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A theory in which gravity is produced by a massless vector field in addition to the usual
metric field is presented and found to be compatible with present solar-system experi-
ments and cosmological expansion. A special case predicts the same first post-Newtonian
gravitational experimental results as general relativity.

1. INTRODUCTION

In 1961, Brans and Dicke’ proposed a theory in
which gravitation was produced by two fields—a
tensor metric field and an auxiliary scalar field.
The field equations were derived from the Lagran-
gian action?

A= f(—g)”2<167er +®R + %g“”(p_u(p.”) d*x,

where L, =L,( &guv, matter variables) is the matter
Lagrangian, ¢ is the scalar field, and w is a di-
mensionless parameter. Variation of the matter
variables (position, velocity, etc.) will produce
equations of motion involving only g,,, not ¢.
Matter “sees” only the metric field and free test
bodies follow geodesics. Theories where matter
exhibits this behavior are termed “metric theo-
ries.”

If L, contains additional gravitational scalar,
vector, or tensor fields, matter will not in gener-
al follow geodesics. An analysis by Dicke® has
shown that the high-precision null experiments—
Ebtvos experiments, Hughs-Drevor experiment,
etc. —rule out the existence of vector or additional
second-rank-tensor fields coupling directly to
matter. As pointed out by Will and Nordtvedt,*
however, such vector and tensor fields may exist
along with the metric field as long as the addition-
al fields do not couple directly to matter (i.e., do
not enter L,). While the additional fields in these
metric theories do not affect the null experiments
they will, in general, produce observable effects
in light deflection and retardation experiments,
planetary perihelion advance, orbiting gyroscope
precession, nonsecular terms in planetary and
satellite orbits, and geophysical phenomena. Will

and Nordtvedt* have summarized these observa-
tional effects and their relationship to metric the-
ories of gravity, showing that such effects are
simply calculable from a parametrized post-New-
tonian (PPN) metric, which exists for all metric
theories.

In particular, it has been found that some metric
theories predict observable effects due to the mo-
tion of the solar system relative to a preferred
frame (such as the mean rest frame of the uni-
verse). These “preferred frame” or “ether” ef-
fects can occur in Lagrangian-based theories con-
taining vector or higher-rank-tensor fields (the
Brans-Dicke scalar theory exhibits no such ef-
fects). In this paper we present a metric theory
of gravity containing a massless vector field in
addition to the metric field. Committed to the
spirit as well as to the law of general covariance
in physics, we introduce no a priori fields or
frames into the theory. We require a Lagrangian
subject to the following conditions:

(1) The Lagrangian density is a four-scalar den-
sity.

(2) It generates positive-definite free-field ener-
gies for both the metric and the vector fields.

(3) It produces a “metric theory.”

(4) It generates field equations containing no
higher than second derivatives of the fields.

Such a Lagrangian is
A= _f(-g)l/z(l&rGOLm +R =F, F'
+wK, K'R+nK'K"R,,)d*x, (1)

where L, =L,(g,,, matter variables), F, =Ky
-K,,, in analogy with electrodynamics, w and 75
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are dimensionless parameters, and G, is ana
priori or “bare” gravitational constant.

In Sec. II, we obtain the PPN metric for this
theory and find a renormalized effective gravita-
tional constant dependent on the cosmological
strength of the vector field. Consequently, there
is a time dependence of G coupled to the evolution
of the universe. The PPN parameters will have
weak “preferred frame” terms compatible with
observational limits, or, for a special case, will
reproduce exactly the PPN parameters of general
relativity.

This last point is of particular importance, since
it means that no solar-system experiment present-
ly envisioned can differentiate between this theory
and general relativity. Another theory in this cat-
egory is a “prior geometry” theory due to Ni,®
which uses an a priori preferred inertial frame.

