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This property distinguishes crucially our approach
from the one advocated by the Cambridge group (Ref. 4).
In fact, owing to the singularity at infinity of our ampli-
tudes, it is not possible to perform the rotation of con-
tours in the complex plane, by which these authors show
the vanishing of the diffractive contribution in several
cases.

Any amplitude is so defined that every quark leg
carries only the square root of the quark propagator. In
this way we need not take explicitly into account quark
propagators in both formulas and figures. No claim is
made as to the validity of the unsubtracted Lehmann-
KaI15n representation for the quark two-point function.

A. H. Mueller, Phys. Rev. D 2, 2963 (1970).
'~See, for example, R. Brandt and G. Preparata, lec-

tures given at the 1971 Hamburg Summer School (unpub-
lished) and references therein.

t4We thank Frank Paige for help in this estimate.
V. N. Gribov and L. N. Lipatov, Phys. Letters 37B,

78 (1971), and report (unpublished); P. M. Fishbane and
J. D. Sullivan, Phys. Rev. D 6, 645 (1972).

This has been also noticed, with the mentioned
differences, in parton models by P. Landshoff and J. C.
Polkinghorne [Nucl. Phys. B33, 221 (1971)] and in an
interesting series of papers by R. Blankenbecler, S. J.
Brodsky, and J. F. Gunion [Phys. Letters 39B, 649 (1972)
and recent SLAC reports (unpublished)l.

'7Recent work has been carried out along similar lines
by M. Bohm, H. Joos, and M. Krammer, Nucl. Phys.
B51, 397 (1973).

PHYSICAL REVIEW D VOLUME 7, NUMBER 10 15 MAY 1973

Multiparticle Partial-Wave Amplitudes and Inelastic Unitarity.
II. Analysis of Three-Body Unitarity

William H. Klink
Department of Physics and Astronomy, University of Iowa, Iowa City, Iowa 52240

(Received 17 August 1972)

The three-body unitarity equations are analyzed and it is shown that the partial-wave amplitude for
three reacting particles almost fixes the form of the partial-wave amplitude for two reacting particles
and the production partial-wave amplitude. Further, it is shown that unitarity imposes constraints on
the form taken by the three-body partial-wave amplitude. A program is suggested for utilizing these
ideas.

I. INTRODUCTION

Of the various model-independent constraints
imposed on relativistically invariant scattering
amplitudes, unitarity is, in general, one of the
most difficult to satisfy. Only at low energies,
where two-body or quasi-two-body reactions pre-
dorninate, is it reasonably clear how to satisfy
unitarity constraints. But in those energy regions
where (nonresonant) particle production reactions
are important the constraints imposed by unitarity
become very complicated.

In this paper we will analyze three-body unitar-
ity involving 2- 2, 2- 3, and 3- 3 reactions. (The
numbers designate the numbers of reacting parti-
cles. ) The motivation for such an analysis arises
from the pion-nucleon system, where unitarity re-
lates the reactions NN-NN, NN-NN~, and NNm- NN~; but at this stage the three particles under
consideration will be spinless and distinguishable
in order to focus on the unitarity equations alone.
In a later paper, dealing specifically with the pion-

nucleon system, spin and other complications will
be taken into account.

Thus, we wish to look at a system consisting of
three spinless, distinguishable particles, interact-
ing at energies between the three-body and four-
body thresholds. The starting point for the analy-
sis is the observation that in this region the uni-
tarity equations form a closed set of nonlinear
equations relating the amplitudes 2- 2, 2- 3, and
3- 3. The main problem is how to deal with the
3- 3 amplitude, for the corresponding reaction is
not experimentally accessible (unless one of the
initial particles is viewed as a bound state of two
particles) and very little is known about it theoret-
ically. Further, it will be shown that the 3- 3 am-
plitude dominates the unitarity equation in the
sense that knowledge of it almost fixes the 2- 2
and 2- 3 amplitudes.

