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It is shown that the magnetic dipole and the electric quadrupole moments of the W* meson must be
equal to e/m and —e/m?, respectively, if we demand either that the Drell-Hearn sum rule is
satisfied up to order a’ or that the helicity of W* is conserved in the scattering from an arbitrary
electromagnetic field at high energies and at small but finite scattering angles.

I. INTRODUCTION

W* vector bosons, which are supposed to medi-
ate the weak interactions,! have (in addition to the
charge) a magnetic dipole moment and an electric
quadrupole moment.>*® We assume that the elec-
tromagnetic interaction of the W* bosons is in-
variant under the time-reversal and parity opera-
tions, hence the electric dipole moment* is zero.
The values of these moments greatly affect the
total production cross sections, the energy-angle
distributions, and the decay correlations in the
processes such ase*e™ - W*W~,% yZ - W*'W~
+anything,® v, Z - uW +anything,” etc. Therefore
if W* bosons are discovered it is relatively easy
to find these moments. It is interesting to specu-
late what these moments should be. W* bosons

are assumed to have no strong interactions,® hence
the observable moments are expected to be not
greatly affected by the radiative corrections, in
analogy to the magnetic moment of an electron
which ® is given by

e o a2
“e"z“m—,<1 *or T 0.328479+--.)

=_€_
“4m, e -

As is well known, this is the consequence of the
quantum electrodynamics of a spin-; particle as-
suming no anomalous magnetic moment (Pauli
term) in the Lagrangian. The absence of the Pauli
term in the Lagrangian is commonly believed to
be due to the fact that its presence would render
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the theory unrenormalizable. Also the concept*®
of “principle of minimum interaction” was in-
vented to describe the absence of the Pauli term
in the leptons and the concept was widely applied
to the electromagnetic interaction of spin-0 and
spin-3 hadrons. For charged spin-1 particles,™
the principle of minimum interactions does not
yield a unique magnetic moment, but once the
magnetic moment is given the electric quadrupole
is determined, i.e., if p=e(1+«k)/(@2m), then

Q =—ek/m?. Weinberg,'? and many others after
him, proposed a theory to unify the electromag-
netic and weak interactions using the Higgs phe-
nomenon. In this theory, the photon-W?*-boson
coupling is of the Yang-Mills type, which implies
that to the lowest order in o the magnetic moment
and the electric quadrupole moment of W* bosons
are given respectively by ( =1)

p=e/m and Q=-e/m?, (1.1)

where e and m are the charge and the mass, re-
spectively, of W*.

In this paper we show two additional arguments
which can be regarded as supporting the values of
wand @ given by Eq. (1.1). The first is to con-
sider the Drell-Hearn sum rule,!3:!4

1rs<%- —f;)z =f0m[op(w) —cA(w)]-dwi s 1.2)

where s is the spin of the particle (s =1 for W#*),
0p(w) [or 0,(w)] is the total cross section for

y +W* with the spins of ¥ and W* parallel [or anti-
parallel] to each other in the luboratory system,
and w is the incident photon energy. Now if the
sum rule is true, it must also be true for each
order in @. The right-hand side starts with terms
of order o® because the W is assumed to have no
strong interaction. Thus as pointed out by Wein-
berg,'* the term linear in «@ in the left-hand side
must vanish. This implies that to the lowest order
in @, all nonstrongly interacting particles have
magnetic moments given by

Ko=se/m. (1.3)

Since the magnetic moments of a particle and an
antiparticle must have the same magnitude and be
opposite in sign, we must have

=% (1+a,0 +a,0%++++) . (1.4)

Substituting (1.4) into the left-hand side of (1.2),
we obtain

412ads
m 2

(a, +aa, ++++ )%,

which does not have terms proportional to o?.
Hence terms proportional to ¢ in the right-hand
side must vanish.!® o® terms in the right-hand
side of (1.2) are just the spin-dependent part of
the lowest-order y +W Compton scattering cross
section, which in general depends upon {1 and @ .
In Sec. II, we show that the integration in the
right-hand side of (1.2) diverges if either u#e/m
or @ + —e/m?, but when (L =¢/mand @ =-e/m?,
the integration in the right-hand side of (1.2)
yields zero.

Another argument, which we shall present in
Sec. III, is helicity conservation.!® The argument
is not very convincing but interesting. Nature
seems to like helicity conservation at high ener-
gies. We show that the helicity of W* is conserved
in the scattering of W* from an arbitrary electro-
magnetic field at high energy and at small but fi-
nite angles, if and only if 4 =e/m and @ =—-e/m?2.
This argument gives also pu =e/2m for an electron
(or muon). However for a spin-; particle, the
helicity is conserved at high energies and at all
angles if and only if u =e¢/2m, whereas for a
spin-1 particle, even if p =e/m and @ = —e/m?,
the helicity will not be conserved unless 6<<1.
This fact is due to the conservation of angular mo-
mentum. Therefore we cannot demand the helicity
conservation in the electromagnetic scattering of
a spin-1 particle unless § < 1.

