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The inelastic interactions of 10.1-6eV/c positive and 15.8-6eV/c negative muons produced at the

Brookhaven alternating gradient synchrotron have been studied in nuclear emulsions. Secondary

particles produced in these interactions have been identified; their energy spectrum and angular

distribution (in the c.m. system) are given for pions, kaons, and protons along with their partial cross

sections. The inclusive pion-production reaction is studied and the relative shapes of the p& (squared

transverse momentum) and p, (longitudinal momentum) distributions are discussed and compared with

yp, mp, and pp reactions. The partial and integral cross sections have been measured for both beams

along with the energy dependence of their total cross sections and are compared with theory by

using the first, second, and fourth powers of 1/(1+ q'/m~ ) for oe„z(q', v), the quantity commonly

called the "virtual-photon-nucleon total cross section. " The values of the structural function v8'2 are

calculated for 0.025@q~ 40.3 (GeV/c)~ and large values of ~'010. The present data are compared

with the previous muon data of Perl at low q~ values, and various theoretical models are considered to
test scaling at low q~ values.

I. INTRODUCTION

Inelastic lepton-nucleon scattering at high ener-
gies has been carried out at various accelerators
for over a decade. The higher energies and in-
tensities have made available a new region of in-
elastic scattering commonly referred to as the
"deep-inelastic" region, which corresponds to
the excitation of the continuum well beyond the
resonance region. Qne of the most interesting
results emerging from these high-momentum-
transfer studies is the possibiiity of obtaining de-
tailed information about the small-distance nu-
cleon structure and any fundamental constituents
of hadrons. But before we can explain these data,
we need to have a detailed understanding of strong
interactions, which is not yet entirely available.
Since the first theoretical predictions by Bjorken '
and the experimental discovery' of "sealing" in
electron-proton scattering there have been sub-
stantial theoretical attempts to understand this
phenomena through the applications of Regge the-
ory, ' vector-meson dominance, parton theory, '
duality, ' and space-time phenomenology of photon
absorption. '

In strong-interaction physics, most of the pro-
gress has depended upon experiments in which
most or all of the particles from a particular

event were detected. Similarly we expect that
progress in electroproduction and muon produc-
tion will depend a great deal on such experiments.
But in electroproduction, the radiative energy
loss of the electron gives rise to a large back-
ground of real photons near the inelastic scatter-
ing target and thus cause some difficulties in
completely detecting all the particles emitted.
Almost all the existing data from electron-nucleon
scattering have been obtained at fixed outgoing
angles" while ignoring the final hadronic state.
Muons, on the other hand, because of the smaller
electromagnetic background and radiation correc-
tions (resulting from the larger mass of the muon)
may be a better probe than electrons for exploring
some aspects of particle physics.

Most high-energy work in lepton-nucleon inelas-
tic scattering has been done at large q' [~l
(Gev/c)'] with the use of electron beams, and this
range is where scaling has been observed. How-
ever what happens at low q' is a question that has
not yet been answered. Also, owing to the two-
component picture of photons, i.e., suri and
Yennie's ' short- and long-range interactions of
photons with nucleons, one may also check the
hadronic interaction of the physical photon for low-
q' lepton-nucleon collisions which so far has not
been presented. For small-q' events, one could
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also check Yang 's hypothesis of fragmentation of

the target nucleon. ' Thus, in the present experi-
mental research work with 10.1- and 15.8-GeY/c
positive and negative muon-nucleon inelastic in-
teractions we are interested in the following gen-
eral aspects of muon-nucleon inelastic interac-
tions:

(i) the interactions at small angles and at rela-
tively low q' values,

(ii) the scaling at low q' values,
(iii) the production of secondary particles in

muon-nucleon interactions,
(iv) Yang's hypothesis of limiting fragment'a-

tions for the target nucleon by the muon projectile,
(v) the electromagnetic equivalence of muon

and electron at these energies,
(vi) our muon-nucleon data for inelastic inter-

actions compared with the other muon-nucleon
available data, and

(vii) the question of which of the theoretical
models mentioned earlier will best represent our
data.

II. KINEMATICS AND DYNAMICS

The general interaction p. +N - p, + anything is
kinematically simple if one detects only the scat-
tered muon. Figure 1 shows a muon of four-
momentum p = (E, p) scattering off a nucleon of four-
momentum P =(M, 5) and producing the final lep-
tonic and hadronic states of p'= (E, p') and
P'= (M +v, g), respectively. The collision is thought
to occur via the exchange of a photon (of four-
momentum q); q' stands for the (mass)' of the pho-
ton with v the laboratory energy transfer, and M
the mass of the nucleon. Since we know the inter-
action at the muon-photon vertex and the photon
propagator, we may factor out these contributions
and study what is happening at the other vertex.
If we do not observe the details of the final ha-
dronic state, then everything must be a function of
just the two variables

= 4EE' sin'$8)

p'=e=p+

&G. 1. One-photon exchange diagram for muon-
nucleon inelastic scattering.

and

v =qo

=(p i)/M

=E-E
9 (2)

where &u = 2M v/q' =1+ (W' -M')/q' is the dimen-
sionless scaling variable, and s the square of the

total center-of-mass energy. Another variable
often used is the equivalent real photon energy
(K) needed to photoproduce a final hadronic sys-
tern W; it is also thought of as the inelasticity of
the collision (K =0 for an elastic collision), where

K =v -q2/2M

= (W -M2)/2 M. (4)

Thus we see that there are two independent vari-
ables v and q' which can be obtained from the two

experimental parameters E' and 8, the final ener-
gy and scattering angle of the muon.

