of our differential cross
section with OPEA calculations to mean that one-
pion exchange dominates. Instead, it shows the
latitude of the OPEA model to fit the production
cross sections at larger values of gati.

We see only a limited range of t and therefore
cannot directly measure the total cross section
for p production. However, if we assume do/dt
has an exponential form for all t and integrate
from I;= 0 to t = -~, we calculate the total cross
section for p production to be 0.31 mb. We kn.ow
that dv/dt actually dips for t near 0 and that the
slope becomes less steep for large gati. Using our
method to compute the total cross section for the
experiment of Oh et al."and then comparing it to
the total cross section they actually measured,
we estimate that our above calculation of the total
cross section is 10-15/0 low, giving a total cross
section of 0.35+ 0.06 mb. The error here includes,
in addition to the uncertainty in the correction pro-
cedure just described, the statistical and normal-
ization uncertainties in our own experiment.

~ 2

—C TABLE III. Fits of A exp(Bt) form to do/dt for dipion
production in various mass intervals.

t (GeV/c) Dipion mass
(MeV/4 )

A B
f mb/(GeV/&) 1 [ (GeV/c) ]

y2/degrees of
freedom

FIG. 14. Differential cross sections for dipion pro-
duction in various dipion mass intervals centered
around the p mass. The straight lines are fits of the
A exp(St) form to the data. The dotted curve is the
OPEA prediction for p production taken from calcula-
tions of Jackson et al. ; the dashed curve is the OPEA
prediction from the calculations of Oh et al.

660-860
700-820
730-790
450-660
860-1100

2.81+ 0.30
2.10+ 0.28
1.09+ 0.17

9.73+ 0.59
10.09+ 0.74
9.81+ 0.88
7.25+ 1.70
8.84+ 1.05

14.3/11
15.2/ll
12.2/ll
19.6/ll
18.2/11
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IX. p DECAY

It is well known" that the decay distributions of
an unstable particle are more sensitive to the de-
tails of its production mechanism than are the pro-
duction distributions of the particle. We next dis-
cuss our decay angular distributions for p m

+&&'. Particular emphasis will be placed on the
dependence of these angular distributions on di-

pion mass (&u) and production four-momentum
transfer squared (f).

There is now considerable evidence" that for
incident && momentum up to 3 GeV/c, the decay of
the m m' system is adequately described by dipion
angular momenta of /=0 and /=1. We assume this
to be true in this paper. Angular momentum and
parity conservation then lead" to the joint produc-
tion and decay differential cross section

~N&, , ~ &

—[(2/v 3 ) Rep„cos8 -2(-', )'"Rep„sin8 cosp+ (p~+ —,'P, ) cos'8+ (p»+ 3 p, ) sin'8

—v 2 Rep»sin28 cosy —p, , sin'8 cos2&I&j . (6)

The coefficients p are the independent spin-density-
matrix elements for the decay and N&, ,~ &

c&- d'o'/
dtd~2 is the number of events per interval of t and
~'. s is the square of the total energy in the pro-
duction center-of-mass system; the angles 8 and

p are standard polar and azimuthal angles of the
decay «with respect to axes (defined below) in
the p rest frame and dQ„=sin8d8dg.

There are two sets of axes with respect to which
it is natural to study the decay distributions. To
define these reference frames, we denote unit
vectors along the beam pion momentum and the
recoil proton momentum in the p rest frame by 5
and ~, respectively. Then the first of these
frames (Gottfried-Jackson) is defined by Zo, =b
and y =r&&b/~r" xb~. The second frame (helicity)
has the same y axis, but a z axis defined by Z~
= -r, as illustrated in Fig. 15. Vfe will present
our decay angular distributions with respect to
both frames since each frame is useful. The Gott-
fried-Jackson frame has the advantage that p pro-
duction by pion exchange in the Born approxima-
tion gives a pure cos'8G, distribution or pG~ =1,
with other density-matrix elements equal to zero.
The helicity frame is useful in studying the effects
of the production mechanism on decay distributions
when probability absorption is taken into account;
the absorption corrections are applied to ampli-
tudes expressed in the helicity frame and some
properties of the Born amplitudes, particularly
the dependence on dipion mass and production en-
ergy remain as factors after absorption correc-
tions are applied 2~

In order to determine the density-matrix ele-
ments, we first fit the data in a given interval of
f and ~ to Eq. (8) by the method of least squares.
That is, we determine the quantities Np with no
normalization constraint on the p's. The rapid t
and u& dependence of N(i, &d) is then removed by ap-
plying the conventional normalization condition

(po, + ', p, ) +2(p»+ ', p, )—=1. -

There is of course no way that the —,
'
p, term can

be determined separately from the procedure out-
lined above.

The density-matrix elements obtained in this
way are given in Figs. 16 and 1'7 and Tables IV
and V for the helicity and Gottfried-Jackson
frames, respectively. The horizontal bars in the
figures indicate the t interval over which the fit
was made. The vertical error bars represent
statistical uncertainties only (by changing the cor-
recting weight factors one at a time an amount
corresponding to the possible systematic error
made in each correction and then refitting the data,
the effect of systematic errors on the matrix ele-
ments was found to be an order of magnitude
smaller than the statistical uncertainties). Note
that the values of y' given in Tables IV and V for
these fits are satisfactory since there were 100
data points (10 bins each for cos8 and Q) and
either four or six parameters. The matrix ele-
ments for the mass intervals 660-660 GeV/e'
were determined with only four parameters since
Rep„and Rep„were set to zero for reasons to be

h n.
ZG„=- b

A

ZH=

rxb
I rxs)

GJ

XH

FIG. 15. Orientations of the helicity (H) and Gottfried-
Jackson (GJ) axes in the p rest frame. The unit vec-
tors 5, f, and & are along the beam pion, recoil pro-
ton, and decay m momentum, respectively.
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FIG. 16. Density-matrix elements in the helicity
frame as a function of dipion mass and t.

