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We report on the reactions A + p —m + ~ ~ ~ and A + p -7r + m + ~ ~ ~, where A is

either a 13-GeV/c K+ or K meson or a 7-GeV/c n+ meson. We compare the distribution of
final-state pions in the proton-fragmentation region with several theoretical predictions concerning
limiting behavior and factorization.
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Mueller' has shown that the invariant cross
section E de/&'p = f(p, s) for production of the
particle c in the single-particle inclusive reac-
tion A+p- c+ anything can be related to the dis-
continuity in the imaginary part of the forward
&qp-AcP elastic scattering amplitude. Chan
et al. 2have stressed the application of dual
Regge-pole ideas in conjunction with Mueller's
observation. In Fig. 1(a) we show what Chan et
al. call the single-Regge limit of the Mueller dia-
gram. These authors argue on the basis of ex-
change degeneracy that, when the (AcP) quantum
numbers are exotic, Pomeranchuk exchange (P)
dominates the scattering, and limiting behavior
consequently sets in at relatively low energies.
In addition, assuming factorization at the AI'A
vertex, the ratio of f (p, s) for different beam
particles (A) is given by the ratios of the corres-
ponding asymptotic AP total cross sections (or ).
Although the predictions of Chan et al. (CHQW)
have been tested experimentally, and in general
have been found to be valid, ' there remain theo-
retical questions concerning the proper applica-
tion of the duality hypothesis. Ellis et al.'(EFFJ)
argue that (AcP) exotic is not a sufficient condi-
tion for the dominance of vacuum exchange, but
that it is also necessary for (A p) to be exotic. On
the other hand, Einhorn et al. '(EGV) propose
that (AP) and (Ac) must both be exotic; finally,
Tye and Veneziano' (TV) claim that all channels
must be exotic if I' exchange is to dominate. '

In order to further examine some of these
questions, we compare the following reactions
in the proton-fragmentation region:
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lT P~'IT +1T +' ''
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The K'P data (Rochester}, K P data (Yale), and
w'P data (Rochester-Yale) are from exposures
of the BNL 80- in. hydrogen bubble chamber to
high-energy separated beams. ' We estimate a
maximum K background of 5% for reactions
(1)-(6)"

Reactions (4}-(6)are examples of two-part-
ticle inclusive reactions. Investigations of corr-
elations between the two detected final-state part-
icles have been discussed in the literature. "
Here we are only interested in applying the argu-
ments of Chan et al. to the single-Regge limit of
the Mueller diagram shown in Fig. 1(b). Although
extending the application of the duality hypothesis
to more complicated fragmentation reactions
[ Fig. 1(b)] may not be a trivial matter, it is
nevertheless instructive to investigate this add-
itional part of the multiparticle cross section.
We retain the previous definitions of exoticity by
replacing c by the sum of the quantum numbers
of the two w mesons.

In Fig. 2(a) we display the quantity

d o d 2
g(Pl) —

e E
dP dP 2 PT

for reactions (1)-(3), where the variables P, (lon-
gitudinal momentum} and E are evaluated in the
laboratory frame. " We also give ratios of these
normalized invariant cross sections relative to
reaction (1) in Figs. 2(b) and 2(c}. The error
bars in Fig. 2(a) are only statistical; however,
the error bars on the ratios [ Figs. 2(b) and 2(c)]
include systematic uncertainties as well. Since
reaction (2) is not exotic according to any of the
previously mentioned authors, '~ we expect the
distribution for reaction (2) to be different from
that for reaction (1}. (This is, of course, not a
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(b)

very strong statement, since meson exchanges
can be present in the t channel for the E -induced
reaction but not for the K'P channel. ) This is,
indeed, what is observed. Reactions (I) and (3},
on the other hand, agree very well for P, & 0.5
GeV/c. This result reiterates the fact that in this
instance the criteria of EFFJ, EGV, and TV are
not necessary, and that the criteria of CHQW suf-
fice for the rapid onset of limiting behavior. "

Next we turn to reactions (4)-(6), which are
all exotic in the sence of CHQW; reactions (5}
and (6), however, are not exotic in the sense of
EFFJ, EGV, a.nd TV. In Fig. 3(a) we display the

quantities

FIG. 1. (a) Single-Regge limit of the Mueller diagram
for the single-particle inclusive reaction A+p —c+ ~ ~

(b) same as (a) for the two-particle inclusive reaction
A+p» x +77 +' ' '
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FIG. 2. (a) g(p, ) =(1/or} fE(d o/dp, dpr2)dpr2 for
reactions (1)-(3). The errors shown on the data points
include only statistical uncertainties. Systematic errors
are less than 8%. (b) The ratio of g(p&) for reactions
(2) to g(p, ) for reaction (1). (c) The ratio of g{p&) for
reaction (3) to g(p, ) for reaction (1). The errors shown
in (b) and (c) include statistical as well as systematic
uncertainties.

