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The standard 5-matrix kinematic analysis is applied to the KI, decays to show that the form factors

f~(t) are free of kinematic singularities or constraints. The general form of the matrix elements of the

vector current and its divergence in the Duffin-Kemmer formalism are determined and shown to be

consistent with the general kinematic analysis, in contrast to a form proposed in some recent letters.

The invariant matrix element for K» decays,
e.g. , E - w + l + v, is commonly written

M= u(k„((.„)(1+y,)y U(k, ((. )

x [(P,~P,) f,(f)+(P, P.)"f (f)], (1)

t=(p„-p )'.
In some recent publications, ' ' the K» decays have
been analyzed using the five-component Duffin-
Kemmer wave functions for the spin-0 kaon and
pion. Among other results, these authors find
that the effective form factors f,(t) should sa, tisfy
a kinematic constraint at the scattering threshold
t=(m»+m, )', which results in the linear combina-
tion f~(t) =(m»'-m, ')f+(t)+ff (t) having a kine-
matic zero at that point. In this note we point out
that the standard kinematic analysis of the analyt-
ic S matrix implies that the f,(t) are free of kine-
matic singularities and constraints. We also de-
termine the general form of the matrix element
of the vector current (and its divergence) in the

Duffin-Kemmer formalism and find that it differs
from that of Refs. 1 and 2 and, in particular,
does not imply any kinematic zero in f,(t).'

According to the standard' theory of the analytic
8 matrix, all kinematic singularities and con-
straints of helicity amplitudes follow explicitly
from Lorentz invariance, analyticity, and cross-
ing. We show that all of the kinematic singulari-
ties and constraints implied by this analysis are
in fact present in (1) for arbitrary f„(t), i.e.,
these functions are free of any kinematic singular-
ity or constraint. Since the standard theory is de-
veloped for no zero-mass particles, we give the
neutrino an arbitrary nonzero mass. According to
the current-current description of the weak inter-
actions implicit in (1), the properties of the ma-
trix elements of the hadronic current [the f,(t)]
are independent of the details of the leptonic cur-
rent (e.g., the neutrino mass) to which it is cou-
pled. Evaluating the Dirac spinor matrix ele-
ments of (1) in the lepton center-of-mass system,
we find

El +mt Ev +mv

&& [(E»+E, + 2p, cos 8)f,(f) + (E —E„)f (t) ],
""'[(E,~,)(Z„~ „)]' '(( ~ ' 1 ~ " [2(.singf(t)[, ,E, +mt S„+m

(2)

8=((p„p,) and p, =p„p, =p» in the lepton c.m. system.

We do not write the matrix elements M, , elf
which are proportional to the square of the neu-
trino mass. We now enumerate the kinematic
singularities and constraints in the variable t de-
termined by the standard analysis: (i) no singular-
ity at the threshold or pseudothreshold t = (ms »m)',
i.e., p, =0, because the kaon and pion have no
spin; (ii) singularities [t —(m, +m, )2] ~ and
[f —(m, -m„)'] '~' at p, = 0 threshold and pseudo-
threshold [these singularities are correctly given

by the cos8 and sin8 factors in (2)]; (iii) zeros on
the boundary of the physical region proportional
to(cos-,'8)' ' ' (sin-,'8) ~ ~2, i.e., M + should
vanish as sina in the forward and backward di-
rections, which it does according to (2). Thus the
invariant matrix elements (2) contain explicitly
all of the kinematic singularities and constraints
implied by the general 8-matrix analysis, for
arbitrary f,(t).~

What then is the situation in the Duffin-Kemmer
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(D-K) formalism?' We work with the real time-
like metric g„,= (+1, -1, -1, -1); then the D-K
momentum-space wave function is u(p)
=(1,po/m, p'/m, p /m, ps/m), and the relativistic
adjoint is u(p) =(1, p /m, -p'/m, -p'/m, -p /m).
These wave functions satisfy the D-K equation

(P P -m)u(P) =0, (3)

where the P" are five-by-five matrices (for spin
0) which satisfy the D-K algebra

P"P"P +P P"P"=P"a" +P a"" (4)

A complete set of 25 independent five-by-five ma-
trices is

1 ~ il" ~~" ~"'= '(13"ti"-ti"ti"-)

S""= ,'(P~P-" +P'P") —4 N""(P'P), ) .