FIG. 17. Density-matrix elements in the Gottfried-
Jackson frame as a function of dipion mass and t. The
OPEA predictions for the p density-matrix elements
are shown as solid curves.

TABLE IV. Density-matrix elements for various intervals of t and dipion mass in the helic-
ity reference frame.

poo+3Ps8

Rep

'8
eps 0

Bepsst

(MeV/c2)

660-860
610-71Q
710-810
810-910

660-860
610-710
710-810
810-910

660-860
610-710
710-810
810-910

610-710
710-810
810-910

610-710
710-810
810-910

660-860
610-710
710-810
810-910

-0.04 to -0.11

0.59+ 0.03
0.50+ 0.07
0.59+ 0.05
0.73+ 0.07

0.13+ 0.01
0.10+0.03
0.12+ 0.02
0.18+ 0.02

0.12+ 0.02
0.19+ 0.04
0.10+ 0.02
0.05+ 0.02

-0.09+ 0.03
-0.03+ 0.02

0.09+ 0.03

-0.02+ 0.02
0.003+ 0.01
0.035+ 0.01

105
124
117

92

t intervals [(GeV/~) 1

-0.11 to -0.20

0.47+ 0.03
0.29+ 0.05
0.50+ 0.04
0.63+ 0.07

0.16+ 0.02
0.14+ 0.03
0.15+ 0.02
0.22+ 0.03

0.11+0.02
0.23+ 0.04
0.10+ 0.02
0.03+ 0.03

-0.03+ 0.03
0.03+ 0.02
0.10+ 0.03

-0.02 + 0.02
0.003+ 0.01
0.06+ 0.02

104.
111
110
103

-0.2Q to -0.35

0.36+ 0.04
0.26+ 0.07
0.33+ 0.05
0.40+ 0.06

0.18+ 0.02
0.11+0.03
0.18+0.02
0.28+ 0.04

0.08+ 0.03
0.17+0.05
0.07+ 0.03
0.00+ 0.04

-0.01+ 0.04
0,02 + 0.02
0.09+ 0.03

0.01+0.02
-0.002 + 0.02

0.07+ 0.02

89
129

94
68
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described below.
The quality of the least-squares fits can be seen

from Figs. 18 and 19 which show the dependence
of the dipion angular distributions on cosa for va-
rious Q bins in the helicity and Gottfried-Jackson
frames, respectively. The solid curves show the
fit for the dipion mass interval 660 to 860 MeV/c'
with Rep„and Rep„constrained to be zero. Fig-
ures 18 and 19 also show clearly the strong corre-
lation between cos8 and P already evident from
the nonzero values of Repyp and p,

We now outline the main features of our results.
Each of these features will then be discussed in
detail.

(1) Interference between s- and p-wave terms
in the dipion angular distribution is small. This is
indicated by the small values of p„and p„relative
to the dominant l =1 elements, p~+ —,

'
p, , Repro,

and py y
— The values of p„and p„ in the p region

cu = 710-810 MeV/c' are consistent with no inter-
ference at all.

(2) The / =1 density-matrix elements depend
strongly on dipion mass in the mass region 610
& ~& 910 MeV/c'. In the helicity frame, poo+ —', p,
and Rep„ increase rapidly with increasing ~ while
p, , decreases rapidly with increasing ~. This
behavior of p, , has been observed at lower ener-
gies (-2.5 GeV) and has been interpreted as evi-

dence that &' exchange may contribute significantly
to p production even at low energy. "

(8) The density-matrix elements in the p mass
region 710 & ~ & 810 MeV/c' are not consistent with
OPEA predictions (or with the density-matrix ele-
ments from po production experiments). The
solid curves in Fig. 17 are the OPEA predictions
as calculated by Eisner et al.' for 4.2 GeV/c in-
cident m . The large difference between the ex-
perimental value of ppp and OPEA predictions has
been noted previously"' and has been attributed
to ~' exchange.

The rest of this section will be divided into two
parts. First, we discuss the interference terms.
One result of this discussion is an estimate of p,
which in turn allows us to find p~ and p» [see
Eq. (8)]. Second, we discuss the details of the
mass and f dependence of the density-matrix ele-
ments and the implications of these dependences
for the exchange mechanism in p production.

1. Interference Between s- and p-Wave Terms

The s-p interference terms have recently been
used by several groups '"to determine the s-wave
phase shift for m m' scattering on the mass shell.
The m m' angular distribution on the mass shell in
the Gottfried- Jackson frame is

TABLE V. Density-matrix elements for various intervals of t and dipion mass in the Gott-
fried- Jackson reference frame.

E,
'Mev/c2) —0.04 to —0.11

t interval [(GeV/c)'l
-0.11 to -0.02 -0.20 to -0.35

P00 + 3'GJ

Re piGOJ

GJ

Re pGJ

Re pGi

660-860
610-710
710-810
810-910

660-860
610—710
710-810
810-910

660-860
610-710
710—810
810—910

610-710
710-810
810-910

610-710
710-810
810-910

660-860
610-710
710—810
810-910

0.58+ 0.03
0.39+ 0.06
0.55+ 0.04
0.76+ 0.07

-0.16+ 0.01
—0.17+ 0.03
-0.16+0.02
-0.16+ 0.02

0.09+ 0.02
0.16+ 0.04
0.08 + 0.02
0.06+ 0.02

—0.07+ 0.03
-0.01+ 0.02

0.09+ 0.03

0.04+ 0.02
0.02 + 0.01

-0.01+ 0.01

104
150

95
89

0.48+ 0.03
0.32+ 0.0$
0.46+ 0.05
0.67+ 0.06

-0.16+ 0.02
-0.12+ 0.03
-0.16+ 0.02
-0.20 + 0.03

0.11+0.02
0.23 + 0.04
0.09+ 0.03
0.03+ 0.03

—0.04+ 0.03
0.02 + 0.02
0.13+0.03

0.006+ 0.02
-0.01+ 0.01
-0.02+ 0.01

109
114
165

92

0.42 + 0.04
0.28+ 0.07
0.45 + 0.05
0.60+ 0.08

-0.15+ 0.02
-0.11+0.03
—0.15+ 0.02
-0.20 + 0.04

0.14+ 0.03
0.18+ 0.06
0.13+0.03
0.10+ 0.04

0.004+ 0.04
-0.01+ 0.02

0.12+ 0.04

0.006+ 0,02
-0.006+ 0.01
-0.03+ 0.02

87
139

67
82
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FIG. 18. Simultaneous cos6) and Q distribution for
-0.04 &t & —0.35 (GeV/c) and 660 & ~ & 860 MeV/c in
the helicity frame. The smooth curves are the fit of Eq.
{8) to the data with Rep, o= Rep, &

——0.

