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conservation and good high-energy behavior also
emerge for other processes involving gauge
bosons and to attempt to apply these ideas to

strong interactions.
Note added. After writing this note we learned

of an interesting paper by Vainshtein and Khrip-
lovich. ' These authors show that essentially good

high-energy behavior is to be expected in massive

gauge theories when there are less than three
external gauge particles. However, their ap-
proach is very different from ours and they
do not discuss asymptotic helicity conservation.
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We investigate the sum rule relating the anomalous vertex function (as a function of virtual-photon

squared masses q' and k-') of m~yy to the form factors of the axial-vector-vector —vector (AVV) vertex

derived from the hypothesis of partial conservation of axial-vector current including the
Bell-Jackiw-Adler anomaly and from the algebra of currents. One of the consequences is that, if the

m yy vertex function decreases at all, a certain combination of the form factors of the A VV vertex

should decrease as fast as (q-'+ k') ' when one of q'-and k' increases. An experimental check of
the sum rule is suggested.

The n - yy decay has been of great theoretical
interest since Bell and Jackiw' and Adler' found
that the decay constant provided by a triangle
graph does not vanish in the soft-pion limit, in
contradiction to a result' of partial conservation
of axial-vector current' (PCAC) and current al-
gebra. In order to see the mechanism more
closely, it is desirable to study the vertex

~(q)+ ~(k) s'(P) (&= q—+ k)

as a function of three variables, q', k', and P2.
Gross and Treiman' have investigated the vertex
function in the Bjorken-Johnson-Low~ (BJL) lim-
it, as well as in their scaling limit. The present

author' has shown that the moyy vertex function,
if it decreases at all, should decrease not slower
than (-q') '",as one of the virtual-photon sc(uared
masses q' increases. In this paper, we investi-
gate the exact sum rule relating the n'yy vertex
function to the form factors of the axial-vector-
vector-vector (AVV) vertex derived from the
PCAC hypothesis, ' including the Bell- Jackiw-
Adler anomaly, ' and from the algebra of currents. '
The sum rule holds for arbitrary values of q' and
)P. One of the consequences is a simple theorem
that, if the n'yy vertex function decreases at all,
a certain combination of the A VV form factors
should decrease as fast as (q2+ k') ' when one of
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q' and k' increases.
Let us first define the n yy vertex function

E(q', k', P') by

ke„„(q, k)=i Idee "*(Pl y"(2„(*)J.(0))IQ)

Bq" kBF(q', k', P'), (2)

e'W,"(x)=f,m.'y „(Q

+(e' S/1 6)'f)e 8 E ~(x)F'f~(x): (4)

where & „(x) is the hadron axial-vector current,

where J„ is the hadron electromagnetic current.
At q'=k'=0 and P'=m, ', the vertex function is
related to the n lifetime 7,0 by

l F(0, 0, m, ') l
= (64w/e'm, 'T,o)'" . (3)

The Bell- Jackiw-Adler anomaly' tells us that the
PCAC relation' should be modified to

f, (=95 MeV} is the pion weak decay constant
defined by

(P l A „'(0) l 0) = iP-„f„ (5)

and S is the anomalous PCAC constant predicted'
to be

'
$ for the original Gell-Mann-Zweig (frac-

tionally charged triplet (luark} model;

, /for the original Sakata (integrally
charged triplet), Han-Nambu (integrally
charged three triplet), and fractionally
charged three-triplet models.