Dynamically, only the lepton side of the Feyn-
man graph is known; recent models have been
guidelines in trying to understand the hadron ver-
tex. The double differential cross section ob-
tained using quantum electrodynamics for the first-
order diagram is xo'x

, 4((q' —2m')W, (q'v)
d 0' 2WQP

dq'dv p 'q4

+[2E(E -v)--,'q']W, (q', v)], (5)

where e is the fine-structure constant, m is the
mass of lepton, and W, , W, are the unknown struc-
ture functions which depend upon the properties
of the target nucleon and can be represented as a
function of two variables, q' and v. If one neglects
the lepton mass, which can be done in high-energy
collisions, Eq. (5) becomes

(E/E')[2 '(s-,'m8)W, (q', v)
d'o' 4m e

dq2dv q~

+ cos'(2 8)W, (q', v)]; (6)

for the small-angle range of the present study, W2

is observed. Another way of describing the in-
elastic lepton scattering as an analog of photo-
production is given in terms of Hand's notation"
&~ and 0'~, where &~ and 0~ represent the total

while 8 being the scattered angle of the muon. The
invariant mass W of the final hadronic state,
called the missing mass, is related to v and q' by

W'=s

= (P+q)'
=I' -q2+2Mv

= q'(&o —1) +M2,
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absorption of transverse and longitudinal photons,

respectively, and are given as

4m'e
or+os = (1+v'/q')W,

and

with hadron- and photon-induced inclusive reac-
tions with the theoretical prediction from the
fragmentation and parton models in mind. The
essential feature of these models is called fac-
torization, where the p, and p, spectra are sup-
posed to become independent, and this prediction,
as well as a detailed analysis of p, and p, distribu-
tions, are discussed in the text.

Observing W, is equivalent to observing 0'~+&&.

Using Eq. (7) with Eq. (5}, one can arrive at the
following:

=I'(q', v)(or+sos),d 0'

dq dv

where

q —2m
2E(E —v)--, q' q~+v~

and

(8)

aK 1» 2E(E -v) --,q'
1"(q', )=)-.2

(q'-2 ')+
pl 2wq +P /g

where

F„(q') = (1 +q'/m') ~, N =1 or 2

(9)

and N =4 is the form for elastic scattering, while
the parton model predicts

vW~ =F(x),

Both of these forms W, and o~+o~ are the same
as observing, in Perl's" notation, the expression
o.„=o'~+co~, since for the smaQ angles found in
this works =1. In the limit of q'-0, the trans-
verse cross section approaches the total photo-
absorption cross section o„~ [i.e., a,„,—cr- c ~(v) since os -0]. Explicitly, the forms for

p and W, are hinted at by the parton and vector-
dominance models, giving rise to some guidelines
for analysis. From the vector-dominance model, ~

III. EXPERIMENTAL OBSERVATION
AND DATA ANALYSIS

Two stacks consisting of 75 pellicles of Ilford
G-5 emulsion (dimensions 10X15X0.06 cm')
were exposed to 10.1- and 15.8-GeV/c positive
and negative primary muons, respectively, at
BNL. The momentum spread of the primary beams
is shown"" in Fig. 2. The beams were parallel
within 1 mrad to the plane of the emulsion surface
with an estimated divergence of 8 mrad, and their
purities were one pion in 10' or 10' muons, with
both fluxes being 5X 10' muons/cm'. Each pellicle
was area-scanned and events with at least one
evaporation track were found by this technique
and recorded if the following were observed:
(i) a light straight track (muon track) approxi-
mately parallel to other primary tracks led into
the interaction; (ii) all the secondary tracks and
the light primary tracks came from the same
vertex. About 7000 events were recorded" from
both the stacks. The selected events were clas-
sified according to the well-known nomenclature
for black, grey, or light tracks:

(a) For light tracks, g, &1.5g„where g, is the
number of grains per 100 p. of secondary track
and g, is the number of grains per 100 p. of the
primary track;

(b) for grey tracks, 1.5g, & g, &2.5g„.

IO.IGeV/c 15.8 GeV/c

1.0-
where

x =q'/2Mv

(10) .9-

and these forms are tested in the text.
Within the last couple of years hadron-induced

one-body" as well as N-body" inclusive reac-
tions have been studied intensively as a source of
information on the mechanism of multiparticle
production at higher energies. For real-photon-
induced one-body inclusive (pion) reactions, very
few data are available, ' '" while practically no
data are available for electron- or muon-induced
reactions, i.e., p, +nucleon- w +anything. The
transverse (p, ) and longitudinal (p, ) momentum
spectra for muon production data are compared

2 4 6 8 10 I2I416 1820
Momentum (GeV/c)

FIG. 2. Muon momentum spectrum of the filtered
beams as measured by the Columbia-Rochester-BNL
group.
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(c) for blacktracks, g, &2.5g, .
The visual selection criteria used to qualify in-
dividual events is only a preliminary procedure,
and many rigorous tests were applied to reject
the background events produced either by cosmic
rays or by the secondary tracks produced in other
interactions. The selection criteria were the fol-
lowing: (i) The primary muon track should not

make an angle greater than 8 mrad with the direc-
tion of the incident beam; (ii) the primary track,
when traced back to -1 mm, should be flat and

straight and have the same dip angle as the inci-
dent beam; (iii) the grain density g, of the pri-
mary track was measured on a 5-mm length of
track to make sure that it corresponded to other
primary tracks measured at the same depth.
Under these stringent selection criteria, about
1300 events were selected for muon-nucleon in-
elastic interactions from both the beams. The
angle of the outgoing muon was determined from
the coordinates of the primary and the secondary
muon tracks. The space angles were measured
very accurately, i.e., 8-0.5 mrad, by a Koristka
scattering microscope, to which was attached a
filar micrometer that could be read to an accuracy
of 0.2 p. . The secondary particles were identified
from measurements of ppc and blob counts. The
grain densities (g) were obtained from the well-
known expression blobs = ge t, and were norrnal-
ized to the grain density of the primary muon at
the same average depth as the secondary particle.
With this procedure any error due to nonuniformity
of blob density from place to place in the emulsion
stack was eliminated. Thus, the identity of the
secondary particles was determined by the well-
known" g*-pPc method by using the Sternheimer
energy-loss relation and the measurements of
relative grain density and momentum, or by the
range-energy relation wherever it was possible.
Essentially, the ionization and multiple Coulomb
scattering were measured and were used to ob-
tain the masses for all grey and light secondary
tracks in each of the events as long as there was
a sufficient length of track. For the dimensions
of the pellicles used, the required track length
was obtained for dip angles less than 30'. When-
ever it was considered desirable, the secondary
tra, cks were followed from pellicle to pellicle un-
til they stopped in the emulsion. The track-follow-
ing technique gave us an independent way of iden-
tifying the secondary particles (w, K, p, and 1')
uniquely, and thus their energy values were de-
termined from their ranges.