FIG. 19. Simultaneous coso and P distribution for
-0.04 & t &-0.35 (GeV/c) and 660 & cu & 860 MeV/c in
the Gottfried-Jackson frame. The smooth curves are
the fit of Eq. (8) to the data with Rep, 0= Reef 0.

= —,[sin'5,'+ 6 cos(50 —5,') sin5', sin5', cos8
dQ„, q'

+9 sin'5,'cos'8] . (9)

=&3 pep„F+B
3 cos (52 —5', ) sin502 sin5,'

sin252+ 3 sin25~

Baton and Laurens find ' that the asymmetry
ratio is almost independent of t throughout the
physical region t & -0.3 and on the mass shell.
We examine the dependence of our asymmetry
ratios on t and on ~ in Fig. 20, both for the Gotl:-
fried-Jackson and helicity frames. We also find
no significant t dependence over our range of ob-

The superscripts on the phase shifts, 6, label the
isotopic spin and the subscripts label the orbital
angular momentum; q is the pion momentum in the
dipion rest frame. In order to isolate the inter-
ference term [coefficient of cos8 in EIl. (9)], it is
convenient to study the asymmetry ratio (F B)/—
(F+B), where F and B are the numbers of events
with cos8 greater than and less than zero, respec-
tively. The asymmetry ratio is related to Rep~
and to the phase shifts through

servation.
While the ~ dependence of our asymmetry ratios

is qualitatively similar to that observed ' by Baton
and Laurens, our asymmetries are smaller both
below and above the p region, as can be seen by
comparing our data with the solid curve in Fig.
20. This curve has been calculated from the on-
mass-shell phase shifts of Baton and Laurens,
but it gives a good representation of the Baton and
Laurens data in the physical region t & -0.30
(Gev/c)'. To pursue this apparent disagreement
further, we have collected in Table VI all of the
accurate information on p interference that we
know of. The top part of Table VI gives values of

1 F-8
F+B

in the Qottfried-Jackson frame, while the bottom
part gives the interference density-matrix ele-
ments in the helicity frame from a number of
bubble-chamber experiments as compiled by
Malamud and Schlein. " We have not rotated these
helicity elements into the Gottfried-Jackson frame
because a t binning of the data is not available to
us. However, from the size of the rotation coef-
ficients involved and from the behavior of our own
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elements under rotation, we believe that the Rep„
element would be essentially the same in the Gott-
fried-Jackson frame. We draw the following con-
clusions from the data in Table VI: (a) There is
no significant dependence of p„on projectile mo-
mentum. This point is germane to the question of
dipion production by (d' (or other) exchanges,
which might be expected (see Sec. IX2 below) to
play an increasingly important role as projectile
momentum increases. (b) Our values of Rep„
for cu & 810 MeV/c' are in good agreement with the
weighted average of all of the values given at the
bottom of Table VI (we include the values of
Malamud and Schlein in the helicity frame in this
average, but not, of course, our data listed under
the helicity. frame). Our value for Rep„ in the
mass bin 810 & &t) & QIO MeV/c' is about 4 standard
deviations lower than the average. We have not
been able to find an instrumental source for this
difference. (c) The weighted average values of
p„are somewhat smaller than the values of Baton
and Laurens. ' If this average is correct, and the
5,'(p resonance) phase shift is unchanged, the 5',

phase shift must be reduced from = -11 to =--8'
at the p resonance.

As a fina1 point concerning the interference
terms, we note that the p, density-matrix element
should be small compared with ppp and p» for m m'

in the p mass region. The element p, is related
to the phase shifts by

p, = (sin'5', )/(sin'5c2+ 3 sin25,') .

Using the on-mass-shell phase shifts of Baton and
Laurens, we find p, &0.06 throughout the ~ region
610 to 910 MeV/c'. In the rest of this payer we
assume that this result applies to the physical re-
gion, and in discussions of the elements p„and
p», we neglect the s-wave contribution.

2. Mass and t Dependence of the Density-Matrix Elements

It was pointed out in the Introduction that p' pro-
duction and decay are described well by the OPEA
model while p production is not, and that this
situation is perhaps natural since ~ exchange can
contribute to p production but not to p' produc-
tion. In this section we first give empirical evi-
dence that the partial cross sections Np, p and
N Rep, p for p are consistent with OPEA, while
the Np„and N Rep, , are not. We will discuss
this result in the context of a model in which m'

and u' exchanges dominate p production.
One would like to test for the effects of nonpionic

exchanges by making absolute comparisons of the
differential cross sections for p' and p at the
same production energy. From charge indepen-

I Q J Frame" 04 t& —.35(GeV/c)

Helicity 0
~ Frame

X
II

-,04&t&-.ll(GeV/c) j

I I J t

~
4--

—.ll&t &-.20(GeV/c) 2

I-
LLJ

—.20 & t &-.35 (GeV/c) ~

600 760
( MeV/c~)

920

FIG. 20. Forward-backward decay asymmetry as a
function of dipion mass for various t intervals in the
Gottfried- Jackson and helicity frames. The mass bins
are 40 MeV/c2 wide for each frame. The bin centers for
the two frames are displaced by 20 MeV/c2 for clarity.