It is evident that experiments which are able to
choose between these theories must involve post-
post-Newtonian levels, such as occur in (i) gravi-

J

tational radiation, (ii) cosmology, or (iii) extreme-
ly precise solar-system experiments. It is not
clear which type of experiment offers the best pos-
sibility, but theories such as these should stand as
a challenge to the gravitational experimenter to de-
vise new and better ways to measure the extremely
small effects of post-Newtonian gravity. In prep-
aration for such experiments we have calculated
here the post-post-Newtonian static term in g,
and in Sec. III we have generated cosmological so-
lutions of the field equations. Both results differ
from the results predicted by general relativity.
The important question of gravitational radiation
will be analyzed in a future paper.

II. THE PPN METRIC PARAMETERS

Will and Nordtvedt* have arrived at a general
form for the first post-Newtonian metric valid in
any inertial coordinate frame:

goo=1—22 9%‘—+243<Z %> -QRy+1+ay+¢, )Z GM‘U‘
i 1

7 i

GM GM, > >
_2(1—-ZB+§2)Z -;‘—‘- Z — == §1Z r—ia’t(vi'ri)z

g=i T4

+a22 GM‘(W TP +(a, —az—aa)z

EM; 2 +(a, —2a3)2

-.

=34y +3+a,~a, +§1)Z —;i—"-v‘:+§(1 +a2—§l)z —1?5"-(7/‘ T )x%

+(2a1—a2)z %Wk +a Z

GM,
g,m=—61m<1+2yz Tf> )
i

where x} are Cartesian components of the ith-
source-to-field-point vector, v} are Cartesian
velocity components of the ith source (v* = -dx*/
dt), W* are Cartesian components of the velocity
of the inertial coordinate system relative to the
universe rest frame,

[ D],

3 X » 1/2
711=[E(xi-xj)2:| ’
k=1

M; is the gravitational mass of the ith body, and
G is the effective gravitational constant. It should
be appreciated that this form is based on very few
assumptions (see Nordtvedt®). The parameters

(W ri)xir

B, v, ay, 0y, a4, £y, &, in the metric are theory-de-
pendent and may depend on cosmological factors
through the influence of cosmological fields. In

general relativity the PPN parameters have the
value

y=8=1,
a,=a,=a3=¢,=

and in the Brans-Dicke scalar-metric theory

1+w
L 2+w’
B=1,

@, =Q,=a3=¢, =8, =

Inspection of the PPN metric shows that one can
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obtain all the PPN parameters by calculating in
the universe rest frame (W*=0), and that one can
obtain all but ¢, by considering a single source.
For most of our work we therefore use

G*M?
72

go(,=1-2c—rlti +28

GM GM » -
- @y+1+a,+&,) v2+¢g, P (r-v)p,
GM
Gon=3@y+3+a,-a,+¢,) —r—v” (2)

GM -~ -
+5(1 +a, = &,) —y—_—,,—(r -v)x",

GM G*M?
Eim =_6lm(1 +2y > +26 o) ),

where it is noted that a post-post-Newtonian term
is added to g;,,.

In addition to PPN metric expansion, we will
need a similar expansion for K ;:

GM GZM? GM
K0=(¢0)"2[1 tay —— +b pos A —r—v2

ra, Sy G P SLED], @

K, =(¢o)m[ a0 DG -v)x'] .

The field equations are calculated by requiring
that the action [Eq. (1)] be stationary under inde-
pendent variation of the fields. Variation of g,
gives the equation

Ruu— %guuR +w(K“K,,R +¢‘Ruv‘%guu¢R +¢luv_guuDZ‘p)*'nKaKﬂ(guaRuB +gu6Rua _%guuRaﬂ)

—%n[guu(KaKB)laB+D2(Kqu)'(KuKa)lva'(KuKa)Iua] +2FuaFaV+%guVFaBFaﬂ=_8WGOT#V’

where ¢ =K, K*%,

0*()=(Nasg®®.
The contraction of Eq. (4) is

R +(3w +3m02%¢ +n(K*K?®), 4,5 =87G,T . (5)
Variation of K, in Eq. (1) gives

wRK* +nR*YK, +2F"",,=0. (6)

The details of the solution of these equations are
given in the Appendix. The linearized equations
are first solved for a static source, giving for y:

_ 2w=-n=-2
r=l+wg, 1-wp,(4w=-1)"

Light deflection and retardation experiments’
show that y=1, so we specialize to that case.
There are three ways this condition can be real-
ized. First,

Po<1.