+1). It is a linear combination of the two Lorentz
scalar matrices 1 and P P;

(6}

Also useful is the equation, which can be derived'
from (3) and (4),

P PP"u(p) =P "u(P). (8)

Now the situation is seen most simply by looking
directly at the hadronic matrix element (ME) of the
divergence of the strangeness-changing current.
It is well known that the ME of a scalar operator
between single-scalar-particle states is deter-
mined by a single function of t (scalar form fac-
tor),

$(n (p„)ls„v"(0)if& (p, )& =(m,'-m, ')f (t)

Note that there are only nine independent S""be-
cause of the condition Sj' p. =0. The matrix g is
chosen to be the diagonal matrix (-1,+1, +1, +1,

+tf (t)

(8)

If one insists on expressing this ME in terms of five-component D-K momentum-space wave functions,
then one must consider all scalars which can be formed from the two vectors p"„p~j' and the elements of
the D-K algebra (6):

t(v'(p }is„V"(o)lac (p )&=u(p, )r(p„,p„1,g, p, z, s)u(p ), (10a)

i.e., I'is some function of various products of powers of the D-K invariants p, -p~, 1, &, p p„, and p p~.
By use of (3}-(8)all such terms can be reduced to a linear combination of functions of t times the two D-K
scalar matrices 1 and &;

t&"(P.) ls„V'(0) iA (P.)& =u(p. )[1G,(t)+~G.(t)k (P.). (10b)

Of course, the ME is determined by only one function of I;, i.e., it must depend only one one particular
linear combination of the two functions G, and C, . By explicitly carrying out the five-by-five matrix mul-
tiplication on the right-hand side of (10b}, we find

t(w (P,}is„V"(0)lA (Pr)& =(2m, mr) '{[(mr+m, ) —tJG, (t)+[(mr-m, ) -t]G2(t)) (10c)

-=f.(t). (10d)

Since the D-K formalism does not place any restrictions on the functions G, (t) and G2(t), we see from (10c)
and (10d) that the formalism does not imply any kinematic zero for f,(t),"in agreement with the general
helicity analysis outlined above.

There is a similar proliferation of D-K terms in the general Lorentz-covariant form of the ME of the
current; by application of (3}-(8)to all possible D-K vectors, one can reduce the ME to the form

& "(P.) I V "(o)IA (P.)& =u(p. )[pg 1g, (t)+P!I g, (t) +ti"g.(t)+Pr l g.(t)+P!t g5(t)+ti" l g( )t} u( Pr) («a).
This ME, and hence all of the physics of the A;, decays (in the current-current description), is well
known to be determined by two functions of t, e.g. , the f,(t) of (1); hence, it must depend on just two
linear combinations of the functions g, (t), . . . , ge(t} on the right-hand side of (lla). Again, explicitly carry-
ing out the five-by-five matrix multiplication on the right-hand side of (lla), we verify this in the follow-
ing equation:
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(»'(p„)IV&(0)Iffy' (p,)) =-,'(p, +p.)" ™[g,(f)+g.(f))+
2

' [g,(t)+g, (&)]

2 m -m '-t
+ -'( P» -P.)" " ' [g, (&) —g.(&)) +

2
' [g,(&) —g, (&)]

(t) — ' (f)
mmmm f( mmmm

(P +P )"f,(t)+(P -P,)"f-(&)

(11b)

(11c)

Since the ME does depend on just two linear com-
binations of the six g, (t), four of them can be elim-
inated from (lla); however, as explained in Ref.
10, for the simpler case of the scalar ME (10),
this elimination necessarily introduces kinematic
poles into the remaining functions-which are can-
celed by kinematic zeros of the matrix products.