In Appendix A, we discuss how to identify vari-
ous form factors in the manifestly covariant ver-
tex functions with the charge radius, magnetic
dipole moment, and electric quadrupole moment
commonly used in the nonrelativistic nuclear
physics.

II. DRELL-HEARN SUM RULE

In this section, we study the Drell-Hearn sum
rule (1.2) for W* bosons with arbitrary magnetic
dipole and electric quadrupole moments. We con-
sider the sum rule in the order o?, in which case
the total cross sections 0, and 0, in (1.2) come
from the lowest-order Compton scattering. We
shall show that the integral (1.2) converges if and
only if u and @ are given by (1.1), and when it
converges the integral vanishes.

The Feynman rules for the quantum electrody-
namics of W* bosons with arbitrary u and @ have
been given by Aronson,'” and are shown in Fig. 1.
and Table I. There also exists a four-W direct
coupling term, but this is not relevant in our cal-
culation. When the W bosons represented by p and
p’ in Fig. 1 are on the mass shell, the vertex func-
tion V can be written in a simpler form as fol-
lows:
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TABLE I. The values of V. and U Q' =A/m? k=1+1).

Viyap=iel8up(p +p' +X'p' *qp =N D *qp')y —Loy (P — KG+N'D' *qp —N'p" * pq)
—gau (b’ +Kq —N'pqp’ +N'p' * p )y =N'Py e +APLdal )
=ielgag(p +0" )y —8ap P —2)s —Lou (P’ +D e+ Moy 8 —& 8pdc)]
+Am 2 gog(p’ gDy — DD} —Lou (D' *aPs—2' *Pdg) +&py (P *qPe—D' *Pd0) —Ppbods +Ppdal ) -

Uppap=—1€428,y 808 —8on8 by —Lav &8y
—-ie\{g,, 8480 —q")* (0’ = D) —8oyLay@ D' +a'* D)+ &0y €pu@ p +a' *p')
—8uplay ' = p)y =y (' =)} +2 0 Ppl@ —a" Vo — Pola —a')g]
+88y @ally +9 ab y +qally —TuPa) —Bow WsP y —uP s +d8Py +48PY)
—8upByo — Py + Pyle +DYat) + Eualbyd s — P pdy +dpbY +a'5Py)} -

Vyas— i {(p +0"),[8 ag (1 +52g%/m?) = m~2qoq 5] + (1 +K +1) (8 g ~€ 6,9} - @.1)
p2=m2
p'2=m2

The matrix element of a current operator J U(O) can be written as

(B'1'|7,0)|Bhy=i(€))t€raVyas =Thn s 2.2)

where €}, (or €,) is the polarization vector of ' (or ) with a helicity 2’ (or k). In the Appendix, we show
that the parameters k and A are related to the magnetic dipole moment by

L =e(l+x+1)/(2m) 2.3)
and the electric quadrupole moment by
Q =—e(k - \)/m>. 2.4)

We note that the expression for @ given by Aronson!” contains an error. In the Appendix we also show
that the mean square charge radius of a charged vector particle having a vertex function (2.1) is given by

R?=(k +\)/m?. 2.5)

It can be shown from ¢q,I'},,=0, invariance under parity and time reversal and p+€,=p’*€;, =0 that T'},,
has a tensor structure

Thp=—e[G,@)(p +p")€3F €4 +G,@%)(€ )" g ), — €37 4€)) +G @) (b +1") (e - a) (€, )M 2], 2.6)

where G,(¢?), G,(@?), and G,(¢?) are real functions of ¢g2. Thus Eq. (2.1) can be regarded as a particular
form of (2.6) due to a specific assumption about the form of the Lagrangian. Since W’s are assumed to h
have no strong interaction, the only quantity which can have the dimension of ¢2 is m?; hence the G’s are
in general functions of g?/m? and the dimensionless quantities such as X and k. For example (2.1) gives

G,(@?) =1+31g*/m?,

G,=1+Kk+A,
2.7)
and

Gg=-X.
If one assumes other forms of Lagrangian, G, and G, may also be functions of ¢q/m? instead of being con-
stants. These considerations are important when we discuss the helicity conservation in the next section.
The terms proportional to A in Table I can be regarded as anomalous because they cannot be derived
from the principle of the minimal interaction. As emphasized by T. D. Lee,!! the terms proportional to
should not be regarded as anomalous because the free Lagrangian L, is not uniquely defined for a spin-
1 particle and one gets different values of  from different expressions by L., by replacing in Liyee, 8/0%,

- a/ax“ -ieA,. Since the purpose of this paper is to show that x =1 is more normal than other values, it
is convenient to define a new parameter



n=k-1. 2.8)

In terms of 7 and A, the magnetic moment i and the
quadrupole moment @ can be written, respectively,
as

po=@R+n+Ne/@2m)
and
Q ==(1+n-A)e/m?.