This weak-cosmological-field condition reduces
all results arbitrarily close to general relativity.
For that reason, it is the least interesting. There
are two other conditions which give y=1. These
are

(4)

(CaseI) w=1in+1,
and (7
(Case II) w=0.

Proceeding with the solutions for each case, it is
found that

Case I Case II
y=1 y=1
a,= -1 a, = %Tl

and the gravitational constant in each case is re-
normalized:

Case I Case I
G G
G = —0 G = —_—0 5 .
1 +%fl¢o 1 +n¢o+%n2¢o

@)

This means that G, the effective gravitational con-
stant which enters the metric and determines the
strength of gravitational behavior in the solar sys-
tem, depends on the strength of K, far from the
solar system. In Sec. III, it is seen from cosmo-
logical considerations that this produces a time
development of G, coupled to the evolution of the
universe; and that the extreme weakness of G in
the solar system can be viewed as being due to a
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renormalization of G, (~1) by a large cosmological
n¢o.

The parameters 8 and 6 come from the static so-
lution of the field equations to second order. For
the two cases we get

(Case I) B=1,

which agrees with the value calculated in general
relativity, and

1-4w

821+ T row(l-4w)’ ©)

which does not agree, general relativity having
6=1. Unfortunately, this parameter does not af-
fect existing experiments to any measurable de-
gree. In the other case,

i1 +2)(n+4)¢,

(Case II) B=1+ 44 noy(7+8)

(10)

(n+3) - i1¢y(n+4)
4+npo(n+4)

6=1 -%n¢o(ﬂ+4)

The experimental result 8=1 requires n=0, -2,
or —4 and the unobservability of 6 effects in pres-
ent solar-system experiments imposes the limits
n=-4, or ¢,~1.

Solving the total dynamic linearized field equa-
tions gives the additional PPN parameters:

(CaseI) ¢,=a,=0,

11
ly cg=— 40 4
U2 4" +4 +6n 02
(Case ) ¢=a,=0,
o _2n0(3+m)
4 Tongo +1n'dy” 42
o, =a, -1 3N0n+2)

PT1T2 24409, + 00,

An examination of the configuration of a point
source inside a massive spherical shell yields the
second-order two-mass PPN parameter

§2=0

for both cases.

The ¢ parameters measure 4-momentum non-
conservation and are expected to be zero in theo-
ries derived from Lagrangian action principles.*
The a parameters measure the existence of “pre-
ferred frame” or “ether” effects in gravitation.
Except for the case =0, both cases predict such
preferred frame effects. Nordtvedt and Will® have
analyzed various geophysical and planetary orbital
effects to arrive at upper limits on the @ parame-
ters. The restriction is
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a,<0.1,
a@,<0.1 (see Ref. 9).

There are two possibilities in Case I:
n=z 34,

ns0.1. (13)

Of special interest is the case where =0 (w=1)
in Eq. (11); then a, and ¢, are strictly zero. In
this case, renormalization of G, is lost and the
total set of PPN parameters is identical to those
of general relativity. However, as can be seen by
setting w =1 in Eq. (9), 6 still differs:

1 3¢,

5=1+‘2— 36,-1"

In Cdse II, the a restrictions give

NS 3% .

Case II already had w=0, so this additional re-
striction on the magnitude of n¢, shows this case
to approach general relativity as a limiting form
of the theory.