dence, all p' cross sections should be twice as big
as the corresponding p cross sections if m ex-
change dominates (see Ref. 10 for a comparison
of this type with relatively low statistics data).
While we are not able to make such an absolute
comparison, we can compare the ~ dependence
of the.cross sections for p' and p production. In
Fig. 21 we show the ~ dependence of our partial
cross sections Np and the cross sections for p'
and p production at -2.5 GeV/c incident t( mo-
mentum. The 2.5-GeV/c data came from a com-
pilation" of bubble-chamber results at a number
of momenta between 2 and 3 GeV/c (our procedure
for extracting the density-matrix elements from
the data of Ref. 11 is described in Appendix 8).
The cross sections are normalized in each case
to give the same total value of Nppp when summed
over the ~ bins.

This comparison strongly suggests, for reasons
outlined below, that the partial cross sections
Np~ and N Rep„ for p production are consistent
with OPEA predictions, at least up to 5 GeV/c.
We note that (i) the pc density-matrix elements at
2.5 GeV/c, "and 2.7 and 4.1 GeV/c, "are about
the same as those from the recent high-statistics
SLAC results '4 at 15 GeV/c. Thus the pc density-
matrix elements are consistent with being inde-
pendent of incident t( momentum. (ii) Production
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TABLE VI. Asymmetry density-matrix element Rep» (and Rep, &
when available) for p production in 7t p x x p at a

variety of incident ~ momenta. The bottom entry is, as explained in the text, the weighted average of all the values in
the table including the values of Malamud and Schlein in the helicity frame (but not the value from this experiment in
the helicity frame).

Plab
(GeV/c) Source Ref.

Gottfried- Jackson frame

Pso

2.77

4.16

5,0

7.0

2.14 to 3.0

5.0

Phase shift

Baton and Laurens

Eisner et al.

This expt.

Oh et al.

Malamud and Schlein

This expt.

Weighted average

10

+m. '

-0.02 to -0.26

&-0.30

-0.04 to -0.275

&-0.30

&-0.16

-0.04 to -0.20

610-710
710-810
810-910

610-710
710-810
810-910

610-710
710-810
810-910

610-710
710-810
810-910

610-710
710-810
810-910

Helicity frame

610-710
710-810
810-910

610-710
710-810
810-910

610-710
710-810
810-910

-0.115
0.012
0.230

-0.093+ 0.02
0.017+ 0.013
0.230 + 0.015

+0.05k 0.06
-0.01+ 0.04

0.17+ 0.05

- -0.047+ 0.02
0.002+ 0.013
0.111+0.02

-0.08+ 0.08
-0.08+ 0.05

0.15+ 0.06

-0.02 + 0.02
0.04+ 0.03
0.20+ 0.03

-0.06+ 0.02
0.00+ 0.02
0.10+ 0.02

-0.05+ 0.01
0.006+ 0.01
0.188+ 0.01

-0.01+ 0.01
0.01+ 0.01
0.06+ 0.01

-0.02+ 0.02
0.00+ 0.01
0.05+ 0.01

and decay of p' is very well described by OPEA
up to 15 GeV/c. "" (iii) The cross sections
Nqls and N Req,", for q at 2.5 and at 5.0 GeV/c
have the same &u dependence (see Fig. 21) as do
the corresponding p' cross sections. It should be
emphasized that the ratio N Reqf, /Nqos, for the 2.5
GeV/c data is the same for q and q', independent
of the normalization procedure used here. The
fact that this ratio is the same for our 5-GeV/c
p data. could be fortuitous since the density-ma-
trix elements depend on t and our data are instru-
mentally limited to t& -0.05. We find, however,
by integrating the partial cross sections deter-
mined from q' data at 4.1 GeV/c" over the t ac-
ceptance of our apparatus, that the relative val-
ues of the p' cross sections shown in Fig. 21 are
appr opr iate to compare with our p data.

It is clear from Fig. 21 that the cross sections
N pyy and Npy y are not consistent with OPEA.
First, these cross sections are larger (relative
to Nq~) than their counterparts for q'. Second,

they have a factor that decreases with increasing
& superimposed on the resonant ~ dependence,
while Np~ and N Repro have a factor that increases
with increasing superimposed on the resonant
~ dependence.

The t dependence of the cross sections Np~~ and
N Repyp for p production should also be sensitive
to the presence of exchanges other than m exchange.
We are, unfortunately, not able to compare our
cross sections with p cross sections over a wide
enough t region to be useful. Our t dependence is
biased for t& -0.1 because some of the recoil pro-
tons are not able to escape from the hydrogen tar-
get. The t dependences of the normalized density-
matrix elements are, of course, free from this
bias since there is no correlation between the
probability that a proton does not escape and the
decay characteristics of an event (recall from
Fig. 1 that all protoris exit the hydrogen target at
essentially the same lab angle). It is, however,
meaningless to compare normalized density-ma-
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trix elements for p and p' since the normalization
condition Np«+2Np» = N injects the t dependence
of Np» into all of the normalized density-matrix
elements. The only useful comparison available
is then the ratio (Repf, )/pe», . This will be the same
for p and p' if these elements are dominated by
m exchange. Figure 22 shows a comparison of our
p values for this ratio with p' values from the
recent high statistics SLAC 'e data at 15 GeV/c;
the two sets of data agree well, at least out to

t=0.2-(GeV/c)'. In summary, comparison of p
and p' data shows that the p cross sections Np~~

and N Repro are consistent with pure OPEA for
t & -0.2 and Phb ~ 5 GeV/c, while Np~~ and Np,",
increase more rapidly with increasing s than is
required by QPEA and decrease with increasing
u unlike OPEA cross sections. We will next com-
pare these results with what is expected if ~' ex-
change is assumed to be responsible for the de-
viations of p cross sections from OPEA behavior.