Theoretical curves for g* vs pPc were drawn
for each particle (p, n, K, p, etc. ) produced in
the muon interaction for 10.1- and 15.8-GeV/c in-
coming momentum. When using these curves,

there were certain ranges of g* and pPc where
identification was ambiguous. For some points
the errors involved were large and a choice was
made in favor of the most probable particle.
From photoproduction data, it is known that a pion
or proton is more probable than any of the strange
particles, and this criterion was adopted in iden-
tifying tracks.

A possible source of contamination in our data
is the quasielastic scattering of muons in the
heavy nuclei of the emulsion. In order for quasi-
elastic scattering to contribute to our data, the
primary muon must transfer enough energy to
cause the evaporation of at least one nucleon, and
the minimum energy transfer to cause this is
about 20 MeV. This energy transfer corresponds
to muons with a quasielastic scattering of about
17 mrad. Events with two or more prongs in-
volve an energy transfer of 120 MeV or more,
which corresponds to a quasielastic scattering of
over 50 mrad. This angle is larger than most of
the space angles measured in this experiment,
and we can therefore confine possible contamina-
tion from quasielastic scattering to the one-prong
event. From the kinematics of elastic and quasi-
elastic scattering, we have q'=2M and q'=2M*,
respectively, where M is the mass of target nu-
cleon and M* (M* =M/1. 3) is the effective mass
of a bound nucleon. Any of our events which satis-
fy elis relation were omitted from the present
analysis.

From the above selection criteria we eliminated
the elastic as well as quasielastic events. How-
ever, in the above discussion the selection of
events was made under the assumption that a high-
energy muon interacts with only one nucleon, and
the possibility of an inelastic collision with the
entire nucleus was not considered. This type of
collision would be a giant resonance" production
where the entire nucleus participates in the inter-
action and returns to the ground state by ejecting
one nucleon, which generally comes off approxi-
mately at right angles to the primary beam direc-
tion. This type of inelastic collision is charac-
terized by an energy transfer of about 15 MeV,
giving one black track, and it will show no ap-
preciable scattering of the muon. Thus, some of
the single-prong events are expected to be of this
kind. A study of the single-prong events was car-
ried out, and it indica. ted that about 75% of the
(1 +1) type events are from giant resonances.
These events were also eliminated from the dis-
cussion in the rest of this paper. Coincident
background events from cosmic-ray stars were
easily separated from the muon angular measure-
ments, since a cosmic-ray star will show no de-
flection of the continuation muon.
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Before we discuss our results, we may mention
that the scanning efficiency utas about '10% for
multiple prongs and 35% for single-black-prong
events. It may be stated, however, that the low
efficiency from single-prong events has no great
effect on the cross-section values used in the next
section, as most of these (75%) are from the giant
resonance and are rejected as not being inelastic
collisions with single nucleons.

IV. RESULTS

Figure 3 gives the kinematic space of q' vs v for
10.1- and 15.8-6eV/c positive and negative muons.
The solid line represents scattering by a free nu-
cleon, while the dashed line represents the kine-
matics for a bound particle with an effective mass
of 1/1.3 of a proton rest mass. Only one event
falls above the elastic limit. In those cases where
we could not determine the energy of the outgoing
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FIG. 3. Plot of the square of the transferred four-
momentum q~ versus transferred energy v for 10.1- and
15.8-QeV/c muon beams together. The solid line (~ = q~/
2M) is for elastic interaction with a free proton. The
dashed line tv = (q~/2M)1. 3] corresponds roughly to
scattering by a proton bound in a nucleus.

FIG. 4. Angular distribution of secondary particles
produced by 10.1-GeV/c positive muons (dotted line)
and 15.8-GeV/c negative muons (solid line), (a) for
pions, (b) for kaons, and (c) for high-energy (E& & 25
MeV) protons.
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and no attempt was made to account for neutral
shower particles. This method assures one that
the sample is free from quasielastic events. For
the 10.1-GeV/c beam the energy of practically all
of the outgoing muons was determined by direct
scattering measurements, while for the 15.8-
GeV/c beam the energy v was determined partly
by scattering and partly by the evaporation mod-
el.~ This technique was checked for the low-
energy beam (10.1 GeV/c) a,nd was found to be
quite satisfactory.
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~~20- '~
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ism would predict a strong backward peak in the
c.m. system. However, there are some pions in
the forward direction, and one can say that a num-
ber of pions are also produced directly through

A. Secondary Particle Production

After knowing the energy and angle of the out-
going muons, one is interested in the study of
secondary particles, i.e., in their identities,
the production angle with respect to the primary
particles, the energy spectrum, and their method
of production. We may mention that although there
have been a number of papers dealing with deep-
inelastic interactions in high-energy lepton-
nucleon interactions, none of these experiments
has studied the secondary particles. This is be-
cause their experimental arrangement was such
that they detected only the secondary lepton at a
predetermined laboratory angle. In comparison,
our experimental technique allows observation of
the entire event, and preliminary results of the
first work in secondary particle production were
presented earlier from our laboratory. " Single-
pion photoproduction has been shown to occur
principally through the first nucleon resonance,
and the angular distribution is predominantly in
the backward direction in the c.m. system at all
energies corresponding to this resonance. "
There is also a backward enhancement in the an-
gular distribution in the c.m. system of pions pro-
duced by virtual photons which are associated
with the present incoming muon beams, i.e., 10.1-
and 15.8-GeV/c. The angular distribution of pions
was compared with pion-photoproduction experi-
ments and theory, "and the general form was
found to agree reasonably well. The distributions
of pions, kaons, and high-energy protons
(E~& 25 MeV) are shown in Figs. 4(a), 4(b), and
4(c), respectively. The protons and kaons are
strongly peaked in the backward direction with a
complete absence of any forward particles. The
pions are also peaked backward with about 15-20%
in the forward direction, indicating that the pions
come off at higher velocities in the laboratory
system. There is more spread of the angular dis-
tribution of pions towards the lower angles with the
15.8-GeV/c muon beam than with the 10.1-GeV/c
muon beam. The pion production is thought to
come from the (3, 3) resonance, and this mechan-
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FIG. 5. Energy distribution of secondary particles
produced by 10.1-GeV/c positive muons (dotted line)
and 15.8-GeV/c negative muons {solid line), {a) for
pions, (b) for kaons, and (c) for protons.
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TABLE I. Cross-section values for muons on nucleons. All values include geometrical correction and scanning

biases.

