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We investigate the form factors associated with the vertices K& 2 yy when one of the

photons is virtual and their influence on the rate and spectrum of the Dalitz pair reactions
Kf 2 y l+/ . We find that while the form factor in K2 yy produces a small uniform
enlacement, that in K& yy suppresses the relative probability of lepton pairs of large
invariant mass (Wt), an effect that should be most noticeable in the decay K& yp+p, for
muon pairs of t & 4{pion mass)2.

I. INTRODUCTION

The decay K~ -yy is known to occur at a rate of
(0.95 q 0.08) x 10~ sec ', ' while the decay K» —yy
currently being searched for' is expected on con-
ventional models to occur with a somewhat higher
rate. ' These rates are by no means low, which
encourages the hope that the associated Dalitz
processes K~ »-yl'l (f=e, p) will eventually
come under measurement. These Dalitz processes
have a special significance, as they act as probes
of the structure that underlies the K~ s-yy ver-
tices —a structure about which our notions may
well be inaccurate. The object of this paper is to
predict, on the basis of generally accepted models,
the structure effects that are to be expected in the

decays K»-yl'l .
Besides the Dalitz mechanism, an amplitude for

Kl s- yl'l can, in principle, arise as the result
of bremsstrahlung from the reactions K~ s- l'l .
In the conventional theory, however, the latter
processes are allowed only in order Ge~ or t ', in
which case the bremsstrahlung effect should be
negligible. Experimental limits on KL - l ' l con-
firm the smallness of this amplitude, ' and while
the present limits on Ks- l'l- are not very strin-
gent, we shall assume this amplitude to be like-
wise small.

Qur calculation will be based on the assumption
of CP invariance, and we shall identify the states
Ks and K~ with the CP eigenstates K, and K„re-
spectively. Some comments on the possible con-
sequences of CP violation will be made in Sec. VI.

II. DECAYS E, ~
~ y I

'
I IN THE ABSENCE OF FORM FACTORS

A calculation of the decay Ki2-yl'l involves a knowledge of the K»-yy vertex when one of the photons
is off the mass shell. The dependence of this vertex on t, the invariant (mass)' of the virtual photon, can
be expressed by means of a form factor F»(t). In the limit in which E„,(t) is constant, the Dalitz process
can be completely expressed in terms of the two-photon decay. The differential decay rate with respect to
t [which is the invariant (mass)' of the lepton pair] is given by'

2(» 1
t

1
2m

1
4m ~ 1

I'(Ki» yy) v M» t t t

where M» (m, ) is the K-meson (lepton) mass, and a = e' j4»=+». The branching ratio is

where a=4m, '/M»'. Numerically, R»(g) =4.1x10 ~, and Rz, (e) =1.6x10 '. We shall refer to Eqs. (1)
and (2) as the canonical predictions for the decays K»- yl

' I
Deviations from the results (1) and (2) will occur if the form factors E,»(t) have a significant variation

over the allowed range of t, 4m, '& t&M~'. We proceed to discuss these form factors and their effects in
the next two sections.
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III. STRUCTURE EFFECTS IN EI~ 'y I+ I

The invariant amplitude of K, -yy has the general form

8(K,- yy) = F,(0)(e ~ e'k ~ k' —e ~ k'e' ~ k),

where (e, k) and (e', k') are the (polarization, momentum) of the two photons. In terms of F,(0), the decay
rate of Ky yy is

I'(K Xr-) =Mr'I Fi(0) I'/(64&) (4)

If the photon (e', k') converts internally into a lepton pair (Fig. 1), the amplitude for the Dalitz process is

8(K, -yl'I ) =e ' e„[ u(P )y„v(P, )](g„„k~ k' —k'„k„),F,(f)
t

where p, (p ) is the momentum of I' (I ), k' =p, +p, and t =k" =(p, +p )'.
To calculate F,(t), we shall assume that the transition K, -yy proceeds via a v'v intermediate state, and

that we may take a point coupling for the K,- m'm vertex, and minimal electromagnetic coupling for the
pions. An interesting feature of this model is that F,(t) is complex, since the two-pion intermediate state
gives an absorptive part to the K, -yy amplitude.

For the two-photon process, we have'

ge2 ~2 I ~ (I 4~2/s) 1/2

(1 4 / )

1 ge 1 2p', » 1+(1—4p /s)"
v 2w s s ' ' 1 —(1 —4y.'/s)"'

(6)

where p, is the pion mass, s is the square of the K-meson mass, and g is the K,- m'm coupling constant,
defined by

4u* '"
E E

The decay rate of K, -yy corresponding to (6) is 2.2x10' sec ', which is about twice the decay rate of
K, -yy.