To interpret our data, we will first consider the
partial cross sections, Np~, that result from as-
suming elementary particle m and ~' exchange in
the Born approximation. %bile this is certainly

i&PI' =D l&&PPv GBBP &&' —t) 'I'

l~ le Dlt/ G (~oe t)-ale

x 1+(— ) (-t)

(12)

10--

not a realistic model, we are motivated to use it
by consideration of the dependence on p mass of
the Born amplitudes for m exchange. We will show
that this mass dependence gives at least qualita-
tively the ~ variation that must be superimposed
on a symmetric resonance shape to describe the
partial cross sections Np~ for p' production. It
is then of interest to see if ~'-exchange ampli-
tudes can qualitatively explain the ~ dependence
of Np„and Np, , for p production.

We have calculated, as outlined in Appendix A,
the cross sections that follow from the Feynman
diagram of Fig. 23. Since we are interested pri-
marily in the & dependence of the dominant ampli-
tudes at 5 GeV/c, we work with the high-energy
limits of the elementary-particle-exchange am-
plitudes. The cross sections that result from ex-
panding each helicity amplitude in powers of s '
and retaining only the lowest power in s ' asso-
ciated with each exchange (s' for»' exchange and
s' for ~' exchange) are

Np», =2lKPl'p'(1 +2t/p')(-t),

N Repf, =2V2 IKPI'p(I + t/ p')(-t)' 2

Np», = -4lz, l'(-t)'+ le, l'p-'s'(-t),

Np» =4lz l'(-t)'+ lz, l'p-'s'(-t).

The constants p, m, and (d' represent the stable p,
m„and ~' masses. K~ and I'~ characterize pseudo-
scalar (») and vector (uP) exchange, respectively,
and are related to the coupling constants f at the
meson vertex and G at the nucleon vertex of the
diagram in Fig. 23 by

1600.—
1200.-

800 —~e

400-.
0
650 700 750 800 850 900

{MeV/c')

P at 5 GeV/c (This Expt. )

Plo c) p at 15Gev/c (EIulos ef al. )

P
5-- I

FIG. 21. Dependence of the partial cross sections
Pfp+) on dipion mass {~) for 7r p p p at 5 GeV/c and
~ p p p and p n at -2.5 GeV/c. The 2.5 GeV/c data
are taken from Ref. 11. The curves are drawn free-
hand to help the eye to connect data points. Only one
curve is drawn when the data points are consistent
within statistical uncertainties. These uncertainties
are never larger than the data point symbols.

I

.2
-t iGeV/c) ]

.3

FIG. 22. Dependence of the ratio (Repro)/ppp on f for
p at 5 GeV/c and p at 15 GeV/c. The 15 GeV/c data
are taken from Ref. 14.
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FIG. 23. Feynman diagram for the production of a
stable p by exchange of m or co .

The factor D contains the effects of p decay dy-
namics and phase space common to all the cross
sections; G~~~ and G~~~ are the independent vec-
tor and tensor couplings" of ~' at the nucleon
vertex.

Before comparing this result with our data, it
may be helpful to consider these features of Eq.
(11) that can be understood from elementary argu-
ments. We first note that there is no coupling be-
tween pseudoscalar and vector exchange; that is,
no cross terms involving products of n and ~' ex-
change amplitudes appear. The cross sections
are then sums of the separate cross sections for
pure m and ' exchange. It is easy to see that this
must be so from the familiar" values of the ele-
mentary particle density-matrix elements in the
Gottfried- Jackson frame. Angular momentum and

parity conservation at the ~mp vertex require that
only magnetic substates of the p with M =0 be
populated for n exchange and only substates with
M =+2 be populated for &' exchange. Thus the de-
cay distribution is characterized by pure ppp for
m exchange and a mixture of p» and p, ', for &' ex-
change. The absence of interference between m

and co' exchange in the Gottfried-Jackson frame
must be preserved by the rotation into the helicity
frame since this rotation is purely kinematic. It is
somewhat mysterious in the context of this discus-
sion why pseudoscalar terms appear in all four of
the Np" of Eq. (11) by rotation from p~'= 1, while
vector terms do not appear in N Repyp and Nppp due
to the same rotation. That this happens is a result
of the special circumstance that p» = p, , in each
frame in the high-energy limit, and the particular
form of the rotation coefficients (see Appendix C).

We next compare the dependence of the Born
cross sections on dipion mass with the data. For
this purpose, we replace the stable p mass, p, in
Eq. (11) by the variable dipion mass ~, and imag-
ine that this mass factor multiplies a resonance
form (contained in the factor D defined above) that
is symmetric about p. One then sees that the ~
dependence of all of the cross sections of Eq. (11)
are in qualitative agreement with the experimen-
tal data of Fig. 21. Moreover, the w asymmetri. es
of all four n-exchange cross sections of Fig. 22

(p' cross sections) are quantitatively consistent
(within errors) with the &u asymmetries of the K~
terms of Eq. (11).

The significance of this agreement is certainly
not transparent. The factors p' and p in the first
two of Eqs. (11) can be traced to the nn p vertex
in the m-exchange diagram of Fig. 23. They result
from a kinematic (angular momentum) effect when
two pions react with small momentum transfer
through a helicity-0 state of the p. The p ' factors
in the last two of Eqs. (11), however, have no dy-
namical significance. They come from an over-
all p ' factor inserted in the Born amplitude for
dimensional reasons. We have not been able to
explain this "p ' dependence" of Np» and Np, , in
terms of conventional ideas about the effects of
absorption or vertex form factors. '~ Thus we find
that the Born amplitudes "explain" the ~ depen-
dence of the m-exchange cross sections, but do not
explain the ~ dependence of the additional contri-
butions to the p cross sections. We regard this
circumstance as a deficiency in our description of
~' exchange rather than evidence against an ~'-
exchange interpretation of these additional cross
sections. Indeed, we will show in the remainder
of this section that the relative values of the vari-
ous p partial cross sections near the p mass are
consistent with an ~'-exchange interpretation.