A related problem has to do with the analysis of
experimental data concerning production process-
es. While a phase-shift analysis is feasible for
two-body scattering processes, not only because
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the scattering amplitude depends on very few
(namely two} parameters, but also because some
of the analytic structure of the amplitude is known,
the same is not true for production processes.
Thus with the production of just one particle the
number of parameters in the scattering amplitude
in general increases to five. The exhibition of
data for production processes in a reasonably mod-
el-independent manner is a very difficult task.
Further, recent papers have brought into question
whether it even makes sense to carry out a 2- 2
phase-shift analysis in those regions where inelas-
ticity is significant. '

The point of this paper is to take these two prob-
lems and deal with them together. Since it is dif-
ficult to experimentally analyze a production pro-
cess in order to learn what the underlying scatter-
ing amplitude is, we will pretend that the 3- 3 am-
plitude is known and use the unitarity equations to
predict the form of the 2- 2 and 2- 3 amplitudes,
which are experimentally accessible. Now, getting
any realistic 3- 3 amplitude may seem to be a
hopeless task in light of the limited theoretical
knowledge of such amplitudes, but it will be shown
in Sec. III that the unitarity equations put con-
straints on the type of 3- 3 amplitudes that will
satisfy three-body unitarity.

A program then might be to start with simple 3
-3 amplitudes, generated, for example, from
Feynman graphs, and view the unitarity constraints
as imposing corrections on the amplitude. Once
the unitarity constraint on the 3- 3 amplitude is
satisfied, the other parts of the unitarity equations
can be used to predict the form of the 2- 2 and 2
—3 amplitudes.

More precisely, in Sec. II the general form of
the unitarity equations will be discussed and it will
be shown how these equations relate partial-wave
amplitudes of the relevant reactions (rather than
the amplitudes themselves}. Then in Sec. III the
unitarity equations will be analyzed and it will be
shown that the 3-3 partial-wave amplitudes do not
uniquely fix the 2- 2 and 2- 3 partial-wave ampli-
tudes. Rather, what happens is that, in order to
fix the 2- 3 partial-wave amplitude (up to an over-
all phase) and the inelasticity parameter of the 2
-2 process, knowledge of the 2-2 phase shift
felon' the three-body threshold is also required.
In order to fix the over-all phase of the 2- 3 par-
tial-wave amplitude, it is necessary to also know
the 2- 2 phase shift above the three-body threshold.

The constraints imposed on the 3- 3 partial-
wave amplitudes by unitarity will turn out to in-
volve restrictions on the eigenvalues and eigen-
vectors that such partial-wave amplitudes can
have. The detailed analysis of these restrictions
will actually be carried out in Appendix B.

II. STRUCTURE OF THREE-BODY
UNITARITY EQUATIONS

To analyze the three-body unitarity equations it
is necessary to carefully specify the variables that
occur in 2-2, 2-3, and 3-3 amplitudes, since
it is the corresponding partial-wave amplitudes
that appear in the equations. For clarity of expo-
sition, only spinless distinguishable particles are
being considered, so that the amplitudes can be
written as follows:

2~ 2I

(1"2"
i pi 1' 2') ~ A(s, x)

= Q(2 J+I)"'P~(x)A~(s),

(2.1a)

(1"2" 3"
i
gi1'2') ~ A(s, 8, s,")

3 ~

xA~s (s, sq~) ~ (2.1b)

(1"2" 3"
i g i

1'2'3') ~ A(s, R, s,", s,')

xA~sms (s, s, s ) .
(2.1c)

Ws is the total invariant energy while J is the an-
gular momentum; since both quantities are con-
served they appear as diagonal labels in the uni-
tarity equations and are considered arbitrary, but
fixed. x, 8, and A involve angles between incom-
ing and outgoing systems in the over-all c.m. sys-
tem, The most general rotation, A, involves three
Euler angles and is to be understood as relating
the body-fixed frame of the outgoing particles to
the body-fixed frame of the incoming particles in
the 3- 3 amplitude. In the 2- 3 amplitude the two
incoming particles form a line rather than a plane
so that only two angles, n, are required to specify
this line relative to the outgoing plane. Finally, in
the 2- 2 reaction only one angle is needed to re-
late the incoming direction to the outgoing final di-
rection.

