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conservation and good high-energy behavior also
emerge for other processes involving gauge
bosons and to attempt to apply these ideas to
strong interactions.

Note added. After writing this note we learned
of an interesting paper by Vainshtein and Khrip-
lovich.” These authors show that essentially good
high -energy behavior is to be expected in massive

gauge theories when there are less than three
external gauge particles. However, their ap-
proach is very different from ours and they

do not discuss asymptotic helicity conservation.
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We investigate the sum rule relating the anomalous vertex function (as a function of virtual-photon
squared masses g and k) of 7%y to the form factors of the axial-vector-vector-vector (4VV) vertex
derived from the hypothesis of partial conservation of axial-vector current including the
Bell-Jackiw-Adler anomaly and from the algebra of currents. One of the consequences is that, if the
n%y vertex function decreases at all, a certain combination of the form factors of the AVV vertex
should decrease as fast as (q° + k?)~' when one of q? and k? increases. An experimental check of

the sum rule is suggested.

The 7°—~ yy decay has been of great theoretical
interest since Bell and Jackiw' and Adler' found
that the decay constant provided by a triangle
graph does not vanish in the soft-pion limit, in
contradiction to a result® of partial conservation
of axial-vector current® (PCAC) and current al-
gebra.* In order to see the mechanism more
closely, it is desirable to study the vertex

Yq)+y(R)-1%(P) (P=q+k) (1)

as a function of three variables, ¢? k2, and P2

Gross and Treiman® have investigated the vertex
function in the Bjorken-Johnson-Low® (BJL) lim-
it, as well as in their scaling limit. The present

author” has shown that the 7%y vertex function,

if it decreases at all, should decrease not slower
than (—¢?)%/2, as one of the virtual-photon squared
masses ¢? increases. In this paper, we investi-
gate the exact sum rule relating the 7%y vertex
function to the form factors of the axial-vector—
vector-vector (AVV) vertex derived from the
PCAC hypothesis,? including the Bell-Jackiw-
Adler anomaly,! and from the algebra of currents.*
The sum rule holds for arbitrary values of g% and
K2. One of the consequences is a simple theorem
that, if the 7%y vertex function decreases at all,
a certain combination of the A VV form factors
should decrease as fast as (¢ + ¥*)™! when one of
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¢* and % increases.
Let us first define the 7%y vertex function
F(¢, ¥, P?) by

M,,(q, k)=ifdxe"""(P| T*(J ,(x)J,(0))] 0)

=€“uanakBF(q2’ kz, Pz)) (2)

where J, is the hadron electromagnetic current.
At ¢°=F#=0 and P®=m,?, the vertex function is
related to the 7° lifetime 7,0 by

| F(0, 0, m ,2)| = (64n/e*m 3T o) /2. 3)

The Bell-Jackiw-Adler anomaly® tells us that the
PCAC relation® should be modified to

aXA I(x) =f7rm 7124’ r(x)
+(e28/167)€py5 : F*R(X)FY8(x):,  (4)

where A M(x) is the hadron axial-vector current,

J
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fr (=95 MeV) is the pion weak decay constant
defined by

(PlA}(0)[0) ==iP, fr, (5)

and S is the anomalous PCAC constant predicted®
to be

4 for the original Gell-Mann-Zweig (frac-
tionally charged triplet quark) model;

S={ %#for the original Sakata (integrally
charged triplet), Han-Nambu (integrally
charged three triplet), and fractionally
charged three-triplet models.

(6)

Defining the off-shell amplitude M, (2) for P?
#m .2 calculated with the reduction formula and
using the modified PCAC relation® of (4) and the
current algebra,* one can obtain the Ward-Taka-
hashi identity at P?=0:

M (4, k)| p2= o= —(S/27% 1 )€ )80 B+ (P /f 1)i f dydx e*P7~%%(0| T( A, "(¥)J ,(x)J,(0))| 0) Ly’ (7)

This identity can be transformed into the relation

(4]