We wish to show that it is reasonable that u' ex-
change does not contribute to the p cross sections
Np~ and N Rep„, and that w exchange adds equal
amounts to the p cross sections Np„and Np,
as shown in Fig. 21. It can be seen from Eq. (11)
that these properties are true for the elementary
particle cross sections, but it is not at all obvious
that they remain true when absorption effects are
included. A complete quantitative demonstration
that absorption effects do not alter these expecta-
tions for (dP exchange is rather involved. We
therefore rely here on a qualitative and somewhat
overstated argument so that the point is clear.

p production is described by 12 amplitudes M~, ,
where p, is the p helicity and A.

' is the final nucleon
helicity. Invariance under reflection through the
production plane reduces the number of indepen-
dent amplitudes to six, which we take to be M&+,

and M~ . We assume that only m-exchange am-
plitudes, P, and ~'-exchange amplitudes, V, are
important so that

In the high-energy limit, s» 2, many of the re-
maining 22 amplitudes are of higher order in s '
than the dominant amplitudes, so they may be
dropped. From the energy dependences of the
Born amplitudes in Eq. (A9) (Appendix A) we find
that the surviving amplitudes are
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n- (Gr/2NG»)v t-0.1- (15)

for the t range of our experiment.
It is clear from the list (14) of dominant ampli-

tudes that ~' exchange should not contribute sig-
nificantly to Np«since this cross section contains
only terms of the form ~Moz ~~'. This result agrees
with the first of our observations concerning the
data of Fig. 21. The remaining observations are
tested by substituting the list (14), omitting the
last two amplitudes because of (15), into Eqs.
(A11) for the partial cross sections. We find (sup-
pressing the normalization of all cross sections
to the same Np,",)

N Repf, (p ) -NRep,",(p') =0,

Np,",(p )-Np,",(p') = IV'„I'+ IV, ', I',
Nps, (p )-N p,",( po) -=2 Rev'„V;,'*.

(16)

The final point in our argument is that the absorp-
tion correction to a t-channel amplitude at high
energy depends on helicities only through the net
helicity flip n =

~
p, +A. —A. '~ 7' The two t-channel-

exchange amplitudes are equal'o [this is also
shown by explicit calculation in Eqs. (A9)], and
since each amplitude has n =1, the two amplitudes
are absorbed equally. As a result V~++ = V+~+ even
after absorption effects, and the right-hand sides
of the last two of Eqs. (16) are equal. Before
summarizing the results of this discussion, we
remark that we have carried out quantitative cal-
culations of the effects of absorption using the
method of Henyey, Kane, Pumplin, and Ross, and
the parameters given in Ref. 29. We find that for
G r/G» ~ 0.5, the deviations from Eqs. (16) are not
more than the statistical errors of the data of Fig.

P, P, , P, , V, , V, ', V, , and V, ' .
(14)

As we will show, our data are consistent with
the supposition that the last two of the ~' ampli-
tudes are small compared with the first two.
There is some evidence that this should be so.
V', and V, ' are proportional to Gsrs» [defined
above in Eq. (12)] while V'„and V, ', are propor-
tional to G~~„. Jackson et al. have suggested
that one might expect G r/G»«1 in analogy with
results from analysis of electromagnetic form
factors. " Yen et al."have found a preferred value
of zero for G r/G» in an absorption model fitted to
about 1000 p events at 4.16 GeV/c. Finally,
Kane et al."find Gr/G»=0. 5 from a Regge-pole
plus absorptive-cut analysis of many reactions
(particularly photoproduction of pions). If we ac-
cept the value G r/G»= 0.5 for the sake of argument,
we find that V,' and V, ' are suppressed relative
to V' and V x by a factor a given by

21, which are about the size of the da~ symbols.
In conclusion, we believe that our data in the p

region 710 & & & 810 MeV/c' are consistent with
present understanding of n and ~' exchanges. The
discussion of absorbed. m and ~' exchange given
above suggests that: (1) the ur'-exchange contri-
bution to the p cross section can be described
well by a single amplitude (V'„); (2) there is no
significant interference between m and &' exchange
amplitudes; (3) only Np,", and Np,",receive ~'-
exchange contributions and these contributions are
equal. Our data are consistent with these results.
The ~'-exchange cross sections found by sub-
tracting the p' cross sections from the p cross
sections of Fig. 21 suffer a spectacular attention
as dipion mass increases across the p region. If
this phenomenon proves to be generally true for
vector exchanges, its interpretation may lead to
new insight into particle-exchange mechanisms.
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APPENDIX A: BORN AMPLITUDES FOR w

AND w EXCHANGE

While the Born approximation does not give a
realistic description of p production and decay, "
it can be expected to give a crude indication of the
relative dependence of production amplitudes of
different helicities on production energy and on p
mass. In Appendix A we outline a derivation of
the energy and mass dependence of the Born am-
plitudes in the high-energy limit (s -~).

The particles of interest are labeled as follows:

a (z ) + b (target proton)- c (p ) + d (recoil proton),

where the p is assumed to be a stable spin-1 par-
ticle. The equations for energy and momentum
conservation in the production center-of-mass
system are then

ap+5pcp+ dpi'

a+b =c+d =0.
If the components of the energy-momentum 4-

vector are chosen as a, = a„, a, =a„a,= a„and
a4=ia„ then s and t are related to the energy-mo-
mentum variables above by
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s = (-a, +b„)(a„+b,)

= (a, +b,)',
(A2)

proton, and p, respectively. The 12 independent
helicity amplitudes, B", , are reduced to six by
the parity relationships "

t = —(c„-a,) (c,—a,)
='(c, -a,)' —(c -a,)'.