(6)

Defining the off-shell amplitude M„„(2)for P'
gm, calculated with the reduction formula and
using the modified PCAC relation' of (4) and the
current algebra, 4 one can obtain the V4rd-Taka-
hashi identity at P'=0:

)0 „(q, k)l —,= (Qfqe f)e-„,eq 'k , ~ (P ff, li fdyd e' ' '"(*0)y(A '(y) J l*)J,(0))10)
p2=0

This identity can be transformed into the relation

E(q', k', 0) = -(S/2r'f, ) + (1/f, )[G,(q', k', 0) —G,(q', k', 0)]

=-(S/2w'f„)+(1/f, )[-—,'(q + k )G,(q, k, 0)+k GQ(q, k«, 0)

qG, (q-, k, 0)+ ,'(q + k )—G,(q', k', 0)j,
where the form factors of the AVV vertex are defined by'

y„„(q,k)= 'Idyd*e' ' '*(0
( y(A '(y) J„(*)J„(0))lq)

=e„„„„qG, (q', k', P')+~„„„~k'G,(q', k', ')Pe+„»,8q„q k G,(q', k', P')

+~„8 ~k„q k G,(q', k', 'P) e+„„„aq„q k G, (q', k', P')+e 8„),k„q k G,(q', k', P'),

(8)

(9)

with the gauge-invariance [q"T„„),(q, k)
= k"T„„(q,)k) = 0] conditions'

G, (q', k, P') = q kG, (q', k', P')
+k GA(q 2 k, P )

and (10)

The sum rule (8) written implicitly in Refs. 1 and
9, which relates the n yy vertex function to the
form factors of the A.VV vertex at P'=0 through
the anomalous constant S, holds for arbitrary
values of q' and k'. It is seen trivially that the
sum rule reduces to the result obtained by Bell
and Jackiwx and by Adler& at q =k

G,(q', k', P') = q'G, (q', k', P')
+q kG, (q', k', P'),

and with the symmetry [T„„),(q, k) = T„„z(k,q)]
properties' due to the Bose statistics obeyed by
photons

F(0, 0, 0) = (S/2v«f «) . - (12)

Several years ago, Cornwall' showed that f ie
3' yy vertex function approaches the limit

F(q', k', m, ')--,'(f, /q') as q'- ~ and q'/k' —1

and

G, (q', k', P') = -G, (k', q', P'),
G«(q, k, P ) =-G«(k, q«, P ),

G,(q', k', P') = -G,(k', q', P') .

if the BJL theorem'
(13)

kf„(q k) dx& 'o*5(xo) &Pm~„(~2x) ~, (ix)]10)
1

0

+O(1/q, ')
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is valid for Q = —,(q —k) in the BJL limit of QB- ~
with g fixed, and if the quark model for the space-
space component of the equal-time current commu-
tator s

6(»2) [J,.(x), J,.(0)]= 2iB2,,2Ao2(0) 5(x)

~pi ae=Sp~8've+gpegv~ g pvZ~ey

and

D(x) = e(x )6(x')/2».

The absorptive part of the 22yy vertex G(&u) in
Eq. (16), which has been introduced in

PaQB 1 G(~r)
M2~(q, k) B22~B d(d

-j.

is related to the axial-vector bilocal current
A,".(», y) by

(18)

&PIA,"2(2»y 2»)+A&2(-2»I 2») I o}
1

= -2P" d(u e'~'*"G((o)
-1

In Eqs. (13) and (16), we can see that the vertex
function F(q', k', m, ') decreases as (q') ' when
both q and k' become large. It should be noticed

holds [Q in the Ao22(0) is the quark charge (ma-
trix)]. Gross and Treiman' have predicted the
scaling of F(q', k', m, ')

P QF(q', k', m, '}-H(&u) = — d~', G(~')
(d CO K

(16)

in their scaling limit, Q'- ~ with ~ = Q'/P ' Q
fixed, by assuming the gluon quark model for the
light-cone current commutator"

[~„(x),~.(y)J

=s "D(x —y)fs„, B[vo"(x, y) —v,', (y, x}]