F(q, ¥, 0)==(S/21°f,) + (1/f.)[G,(¢*, ¥, 0) - G,(¢*, #*, 0)]
==(S/21f ) + (1/f ) =2(q* + B)G4(4, ¥, 0) + G ,(¢?, k2, 0)
-¢°G,(¢*, ¥, 0)+ 3(4* + P)Gq(q* , &2, 0)], (8)
where the form factors of the AVV vertex are defined by

Tu(a, =i [ dydx 70| TCAT(5) ()7, ()] 0)

=€auvkqacl(q2,k2’ Pz)"'eayu)\kacz(qz’k2’P2)+€aBu)\quqakBG:;(q2yk29 Pz)
+€as“)‘kyqakBG4(q2yk2’P2)+€a6uxquqakBGS(q29kzsP2)+€aBu)\kuqakBGs(q2y kzy Pz)y (9)

with the gauge-invariance [¢*T,,,(q, &)
=k"T,,2(q, k) =0] conditions!

G\(¢?, ¥, P?)=q- kG,(q?, ¥, P?)
+ G, (¢, ¥, P?)
and (10)
Gy, ¥, P*)=¢*G,(q*, ¥, P?)
+q- kGy(¢?, ¥, P?),

and with the symmetry [7,,,(q, &) =T, ,\(%, q)]
properties' due to the Bose statistics obeyed by
photons

G,(¢*, K, P?)=-G,(®, ¢%, P?),
Gy(@, ¥, P?)==G,(F?, ¢%, P?),

and (11)
G,q, ¥, P?)=-G4(¥, ¢%, P?).

r

The sum rule (8) written implicitly in Refs. 1 and
9, which relates the 7%y vertex function to the
form factors of the AVV vertex at P2=0 through
the anomalous constant S, holds for arbitrary
values of ¢® and %2, It is seen trivially that the
sum rule reduces to the result obtained by Bell
and Jackiw! and by Adler® at ¢®=#=0:

F(0,0,0) = -(s/2n%f,). (12)

Several years ago, Cornwall!® showed that 11e
7%y vertex function approaches the limit

F(q2,k2’mw2)_.§.(fﬂ_/q2) as qz..ooand qz/kz"l

(13)
if the BJL theorem?®

M, (4, k’”é—o [ axem @ 0x) (P, (3), 7, (1)1 0)
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is valid for @=3(¢ - k) in the BJL limit of @,~
with @ fixed, and if the quark model for the space-

space component of the equal-time current commu-

tators
6(xo)[J;(x), J;(0)] = 2i€,,, A52(0)5(x) (15)

holds [Q in the A%2(0) is the quark charge (ma-
trix)]. Gross and Treiman® have predicted the
scaling of F(q?, k2, m ,°)

, Gw")
W'—-w=-ic

(16)

P+ QF(&, kz,mﬁ)»mw)hj_idw

in their scaling limit, @®~« with w=Q%*/P-Q
fixed, by assuming the gluon quark model for the
light-cone current commutator!!

[J,(x), T, ()]
28°D(x = y){s 08l Vg2 (x, ¥) = VEa(y, )]
+ ieuuaB[Agz(x, ) +Agz(y, x) ]}
for (x - y)?=~0, (17)
Suvat=8pa8B+8us8va =8 v 8ubs
and
D(x) = €(x,)0(x%) /27 .

The absorptive part of the 7%y vertex G(w) in
Eq. (16), which has been introduced in

PQ° G(w’)
My, (a, k)~ €548 Q) do' ==

(18)
is related to the axial-vector bilocal current
Aja(x, y) by
(Pl Ag2(zx, —3%) + Ab2(~3x, 3x)| 0)

1
==iP¥ [ dw et P 72G(w).
-1

(19)

In Eqgs. (13) and (16), we can see that the vertex
function F(q?, k%, m ,?) decreases as (¢?)”! when
both ¢® and #* become large. It should be noticed

J

doe—ee 0

=128a*

E®E{E{(E - E})*(E — E})?