What remains are the subenergies, specifying
the relationship between the initial particles
(primed quantities) and the relationship between
the final particles (double-primed quantities).
Quite generally in this paper (as in I)' the initial
particles will be labeled with primes, the final
particles with "double primes, " while the interme-
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-2(ElE" —lp'I lpga'Icos(), , -),
(Pl P22)2 M 2+M 2

-2«'E" - lp,'I lp."Icos(), .-).
(2.2)

E,', E,", E,", etc. , are all functions of subener-
gies, while the angle between 1' and 2", 8. . . can
be related to the angles between 1" and 2", which

is a function of subenergies, and q, the azimuthal

angle. Although for some purposes it is useful to
have explicit expressions for the angles in terms
of relativistic invariants for the unitarity equa-
tions, this is not the case here since only relations
between partial-wave amplitudes are involved, in

which the rotations are eliminated. The partial-

diate particles occurring in the unitarity equations

will be unprimed. All the subenergies can of
course be written explicitly as relativistically in-
variant quantities. For the case of three particles
(e.g. , the final particles) s," can be chosen, e.g. ,
as (p)'+p,"}'and (p,"+p3')2; but it is better to leave
the actual choice of subenergies unspecified, to be
chosen after the unitarity equations are developed.

It is also possible to write all of the rotations
appearing in the amplitudes (2.1) as relativistic
scalars. For example, in the 2-3 reaction, n

can be associated with the momentum transfers
(p)'-pl')', (p,' —p,")', since

(P,' —P,")' =M, +M,

(a) 2 Im

(b) 2 Im

(c) 2Im ~ =

FIG. 1. Bubble diagrams for three-body unitarity
equations.

f(~'-v)=v'r (2 3)

and considering various possible matrix elements.
Remembering that we are considering reactions in

a world consisting only of particles 1, 2, and 3
means that a complete set of states inserted be-
tween 1'~ and V' gives the following equations:

wave amplitudes are denoted by A's in Eqs. (2.1)
and the variables for the various reactions explic-
itly indicated.

That the unitarity equations involve relations be-
tween the partial-wave amplitudes can be seen by
starting with the operator equation

21 (1"2" ll'll'2')= J l(1"2" (2'1(12)(12(2'll'2') (1"2" (2' (123)(12312'll'2')l,
intermediate

momenta

(2.4a}

2Im(1" 2"3"
I
1'l I'2') =

I
(I"2" 3"

I

q't I12) (121&II'2') +(I"2" 3
I & I123) (1231&11'2')

intermediate

+(1"2" 3" Iq't I123) (12 le ll'2')E, () (p, —p,')]+ ~ ~ ~, (2.4b)

21 (1"2"3"12'll'2'3')= f l(1"2"3"
/

2/1()2)3(1 32/(2/(' ('23) ~ (1"2"3"
I l) 2)1( (2//(2' (2' (()23

intermediate
momenta +(1"2"3"I'r~ I123) (12I 1'l l'2')E, ()3(p, —p,')+ ~ ~ ~ ]. (2.4c)

Time-reversal invariance has been used in writing i ( Ig —r' I) =2 Im( I Kl). If the partial-wave amplitudes
introduced in Eqs. (2.1) are substituted into the unitarity Eqs. (2.4) and the integrals over intermediate
momenta used to extract the relevant rotations, there results a set of three equations for the partial-wave
amplitudes which can be written most expressively in graphical form, as shown in Fig. 1. The number of
legs on the bubble(s) designates the relevant reaction and partial-wave amplitude. It is to be noted that not
all reactions have been included in Figs. (1b} and (lc}; the missing reactions are those occurring when the
particle labels are permuted and are indicated by the dots.