To determine F,(t) for nonzero t, we must obtain the real and imaginary parts of the K, -yy vertex when
one photon is virtual. We do this using the techniques of dispersion theory. ' The imaginary part is ob-
tained by setting the internal pions on the mass shell. This is illustrated in Fig. 2. Notice that there are
two possible ways of "cutting" the internal lines. The cut 1 gives an absorptive part for all values of t,
while the cut 2 gives a nonvanishing absorptive part only for t& 4p, '. Accordingly the imaginary part of
F,(t) has the general form

ImF, (s, t) =[A(s, t) -A'(s, t)e(t —4p, ')] 8(s —4p'), (8)

where we have inserted an explicit dependence on s =M~', so as to be able to treat it as a dispersion vari-
able [F,(s, t) —= F,(t)]. The term A(s, t) is calculable in terms of the amplitudes for K, —v'v and v'v -yy,
while the term A'(s, f) is determined in terms of K - v'v y and v'vr -y. Explicitly, we find

2 1 1

where

P =[1-(4q'/s)]"', Pi
~

1 (4+2/f)
~

1/2

Note that while A and A' are singular at t = s (this is the configuration in which the real photon is soft) this
"infrared" singularity disappears from ImF, (s, t), as it should.

We now obtain the real part ReF, (s, t) by writing an unsubtracted dispersion relation in the variable e,
holding t fixed:
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ReF, (s =Ms', t)=-, , ImF, (s', t}.1 " ds'

4I2 S'-
K

The integration can be carried out explicitly, and the result is

1 ge' p'I, (t) —,'tI,—(t), for t&4p',
w 2w p, 'J, (t) ——,'tJ, (t), for t&4p',

where

1 '
I, = — —, tan ' —,+ -2 tan '—

(s —t) p't p' (s —t)' ' ' 1 —p p

1 1 4p.' 1 , 1 1 1 —P , , 1
—,tan ' —,+, P ln + 2 p' tan ' —,* (s-t) «' p' p' (s-t)' 1+p

1 1 1+p' 1 1+p' 1 t-4p, '
J, = —, ln , — „ ln , ——, ln

(s —t) tp' 1 —p' tp' 1- p' tp' s —4p'

(12)

(13)

1 1 2p,
' 1+p' 2p.' 1 t -4p~ 1

1 1-p , 1-p' , t-4p. '
+( }, Pln —P'ln, —P'ln

IV. STRUCTURE EFFECTS IN E2 y I'1

The invariant amplitude for K,- yy has the form

8(K, -yy) =F,(0)e„.„e„e'„krak', ,

where, as before, (e, k), (e', k') label the two
photons. For the Dalitz process in which the

(14)

The formidable-looking expression for ReF,(t),
together with the function ImF, (t), are plotted in

Fig. 3. Observe that while ImF, (t) falls monotoni-
cally with t, -ReF, (t) increases up to t =4p', and
falls rapidly thereafter, plunging to zero at t
=M~'. Fig. 4 shows a plot of the structure func-
tion ~F,(t)/F, (0) ~; the important feature is that
this function is close to unity for t& 4p, ', but de-
creases significantly for larger t. The effect on
the dilepton spectrum is shown in Fig. 5. Note
the considerable suppression of lepton pairs with
t&4p, '. The branching ratios R,(g) and R,(e) are
shown in Table I.

photon (e', k') is internally converted, the ampli-
tude is

Q(K, -yl'1 )

eF,(t)
e„(M(p )y„v(t', ))e„,~kp(p, + p ), .

It is commonly believed' that the most important
intermediate states in the decay K, -yy are the m

and g' mesons. Accepting that, the structure of
the form factor F,(t) will be determined by the
variation of the m yy and g'-yy vertices when
one photon is virtual. (Of course, the w and q are
also off the mass shell, having the (mass)' Mw',
but the dependence on the meson mass cancels
when one computes the ratios [dI'( K-wyl'l )/dt]/
I'(K, -yy} or I'(Kw-yl'l )/I'(K, -yy). ) An analy-
sis of the reactions g'-yy and q -yy by Pratap
and Smith suggests that the likely structure of
these amplitudes is a nucleon loop. The form
factor resulting from this model is

F,(t) =F,(0) 1 —t Mg

(16)

12
where M is the nucleon mass. In the linear ap-
proximation, this is

FIG. 1. Kinematic notation for the decays &f 2 j/g
F,ltl=P(ol(1 ~—,

12 M'
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FIG. 2. Model for the absorptive part of the K& yy vertex with one photon virtual.

Thus the form factor in K, -yl'l is expected to
be a slowly increasing function of t. This should
be contrasted with the behavior of F,(t) shown in
Fig. 4. The effects of the function F,(t) on the
spectrum of K, -yl'l and on the ratios R, (l) are
quite negligible.