that these results (13) and (16) strongly depend
on three assumptions: the validity of the BJL the-
orem,® the nonexistence of the g-number Schwin-
ger term, and the quark model for the space-
space (bad-bad) component of the equal-time cur-
rent commutators. More intuitively, however,
we believe that F(¢?, ¥?, m %) decreases as one of
the virtual-photon masses squared ¢ (or %?) in-
creases with the other #2 (or ¢?) fixed, since in
this case the vertex function can be interpreted
as an ordinary electromagnetic form factor with
the external two legs staying nearly on the mass
shell.'? If, in fact, the 7% vertex function de-
creases at all, which we shall assume hereafter,
then from the sum rule (8) we can arrive at the
following remarkable conclusion: A combination
of the form factors of the AVV vertex, G,(¢? #%,0)
- G,(4% F,0), should approach a constant S/272
as one of the virtual-photon masses squared g?
and #? increases, or alternatively another com-
bination of the form factors,

-3G4(¢?, 2, 0) + [ /(¢* + ) |G ,(¢?, K2, 0)
- [¢*/(¢* + B)]G, (%, #2, 0) + 3G4(a?, 2, 0),

should decrease as fast as (S/2n2)(q? + ¥?)~L.

Both the 7%y vertex function and the form fac-
tors of the AVV vertex as functions of g2 and %2
with P?=m,? are observable in principle. Of
course, we need to assume the smoothness of
extrapolation of these functions from P?=m ,2
to P2=0 in order to check the sum rule (8) ex-
perimentally. An easier measurement of
F(q? ¥°, m ,*) can be made by the two-photon pro-
cess for the n° production by e*e~ colliding beams
e*+e”—e*+e”+71° We can find whether the ver-
tex function decreases rapidly by comparing the
observed cross section with the cross section
calculated exactly by Brodsky, Kinoshita, and the
present author'? for the constant vertex. The
total cross section at energies E~ 3 GeV for each
beam is of order 107%* cm? which is large enough
to be measured in the near future. It is more
desirable to measure directly the vertex function
as a function of ¢ and %2 by detecting both of the
scattered leptons (1 and 2) at large angles. The
differential cross section is given by’

’

dE} dcos6, dE} dcos6,d (¢®F)?

where E; and 6; (=1 and 2) are the energy and
angle of the scattered leptons, respectively, and
¢ is the coplanarity angle. Although the effective

G(Pz_mwz)lF(qz$ kz’mﬂz)lz

for m, < -q?, —-R2<4E?, (20)

T

cross section is small for large —¢? and ~&?
[~107%" cm? for E~3 GeV and —¢?, —-#*>1 GeV?
if (13) is the case], it is easy to find whether the
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vertex function decreases as in Eq. (13), or
whether it scales as in Eq. (16). On the other
hand, we can measure the form factors of the
AVV vertex G; (i=1, ..., 6) by a process such as

et+e"~e*+re"+v+vand et+e ~e*+e +pt+u”.

In the latter process, the AVV vertex appears in
the interference term between the o? and oG
(where Gj is the Fermi constant Ggm,?=~ 107°)
amplitudes which produces the forward-backward
asymmetry and the polarization of the produced
muons. Therefore, this proposal is similar to
the old one made by Cabibbo and Gatto, and oth-
ers,'* for detecting the effect of leptonic neutral
weak currents in the process e* +e = p* +pu”.
Of course, a contribution of the interference to
the cross section for the processes of our inter-
est is small and of order Gpsx10732 cm?®<107¥
cm? for E~3 GeV and s~ 1 GeV?, where s is the
invariant mass squared of the produced lepton
pair (vv or u*u”). Both the 7%y vertex function
and the form factors of the AVV vertex will, how-
ever, become interesting subjects in high-energy
physics because they may provide a best probe to
the mechanism of binding the pion and, hopefully,
to the interaction between quarks, if any.

In conclusion, it may be worthwhile to note
that, from Eqgs. (5) and (19), we can easily write

down sum rules for the imaginary part of the
vertex functions of the various pseudoscalar me-
sons and two photons?s:

1
f dwG"(w)=%fx,
-1

1 2
[awcm =57z, (21)

and
1 ’
f dwG" (W)= %1y,
1

where f, and f,. are the leptonic decay constants
of the eighth and the zeroth pseudoscalar meson,
respectively. These sum rules, as well as the
sum rule (8), correspond to the Adler sum rule'®
for neutrino productions.