Written out in terms of the partial-wave amplitudes the unitarity equations become

(2.5a)
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2(mA „(s,s,")=Ad„.(s, ,")A (s)+ Z fds, (A,„„»(s, „,") 'A „„.(s, s„s,")]A „(s, s, ), (2.5b)

2 I A „„(,s,", ,') = Z fd, A "„„(2,„,")A „„(,s„,') ~ A „«(s, s,")A „(s,s,')

~ r fd .*A', -(. .. !')A (. .. !)~ Z fds A,"„„(,s„s,")'A,„„(s,s„.')
(2.5c)

The 3- 3 partial-wave amplitudes with superscripts correspond to those reactions in which one particle
does not interact with the other two; thus 'Ad„-„(s, s,", s,') is the partial-wave amplitude corresponding to
the reaction in which particles 1 and 3 interact, and particle 2 does not. The form of such "disconnected"
amplitudes is given in Appendix A, where it is shown that they depend only on the phase shift helot the
three-body threshold. Only those terms in Eqs. (2.5) have been written out which correspond to the bub-
bles in Fig. 1. Thus, in Eqs. (2.5) there are also missing terms, corresponding to suitable permutations
of the "disconnected" partial-wave amplitudes.

From Eqs. (2.5) it is clear that the quantities s and J are diagonal in the unitarity equations. To sim-
plify the notation, they will be suppressed with the understanding that they are arbitrary but fixed. (s of
course lies between the three-body and four-body thresholds. ) Further, it is to be noticed that the dis-
crete index M, running between -J and +J, and the integration over the subenergies ds„always consti-
tute the "measure" over the intermediate states; if we replace (M, s, }by the single symbol x;, then
dx; "="p„fds, and the unitarity equations become

» A =
I
A I* ~ Z fd*;I A (*;)I*, (2.6a)

2( A(;")=A'(*(')A+ 2 fd (A'(*;, *;") 'A "(*;,*;")]A(*;), (2.6b)

2I A(*(', *()= Z fd*;A (*,*,")A(;, ) A (,!)A(',.)

~ Zfd*;('A'(*;, *(')A(;, *,') A'(*, , *,.")'A(*.. .') ~ 'A ( .. .")'A(, , ,)], (2.6c)

1+iX =ye" (2.7)

where g is the inelasticity parameter and 5 the
phase shift. Equation (2.6a) then becomes

Several general observations can be made about
these equations. First, Eq. (2.6a) is usually re-
written in a form which puts a bound of 1 on the
magnitude of the 2- 2 partial-wave amplitude by
introducing

(2.9)l ds, (Ad„(s, s, ) (' ~1,
As

where b, s, is the window size of the detector in
terms of the subenergy s, . Equation (2.8) relates
experimentally observable quantities, namely g,
obtained in a phase-shift analysis and

~
A(x;) ~,

which occurs in the differential cross section of
the 2- 3 reaction holding s and s, fixed, and inte-
grating over all n:

I 2' ~ E fd IA(*;)I'=, (2.8)
d U(2- 3) ~ZIA dd(s s)lds (2.10)

indicating that q & 1 and any singularity that
~A(x;)~' might have is integrable. But in contrast
to inelastic 2-2 reactions [see Appendix B, Eq.
(B8)] no bound can be put on the 2- 3 partial-wave
amplitude, using only unitarity arguments. How-
ever, from an experimental point of view, with
counters and detectors always involving finite
widths, Eq. (2.8) can be used to put a bound on
~
A(x;) ~', of the form

In contrast, Eqs. (2.6b) and (2.6c) involve the 3
—3 reaction, which has not been experimentally
observable; for this reason these two equations
have been less useful than Eq. (2.8), since very
little is known about 3- 3 reactions. One might
hope to use the second and third unitarity equations
to learn something about 3- 3 partial-wave ampli-
tudes, assuming that experimental information is
available for the 2- 2 and 2- 3 process. But it is
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to be noted that in Eq. (2.6b), half of the variables
in the 3- 3 partial-wave amplitude are integrated
over, so at best one might extract some informa-
tion relating to suitable averages over 3- 3 par-
tial-wave amplitudes. And in Eq. (2.6c}, the 3- 3

partial-wave amplitude occurs in almost every
term.