As an alternative model, we may assume the
dominance of F,(t) by a vector meson of mass
M» (of the order of the p mass). In this case,

(16)

which is also an increasing function of t. The ef-
fect on the spectrum of K~-yp, 'p, is shown in
Fig. 6 and the ratios R,(l) in Table I. Note that

the Dalitz reaction is uniformly enhanced, in con-
trast to the structure effect in K,-yl'l

V. DECAY OF A KI K2 SUPERPOSITION

Since, in practice, a pure K, beam is not obtain-
able, we must consider what would be observed if
the state decaying into yl'l is a superposition of
Kj and K, ~ Let us suppose that the decaying state
is [Q) =([K,)+piK))(1+ [p)') "'. If CP invariance
is maintained, there can be no interference be-
tween the K, and K, components as far as the lep-
ton pair distribution is concerned. Accordingly,

(t)

F,(0)

fmF1 (t
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FIG. 3. Real and imaginary parts of E&(t).
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FIG. 4. A plot of the form factor )F&(t)/E&(0)(.
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FIG. 5. Lepton-pair spectrum in X& y l+l . FIG. 6. Lepton-pair spectrum in K2 pl+i .

we should have the spectrum VI. EFFECTS OF CP VIOLATION

d r(q) dr(, )
l
pl, dr+, }

dt dt dt

The branching ratio will be

() I'(g-yl'I )

r(q-yy)

I'(K -yl'I )+ l pl I'(& -yf'I } (20)1(K,- 2r) +
I p I*I'(K,-rr}

An interesting case is p =+ I (i.e. , a pure Id' or IT
state). The branching ratios for this situation are
given in Table I.

Note that if structure effects were absent, the
ratio R, would be independent of

l pl, the admix-
ture of K, present in the decaying state. Thus a
variation of R~ with p would be clear evidence that
the structure effects are playing a role in the
Dalitz processes.

Our predictions for the decays K»-yl'l will
be affected if there occurs an appreciable violation
of CP invariance in these~plitudes. We will re-
strict ourselves to the following general remarks.

(i) If CP violation in the decays Kz, -yl'I orig-
inates only in a violation in the decays K»- yy,
and if all form factor effects are ignored, the
spectrum and branching ratio will be exactly those
given by Eqs. (I) and (2), for an arbitrary mix-
ture of K, and K, and for an arbitrary degree of
violation. l To the extent that the form factors
associated with the CP-violating amplitudes in

Kz, -yy are constant, the general effect will be a
dilution of the structure effects predicted above;
in any event, no major deviation from the canoni-
cal predictions can occur as a result of this type
of CP violation.

(ii) It is possible to construct models of CP
violation which give rise to a CP-violating ampli-
tude for the decays Kz, —yL'l which is unrelated
to the decays K„-yy, the latter being CP-in-

TABLE I. Branching ratios of the Dalitz reactions relative to the bvo-photon decays. The
symbols (I) and (II) refer to the predictions of the nucleon-loop model and vector-meson mod-
el, respectively.

Decaying
state

Without
form factor

R(p, )
With

form factor
Without

form factor

R (e)
With

form factor

K,

K2

Ko Ko

(
2.3x 10, t & 4pt
1.8x 10 4, t&4@2

. 4.1x 10 4, all t

4.1x1p 4

4.].x10 4

2 5x10 4, t&4p2
0.8x 10 4, t& 4@2

3.3x 10 4, all t

4.15x 10 4 (I)
5.6x 10 4 (II)

e

3.56x10 4 (I)
4.ox1p 4 (II)

1.59x 10-2

1.59x10 '

1.59x 10 &

1.59x 10 2

(1.59x 10 t(1)
(1.65x 10 t(II)

1.59x 1p-2 (I)
1.62x1p ~ (II)
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variant. A model in which such an amplitude
arises for the decay K, -yl'l has been proposed
by Wolfenstein" in connection with attempts to re-
solve the KL —p.

'
p, puzzle, and its implications

have been studied by Singh. " The general effect
of such a violation (ignoring effects of order e)
will be to enhance the decay rates of K~ s -yl' l
over those found by us, and, possibly, to distort
the dilepton spectrum. Especially for the decays
K& s —ye'e, where the structure effects in the
Dalitz amplitude are quite small, an appreciable
enhancement over the canonical predictions could
be interpreted as evidence for a CP-violating con-
tribution of this type.

VII. COMMENTS

The essential conclusion of our analysis is that
while the form-factor effects in K,-yl' l produce
a minor enhancement of the Dalitz reaction, those
in K,-yl'l tend to suppress the rate of this pro-
cess, particularly for lepton pairs of large t. The
different behavior of the form factor in the two
cases can be roughly understood as follows. In the
case of the vertex K, -yy, with one photon off the
mass shell, the intermediate state appearing in

the virtual-photon channel has a (mass)' that is
large compared with M~', the maximum value
allowed for t. In the case K,-yy on the other
hand, the state appearing in the virtual-y channel
is a 2v state whose (mass)' is small compared to
M~ . Thus the two form factors tend to have
slopes of opposite sign.

It is possible that the models used by us are too
simple. Particularly for K,-yl'l, some modi-
fication is to be expected because of the strong
interaction between the pions in the intermediate
state, and because of the pion charge form factor.
One index of the importance of strong-interaction
effects will be the absolute decay rate of K, -yy
for which the model makes a prediction of 2.2x 104

sec '. For the form factor in K, -yy, also, one
can think of a more complicated model, but it is
difficult to imagine a structure that would change
the slowly varying character of F2(t) Fina. lly,
we must allow for the possibility that our ideas
about the K'-yy vertices are incomplete, and
that, for instance, there might exist a direct
coupling of K, g to a photon pair. A measure-
ment of the Dalitz reactions would throw interest-
ing light on these questions.
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