ACKNOWLEDGMENT

The author would like to thank M. A. B. Bég,
H. Pagels, and A. Pais especially, for reading
the manuscript, and S. L. Adler, T. P. Cheng,
S. L. Glashow, D. J. Gross, R. Jackiw, Y. Nambu,
G. Preparata, and A. Zee, for helpful discussions
and private communications.

*Work supported in part by the U. S. Atomic Energy
Commission under Contract No. AT(11-1)-2232.

13. 8. Bell and R. Jackiw, Nuovo Cimento 60, 47
(1969); S. L. Adler, Phys. Rev. 177, 2426 (1969);
J. Schwinger, ibid. 82, 664 (1951).

M. Veltman, Proc. Roy. Soc. (London) A301, 107
(1967); D. G. Sutherland, Nucl. Phys. B2, 433 (1967).

%y. Nambu, Phys. Rev. Letters 4, 380 (1960);
M. Gell-Mann and M. M. Lévy, Nuovo Cimento 16, 705
(1960).

‘M. Gell-Mann, Physics 1, 63 (1964).

D. J. Gross and S. B. Treiman, Phys. Rev. D 4, 2105
(1971).

§3. D. Bjorken, Phys. Rev. 148, 1467 (1966); K. John-

son and F. E. Low, Progr. Theoret. Phys. (Kyoto) Suppl.

37-38, 74 (1966).
H. Terazawa, Phys. Rev. D 6, 2530 (1972).

8For a review of the model dependence of the constant
S, see, for example, W. A. Bardeen, H. Fritzsch,
and M. Gell-Mann, CERN Report No. CERN-TH-1538,
1972 (unpublished), presented at the Topical Meeting on
Conformal Invariance in Hadron Physics, Frascati,
1972.

T, H. Chang, Nuovo Cimento 69A, 239 (1970). His
consideration of the Primakoff effect in the photopro-
duction of axial-vector mesons such as A} is worth
noticing, although an additional assumption, the axial-
vector-meson dominance, must be made to obtain a
valuable information on the AVV vertex from such
experiments.

103, M. Cornwall, Phys. Rev. Letters 16, 1174 (1966).

3. M. Cornwall and R. Jackiw, Phys. Rev. D 4, 367
(1971); D. J. Gross and S. B. Treiman, #bid. 4, 1059
(1971).

12There is a serious mistake in the paper by the present
author [Rockefeller University Report No. C00-3505-18,
1972 (unpublished)] in which he claimed F(g?, £, 0)
=constant for g?=k2%. The author thanks many people,
including S. L. Adler, for pointing out the error.

135, J. Brodsky, T. Kinoshita, and H. Terazawa, Phys.
Rev. D 4, 1532 (1971). The form factor F(k,?,%,% in
this paper is identical to F(k %, k%, m %) /F(0,0,m 2.

See also J. Parisi and P. Kessler, Lett. Nuovo Cimento
2, 755 (1971); 2, 760 (1971). For a review of theoretical
works on the two-photon process in general, see

H. Terazawa, Rev. Mod. Phys. (to be published).

14N. Cabibbo and R. Gatto, Phys. Rev. 124, 1577
(1961); T. Kinoshita, J. Pestieau, P. Roy, and
H. Terazawa, Phys. Rev. D 2, 910 (1970) and references
therein.

15The first sum rule in (21) was given in terms of the
spectral function of the Deser-Gilbert-Sudarshan
representation by Cornwall (see Ref. 9). We have ignored
the 7-7 mixing in the last two sum rules. If we assume
integral-charge quarks with Q2= @, the left-hand sides
of these sum rules are replaced by 2f,, (2/43)f,, and 0,
respectively. In the SU(3) limit, f, =f,. These imaginary
parts G (w) can be measured in principle by a process
such as e +71%—e +u* +u~. The author is indebted to
T. P. Cheng for suggesting this process.

163. L. Adler, Phys. Rev. 143, 1144 (1966).