The Feynman diagrams for the Compton scattering
are shown in Fig. 2, and the matrix elements can

be written as € %’*Pete’*"M, ., where
- b c
MpauB‘MﬁauB+M;‘auﬂ + Moy - 2.9)

M*?, M®, and M° correspond to the diagrams a, b,
and ¢, respectively of Fig.2 and they can be written
as follows:

{

M

m
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Element Graph Value
Internal photon line H NMAVDRAMA, V 19y, 92
q
) 9g8~ PaPgm ™2
Internal W meson line a B —i 5
pé-m
B p
q
yWW vertex M Vugp=See Table I
a p
B q’ sV
Seagqull >(:";V: Upvag=See Table I
a” P q

FIG. 1. Feynman rules for the quantum electrody-
namics of W* bosons.

|
,s

+k)(p'+R") , ;o ,
X <gpo _LQ__)E%—fJ)(szch - (P -k )oguﬂ - Zkéguo +77(ga.,ko =86y ,B)

A 7 ’ ’ 4 7 ’
-”—15 {gﬁu[x(p -k )0 _mzké] + ngvokﬁ -p:)poké +pykoké}>; (2-10)
-1 ’ ’ ’
Mﬁa vB =2-y' <2Pug0(p +2kagup - +p)pgua+n(gpuka —8ua ykp')
A’ ’ ’ 7 ’
- {-m2g,, kL +8,alm%) —y(p +k') ) +p, k(D +F )p}j
-k’ )(p' =k
( p AW
x<gpa- L mz(p ) ><2pugoﬂ-(p’+k)ogu8+2k6guo+n(goukﬂ -gﬂukc)
A ’ ’ ’
-3 {gB“[mzkc—y(p +k), ]~ m?g, kg +puks(p +k)c}> ; 2.11)

M?° is the seagull term U divided by ie? in Table I.
In the above equations, we have introduced the no-
tations

x=k-p=k’p’
and @.12)
y=k'p=k-p.

We have ignored the terms proportional to Rys Doy
k,, and p; because they yield zero after contrac-
tions with the polarization vectors. We have also
ignored the terms proportional to 2, and b, be-
cause in the Drell-Hearn sum rule we are inter-
ested only in the polarization vectors of the initial
photon and the target W boson, which are orthog-
onal to 2 and p. We choose the coordinate system
in which the incoming photon direction is the z

r
axis and the scattering takes place in the xz plane:
k=(w0,0,w),
k'=(w', w'sing, 0, w'cosh),
p=(m,0,0,0),
XxX=muw,

and

K v , ,
NI A
a B —>
P k+p p p p-k' p p P
(a) (b) (c)

FIG. 2. Lowest-order Feynman diagrams for Comp-
ton scattering.

’
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y=mw'=mw/[1+wn-t(1 -cosb)] .

The helicity of the incident photon is chosen to be
+1,

€ =-(§)”2(0, 1,7, 0),

and the spin of the target W boson is either paral-
lel or antiparallel to the incident photon direction

€t =%3)"2(0, 1, £, 0) .

The relative phases between e, €, and €~ do
not enter into our problem, hence we may let
€*=¢ and €~ =e*. The difference of the two differ-
ential cross sections is then (we have ignored the
difference between upper and lower indices for
simplicity)

dop do a? /y\?
dgp_g_éa =e ek (eae’g,—e’&ea:)m <;>

Daber
X] uauﬂM‘f,a,U,B(gM,- poor ) .

(2.13)

We have done this calculation using the alge-
braic computer program written by Hearn.'® The
results are too long to be reproduced here. How-
ever for the case n=x=0, both the calculations
and the results are fairly simple and we shall
treat this case separately. When either A#0 or
A=0and n+0, we need only to pick up the terms
which are the most divergent and this can be done
without using a computer. For this purpose, let
us define

I\’ piby:
x”u'aa’ =<‘x‘> MudUBM;T'G'UB’<gBB’ —-‘%E—) (2.14)

4

s=0

(w/m)*e=t/(c =1)= (w/m)*"Y/ (c =1)
(w/m) In@w/m) = (w/m)""*InQw/m) if c=1,

(x'y°/m?")d cos ~
W->c

2(w/m)! =2 (w/m)"

s=1

f(x’y‘z/mz")d cosf ~

( (w/m)'*¢/(c? +c) = (w/m)'"Y/ (¢ +c)

and
X =eyel et —etes) X, oo - 2.15)
x is dimensionless and can be written as
1.,C 58
- Xy z
X = Z Clcs o en ? (2-16)
l+tc+s=n m
1==-4
c=0
§=0,1
where
z=lek'|?
=lex-k1?
=le-p'|?
=lex-p'|?

=z w'?sin% .