It thus seems hopeless to learn anything about

the 3- 3 amplitude from knowledge of the 2- 2 and
2-3 amplitudes, for the 3-3 amplitude quite
clearly "dominates" the other amplitudes. Rather
the point of view to be taken here is that one should
start with some guessed form of the 3- 3 ampli-
tude and use the unitarity equations to test the
guess by seeing what sorts of results are pre-
dicted for the physically accessible 2- 2 and 2- 3
reactions. Such a point of view will be discussed
more fully in the conclusion. Section III will show

that, assuming A(x(', x,') and the phase shifts below
the three-body threshold are known, q and A(x(}-
up to an over-all phase —can be computed. If the
phase shift 5 is also known between the three-body

III. SOLUTION OF THE THREE-BODY UNITARITY
EQUATIONS IN TERMS OF THE 3 ~ 3

PARTIAL-WAVE AMPLITUDE

To analyze the unitarity equations, we first re-
write Eq. (2.6c) by defining

3

T(x(', x,') =A(x;", x,'}+ Q 'A(x,",x,'), (3 1)

i.e., T is the sum of the connected plus one-line
disconnected graphs (see Appendix A). Then,
making use of the fact that the one-line discon-
nected partial-wave amplitudes satisfy two-parti-
cle elastic unitary [see Eq. (A6)],

21m'A(x('&x, ') = I'A( x&x,'}I',

it is possible to write Eq. (2.6c) as

(3.2}

and four-body thresholds, then the over-all phase
of the 2- 3 partial-wave amplitude can be com-
puted.

3

2lm A(xf, x,')+ g A(x,". , x,') = P dx, A*(x„x,")+ Q 'A*(x;, x(') A(x;, x )+ Q A(x(, x(')
k=1 k k'

+ A *(x(')A (x() . (3.3)

Here all the disconnected terms have been in-
cluded, in contrast to Eq. (2.6c), where the per-
muted terms were left out for convenience. Equa-
tion (3.3) becomes

2& (,')&= 2 j"d,. ,*, (*&„*,")&(*;),

The unitarity equations become

1 =q'+
II A II' [rewritten form of Eq. (2.8)),

(3.6a}

r
0=pe " A*(x,")+ Q J

dx, S(x,.",x, )A(x, )

+ A *(x,")A (x() . (3.4) [rewritten form of Eq. (2.6b)], (3.6b)

To analyze the nature of the constraints imposed
by unitarity on the reaction matrix T(x;",x,'), we

introduce the S matrix by including the totally dis-
connected 3- 3 partial-wave amplitude [Eq. Al)],
so that

S(x;",x,') =J(x, )5'(x,"—x )+iT(x;", x,').
Also the "measure"

+J
dx;= Q d's,

N= -J

(3.5)

can be used to generate a Hilbert space 0 with in-
ner product

(f(;)= Z Jd*;f"(*;)&(*,),

and the operators S and T can be thought of as op-
erating on this space, while the 2- 3 partial-wave
amplitudes are to be seen as elements of this
space with norm less than one.