+is„„B[Ao2(x,y)+Ao2(y, x)]}
for (x —y)'= 0, (17)

that these results (13) and (16) strongly depend
on three assumptions: the validity of the BJL the-
orem, ' the nonexistence of the q-number Schwin-
ger term, and the quark model for the space-
space (bad-bad) component of the equal-time cur-
rent commutators. More intuitively, however,
we believe that F(q', k', m, ') decreases as one of
the virtual-photon masses squared q' (or k') in-
creases with the other k' (or q') fixed, since in
this case the vertex function can be interpreted
as an ordinary electromagnetic form factor with
the external two legs staying nearly on the mass
shell. " If, in fact, the m yy vertex function de-
creases at all, which we shall assume hereafter,
then from the sum rule (8) we can arrive at the
following remarkable conclusion: A combination
of the form factors of the AVV vertex, G, (q, k', 0)
—G,(q', k', 0), should approach a constant S/222
as one of the virtual-photon masses squared q'
and k' increases, or alternatively another com-
bination of the form factors,
—2G, (q', k', 0) + [k'/(q'+ k') JG,(q', k', 0)

—[q'/(q'+ k')]G, (q', k', 0) + —,'G, (q', k', 0),
should decrease as fast as (S/222)(q'+ k ) '.

Both the w yy vertex function and the form fac-
tors of the &VV vertex as functions of q' and k'
with P'=m „' are observable in principle. Of
course, we need to assume the smoothness of
extrapolation of these functions from P' =m, '
to P' =0 in order to check the sum rule (8) ex-
perimentally. An easier measurement of
F(q', k', m, ') can be made by the two-photon pro-
cess for the w production by e'e colliding beams,
e'+ e —e'+e + n . We can find whether the ver-
tex function decreases rapidly by comparing the
observed cross section with the cross section
calculated exactly by Brodsky, Kinoshita, and the
present author" for the constant vertex. The
total cross section at energies E= 3 GeV for each
beam is of order 10 "cm', which is large enough
to be measured in the near future. It is more
desirable to measure directly the vertex function
as a function of q' and k' by detecting both of the
scattered leptons (1 and 2) at large angles. The
differential cross section is given by'

d(P8 88 & E2Et Es (E Es )2(E Er )2

dE'dcos& dE'dcos8 dQ (q'k')'

for m, '« —q', -k'«4E', (20)

where E', and 8, (i= 1 and 2) are the energy and
angle of the scattered leptons, respectively, and
Q is the coplanarity angle. Although the effective

cross section is small for large -q' and -k'
[-10 "cm' for E= 3 GeV and -q', -k'& 1 GeV'
if (13) is the case], it is easy to find whether the
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vertex function decreases as in Eq. (13), or
whether it scales as in Eq. (16}. On the other
hand, we can measure the form factors of the
XVV vertex G,. (i = 1, . . . , 6) by a process such as
e'+ e -e'+e + v+ v and e'+e e'+e + p. '+p .
In the latter process, the AVV vertex appears in
the interference term between the a' and n'G~
(where G~ is the Fermi constant G~m~'= 10 ')
amplitudes which produces the forward-backward
asymmetry and the polarization of the produced
muons. Therefore, this proposal is similar to
the old one made by Cabibbo and Gatto, and oth-
ers, "for detecting the effect of leptonic neutral
weak currents in the process e'+ e —p. '+ p. .
Qf course, a contribution of the interference to
the cross section for the processes of our inter-
est is small and of order G~s x10 "cm' & 10 "
cm' for E= 3 GeV and s= 1 GeV', where s is the
invariant mass squared of the produced lepton
pair (vv or p'g ). Both the royy vertex function
and the form factors of the AVV vertex will, how-
ever, become interesting subjects in high-energy
physics because they may provide a best probe to
the mechanism of binding the pion and, hopefully,
to the interaction between quarks, if any.

In conclusion, it may be worthwhile to note
that, from Egs. (5) and (19), we can easily write

down sum rules for the imaginary part of the
vertex functions of the various pseudoscalar me-
sons and two photons":

and

(21)

where f„and f„.are the leptonic decay constants
of the eighth and the zeroth pseudoscalar meson,
respectively. These sum rules, as well as the
sum rule (8), correspond to the Adler sum rule"
for neutrino productions.
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