C,.s is a constant. The conditionn =/ +c +s is ob-
vious from the dimensional consideration. The
conditions /> -4 and ¢ = 0 can be seen easily from
the matrix element. s=0,1 can be understood in
the following way: The fourth-rank tensor y puraat
can be constructed from the metric tensor g and
available vectors p, p’, k, and k', of which only
three are independent. Since p and k are orthog-
onal to e and e*, we need to consider only the
metric tensor g and the vector £’. The tensor
kR, kyky yields zero after contraction with the
polarization vectors in (2.15). Hence only s =0
and s =1 contribute to x in (2.16).

In order to see the energy dependence of 0,-0,,
we integrate x’y°z%/m?" with respect to the solid
angle. The results are

if ¢>1,

if ¢=0.
2.17)

if c>0,

W ] (w/m)* In@w/m) = (w/m)"~1InQw/m) if c=0.

In general the most divergent terms are those
with the maximum # and the minimum c¢. How-
ever, in the following we shall show that when

s =0and ¢ =0, 7 is necessarily small, n <0,
whereas the most divergent terms are n =2 unless
A =0 and 7=0. Therefore, the case represented
by (2.17) can be dropped from the consideration.
Now in all other cases the energy dependence is
either w""! or w"!'In(2w/m), and these two energy

dependences cannot have mutual cancellations.
Therefore, we need only to consider the terms
with the maximum » without having to worry about
the possible cancellations by terms which have a
smaller z» but with a different c.

We first establish the above mentioned fact that
only terms with #» <0 can have s =0 and ¢ =0.
Only the matrix element M, can give ¢ =0. Since
we are interested only in the terms with the larg-
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est n and the smallest s, we can ignore all terms
containing m?, y, k,, p,, ki, and p; in the nu-
merators of M, . With this simplification, the part
of M, which we are interested in is

1
Mo~ ~% @+n+0)[2p kg &y

+%8ya8pu 2 +M +1)] .
(2.18)

Substituting this expression into Eq. (2.14), we
note that terms contracted with g54, hasz <0. In
order to consider the terms contracted with pj pg /
m?, we note that

1
P’BMzauB" _5 (2+7 +>‘)[2puygap

+X8ya Py +n+N)],
2.19)

which does not contribute to the s =0, c=0 terms

in x. This proves that only terms withn <0 can
have s =0 and ¢=0. This fact assures us that the
most divergent terms in x are those with the maxi-
mum 2 if 7y, = 2.

Our next task is then to pick up terms with the
largest n. Before doing this, we note the follow-
ing properties of the vertex function V given in
Table I.

Let

Vyag =A,ap +1Byog + 01 7%C 0,
where A, is independent of 7 and A. The follow-
ing can be easily verified:

@) poChap=0and pzC,o5=0. These relations
are true even when p’ and p are off the mass shell.
Hence the tensor pj, pj/m? in the spin sum in
(2.14) as well as the similar terms in the W boson
propagators, (p +k),(p'+k’'),/m? in (2.10) and
(p =k'),(p' =B)/m? in (2.11), do not contribute to
the A* terms in x.

(b) poByag# 0, psB,as %0, but PapsByag =0 if
g®*=0. This means that in considering the most
divergent n* terms in x, we may ignore p}p%./m?
in (2.14) but have to retain (p +k),(p'+E)y/m? in
(2.10) and (p =k'),(p’'=k),/m? in (2.11).

2(c) PaAyap#0, pg'A,ag #0, but pgpg A, es =0 if
q°=0.

Case A #0. Using @), we see immediately that
the most divergent terms, when X #0, are propor-
tional to A*/m® and the seagull diagram does not
contribute terms of this order to x. After some
simple calculation we find terms which are pro-
portional to A*/m?® in x and the result can be writ-
ten as

dop do, —o’A* y? (x*—6x% +9x%y% - 2xy°
aQ ~dQ  2m® A% me
teee (2.20)

After integrating with respect to the solid angle,
we obtain

-2 3 2
05@) =0, (W) ~ 2(:n s x*(%) +o<;°:—;-§> ,  (.21)

which shows that the integration (1.2) diverges
when A #0.

Case A=0, n#0. Using (b), we see immediately
that the most divergent terms, when A=0 and
n+0, are proportional to n*/m* and the seagull
diagram does not contribute terms of this order
to x. After some simple calculation we find the
most divergent part of x and the result can be
written as

dop, do, _—opt y? (2 -xy)
aQ  dQ  8m? x? m?

$ree . 2.22)

After integrating with respect to the solid angle,
we obtain

70) = 04(0) ~ T2 o2,

> 8m poo 2.23)

which shows that the integration (1.2) diverges
when n#0.

Case A=0,7=0. In this case, the matrix ele-
ments are very simple and the cross section can
be expressed as follows

= +—2}, 2.24)

do, do, a? yz[ <4 4 8x
ZA4="2 Z o —
Q@ ae m: 2 |*\x y+ >+6

(2.25)

From these two equations one can show easily by
an explicit calculation that

dw ((dop ﬂfz> B
j: w f(dﬂ ~aq )40
We conclude that both 7 and X have to be zero in
order that the Drell-Hearn sum rule is satisfied.