III. COSMOLOGY

To investigate cosmological solutions of the the-
ory, we use a homogeneous dust model for matter
and a Robertson-Walker cosmological metric:

gw=1,

S(t
gij=—uT%(T)2;TFs

from which we can calculate
R,,=35/8,
6w a2
R= S—Z(SS +S2% +k),
(K®K®), qs = +305/S+6¢S2/S% +6¢S/S,
O2¢ =¢ +34S/S,
d’loo = ¢ )
O%(K,K,)=$ +36S/S - 6$S2/S?,
(K“K,) 00 = +36S/S - 3052/52,

(14)

where ¢ =K K" =K K°, and the dot denotes time
differentiation. Substituting these into Eq. (6)
gives

v .
(2w+n)§+2wsT:'-c-=0, (15)
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and in Eq. (4) there results

. . .
(1-woe) Stk +n¢ ?7 - (2w +n)o g

S?
LS
+(2w +1)z¢ S- 271G Ty, -

Using (15) to eliminate second derivatives of S
yields

n|lwn.

s2 $2 .
(1+wo) ‘% +n¢ 5z +(2w +1)z g"”GoToo'

(16)

The K, and g, equations vanish identically, and
the g;; equation is consistent.
Equation (15) integrates to give

S'2+K=<§—°>p, 17

where S, is a constant of integration,

2w
P= i, in?

and for future use we define

1
w+3n

q=

Equation (17) integrates again, yielding
S P/st
= [sr s (18)

The time development of S depends only on the
scale constant S; and on the parameters w and 7;
it is independent of T,

Equation (16) is made first order in d¢/dS as
follows: Using Eq. (17) to eliminate §, and divid-
ing by w +37n, Eq. (16) becomes

dp 1- +( )
as Sx 2P+‘1¢ Sz p +2P¢
1 1
=w+zn<§ GoToo = STxT>,

where we have defined x=S/S,,.
and defining

Multiplying by S?

—Kx
Y=9¢ )

=~ZGOM _ 871G,To S
S, 3s, ’

produces the first-order equation

dY 2p 1 K 1
ax © <1+q+1 kx? > w+2n<_— ’*2>’

®
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with solution

(1 - kx?)2
(w +_é_n)x¢/2+l

u_xblz - x9/2

(1 - Kx))s/z dx

b=

(1 — KX b)llz

A (19)

where X is a constant of integration.

The special case n=0, w =1 is of particular in-
terest. First, it is the case which exactly repro-
duces the PPN parameters of general relativity,
and it will be shown to have a cosmological solu-
tion different from the cosmology of general rela-
tivity. Second, this case represents an approxi-
mate solution for one of the possibilities allowed
by Eq. (13), namely, 7<0.1, w~ 1. Choosing the
k=1 of a closed cosmology, and noting p=2, ¢=0,
we integrate Eq. (18) and obtain

=[#2s, - 1)]"2, (20)
and Eq. (19) yields

— A2\1/2
14p= By Q=x9"
X X

If we demand ¢ -~ 0 as ¢ O (the initial cosmologi-
cal singularity; see Dicke'), then for ¢ >1 (equiv-
alent to G,> G),

ZGOM

¢ = [1-@=-x2)12], (21)

Assuming S,> S, these become

S=(25,t)2, (22)
GoM S
=%5F (23)

The relationship between Hubble time (7') and
the present age of the universe ¢, is

1 S
EET}IEEQ"ztu' (24)
Writing

M= 31pS3= $1p(S,T 4)*'?

and substituting gives ¢/G, in terms of observ-
ables:

K
Go

= $mpT 4%,
Using this in Eq. (8) gives

1

c- §monT ;* ~10* (cgs units), (25)
based on p=107* g/cm® and T, ~2Xx10'° years.

The actual value of 1/G is about 107, but there is
substantial uncertainty in the total energy density
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(p) of the universe. From Eq. (22) the early-time
behavior of the universe is

S~t”2,

as compared with the relationship from general
relativity,

S~t2/3,

A second limiting cosmology, compatible with
the second case allowed by Eq. (13), is w=in>1.
Then p=g=1, and for x=1 we find

si = sin ()2 = (x — x2)V2, (26)
(k=1)1 = x)2 1 sin~!(x)'?
0 -2 = g - M |

27
where we have again assumed s- 0, ¢ -0 as {-0.
The early-time behavior is

t=%S,x%2 (28)
or S~t?3, and

¢ _ _8Ms
G, 15152 "

From Eq. (28), the age of the universe is related
to H by

M= 37pS,Ty*,

therefore

¢ 327 2(2&)2/3
2 -7 .
G, P\,

Finally, using this in Eq. (8) gives

-
G =Py SO ’
if T,4/Sy~0.1.