Process

Total inelastic muon-nucleon

Char ged-pion production

C harged-strange-particle production

3.0 G V/c

4.05 + 1.4

5.0 Gev/c

4.9 + 0.8

0.85+ 0.2

0.25 + 0.15

5.98 ~ 2.1 7.75+ 1.6
1.07+ 0.58

0.90+ 0.30

cr (pb/nucleon)
8.0 GeV/c 10.1 GeV/c 15.8 GeV/c

9.63+ 1.7

1.09 ~ 0.21

0.49 + 0.08

multiple-pion-production events rather than

through resonances. An analysis of these data
for the production of the "Roper" meson (14'70

MeV) which should be prominent at extremely
low-momentum transfer was presented else-
where along with the discussion of the other
nuclear resonances (1238 and 1512 MeV). Some
of the strongly interacting shower particles which
are produced are reabsorbed and never get out of
the emulsion nuclei. The production goes down

rapidly as the mass number increases. This was
supported by the experiment of Boyarski et al. ,'
who measured the cross section for the photo-
production of single pions and kaons from com-
plex nuclei using 8- and 16-GeV photons. Their
range of four-momentum transfer was the same
as in our experiment, so we can expect large ab-
sorption from the heavy nuclei, which compose
about 25% of the emulsion by number.

The kinetic energy of the secondary particles
was found from their measured value of pPc and
is given by T=-,'(ppc+[(ppc)'+(2mc')]'"). The
energy spectra of pions, kaons, and protons for
10.1- and 15.8-GeV/c muons is shown in Figs.
5(a), 5(b), and 5(c), respectively. The pion,
kaon, and proton energy spectra extend up to 160
and 500 MeV, 100 and 400 MeV, and 225 and 675
MeV, with their peak values at 30 and 50 MeV,
70 and 75 MeV, and 85 and 100 MeV in the 10.1-
and 15.8-GeV/c muon beams, respectively.

To calculate the total inelastic cross section,
we took into account the scanning bias and the
scanning efficiency, and the results are shown in
Table I."' Also shown in Table I are the partial
cross sections for the production of the secondary
particles, and here we have to make a geometric
correction (resulting from a dip-angle cutoff) be-
sides the scanning corrections. The correction
factor for the number of tracks of different parti-
cles produced, but not used due to the stringent
selection criteria of dip angles of secondary
t acks, is given by —,w/sin '(sind /sin8~) for
8& dmax where dfflax is the maximum dip angle
(30'). 8~ is the space angle of the secondary
particles measured relative to the primary muon.
For the calculation of the particle cross sections,

30-

o&
0

gedorn(N-H, p% ~ 'I

Z.'o t0
CL

Cl
QJ
C3
CL

2)

too 200 300
(MeV/c)

400 500

FIG. 6. Distribution of transverse momentum P, of all
charged pions produced by 10.1- and 15.8-GeV/c muons
interacting with nucleons. This distribution is compared
to the curves given by the Hagedorn (N-H&p, e~& 2)
and Boltzmann (N-B&p&e~t &2), distributions, where
Hg =173, H2 =1.82, Bz =52.7, and 82=0.548.

we did not take into consideration any nuclear ef-
fects, although the data in Table I indicate a large
absorption of secondary particles. The cross-
section data indicate that there are a large num-
ber of events with no visible secondary produced
particles. The cross section for p' production
was very small (-i X10 "cm'/nucleon).

Another important parameter to measure for
secondary particles is the transverse momentum,
which is Lorentz-invariant. Shown in Fig. 6 is
the transverse momentum distribution of the pro-
duced pions with a long tail going up to 500 MeV/c.
The curve has been corrected geometrically for
steepness of track and momentum distribution
and there should be no bias in the observed spec-
tral shape. This curve was fitted to both a Hage-
dorn" distribution (i.e., N= H, p,"e ~&"') and to
a Boltzmann (N=B,p, e ~~ s2), where H, =1V3,
H =1.82, Bz 52.7, and B,=0.548; one sees that
the Hagedorn distribution gives the better fit,
giving a most probable value of 100 MeV/c. The
average transverse momenta for pions, kaons,
and protons are 178 + 3 5, 225 + 45, and 361 a 12
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MeV/c, respectively. These values are found to
be in agreement with other observations made in
emulsions where the projectiles were protons. "

B. Inclusive Reaction Study

It has been shown that Yang's hypothesis of
limiting fragmentation is approximately true in
several reactions involving hadrons. Recently,
from the study of the dependence of the high-
energy photoabsorption cross sections on the size
of the target nucleus, it became clear that the
photons do not behave in a purely electromagnetic
manner" but rather are absorbed more like a
strongly interacting particle in passing through a
nucleus. We know also that yp reactions have
many features in common with mp interactions;
i.e., the average transverse momentum is small,
the total cross sections have very similar energy
behavior, and many of the same resonances are
observed in both cases. These observations are
approximately explained by the notion of vector
dominance, as the photon has the same quantum
numbers as the vector mesons. On account of the
hadronlike properties of the photon, one may
think that the limiting fragmentation may also be
a property that yp has in common with mp, PP,
Kp, and perhaps other hadron-hadron collisions.

Subsequently, photoproduction of m mesons has
been reported by two groups working at SLAC.
Swanson et al.,' used a bremsstrahlung beam and
a streamer chamber and could not determine the
incident photon energy precisely. An experi-
mental difficulty arises from the fact that the
photon beam contains all energies up to 18 GeV,
and therefore the energy of a given event is not
exactly determinable if neutral particles are
emitted. Instead, they separate the data into
groups with different ranges of "visible" energy
(5.5-15 GeV), the sum of which is the energy of
the charged particles in the laboratory. The sec-
ond photoproduction experiment by Moffeit et al. ,