2.26)

III. HELICITY CONSERVATION AT HIGH ENERGIES

In this section we show that in the electromag-
netic scattering of a charged spin-1 particle, the
necessary and sufficient conditions for the helicity
conservation at high energies and at small but fi-
nite scattering angles are =0 and A =0. This
can be demonstrated by an explicit calculation for
each helicity amplitude. In this section we shall
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use the coordinate system shown in Fig. 3, where
p, p’, and g have the following components:

q= (O) 09 0, 2[) Sinée)’
p=(E, pcosz6,0, —p sinz6),
p'=(E, pcosz6,0,p sinzb).

The helicity states of the incident and outgoing W’s
can be represented by the vectors:

[B+)=e,

= ‘—/—;_— (0, sinz6, —i , cos3 ),
P -y=€_
-1 NP 1
= — (0, sinz6, i, cosz0),

V2
{§0> €4

1

E
=<% , 7E-n cos36, 0, “m sm%ﬂ) ,

[B'+) =€
-'1 s 1 o 1
=TZ_ O, sinz6,%, —cosz0),
[p'—)=€’
1 . . 1
= 5 ©, sinz 8, —i , —cosz0),
[5'0) =€;

E E
= (7%, ~ cos3#, 0, sin%6> .

Let us define the helicity amplitudes by
i =e ™ (P'h’|J,[Bh)

=€, €40V, ap/ (1€)
==+ )G i€l "€y =2m=2(q - €}7)(q " €))]
-8 €nd ExF — €310 €,), (3.1)
where
g=1+K +2,

G,=1-=2)p?>m ~2sin?(36)

and V44 is the vertex function defined by Eq.
(2.1). In our frame ¢, =0, hence from the current
conservation ¢,J,=¢,J, we have J,=0. Thus we
need to consider only the matrix elements of J,
and J, =%(J, +iJ,)/(2)2. Because of the sym-
metries, not all 27 helicity amplitudes are inde-
pendent. From the invariance under the reflec-
tion y — -y we have

I%,=(-1)**T12,, , 3.2)

and

p' €’

|

SIS

p,€

FIG. 3. The coordinate system used in the discussion
of helicity conservation.

Tia=(=1)¥*1p7 (3.3)

This can be shown in the following way: Let us
use |k) and |k’) to represent the spin states of the
particles at rest. Then the helicity states can be
written as:

Iﬁh) Ee-i(ﬂ/2+6/2)Jze~i§K3Ih> , (3.4)
I-{):h/>Ee-l(w/z-elz)Jze-i§K31h1> s (3‘5)

where £ =sinh~1(p/m), e~**X3 is the boost operator
in the z direction which is the axis of quantization
of the state, and e~!(™2*9/2)7; ig the operator to
rotate the z axis to the direction of P for the ini-
tial state and exp[—i (r/2 - 6/2)J,] is the similar
rotation operator for the final state. Under the
operation Y =®e~'"2, where @ is parity operator,
we have

YJ Y™t =d,, 3.6)

YJ, Y l==g,, (3.7

Y[ph)=1,(-1)*"* |5 -h) , (3.8)
and

Y[p'h'y=n,(=1)¥|p' -1’y (3.9)

where 7, = -1 is the parity and s =1 is the spin of
the particle. The last two equations come from

the facts that ¥ commutes with exp[—i (/2 +6/2)J,],
e~*tX3 and exp[-i(n/2 - 6/2)J,], and

Y kY =7, (=1)s=" k) . (3.10)

We note that (3.8) and (3.9) are satisfied by our
polarization vectors €, and €;,. For example,
changing the sign of the y component of €, yields
—€_. The desired relations (3.2) and (3.3) follow
immediately from (3.6) through (3.9).

From the Hermiticity of the current operators
Jys Jy, and J, and the invariance under time re-
versal, we have

Lon= (=115,
and

l",*,;h = (—1)”"'11",*‘,., .

(3.11)

3.12)



7 MAGNETIC DIPOLE AND ELECTRIC QUADRUPOLE MOMENTS. . . 3T

Let us derive these two relations in the following. side of (3.14) and using
Under the time reversal operation, we have

el™2(J,,~d,,=d, e "2 =(Jy,d,, =d,), (3.16)
T(Joydey )T =(dg, =dy, =J,) 3.13)

we obtain
and
" F(p‘hzr%'h ’
T(h,p,lTJgT-llhp>T=<h,p’|Ju|hp)* I",‘,?‘,,=I",‘,,,, s

=TH
=T, | (3.14) and 8.17)
Where Iy, =T, .
= —p=inJd ~

D) £ =T Kp) =e~"772[1D) .15) On the other hand the Hermiticity J] = J, gives

Substituting (3.15) and (3.13) into the left-hand the following results: If
J

r‘u’hE(hlleiEXSei(1r/2—6/2)J2Jue-i(1r/2+6/2)JZe—i€l{3|h> , (3.18)
then

rl)lzrh =(h|e i €K3€i (m/2+ 6/2)12Jue-i (1r/2-6/2)Jze-i £K3|h1> . (319)