~% 1 ~f I
++

@0 gy0 ~0 ~0
(A3)

The production amplitudes will depend, in addi-
tion to the variables above, on the helicities A. =+2',
A, '=+-2', p, =-1, 0, +1 for the target proton, recoil

Using the notation above, one finds" the helicity
projections of the invariant Born amplitudes for
the diagram of Fig. 23 to be:

m exchange,

B~z, ~
=if»„2e'~'*a„(m' —t) 'G»~U&~, p,U&»,'

(A4)~ exchange,
TB)gapa„epE5+'(& —t)U(, )G»„y,.+2&, „e„U(g) ~

PFV (p) g 2 i-~ X' V BBV
p

The symbols )), p, &u, and N in (A4) represent the masses of the )), p, &u, and proton. The polarization
vectors of the p, e~, and the Dirac spinors, U, are represented explicitly below; e&=cp Qp is the four-
momentum of the exchanged pa, rticle; and 6z p

is defined by e»34=1, E'
p

1 for even permutations of
1234, -1 for odd permutations, and zero otherwise.

The Born amplitudes can be evaluated as functions of the production polar angle 8 of the p and the pro-
duction energy and momentum by straightforward calculations from the explicit representations (valid
when the azimuth angle of the p in the production center-of-mass system is P =0),

0 b0+N zta

(b N)1/2 0

U,
+ =((d, +N)'" sin —,'6, -(d, +N)' 'cos-,'6, -g N)' ' sin —,'-6, (tf, N)'" co-s-,'6),

io 0 ' 0-1 ' ' -1 0 ' " 10' ' i 0' ' 0-1'
(-co88)

(I)
sine

0

(C, /p) sine ')I

0
(C,/p) cose

ic/p

cos6
(-1)

v2 -sine
0

(A5)

Evaluation of the tensor part of the ~-exchange amplitude is facilitated by the identity"
T T
2»" Ucq„e„U =Gsrs~UyqU+ i »"

(bq +d„)UU. (A6)

The equations above lead to the following amplitudes due to m and ~ exchange:

B'„=a2 KpaeP sine cos—,8 —&2 ~ e[(n, ca gn ca W/N) -cos'ge) +P, ca +P,c,a sin (—,'8)] sin-,'8,
p

B', =U2K~aep, sinesin-, '6-v2 —"e[(n ca -gn, caW/N)sin'( —,'9) —p ca, +p c,acos'ge)]«» —',6,
p

B,', = v2 K~aep -sinecos-,'8 —W2 —~ e(n, ca gn caW/N-+p, c,a)cos~(-,'8) sm-,'6
p

+ 0 2 2 p

I

B,' =-v2 K~aeP, sine sin —,'8-v2 "e ( cna gn, ca W/N+P -coa)sin'~$8)~cosg8,
(A7)

B =2K~c,

asap

p '(cose —ca, /c, a) cos-,'e —2 —"~p, ap sin'(ke) cos-,'8,

B', =2K~c,amp, p '(cose —ca, /coa) sin —,'6+2 —ep ap sin-,'8 cos~(—,'6),
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with

W= v s, 2 =
I (d, +N)(b, +N)]~' t

bd
n

E

d
do+N ho+ N

K, = 1f, „G„,(v2-t)-',

G~BBV
GBBV+GBB

K„=tfp„„(G „+G )( ' —t)

(A8)

lows from dropping, in Eq. (A9), )1-exchange am-
plitudes of order lower than s - and ~-exchange
amplitudes of order lower than s', and substituting
the resulting amplitudes in Eq. (A11). One finds

N'p,",=4~K, ('(-t)2

+ ', ' s* ((-d)'(—t)+dst, (-t)),

N'ps, = 4~K-, )'( t)'-
K 2+,—s' (t —d)'( —t) ~, (-t)'),

In order to exhibit the dominant mass and energy
deyendence of the Born amplitudes, each amplitude
is expanded in a power series in s ' and only the
leading power of s is retained. The error in-
troduced by omitting the higher powers in s ' is
typically -10%%uo at 5 GeV. Equation (A7) becomes

B'„= v2 K N-(p'-)T2)s 'v -t —-g ~sV -t,
v2

N'p" =2&2 ~K ~2p '(p' 2'-+t)(-t)2"

N'p =2iK
i p '(p'-v2+t)2(-t)

Finally, we rearrange the first two of Eqs. (A12)
by expressing g in terms of its definition in (AS),
and retaining only the leading terms in t/p' for
small t. The results are given in Eqs. (11) and
(12) of the text.

B', =~2K, (-t)+ ' sN-'(-t),22 P

B,1+ = v 2 K~N(p' —m2)s 'v t — -—-"- sv -t,
(A9)

B = -WiK, (-t)+ —~ sN-'(-t),g K
2&2

p —'lTB2, —= -K~ Ns '(p' —w2+t) —~ p(-t),

2-r2+t
B; =K„~t -~ pN(p2-112)s-'V-t .

p p

The quantities N'p, proportional to the partial
cross sections, are found from the definitions

(A10)

APPENDIX 8: DETERMINATION OF DENSITY-MATRIX
ELEMENTS FROM THE MOMENTS

OF MALAMUD AND SCHLEIN

We have used data from the bubble-chamber
comyilation of Malamud and Schlein" in our dis-
cussion of the asymmetry parameter and the mass
dependence of the density-matrix elements. Their
data are presented in the form of plots of spheri-
cal harmonic moments of the dipion angular dis-
tribution as a function of dipion mass ~ for
t & -0.16. This aypendix explains the procedure
that we have used to extract density-matrix ele-
ments from their data.

The spherical harmonic moment of 1'P (8, Q) is
defined by

st(t' )=f F" dt)

with

N'= Q N'p„„.