"
employed a laser beam impinging on a high-energy
electron beam. Back-scattered photons from
these collisions then traversed a bubble chamber.
In this way, monochromatic photons of 2.8, 4.7,
and 9.3 GeV were obtained. A comparison between
the preliminary photon data and the hadron data
shows that a photon behaves like a hadron in two-
body processes. If the photon indeed behaves like
a hadron, it can be used as an extra hadron to
check various predictions like scaling or projec-
tile independence. The use of a polarized photon
beam gives us the first opportunity to learn some-
thing about the spin correlations ' in inclusive
reactions.
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FIG. 7. Pz distribution for all the charged secondary pions producers in (a) muon-nucleon interactions at 10.1 GeV/c
(-—) and at 15.8 GeV/c (—); (b) in pp interactions at 28 GeV/c (- ~ -) and in np interactions at 16 GeV/c (—), both in
the same range of p &2 distribution.
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Inelastic scattering of a lepton on a nucleon is
an unexplored interaction, especially for the
study of muon-induced inclusive reactions, i.e.,
p +nucleon- @ +anything. We know of no published
data for secondary particle production (e.g., pion,
kaon, etc.) with high-energy muon-nucleon inter-
actions except from our own laboratory. " So it
is highly desirable at this stage to study the in-
clusive reactions for high-energy (10.1- and 15.8-
GeV/c) muon interactions on nucleons for sec-
ondary pion production and to compare them with
photoproduction yp (5-18 GeV) experiments as
well as with the hadronic experiments" with pP
(28 GeV/c) and" vp (16 GeV/c). Preliminary re-
sults were presented earlier. ' An important
feature of the inclusive reaction is the distribu-
tion of the transverse momenta, which seems to
be limited to a few hundred MeV/c nearly inde-
pendent of the energy. We divided all our events
from each beam into two groups, i.e., with jp, (

&0.075 MeV/c and with
~ p, ~

&0.075 MeV/c, and
found that the two p, ' curves have the same shape
and slope. Shown in Fig. 7(a) is the p, ' distribu-
tion for pions produced in muon-nucleon interac-
tions at 10.1 and 15.8 GeV/c for all p, and W val-
ues. This is compared with pions produced in
proton-nucleon interactions at 28 GeV/c and pion-
nucleon inreractions at 16 GeV/c, as shown in Fig.
7(b), with the same range of p, ' values as in the
muon-nucleon interactions. The slope of the
curves in Fig. 7(a) is about 58+ 7, and this com-
pares to a slope of 60 found over the same range
where protons were used as projectiles. Thus
agreement in the shapes of the distributions with-
in the chosen energy interval is remarkably good,
indicating the independence of the value of the in-
coming momentum as well as the type of incoming
particle. There is no detailed information avail-
able for pion-production events from yp interac-
tions for the small range of p, ' values [i.e., 0 to
0.075 (GeV/c)'] of our experiment, and hence we
cannot compare the shape and slope of the curve
in Fig. 7(a) with either of the two photon experi-
ments mentioned earlier. '"

Another parameter that we can compare is the
laboratory longitudinal momentum (p, ). In the
c.m. system p,* is given in terms of Feynman's
variable x =2pf/s"' According to. Yang's hy-
pothesis of limiting fragmentation, the target
fragments with negative x (in the c.m. system of
virtual photon and target nucleon) should have the
same distribution as for a real-photon; pion- or
proton-induced process. Since pion-production
data in other interactions are available in the
laboratory system, and the region of backward
pions is presumably richer in proton fragmenta-
tion than the entire p, range, we show in Fig. 8(a)
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the distribution of p, in the laboratory system for
pions produced in 10.1- and 15.8-GeV/c muon-

nucleon interactions. This is compared with pions
produced in yp interactions at 5-18 GeV shown in
Fig. 8(b} and pp interactions at 5-18 GeV shown
in Fig. 8(c), respectively, within the same range
of P, (i.e., 0.1 &P, - 0.20 GeV/c}. The data in

Figs. 8(b) and 8(c) for p, &0 (target region) ex-
tend approximately up to the same value of p,
(i.e., --0.3 GeV/c) as shown in Fig. 8(a) for the
same p, range interval, i.e., 0.1&p,&0. 2 GeV/c.
Here one sees that the slopes of the curves in
Figs. 8(a), 8(b), and 8(c) are 11.9+2.4, 12, and
13.1, respectively. The negative values of p,
range from 0.0 to -0.30 GeV/c. We conclude that
the shape and the slope of the curves for p, ' and

p, distributions for inclusive pion-production re-
actions in muon-nucleon interactions at 10.1 and
15.8-GeV/c are the same as those for hadronic
reactions, indicating that the muon in muon-
nucleon interactions, at least for the negative
values of p, , behaves like a hadron.

C. Test of the Vector-Dominance Model (VDM)

1. Partial Cross Section as a Shnction of Angle

To test the vector-dominance predictions two
plots were made, one involving partial cross sec-
tions in an angular interval and the other involving
integral cross sections against q'. The partial
cross section as a function of the angle of the con-
tinuation muon relative to the primary muon di-
rection provides an accurate means of comparing
the experimental data with theory. It was pointed
out earlier in this paper that emulsions have very
high spatial resolutions and one can in fact mea-
sure angles down to half a milliradian. The par-
tial cross section is given by n, o=[n(68)]/NIV,
where n (68) is the number of events in the angu-
lar interval b, 8 corrected for scanning efficiency,
N is the number of target nucleons per cubic
centimeter, N =1.94x10"nucleons/cm'; V is the
volume of the target material; and I is the intens-
ity of the muon beam. Thus Fig. 9(a) displays
partial cross sections in an angular interval
where the data points were obtained by counting
the number of events in an angular range and com-
puting a cross section for that range of 8 from the
relation given above. The-total errors were found
by adding an uncertainty error of 10%%uo in the scan-
ning efficiency to the statistical error.

The theoretical curves were obtained first by
integrating out the energy of the continuation
muon in Hand' s' form of the inelastic Rosenbluth
formula,

d'o
, =I'r(E', 8)o„,(K, q'),

where I'r(Z', 8) represents all the kinematical
factors given in Sec. II. The partial cross section
for each angular interval was then obtained by in-
tegrating the angle over each of these intervals by
performing a numerical integration of the differen-
tial cross section with the help of the Gaussian
quadrature technique. " We used the value of o ~
as computed by Cone et al."up to 5 GeV, and
thereafter we took o'„~ to be constant -125 for the
continuum value. The three theoretical values
arise from the use of three forms for o'.,~

=o„~(K)(1+q'/m ') ", where N =1, 2 represents
the VDM model while N =4 represents the expres-
sion for the elastic form factor. Experimental
data and the theoretical curves for 10.1- and 15.8-
GeV/c muons are shown in Figs. 9(a) and 9(b),
respectively. In either of these two diagrams the
three theoretical curves are essentially the same,
up to an angle of 10 mrad, which is consistent
with our data. It is clear from both the figures
that the data points do not separate the three
forms until the last two bins. It is seen that the
muon data fit the N =1 form best, and this is in
agreement with the muon experiments of Braunstein
et al. ,

"revealing that the small-angle data follow
the same form as the large-angle data observed at
SLAC.' Since they did not observe small angles
(8&30 mrad), the present experiment complements
theirs.