In (3.19) the particle with the helicity % (or »’) is moving in the direction of § (or ). In the right-hand
sides of the desired relations (3.11) and (3.12), the particle with the helicity 2 (or A’) is moving in the di-
rection of P’ (or p). If we rotate the coordinate system around the z axis by 180°, §’ becomes P and vice
versa. Inserting e'’s"e~'’s™ between all adjacent factors in (3.19) and using

-1 i (m/2+ -i(n/2-6/2)J iJgm _ (1 -1 +6/2)J i -6/2)
e ‘Ja"(eif"s’e'("z e/zuz’e i(m 29J0,J3;Jy)e 3= (e §lr3,e (n/2+6/2 2,ex(ﬂ'/z 6/2 123‘]0’ -dJ,, —Jy)’

et (g, =J,, _Jy)e”Z" =(Jo,dy, =),

and
e=iIam[h'y = (=) [,

we obtain
Tox = (=1)*7T9%:

. (3.20)
T3, = (=1)¥*1T%,, .

Combining (3.17) with (3.20), we obtain the desired relations (3.11) and (3.12). The consequence of the
four symmetry relations given by (3.2), (3.3), (3.11), and (3.12) is that we need to consider only 10 am-

plitudes instead of 27; the relations between various amplitudes and the expression for all amplitudes are
given below.

Helicity-conserving amplitudes (k=h"):

o, =ro_ =2E[Glcosz(é6) +2722 pzsinze} ,

Y, =2E [Gl(l -2E%m ~?5in%(;0)) — 47\E2p2m"‘sin4(§9)},

2
If,==TI_=-2'% cos%@l:G1 COSZ(%B)‘PZLPW sin’@] -27"12gp sinf(sinsh +1),

2
I'_=-I;,=-2"%cos: 6 [G, cosz(%e)Jrz"fn2 sinzeJ -2"Y2gp sinf (sin36 —1),

2
Iy ==T5 =-2Y2p coss0 [G! (1 _2E

. 4AE2 2 . 21/2 2
- Slnz(%9)> - m;b sm“(%(?)} ——”Tg;-ﬁ sin3 0 siné .

Helicity-nonconserving amplitudes (& —h’+#0):
(@) Double helicity flip |k =h'| =2:
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r?_=r°, =2E(G, sin?z6)-3Ap?m ~2sin%] ,

Ii_=I*%, =-I;_=-T2, ==2"% cos36[G, sinG0) -3 \p?m 2 sin?0] + 27*%gp sinb sinz 6 .

(b) Single helicity flip |k =h'|=1:

IY, ==Tg_=-TI%,=T2,

=2 E[G,27Y?Em ~* sin6 +12'/2Ep?m ~% sinf sin®(36)] —2~*/%gp*m ' siné

Io==Tg ==Tq.=TZ,

=212 cos56[G,2V2Em ~! sinb + 22X Ep?m =3 sind sin®(¢6)] —gE pm ~* sinz6[1 - sinz 6 - 2 sin®(z6)],

Ft0=—1";_ =T,=-Tq:

= =212 cos}6[G,2"V2Em "1 sinb + 2V Ep?>m~3 siné sin?(30)] +gEpm ~* sinz 8[1 +sinz 6 - 2 sin*(6)).

From these amplitudes we observe the following:

1. When 6 < m/E, all the helicity-nonconserving
amplitudes become negligible compared with the
helicity-conserving ones independent of values of
£ and A. Hence no conditions on g and A can be ob-
tained under this condition.

2. If we demand that the helicity is conserved
even when §= m/E <1, then we obtain g =2 and
A =0. We note that the amplitudes with double he-
licity flip yield only the condition A =0, because
the terms proportional to G, and g are small as
long as 6<<1.

3. When g=2 and A=0, the helicity is conserved
as long as §<<1 and m/E < 1.

This concludes the demonstration of the fact
mentioned at the beginning of this section. We
have considered the scattering of W* by an elec-
tromagnetic field in the lowest order in «. In the
actual scattering, an infinite number of photons
are exchanged. However in the electromagnetic
scattering of a charged particle at a finite angle,
it is most probable (because of 1/¢,2 for each
photon propagator and ¢, +g, +*** +q, +*** =q)
that practically all the momentum transfer is
carried by a single photon, and the rest of the
photons (an infinite number of them) are soft (i.e.,
small-angle scattering). Now the small-angle
scattering does not flip helicity, as observed in 1
above. Thus we expect our result to be true even
if an infinite number of photons are exchanged.
The restriction § <1 comes from the angular mo-
mentum conservation. In order to see this, let
us consider the extreme case 6 =m, which corre-
sponds to the brick-wall system discussed in the
Appendix. In the brick-wall system,the conserva-
tion of angular momentum in the helicity ampli-
tude T%., (i =0, +1) gives i +h +h’=0. Hence in or-
der for the helicity to be conserved in the 180°
scattering, we must have ¢ = -2k, which is im-
possible if h=+1. In the electromagnetic scatter-
ing of a charged spin-3 particle, the helicity is

—

conserved at high energies even at 6 =180°, if
w=e/2m.