Equations (A10) can be simplified by explicit use
of the parity relations (A3) and the Hermitian
properties of the Np apparent from Eq. (A10).
The resulting equations are

Ntps [Bl /2+ jB-1 /2
/

Bl [2+ (B-1 [2

N'p,",=2 Re(B1„B ',*)+2Re(B', B,'*),

Inspection of Eq. (3) of the text shows that the data
should require moments up to only l =2 to describe
the data, and this is found exyerimentally to be
the case." We use a phase convention for the
spherical harmonics for which only Y,' and Y,' con-
tain the phase (-1), while all other relevant har-
monics contain the phase (+1). We then find by
applying Eq. (B1) to dN/dQ„given in Eq. (10) of
the text that

N'p" =2(B' [2+2~B', [2,

N'= 2N'p~ + N'p~

The dominant s and cu dependence of the Np's fol-

Np2, +2Np„+ Np, = N(1) = N,

Np22-Np11 = (511)1 2N(l'22),

N Rep„= (52/3)'"N(y", ),
Np, , = -(1&r/3)'»N(y2) .

(82)
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The density-matrix elements Np„and Np» can
be determined only if the s-wave contribution is
known. To determine the p moments for the
Malamud-Schlein data, we assume that p, =0.
Our reasons are explained in Sec. IX of the text.
For the p' moments, we assume p, =0.2 indepen-
dent of and t. Within the uncertainties of this
determination, this is the same as the value de-
termined for the p mass region in several stud-
ies' '~ of p'production in 7t p-m m'n. We as-
sume no dependence on ~ because the preferred
phase shifts of Ref. 21 give about the same (d de-
pendence for s and p waves on the mass shell.
When the value p, =0.2 is used in Eqs. (B2) with
the moment data from Ref. 11, the partial cross
sections shown in Fig. 21 result.

APPENDIX C

The helicity and Gottfried- Jackson frames have
both been used in this article as reference axes
for the density-matrix elements. An explicit
transformation between the density-matrix ele-
ments in these two frames is derived in this ap-
pendix. This transf6rmation has been used as a
check on the least-squares fits obtained indepen-
dently in the two frames, and as an aid in inter-
preting theoretical expressions for the density-
matrix elements in the two frames.

Let the amplitude for producing a dipion with
angular momentum l and helicity p be F~', , where
A. 'A, are the recoil and target proton helicities. If
dipion decay is independent of production, then
angular momentum conservation requires the over-
all amplitude for finding the decay pions at 8, Q in
the p rest frame to be

A)0 =E&" f((d)Y)0(8, (t)

=m~', ,Y~,

where f ((d) contains the effects of decay dynamics.
This amplitude must be summed over indistin-
guishable ways of observing 8, Q, that is, summed
over l and p, for given A. 'A. in order to get the total
amplitude A.. The cross section is then found by
summing ~*over X and A.

' and multiplying by
phase space. We write the result as

Y' c ) = 1
(1 +cos(I&)Yl (H) l Yo(H )

2

+-,' (1 —cos&t) Y, ""), (C3)

Y' 1 (GJ) (1 cosy) Yl (H + Y'0 (H
2 1 ~2 1

+-', (1 +cosg)Y ""'
To find the transformation equations for the den-
sity-matrix elements, we write out Eq. (Cl) in the
Gottfried-Jackson frame, replace the Y, ( "from
Eq. (C3), collect coefficients of Y)J'(H)Y01,(H)*, and
equate to the coefficients of the same expression
from Eq. (Cl) in the helicity frame. The result is

p0H0= cos'g p~ —292 sing cos(C& Replc0J

+sin'g pc' —sin'&t& pic)»

ReplH0= pc00)+ (cos'g —sin'g) Rep 'sin cos

sing cosg c, sing cosp
Pll

~2
Pl -1 &

plHJ = pcJ+ v 2 sin(t cosy Replc)
sin' c

11 2 00

1 +cos'( c, sin'g QJ+
2 P11+ 2 Pi -1 ~

(C4)

p, , = — p00-~2 sm]& cosg Rep„H Sln f QJ GJ

sin'g QJ 1+cos (t& GJ

2 P11 2 P1 -1

Rep,"0 = cosg Repc,' —&2 sing Repc,',
sin&

Reps, = ' Repc0)+cos&I&Repc,'.

and P is a phase-space factor invariant under ro-
tations.

Now consider a rotation by &t& about the y axis of
Fig. 15, taking the Gottfried-Jackson frame into
the helicity frame. From the spherical trigonome-
try of the triangle h, -r, ~, one finds

Yo(GJ) Yo (H&
0 0

Y()(GJ) S ng Y'1(H) .&, Y0(H) ( Y-1(H)+ COS(J&'

where the density matrix p is given by

lil
p„„,l(, = Q M0', M)',J *, (C2)

The angle ( is readily evaluated by combining
expressions for the Lorentz invariants s, t, P,
P, P„, and P~ P~, where P~, P„, P„and Pz,
are the four-momenta of the p, recoil proton,
beam m, and target proton, respectively, in the
p rest frame. One finds

2p'(s + t —p' -N') —(s —p' —N') (JJ'+p' —t)
([t -(p —JJ)'][t —(p+JJ)'][s —(p -N)'][s —(p+N)']])" (C5)
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with the convention used earlier that the symbol
for a particle represents the mass of that particle.

The angle g and the off-diagonal transformation
coefficients in Eq. (C4) become quite large for the
larger values of -t of this experiment. For exam-
ple, for p = V60 Me V/c' and -t = 0.3 5 (GeV/c)',
P =80'. It is apparently only an accident that the
values of p,o and p„' given in Tables IV and V are
not more different than they are.

As a final point, we note that in the high-energy
limit, g depends only on t and p, not on s. Ex-

plicitly,

I+ t/p' . -t "'
cosg —= , sing =—2 — I + —. (C6)I-&/p' ' P2

Equation (C6) shows that a density-matrix element
Np" in Eq. (8) of the text will transform into an
element containing the same power of s in the
Gottfried- Jackson frame. This fact verifies the
remark made at the end of Sec. IX that elementary
particle ~' exchange alone gives p»= p, , =& in
both frames in the high-energy limit.
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