The results of the K» analysis of Refs. 1-3 de-
pend on several things. First is the parametriza-
tion of the K, w ME by two effective Klein-Gordon
form factors f,(t) which are written as the product
of definite kinematic factors times unknown D-K
form factors [Eq. (V) of Ref. 1; Eq. (8) of Ref. 3].
Their parametrization can be obtained from our
(lla) by eliminating g„g„g„and the linear
combination g, +g, in terms of g, and g, -g, . Then
the kinematic factors can be determined by com-
parison of (lib) and (llc). Second is the assump-
tion that the resulting D-K functions g»(t) and g»(t)
are smooth functions. This leads immediately to
the prediction of the zero in the effective Klein-
Gordon scalar form factor f,(t). Third are further
dynamical assumptions, e.g. , K~ pole dominance
for g~(0) and g»(0) or application of SU, to obtain
g»(0) =2 ' ' rather than f, (0) =2 ' '. These ap-
proximations lead to different values for ( —=f (0)/
f, (0) and the vector Cabibbo angle g» than do the
same approximations applied directly to the Klein-
Gordon form factors f,(t), because of the presence
of the kinematic factors described above. How-
ever, our general kinematic analysis, as well as
explicit algebraic calculation, "indicates that the
g»(t) and g»(t) obtained this way are not smooth
functions; rather they contain kinematic poles
which cancel the kinematic zeros of the D-K wave
functions.

In Ref. 3 the authors point out that zeros and
poles may be dynamic as well as (or rather than)
kinematic. They suggest that when they choose a
specific limited set of D-K covariants they are
specifying the form of some underlying Lagran-
gian theory of E» decays, i.e., specifying the
dynamics. However, this does not justify their
assumptions about the form of the ME; the ab-
sence of certain couplings from a Lagrangian does

not imply the absence of the corresponding forms
from the phenomenological ME. Once one goes
beyond the lowest order of perturbation theory,
all forms not forbidden by some symmetry prin-
ciple will appear in the ME's whether or not they
appear in some Lagrangian. This is well known,
for example, in the case of the Schwinger g-2
term in quantum electrodynamics. One has mini-
mal electromagnetic coupling, i.e., gy"gA„, not
gv""gE„„, in the Lagrangian; yet g-2 is the
coefficient of the O„,q' term in the ME of the cur-
rent and is computed to be nonzero in all orders
beyond the lowest order [similarly, the experi-
mental existence of the anomalous magnetic mo-
ments (Pauli form factor, E,) of the nucleon is not
taken as evidence against minimal electromagnet-
ic coupling]. In Ref. 3, the authors compute the
ME for K,3 decays only in lowest order with their
model Lagrangian, so of course the result has
only the form of the input Lagrangian. If they
had computed radiative corrections they would
have found the more general form of the current
ME with no zero at t=(m»m+, )~.

Note added in Proof. Fischbach, Nieto, and
Scott [following paper, Phys. Rev. D I, 3544
(1973)]agree that starting from a Lagrangian
including only gP), $, one will induce additional
effective couplings. The only one they list is
q~gg, which also leads to a zero in f,(t) at t
= (m»+ m, )'. Our point is that other couplings,
which lead to f,((m»+ m, )')e 0, will also be in-
duced. A final general comment is that we have
not made any objection to the parametrization of
K)~ decays by Fischbach et al. regarded as a
purely empirical model. Our contention is only
that the Duffin-Kemmer formalism does not pro-
vide any a priori theoretical basis for their pa-
rametrization. We leave it to others to argue
whether or not that parametrization provides a
better representation of the experimental data
than various theoretical models of the f, (t).

The authors acknowledge a stimulating conversa-
tion with Dr. Darryl Coon.
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The equations which lead from (10b) to (10c) are
2p ~ p~ (m~+ m„) —t

mm 2mmE E
2

u(p )gu(p ) 1+ 'w E E 7I'p ~ p (m -m) —t
m ~mg 2m' m g

from which follows

(m —m ) —t
u(p )fu(p&) = ~ ., u(p )lu(p&),

i.e. , one can eliminate the G2 term from (10b) and write

&(&'(P,)l ()„) (0)l» (P~)) =~(P,)&(:(&)~(P ).
However, this elimination of the matrix f necessarily
introduces a kinematic pole at t = (mz+ m, ) into the
function G(t ),

(m —m )'-t
G(t) =Gg(t) + z Gz(t),(m~+ m„)z —t

which just cancels the kinematic zero from u (p~)1 u (pz),
again in agreement with the general helicity analysis that

fo(t) does not have any kinematic constraint.