FIG. 3. (a) h{P))=(1/&r)~+sE2(d &/dpisdp~2d»s "p~2)
x dp»dp»'dp&2 for reactions (4)-(6) with the reaction
tion that both final-state m mesons have p, & 0.25 GeV/c.
The errors shown on the data points include only statisti-
cal uncertainties. (b) The ratio of h(p, ) for reaction
(5) to h{p&) for reaction (4). (c) The ratio of h(p&) for
reaction (6) to h(P, ) for reaction (4). The errors shown
in {b) and (c) include systematic as well as statistical
uncertainties (d)-(f). The same as (a)-(c) with the re-
striction that both final state ~ mesons have p f + 0.05
GeV/c.
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TABLE I. Integrated invariant cross sections.

Limits on
both p)
(G V/c)

O'E(K P)
(p,b GeV2)

~E(K-p)
(pb GeV2)

oE(7r'P)
(p.b GeV2)

oE(K p)
~~{K+p)

oE(~ p)oT(K'p)
o (K'p)oT(n'p)

&0.1

&0.2

&0.3

&0.4

&0.5

1.1 + 0.2

5.0~ 0.6

23+2

55~4

124+ 5

5.8 + 0.7
22.0+ 2.3

67+ 7

150~ 15

320+ 30

1.9 + 0.4
8.6 + 0.1

31+3

70~6

148+ 13

5.1+1.1
4.4 ~ 0.7

3.0+ 0.4

2.7+ 0.3

2.6 + 0.3

1.3+ 0.4
1.1 + 0.2

1.0+ 0.1

0.9+ 0.1

0.9+ 0.1

~ Errors shown contain systematic as well as statistical uncertainties.

d 0'
Q 0 2d

pO'T 11 12 Tl T2

for events where both final-state m mesons have

P, &0.25 GeV/c in the laboratory; in Fig. 3(d) we
display h(P, ) for events in which both P,&0.5 GeV/c.
The ratios of these cross sections are also dis-
played in this figure. While the agreement be-
tween reactions (4) and(6) is quite good, the cross
section for reaction (5) is clearly larger than that
for reactions (4) and (6). This may reflect a de-
pendence of proton fragmentation on the charge of
the incident beam particle. In Table I we show
the quantity

O'E = O'T 8 l dP)

for increasing upper limits on the P, of each of
the two m mesons. It is apparent that the excess
cross section for reaction (4) persists down to
the smallest values of P& .

In Table II we summarize the contributions of
different multiplicities to h(P, ); we present the
values of a~ for different topologies in reactions
(4) and (5}, each with the restriction that both w

have P, & 0.5 GeV/c.

In conclusion, our data do not appear to yield
a consistent over -all picture for the applicability
of any particular duality scheme in inclusive
reactions. However, we note that although the
agreement between the normalized invariant
cross sections for reactions (4}and (6}is not
really surprising considering the previously ob-
served success of the factorization hypothesip
found for reactions (1) and (3), "these two-par-
ticle processes are nevertheless different from
the single-particle reactions. " The fact that
reaction (5) appears to be at odds with the pre-
dictions of the CHQW hypothesis may mean that
the degree of exoticity of a reaction or perhaps
just the charge of the incident system may have
important bearing on the rate of approach of
two-body inclusive reactions to limiting behavior;
alternatively, the rate of approach to scaling of
any reaction may simply be strongly mass-dep-
endent, as suggested by the behavior of the rea-
ction PP-p + ~, which, while exotic by each of
the aforementioned criteria, nevertheless ap-
proaches limiting behavior very slowly.

We thank Dr. M. Jacob and Dr. C. Quigg for
useful discussions. After completing the describ-
ed analysis, we became aware of a similar study
by W. S. Lam [Phys. Lett. 40B, 466 (1972)].

TABLE II. Invar iant topological cross sections for both+ & 0.5 GeV/c.

Number of
neg. tracks Topology oE(pb Ge V2) Topology oE (pb GeV )

4-prong

6-prong

8-prong

73+7

170+17

78+8

6-prong

8-prong

10-prong

68+4

49+3

7+1

Errors shown contain systematic as well as statistical uncertainties.
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The correction to the average multiplicity is calculated in a general Mueller analysis when a secondary Regge
trajectory with intercept ~ is also included. (n) is then approximately given by A lns+B+ Cs ', which fits
well all existing accelerator multiplicity data from s = 25 to 2800 GeV2. We show that part of the coefficient
C may be estimated from the 90 ' production data. We comment on the sensitivity (or insensitivity) of &n&

as a test of production models.

From general Regge behavior for the six-line
connected part, Mueller derived' the (A lns+B)
formula for the average multiplicity by keeping
only the leading Regge contribution. Recent multi-
plicity data' seem to suggest that the low-labora-
tory-energy data may not lie on a straight line
with the new CERN Intersecting Storage Rings
(ISR) data when average multiplicity is plotted
against lns. The purpose of this paper is to cal-
culate the correction to the (A lns+ B) formula
when a secondary Regge trajectory with intercept

& is also included in Mueller's analysis. We find
that the average multiplicity is given by

(n) =A lns+B+(C'+C" lns)s "', (la)

where C' and C" depend on the type of incident
particles. Since we are interested in explaining
with as few parameters as possible an upward
curvature of the multiplicity data, in our phenom-
enological analysis we group together the last two
terms of (la) and approximate (la) by