Z. Integral Cross Section as a unction of q'

Once again we make use of Eq. (11) in which the
variables 0 and E' are changed to q' and v. The
experimental points for this plot were found by
adding up the number of events with q' greater
than some specified value, and the cross section
was computed for each case from the expression
given earlier. These cross sections were then
plotted against their respective values of q' and
are shown in Figs. 10(a) and 10(b) for 10.1 and
15.8 GeV/c, respectively. The corrections and
error analysis applied here to the observed points
are the same as mentioned in the previous case.
Theoretical curves were calculated for each of
the forms previously chosen for o,„~(K,q'). The
curves mere obtained by integrating the differen-
tial cross section over v and q'. The integral was
performed by first integrating out the final energy
E' of the muon and then integrating from the
chosen value for q' as the lower limit to the larg-
est value of q' found in this study. We have found
that the integration mas not sensitive to the values
of maximum q' used in the equation. The data in
Fig. 10(a) for a 10.1 GeV/c muon indicate diver-
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gence from the inverse fourth power around q'
= 0.2 (GeV/c)' and follow the inverse quadratic for
the rest of its range. This result is in agreement
with the work of Hoffman et a/. " However, we
cannot rule out the inverse linear form due to the
error bars. For 15.8-GeV/c muon data one can
see in Fig. 9(b) that the data points follow the in-
verse-linear form, but as the error bars are
large, one cannot completely rule out the inverse
quadratic form. But one does see from these two
plots in Figs. 10(a) and 10(b), as well as from the
previous two plots in Figs. 9(a) and 9(b), that the
inverse fourth power form is completely ruled
out. Our data agree with the electroproduction
experiment of Miller et al. ' as well as with the
muon production experiment of Braunstein et al."
This agreement is also within the realm of the
vector-dominance model. There is no indication
of a difference between muons and electrons in the
kinematic region explored.

D. Parton Model

1. Ratio of o„/a

There is a more interesting speculation in the
prediction of the parton model which indicates"

IO-

(—)N=l
(-—IN=2
(—-I N=4

at low q', and we have already seen for low-q'
events that o'exp follows the inverse fourth power
which is similar to the elastic form factor. When
we separate the high-q' events, which represent
a small percentage of the total cross section, our
data tend toward a weaker q' dependence of ~earp,

such as the inverse-linear and inverse-quadratic
forms, indicating the importance of the vector-
dominance model at such q' values.

3. Total Cross Section

In Table I we have given the total cross section
for different primary energies, and in Fig. 11 is
displayed the total observed cross section as a
function of energy, where the other data goints
are taked from the work done in our laboratory.
The theoretical curves were obtained by doing the
anguIar and final-energy integrations over their
entire range for different values of the primary
energy using the three different forms of o,„p. It
seems that there is a tendency for the total cross
section to follow the inverse fourth power for v,„p.
In considering all the data presented, we can say
that the total cross section is little affected by
events with high q' values. Most of the events are

tot

6
(p.b)

I I I I

4 6 8 IO

PRIMARY ENERGY {GeV)

I

l2
I

I4 l6

FIG. 11. The total cross section as a function of
primary energy. The theoretical curves are for three
different forms, i.e. , N =1, 2, and 4, for the expression

The integrations were performed in much the
same way as in Figs. 9 and 10 except that the angular
integration was done over the whole range.
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that o„/o~ =0.8, where a „and cr~ are the cross
sections for neutron, and proton interactions with

the incoming leptons. Since in this experiment
there are 1.3 neutrons for every proton, the fol-
lowing expression applies ':

(«0~)ob*= (op+I ~ 3&~)/2 3~

and using the theoretical value for a~ we get
o„/o~ = 0.8+ 0.28 for all our data, and 0.63+0.31
using the data over the range 8 & 10 mrad. These
values should be taken with caution since our er-
rors are large; however, a more accurate and
detailed study of total cross section may reveal
interesting results.

2. Particles Produced Along the Direction q

The parton model" and the field-theoretical
model" both make predictions concerning sec-
ondary particles coming out in the direction of q
(the three-momentum transfer, see Fig. 1). In
the parton model" the lepton interacts with one
of the partons, which bears the initial brunt of the
collision, and one expects that particles produced
along q will possess the parton's quantum num-
bers. The field-theoretical model" is more spe-
cific and one should expect that these particles
must be protons. The angle made by q depends on
q' and the energy transfer such that

(q p)/lql lpl =cost;
= sing 8) = 0, +~ = 90'

where g- is the space angle of q relative to the
primary muon; here we assume that the angle the
outgoing muons make with the direction of the
primary is practically zero. In the 10.1-GeV/c
muon data, out of all the secondary particles ob-
served and measured, ten of them occurred in a
10-degree cone along q. Seven of them were pro-
tons, two were pions, and one was a strange par-
ticle. Although the number of observed particles
is too small to permit any definite conclusions,
the proton space angle does seem to favor the di-
rection of q and these results offer some support
to the field-theoretical model. The same kind of
conclusions were drawn from the 15.8-GeV/c
muon data ~

037-

0.3-
$SLAC DATA

15.8 GeV/c ~
10.1GeV/c p

0.2- ~-p

l, ,'Qn

0.1-

on only a single dimensionless variable
(u =2Mv/q', instead of on two independent vari-
ables q' and v. Furthermore, the universal func-
tion vW, in the limit of large ~ is expected to ap-
proach a constant value. The quantity vW, for the
proton has recently been studied in the so-called
deep-inehstic region by MIT-SLA, C' and DESY'
collaborations at different angles. When one re-
stricts the region W & 2.0 GeV, and q' & 0.5
(GeV/c)', then the resulting data are consistent
with scaling. The curve for vW, starts at zero at
~ =1, the position of the elastic peak. When ~&5,
it appears to follow a scaling law vW, = F(&u), where
F(~) is a universal function.