IV. CONCLUDING REMARKS

We have shown that the special values of the
magnetic dipole moment and the electric quad-
rupole moment given by (1.1) for the charged W
boson have two desirable features: (1) satisfaction
of the Drell-Hearn sum rule in the orders a and
@? and (2) helicity conservation at high energies
in the electromagnetic scattering. These two fea-
tures are also shared by the only known charged
nonstrongly -interacting particles: the electron
and the muon. However, it is quite possible that
nature is more complicated than what we think it
might be. For example, W* bosons may have an
electric dipole moment which violates both P and
T invariances, or they may interact strongly
among themselves. Indeed Salzman and Salzman*
suggested that the small CP violation in the decay
of K, may be due to the existence of the electric
dipole moment of W* and many people ® have con-
sidered the possibility of strong interactions
among W’s in order to overcome the divergence
difficulties of the weak interaction. If P and T in-
variances are violated, the Drell-Hearn sum rule
has to be rederived. If W’s have strong interac-
tions among themselves, then the right-hand side
of Eq. (1.1) will be dominated by the terms of or-
der a, and in this case the magnetic dipole mo-
ment is no longer u=e/m. A large deviation from
this value will indicate the existence of the strong
interaction of W. The values of u and @ given by
(1.1) are of course what the unified theory of weak
and electromagnetic interaction of Weinberg e!
al.’? gives. The arguments given in this paper
can therefore be regarded as rendering some ex-
tra supports for such a theory.



APPENDIX A: MAGNETIC DIPOLE AND ELECTRIC
QUADRUPOLE MOMENTS AND MEAN
SQUARE CHARGE RADIUS

In this appendix we discuss the problem of
identifying various form factors in a relativis-
tically covariant vertex function with the electric
and magnetic multipole moments defined in the
nonrelativistic nuclear physics. Fully relativis-
tic multipole expansion of an electromagnetic ver-
tex function has been treated by Durand, DeCelles,
and Marr? (hereafter referred to as DDM) in the
helicity formalism. However it is not immediately
obvious how the multipole moments defined by
DDM are related to the multipole moments com-
monly used in the nonrelativistic nuclear physics.
Of course there is a one to one correspondence
between the two, because in both cases the mul-
tipole moments are defined by the rotational prop-
erties of various irreducible tensor operators.
Therefore in principle we need to know only the
proportionality constants between the two con-
ventions. In the nonrelativistic nuclear physics,
the electric quadrupole moment @ is defined as

Q= f (ss|Bz% =r?)p(X)|ss)d3x

=2f (ss|7?p(T)p,(cosh)|ss)dx, Aal)

where |ss) represents the state with spin s and
s, =s, and p(X)=J,(0, X) is the charge density op-
erators normalized such that

f (ss,| p(X)|ss, )d3x =€ . (Aa2)
The mean square charge radius is given by
stf(ss,lrzp(i)lss,)d%/e. A3)

The magnetic dipole moment I is defined clas-
sically by its energy in the magnetic field B,
Energy=-/i-B. (A4)

In quantum mechanics, the interaction energy be-
tween a current J,(0, X) and electromagnetic field
A, (0, %) is given by

[ 2,0,94,0,%d%. (5)

Let the electromagnetic potential A (0, %) in (A5)
be
A,=0
and (A6)
A=(e,-it)eT/VT |

where  =€,g. Then the magnetic field is
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-

B=V xA
= —ig XA . A7)

Substituting (A7) into (A4) and (A6) into (A5) and
equating the two expressions, we obtain

b_=lim L (J_(0,®)e-FTasx,
>0

Applying the Wigner-Eckart theorem, we have
w=(ss|u,|ss)

_ (ss|10ss)
“(ssl|1 =1ss,)

x lim %f{ss;[J_(O, i)lssg)e-iﬁ-'rdsx. (A8)

>0

Equations (A1), (A2), (A3), (A8) define the quan-
tities e, @, R? and p in terms of matrix elements
of nonrelativistic quantum mechanics in which the
particle is assumed to be infinitely heavy.

Our next task is to find out the relationship be-
tween these nonrelativistic matrix elements and
the relativistic vertex functions. Let us choose
the helicity amplitudes in the brick-wall system
for this comparison. The desired relation is then

eI/ @E)=(=ph’|J,(0)|ph)/ RE)

~ (=1%% [ (ss1] 2,0, D)lss.)

a/m=0
Xe"a';d%, (A9)
where
s =spin, s,=h, s,=-h',
q=2p,
and

E = (P2 +le)llz .