A final choice of parameters, compatible with
Case II, is w=0. In this case, Eq. (15) reduces to

KoK 00 = ¢>o 3 (1+ l)[ (r v) -vh-?-i] s
.3
KoKoior =Ko Koiao = =0, 3 (1 +a1)< P x -V >

(E 6)2

KoKolu ¢o 3 (g,-z 3){

v | -20, %573

%
ﬂ§=0,

having the solution
S =ut,
where v is a constant. Equation (16) becomes

S22+ s2 S
82K +n¢sz+z"l¢ = 371G, Ty,

which has the solution

_ 2 -, 4G M ,_, vZ+k
¢= nv"‘t nv’t + e

and is singular at the origin.

IV. CONCLUSION

We have presented a theory of gravity in which
gravity is produced by a vector field in addition to
the usual metric field. It has been found that such
a theory is compatible with present solar-system
experiments and contains a reasonable cosmology.
Future papers will examine gravitational radiation
in this theory, and examine the possibility of iden-
tifying the vector field (K ) with the Maxwell field
of electrodynamics (A ).

One of the authors (RH) would like to thank Cliff
Will, Robert Dicke, and Bill Kinnersley for help-
ful discussions.

APPENDIX

The calculation of the PPN metric parameters
consists of three parts. First, the solution of the
dynamic (moving sources) linearized equations is
made to get all potentials first order in M. Sec-
ond, the static field equations are solved to sec-
ond order in M, giving 8 and 6. Third, a method
is devised to get the two-source metric potential
with PPN coefficient involving ¢,.

Using the PPN metric for a single source |Eq.
(2)], and the expansion of K, [Eq. (3)], one can
calculate the following derivatives to linear order
inM:

- 2mpGMO(T) 2a, +2a,0% +2 +03(2y +1 +ay +£,)],
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Ko Kyop= =6, GM{srr-zvxh_vn},
T V)
KoKy on = ¢‘o 73 (§1+d’ d)[3(7—2)* }

KoKpino =0 %Aai(d’-d+§al—a2+l +§1'Y)[3

5.3
KoKy =K, lehx"¢o 3 (d’ d)<3 xt-v

Components of R, are

GM T V) GM
Ry = "%011)[3( 72) ‘02]+ 73
- 21!GM6(§)[ 2+v2%(1+2y+a,+¢,)],

GM
Ry =—3

We will need the 6-function part of R to static or-
der only,

R=2R,,+161GMyd(r).

Next we write the first-order approximations to
the field equations. First the g,, equation, (4):

(Roo =2 R)(1 = wo,)
+(20 +N)(PoRoo +K K |1,)==8TG Ty ;
(A1)
next the g equation, (5):
R +(6w+3NK,K°,,,
= (6w + MK Ky =Ko Kp110+K; 1) =87G,T ;
(A2)
and the K, equation, (6):
WK R +NK Ry, =2(Kgy; =K 01) - (A3)

It is profitable to eliminate R in the above three
equations. Adding 3 of (A2) to (A1) and subtracting
3K, times (A3) gives

Roo(1+ 0, +35m0) +Ko Koy yp(1 = w +37)
+K Ko o0(3w +37) = 3NK K15
= (1 +30K K} o ==8TGT oo +47G,T .
(A4)

Keeping only the 6-function parts of each equation
and setting v to zero, the first-order static equa-
tions can be written. Thus (Al), (A3), and (A4)
become, respectively,

(T-v
7.2

- 2mpGMOET) 2 +02(2y +1 +ay+¢,)],

—vz+r-a],

) - 4nGM ¢,6(r)dv*.

-30,-¢)r-a

1 1)(3r_rl21’.x”-z;’*> +TGM(T)(4y +3 +a, —a, +L,)v".