The dynamics underlying the scaling property of
vW, is not yet clear. We mentioned earlier the
various theoretical models which try to explain the
scaling; however, none of these is totally satisfy-
ing as proposed by Feynman, ' by Bjorken and
Paschos, and by Drell, Levy, and Yan for parton
models; and by Sakurai' and Fujikawa" for vector-
dominance models. Bloom and Gilman have sug-
gested that there is a larger range and more rapid
approach to scaling behavior if one uses the vari-
able &v' =1+W'/q'= u&+M'/q', where &u' is dimen-
sionless and is the same as ~ in the Bjorken limit
of v and q'- ~. vW, and W, would become indepen-
dent of q', and this is equivalent to the limit
q'- ~ if they are studied as a function of q' for
fixed &' rather than fixed (d. For a finite value of
q', there is a difference. In particular, the elas-
tic peak is not at &o' =1 (recalling &u = 1), but ap-
pears at ~' =I +W'/q'&1 and moves to a smaller
value of ~' as q' increases, just as the other reso-
nances do." From the analysis of their data,

E. Test of Scaling at Low q

From the general theory of inelastic scattering,
we derive the expression for the double differen-
tial cross section in terms of the structure func-
tions W, and W, which is given in Eq. (3) of Sec.
II. Bjorken' suggested that for large v and q'
with &u finite, the function vW, (q', v) should exhibit
the property of scale invariance by a dependence

0.01 0.02 0.05 0.1

2
x=q/2M@

0.2 0.3 0.5

FIG. 12. vR'2 as a function of x (=1/u). It contains
SLAC data (Ref. 13) at low q and the present data at
10.1 and 15.8 GeV/c. The theoretical curves are due
to the parton model for protons and neutrons as derived
by Gardiner and Majumdar (Ref. 45).
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they concluded that resonances are not a separate
entity but are an intrinsic part of the scaling be-
havior of vW, . On the other hand, by extending
local duality and scaling" down to q' =0 Rittenberg
and Rubinstein~ have shown that the averaging
found by Bloom and Gilman is not very good for
low values of q' either for vW, or the differential
cross section measured experimentally. They
proposed a new scaling variable co~ which re-
places ~', where ~~ = (2Mv+M')/(q'+s') and a'
is a parameter which is adjusted to the data to
get an optimum fit with scaling. The scaling
variables ~, co', and (d~ all become equal in the
Bjorken limit.

Electron data with low q'& 0.5 and W& 2.0 Ge7
are found' to be consistent with scaling. For
or»o~ (R=0, see Sec. II), vW, appears to level
off at -0.3 when ~ =4. However, the 6' data in-
dicate a downward slope in vW, when ~ & 5 which
is not apparent in the 10' data. ' This indicates
that in the functional dependence of vW, there
exists a weak q' dependence, to be taken into con-
sideration specifically at high ~ values. The
gradual decrease in the function vW, for large ~
suggests that the photoabsorption cross section
for virtual photons falls slowly at constant q' as
the photon energy v increases.

Recently Braunstein et al. ' have obtained muon-
nucleon inelastic data at low values of q' -0.3.
Shown in Fig. 12 is the function vW, going through
a nmximum value -0.26 at x = 0.2 (where x = I/&u

vWe = (vE/E')(q'/4wa')d'o/dq'dv . (12)

The right-hand side of the above equation was ex-

and 0 & x & 1). The electron-proton inelastic data
show that at x =0.15, the values of vW, are a little
higher, i.e., -0.33 at the higher q' values. How-
ever, when we go to large values of ~ ~ 10
(x & 0.1), the data in this region become rather
sparse. The value of vW, appears to decrease for
increasing ~ (decreasing x); perhaps the scaling
laws are weakly violated at large ~, but this has
not been demonstrated convincingly. In the region» 10 there are few experimental data and one
asks the following: (i) Do the results exhibit
scaling behavior, and if so, (ii) are the values of
vW, in this region equal to the value of vW, for
3.5& && 10? With the decrease of q' the scaling
function vW, also decreases. We may note that
for q' =0, vW, is also equal to zero, so there
must be a region in q' where vW, does not scale.

In order to test the scaling in the low q'& 0.5
GeV/c range, which has not been previously
tested, it is useful to plot vW, for fixed ~' as a
function of q'. For constant &', scaling behavior
should be exhibited in such a plot if vW, is inde-
pendent of q' (or W). For this purpose we used
the data from 10.1- and 15.8-GeV/c muon beams
as shown in Fig. 13. The kinematic region of our
data is such that 8 is very small. Therefore
sin'(-,' 8)= 0 and cos'8= 1, and thus from Eq. (6) we
have

03-

+IQI GeV/c p+

gl58 GeVic y.
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FIG. 13. l Wq as a function of q . SLAC electron data at 4' are shown along with our 10.1- and 15.8-GeV/c muon
data. The theoretical solid curve is due to Sakurai's generalized vector-dominance model for u' & 5. The dashed lines
show the extension of Sakurai's curve.
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4 REFERENCE (44)
CI I5.8 GeV/c p
)IO.I GeV/c) '

05 $e DATA

02=-

O.l-

5 IO

++ ~I4
+ I

20 50 50 IO0 200 300
co'=~+ M /q

FIG. 14. ~%2 as a function of ~'. SLAC electron data
(Ref. 2) are shown along with our muon data at 10.1
and 15.8 GeV/c. The theoretical solid curves for of =1
and ~1 are due to Fujikawa's vector-dominance model.
u is the intercept of the leading Regge trajectory and
is ~1.