The factor (-1)***z comes from the fact that in the
nonrelativistic quantum mechanics, we have quan-
tized the spin states of both the initial and final
states along the direction of q, whereas in the
helicity representation the final state is quantized
along the direction opposite to q, thus

e™Hamh’) = (<1)-¥ | b’y
- (<1Es)y | a10)

In this appendix we have chosen q,=(p -p'), which
is opposite to the convention used in Fig. 1, be-
cause we want to use the convention of DDM in the
definitions of the helicity amplitudes. Throughout
this appendix we shall use ¢ to represent |g|.

The over-all normalization and the sign of the
left-hand side of Eq. (A9) can be checked by using
(A2). The factor 2E is put there so that when the
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form factor for a spin-0 particle is unity, we ob-
tain R?=0. The brick-wall system was chosen be-
cause (1) in this frame g, =0 for the elastic scat-
tering, hence from the gauge invariance
@,J,=49J,) we have J,=0, and (2) the selection
rule due to the conservation of the angular mo-
mentum is very simple, namely, if we write I'};,,
where A =+1, 0 we have A +k'+h =0.

The magnetic moment 4 can be calculated
readily from (A9) and (A8). In order to calculate
@ and R?, we perform a multipole analysis of the
left-hand side in the manner of DDM, and com-
pare the results with the multipole analysis of the
right-hand side using the nonrelativistic quantum
mechanics. The helicity amplitudes ') can be
obtained from the vertex function given by Eq.
(3.1) except that the sign of ¢ is changed and the
helicity states now have the following represen-
tations:

€,==2"12(0,1,i,0),
€_=2"12(0,1, —,0),
€,=(p/m,0,0,E /m),

€} =€_,

@a11)

€ =¢€,,
€, =(p/m, 0,0, ~E/m) .
After straightforward calculations we obtain
T;.=-2pEg/m, (a12)
I =-2E[G, +2pm™2(G, - g + 2L E%/m?)], (A13)
and

r°,=2EG,. (A14)
From (A8), (A9), and (A12), we obtain
_(11]1011) 1 e .
HEol o ¢ Vg Tor
=eg/(2m)
=e(1 +k +)1)/(2m). (A15)

To obtain R? and @, we first decompose I'},, into
multipole moments using Eq. (109) of DDM:

el O en( 3o wm
Using (A13), (A14), and (A16), we may write @,
and @, in terms of I'y; and I' _, :
Qo= (=T +2I%)/V3
=2V3 E[G, -2p*/3m?)(G, -g +2AE¥/m?)],
(A17)

Q,= (T, + T2, )(F)™?
= ~4Ep®m~2(G, —g +2 E?/m?)(&)"1/2. (A18)

The right-hand side of Eq. (A9) can also be ex-
panded in terms of multipole moments in the fol-
lowing way: We first expand the exponential factor
e~ 4T py

e-i-a--;:e-qrcose
=), (=i)' @J +1)j,@@7)P,(cosf). (A19)
J=0
From (A19) we may write the right-hand side of
(A9) as

(=10 [ (1517, 0, B,y e FFazx

=<101> NR+<121> NR
nonr/% \non/¥ >

(A20)

where

2 i)’
Qﬂ“(qz)=(——‘£}12( )
<—SJ s)

xf (ss|p(X)P,(cosb)|ss)j, qr)d®.

(a21)

Expanding the spherical Bessel functions up to g2,
we obtain

jolar)=1-4*»*/6 (a22)
and

j.@r)=q**/15. (A23)

From (A9), (A16), (A20), (A21), and (A22), we
obtain

€Q,/RE)=QN®
=v3 (1 -4 2R?/6)e . (A24)

From (A9), (A16), (A20), (A21), and (A23), we
obtain

€Q,/QE)=QR
==-(3)"2Qg". (A25)
From (A24) and (A17), we obtain
R?=(k +1\)/m?2. (A26)
From (A25) and (A18), we obtain
Q==e(K -0\)/m?. (A27)
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A formulation of the integral representations of the dual 7 partial-wave amplitudes is presented. One
of the many advantages of these representations is that one can extract the threshold coefficients
without difficulty. This is demonstrated in a calculation of the scattering lengths and effective ranges

for the s, p, d, and f waves.

I. INTRODUCTION

Subsequent to Veneziano’s original paper,' a dual
7T scattering amplitude which meets the require-
ments of Regge asymptotic behavior and crossing
symmetry and which exhibits zero-width resonance
poles was proposed by Lovelace? and Shapiro.?

The partial-wave structure of this amplitude and,
in particular, its asymptotic behavior have been
studied in the complex angular momentum plane

and in the complex energy-squared plane by many
authors,*!! partly in connection with the K -matrix
unitarization scheme, and partly in connection with
dispersion-theoretic studies, among other consid-
erations.

In contrast to the partial-fraction expansion of
partial waves which has been used by most authors,
we present a unified treatment of the correspond-
ing integral representations, which turn out to be
more useful in many respects. In this paper, we