A(x,")A*(x,') =J(x,')5(x(' —x,')

[rewritten form of Eq. (3.4)] . (3.6c)

Now since g Jdx, S*(x„x;")S(x„x,') is self-adjoint,
it has a real spectrum and can be diagonalized by
some unitary transformation. Further, written in
operator form as I —S~S, it is seen that the right-
hand side of Eq. (3.6c) is an (defect)' operator of
rank one. Thus, the eigenvalues of S~S are of the
form (x, 1, 1, 1, . . . , 1, . . . ). Let v ~K, II v II

= 1 be
the eigenvector associated with the eigenvalue x;
operating with v to the right of Eq. (3.6c) gives

A(A, v) = v(1 —x), (3.7)

and taking the inner product with A to the left gives

IIA II'(A, v) =(A, v)(1 —«). (3.8)
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s's=ofD f'o',
where D is a diagonal operator whose first entry
is the eigenvalue ~ and all other entries are of
modulus one; 0 is real orthogonal while a is a
complex number relating the 2- 3 partial-wave
amplitude A to the eigenvector v. If the relations
of Eq. (3.9) are substituted into Eq. (3.6), the fol-
lowing scalar equations are obtained:

1 = n'+
I
~ I',

fzf=q,

0=pe " a*+her.

(3.10)

From the last of Eqs. (3.10) it can be seen that

p -2i 6 -i argo + i arg X. + iarga
t

i (7t+argX) 2i (arga-h)
t

argX = x —2(arga+6).

(3.11)

For a given operator S, which is properly unitary,
the eigenvalue X can be computed. But there is no
way to independently compute either 5 or arga.
Therefore one of these quantities must be given-
either from experiment or from some theory. We
will regard the 2-2 phase shift 5 as given and use
Eq. (3.11) to compute arga and thus compute A,
the 2- 3 partial-wave amplitude. It is interesting
to note that being able to write A as av means that
A is real except for an over-all phase, which of
course can depend on s and J.

To conclude this section we translate the basic
results of Eqs. (3.9) and (3.11) into results on the
T matrix, remembering that T includes all the
one-line disconnected partial-wave amplitudes as
well as the connected 3- 3 partial-wave amplitude.
In order for any such T matrix to satisfy unitarity

Combining Eq. (3.8) with (3.6a) shows that x = q';
thus, the one unique eigenvalue of S~S is q'.

The argument now proceeds in the same manner
as in Appendix B, where the operators are finite-
dimensional matrices. If S is normal, there is a
unitary operator that diagonalizes S (the case
when S is non-normal will be dealt with in the fol-
lowing paper), and hence diagonalizes Sts; using
Eq. (3.6b) it then follows that the vector v of Eq.
(3.7) is an eigenvector of S associated with a com-
plex eigenvalue ~ of magnitude q. Conversely, the
same unitary transformation that diagonalizes
S S also diagonalizes S, but since S is symmetric,
the unitary transformation is real orthogonal; col-
lecting all these results together gives

S =ODO

Sv=Xv, v real, of length one
(3.9)

it is necessary and sufficient that it have one
unique eigenvalue (qe"" —1)/i and associated
real eigenvector v. All the other eigenvalues are
of the form (e' —1)/i, where 4 is a phase. The
2- 3 partial-wave amplitude is related to the
eigenvector v by A = b'av. More explicitly

J i~) ('P —1

A,z(x;) = ia(s, J)v,~(x, ),

2arga(s, J) = 26(s, J) +argP. (s, J);

(3.12)

the dependence on v s and J, the total invariant
energy and angular momentum, is to be noted.

Thus, we have shown that q and
f
A f, the inelas-

ticity parameter and the magnitude of the 2- 3
partial-wave amplitude, can be computed as ap-
propriate eigenvalues and eigenvectors of the T
matrix, which involves knowing the connected 3
—3 partial-wave amplitude and the phase shifts of
the 2- 2 reactions below the three-body threshold.
Finally, if the phase shift of the 2- 2 reaction be-
tween the three-body and four-body thresholds is
known, the over-all phase of the 2- 3 partial-wave
amplitude can be computed.