(1-woy)2GMy56(7)
+(2w +n)(@, +2)p,GMB(r) =2G,T,,,

(A5)

(2a, +4wy - 20 - N)PGM6(r) =0, (A6)
(1+weo +3MP0)GM8(r) +(1 - w +3n)(a, +1)p,GM6(r)
- (3n+1)p,GMO6(r) = Go(2T oo = T).

(A7)

Using some relations valid in Minkowski space,
dt\?
fT00d3x= fp(ci—s> d3x
M

fp ds (l_vz)x/z = (1-03)73

dt ds
3 —_— 3
J'Td f = T

dt
= Jp a—;(l -v3)2a3% =M1 -3z,

(A8)

(A9)

Eqs. (A5)-(AT) integrate (with v =0) to:
2Y(1 = w,) +(2w + M ea, = 2G,/G = ~2(2w + 1),
(A10)
2y(4w) +4a, =2(2w +1), (A11)
(2=2w +n)oa, - 2G,/G ==2(1 +ind,) . (A12)
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These can be solved simultaneously to give

1-wo,(2w+n+1)
T 14wl -4w)

Experimental evidence indicates y=1, so we pro-

ceed with the special case
w=in+1. (A13)

(The procedure for the alternative possibility,
w =0, is similar and will not be given here.) Us-
ing (A13) in (Al1) gives

a, =-1.

Keeping the v? part of the 5-function terms and
using (A13), (A4) integrates to

(20 + Moy 2
This gives two requirements,
g +0, =30, -2a,=0,
-¢+a,—3a,-2f =0,
where we have used y=1. Subtracting gives
&r=as—f.
Equation (A3) becomes

’-’2 N - -
(2w + 0o, GIZI[<3Q‘T_Z_)— —Uz>(a2—%a!)+r ‘a(a, - za

s

+2¢,

giving
Cw +n)a, - 3a,)=2(d -d’ - 2a,),
(2w +me, - bo, - ) =2(d - =27).  (AZ0)
Subtracting and using (A18) yields
Rw+n+4);,=0.
So
£, =0, (A21)

unless 2w +n+4=0. This, however, combined with
w=3n+1, gives unique values for w and n which,
when used in Eq. (A4), give ¢, =0, anyway. Equa-
tion (A18) yields the additional result

a=f. (A22)

[<3(rr'—;’)2-v2>(2g,+3y+a2-§a,-1-

RONALD W. HELLINGS AND KENNETH NORDTVEDT, JR. 7

(1 +3ngpo) 2 +v2(1 +2y +a,+¢,)]

G 2
2| oy -],

which gives

Go
G = A14)
1+310, (
as a renormalization of G, and the relationship
1+2y+a,+£,=3. (A15)

Having handled the localized source terms, we
next find solutions to the total dynamic field equa-
tions outside the source. First the g,, equation,
(Al):

2y—§1—2a3)+f"5.(37+a2—%a1—l—2y—§l—2f)] =0.

(A16)

(A17)

(A18)

1—g1>]

= —u2>(2a3—d+d’)+§-5.(2f—d+d’)]=0,

(A19)

In Eq. (A16) it was assumed that 2w +7#0. In
the special case 2w +7=0, Eq. (A19) gives a, = f.
Using this in (A4) results again in ¢, =0. There-
fore the same PPN parameters are obtained, re-
gardless of special relationships between w and 7.
Substituting £, =0 and y=1 in Eq. (A15) gives the
additional result

a,=0.

Using ¢,=0 and a, = f, (A17), (A20), and (A4)
become

@, -za,=2f,
(m+1)(a, -3a,)=d' -d=2f,
(1 +¢,+2mdo) 0, = 3a,) = (1 +M)o(d’ - d).
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Solving these simultaneously gives
2f =a,-3a,=d’' -d=0. (A23)

To get the individual values of @, and «,, the K,
and g,, equations are needed. Equation (6) gives

nKOROI =2(Kllmm _Kmllm “Kuoo);
or
%—1;4—[31;-.—2‘7):’ —v‘][%nal+2(d+d’—l)]=0.
Equation (4) becomes
(1 +wo, +n¢o)Rot +(2w +77)K0K0|ol

+%nK0(KHmm —Kmllm)=0:

X [(1 +w¢o +n¢o)(%ax) ‘%ﬂ%(d +dl)] =0.
Solving for a, and using w =37 +1 yields

4n

1. _ .
a2 Zal 4¢0-l +4+671+772 ’ (A24)
also,
ded' =1 44, ' +4+67

24,7 +4+6n+n2 "

The only PPN parameters remaining involve
second-order static terms in the metric. The

yielding static equations to second order are:
J
8oo s
Roo(1+w¢o+1¢0) =3 R(1 = wdo) = (2w +M3(K,Ky) 11m8' ™ = Foy Fopng'™=0; (A25)
8

R+(6w +3N)K°K® 40 +(6w +ME(KoK®) |1 m&' ™ + (6w + MK} oK piog'™

and K, (multiplied by K,),

+2TIK0H l{mlog“’l +277K0Kllomglm +nR00K0Ko =0;

(AZS)

W R +ndy Ry, +(K0Ko)ltmglm -2K,; Kolmgl"l - ZKOKIIOmglm =0. (A27)
Adding 3 of (A26) to (A25), and subtracting % of (A27) and using w=3n+1, gives
R, (1 +%77¢o +¢’o) +(377+3)K0Ko loo =~ (2n+2)leoKHo +(n+ I)KoKliol =0,

where we have also used the fact that to first or-
der the only nonzero derivative of K, is K;,. To
second order,

Ry, =(2-28)

G2M?
,'.4 ’
G*M?
KoK® 00=Ki10K110= =5
GEM?

KoKllox =(28 -3) _TT .

Using these gives the relation
(2-2B)(1+3n¢,)=0,

or B8=1, as in general relativity. To get 5, which
only appears in R, we solve Eqs. (A25) and (A27)
for R. Multiplying (A27) by w +37 and adding to
(A25) gives

2R[-1+woo(2w +7+1)]=Fy, Fopng'™

- (2w +U)K0le0mg’m=0;
where we have used Ry, =0 when 8=1. Solving and
using n=2w - 2,

(4w =1)p,G2M?/r*
1-wd,(4w-1)

iR =

Now
R=(-48-456+8)G>M?/r*
=(4-45)G*M?/r*,

so

1-4w

0=l T (i —dw) -

The ¢, parameter appearing in the two-mass in-
teraction term can be found by means of a conven-
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ient trick. The configuration of a point mass m
inside a spherical shell of mass M and radius R
>>7 is solved by two approaches, and the results
are compared. First, M is included as a source
of the metric, and we write

- M m 2 mM
Buwo=1-2G 5 =26 +48C* 0
- (2 - 48+28,)G? % +0(m?, M?), (A28)

M m
g“=—1-2)fG—R— —ZyG;- .

This has the asymptotic limit (as m /» - 0 but, al-
ways, R>7r):

£00=1-2G M ,
(A29)
M

gss=-1 _ZYGE’ .

Second, we note that the post-Newtonian limit is

valid inside the shell, so one must be able to write
to linear order

goo=1=-2G*m /r’,

A30
gis==1=2yG*m /r', (A30)
where it is recognized that the presence of the
mass shell may affect G, and that the coordinates
will be different to allow a Minkowskian asymptot-
ic limit. Comparison of (A29) and (A30) shows
that the coordinate transformation must be

ax° GM
axo YR
Br M
ar’ YR

Applying this to (A28) gives

2mM
YR’

goo' =1 -20% +(88 - 6-2¢,)G

but » =(1 - yGM /R)7’, so

mM
r'R °

8o’ =1-2G 7 +(86 - 6 - 2y - 25,)G*
Comparison with (A30) shows the effect of M on G:
G*=G[1-s-3-7-1) %" |.
However, the effect of M on G is well known from

previous analysis. Equation (A14) gave

- Go
C1+3ng @K K,

=Go[1+3n(1+2M/R)p,(1 - M /R)(1 - M /R)]?,

- —Go
1+%TI¢‘0

=G.

*

Therefore 48 -3 -y ~¢,=0 and, since B=y=1,
this implies

£,=0.
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