perimentally measured by choosing a v and q' in-
terval and computing the double differential cross
section for those ranges from no/nvaq' Q, q' =q'
interval and n, v = energy transfer v interval), and

using this to compute vW, from Eq. (12). In Fig.
13, the value of vW, is plotted against the corre-
sponding average value of q' for 10&~' & 35. We
have also shown in Fig. 13 the SLAC data' at
I9 =4'. These results show some dependence on
+' at constant q', as well as a strong q' depen-
dence. We find that the values of the scaling func-
tion vW, decrease for values of q'& 0.5 for the dif-
ferent ranges of the variable ~'. We see that the
data extend to very low values of q'& 0.03 (GeV/c)',
which have not been reported earlier by any lab-
oratory, and the values of vW, decrease from 0.20
to 0.025 (i.e., a 9(@decrease) for q' values at
0.35 to 0.025, respectively. In the earlier version
of VDM by Sakurai, 4 the scaling laws observed by
experiments' could not be explained. Recently,
Sakurai and Schildknecht4' have proposed a gen-
eralized VDM for inelastic electron-proton scat-
tering which takes into account the coupling of the
photon to higher-mass vector states. Although
the coupling of p' to the photon is much stronger
than that of &' and Q', one still needs to use the
contribution of other vector mesons to explain the
experimental results. This model holds for ~'&5,
and Sakurai and Schildknecht did not need "yar-
tons" to explain the large cross section and ap-
proximate scaling behavior. observed in the SLAC-
MIT' experiment. In Fig. 13 we have shown
(solid line) the theoretical curve representing the
latest VDM for values of q' down to 0.2 (GeV/c)'.

Figure 14 shows for electrons the values of vW2

for large q' and v and indicates scaling up to
~'-10. The functional curve E(~') starts from

zero at &u'= ++M'/q'& 1, rises to a maximum
-0.33 at ~' = 4, and appears to remain constant
(-0.33) for 4«u'~10. The same figure shows the
values of the structure function vW, for different
values of &u' & 10 for 10.1- and 15.8-GeV/c muon

beams. The data show the dependence of vW, on
~' at small values of q' «0.25. The values of the
structure function (vW, ) at ~'=9 and 120 are 0.25

a 0.05 and 0.025+ 0.008, respectively. The scaling
law is perhaps violated at large ~'. Fujikawa"
has recently proposed a simple phenomenological
picture of scaling based on generalized vector-
meson dominance by introducing heavy mesons
which satisfy the relation m„-q' which he calls
the parton condition. This model is valid only for
large scaling parameter co'. Shown in Fig. 14 are
theoretical curves for ~=1 and —,', where ~ is the
intercept of the leading Regge trajectory (a & 1).
We see that neither of these two theoretical curves
fits our data exactly. Also shown in Fig. 14 are
data points of Breidenbach et al.~ from 6' SLAC
data for large ~' values. We see that three points
where the values af v and q were given, although
for large energy transfer (5-15 GeV), fit very
well with our data.

High-energy muon-nucleon inelastic data are
very limited as compared to electron-nucleon in-
elastic data. Seen in Fig. 12 are the data due to
Braunstein et al. , at low values of q' -0.3. Their"
data give the values of vW, for 0.08&x&0.6
(x = I/(o). We have also plotted our data for both
the muon beams and have extended the range of x
to 0.0085. We see that the value of vW, decreases
from 0.30 to 0.03 (i.e., 90%) with the decrease of
x from 0.2 to 0.008. This is quite a large change
in vW, and depends strongly on x. We have also
shown (solid line) the theoretical curves obtained
for proton and neutron targets by using Qardiner
and Majumdar's representation" of the parton
model. It is quite clear that the data at low x
values do not fit with either curve.

Thus we see that in spite of the fact that our
data do give glimpses in favor of the parton model
or the vector-dominance model, none of these
theoretical models mentioned above in Sec. I
really works well enough to explain totally the
data at low as well as at high values of (O'. Per-
haps both sets of data should be treated sepa-
rately.

Looking at the data in Figs. 10 and 12, we find
that the theoretical curves calculated from the
parton model" and from the VDM (Reference for
a=-,') are not in agreement with the present ex-
perimental data. Interestingly the effect of both
[i.e., pointlike (parton model) and hadronlike
(VDM)] interactions of the physical photon seems
to contribute even at relatively low q' values.
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Brodsky eI, al.~' have used the expression

&r(yp) = 0.22«(pointlike) + 0.7&o (VDM),

and this two-component picture of photon interac-
tions is applicable to any target. In particular
the target could be a nucleus, and by using the
"A" dependence expected for VDM" (i.e.,
o&~»/o&„»-A'") one finds

o'&„„)/Ao&„„)-0.22+0.V&A&o'89 ",
which agrees remarkably well with the data" for
C, Cu, and Pb. Furthermore, it has been found
recently" that the A dependence of «' photoproduc-
tion is almost independent of energy (4-10 GeV),
in contradiction with vector-dominance predictions.

Thus we see that the scaling observed at SLAC
represents the effect of a theory which is not ap-
plicable at smaller q' and that there is no smooth
interpolation between the Regge region and the
scaling region. Perhaps a new theory could be
developed in which the physics is not discontinu-
ous.
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Four-Pion Decay of the f' Meson*
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A search for the sr+n+sr 7r decay mode of the f (1260) has been made in 7.87-6eV/c rr+d interactions.
We find no evidence for this decay. The ratio of this decay mode relative to the dipion decay mode of the f is
consistent with zero and less than 3.3 % with 90%%uo confidence.

There have recently been several reports of a
small but statistically significant 4n decay mode
of the fo. Ascoli et al. ,

' obtained a corrected
ratio for F =f —tr'n'rr rr /fc- ntr of (V +4)% from a
5.1-GeV/c n p experiment, while Oh et al. ,' re-
ported the ratio to be (V+2)% from a V-GeV/c tr p
experiment. On the other hand, the most recent
results by Bardadin-Otwinowska et al. ,

' from a
study of 8-GeV/c tr'p interactions, show little
evidence for the four-pion decay of the f'. They
obtain a ratio F=(2.2 ", ', )%, consistent with zero.
The Meson Spectroscopy Table of the Particle

Data Group' gives a world average of F
= (6.1 + 1.5)%. Our data, presented below, are in
agreement with a null result.

The results are obtained from a 0.6-pb event
exposure of the BNL 80-in. deuterium bubble
chamber exposed to a beam of V.8?-GeV/c n' me-
sons. Only events with a spectator proton identi-
fiable on the scanning table have been selected.
The channels relevant to the present work are

(a) n'd-pspn'tr (-t &10m,') (963 events),
(b) tr'd P, Pn'n n-'n ( t~ 10m, ') (92 ev-ents),