IV. CONCLUSION

It is now necessary to explain in somewhat more
detail how we hope to make use of the unitarity
equations developed in Sec. III. It is well known
that it is difficult to simultaneously satisfy unitar-
ity and crossing. Thus, in generalized Veneziano
models, crossing is explicitly built into the mod-
els and a problem is then how to incorporate uni-
tarity. ' Conversely, when potentials can be used,
for example, with the Faddeev equations, ' unitar-
ity is automatically satisfied, but then the rnean-
ing of crossing is not clear.

The point of view to be taken here is that any
(relativistically invariant) model amplitudes should
first be forced to satisfy three-body unitarity and
then their crossing properties analyzed. The most
obvious way to obtain (partial-wave) amplitudes is
to start with simple Feynman graphs —leaving the
functional form of certain (form) factors undeter-
rnined —and force these amplitudes to satisfy
three-body unitarity. It can be argued that such a
starting point is not entirely arbitrary since Feyn-
rnan graphs with appropriate form factors often
give reasonable results. '

Concretely, what this means is to choose a
Feynman graph for a 3- 3 process, compute its
partial-wave amplitude, make use of some of the
undetermined form factors to unitarize the graph
via the Eqs. (3.12), and then see how the unitarized
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graph agrees with experiment by computing the

magnitude of the 2- 3 partial-wave amplitude and

the inelasticity parameter for the 2- 2 process.
Thus the laboratory for the 3- 3 amplitude is to
be found in the predictions that are made for the

experimentally accessible 2- 2 and 2- 3 reactions.
Now it must be conceded that such a program

will probably be difficult to carry out -but if it
can be, then since the forms of the 3- 3 partial-
wave amplitudes are explicitly given, it should be

possible to cross them into a domain involving the
2- 4 reaction which is also experimentally acces-
sible. For example, the amplitude for the reaction
nNN- ~NN can be crossed to give NN- ~~NN. The

degree to which this amplitude violates four-body
unitarity can be determined via the four-body con-
straint equations and then crossed over to the
original channel. In this way one might hope to
use crossing in an iterative manner in conjunction
with unitarity in the various channels.

It should be pointed out that such a program is
much less ambitious than a full S-matrix program,
in that in each energy region only a finite number

of particles are involved, and some experimental
information is fed into the equations.

The goal of the next papers then is both to pro-
ceed withan analysis of the case when the 3- 3
partial-wave amplitude is non-normal, using the
theory of characteristic operator functions, 4 and

to find some simple models that satisfy the three-
body unitarity equations. There are several ways
of doing this, including the expansion of 3- 3 par-
tial-wave amplitudes in a superposition of reso-
nances using anharmonic Fourier analysis and
seeing under what conditions a 3- 3 partial-wave
amplitude will generate a resonance. If it is pos-
sible to find amplitudes that satisfy three-body
unitarity and also agree reasonably well with ex-
periment, then it will be necessary to extend the

unitarity equations to include four particles in or-
der to implement crossing. But such an extension
should not be difficult to carry out. Finally, in

order to be able to deal with the ~NN system it is
necessary to include complications arising from

spin, and also to include in the unitarity equations
the fact that there is another two-body open chan-

nel, namely NN- md.

APPENDIX A: PARTIAL-WAVE AMPLITUDES

FOR DISCONNECTED DIAGRAMS

In many of the calculations dealing with unitar-
ity, it proves useful to have expressions for par-
tial-wave amplitudes of disconnected processes.
Only two such disconnected amplitudes can occur
in three-body unitarity equations, one involving
three particles which do not interact, the other al-
lowing two particles to interact while the third
does not. Consider first the totally disconnected
partial-wave amplitude (PWA); we have

[Totally disconnected PWA] =J(s,')5'(s,"—s,')5„„,
(A1)

where J(s,') is a phase-space Jacobian. That the
partial-wave amplitude for the totally disconnected
term is of this form can be seen by noticing either
that a general 3- 3 partial-wave amplitude is
written Az„.„(s,s,", s,') and the 5 functions indicate
no change in subenergies or reference frame, or
by writing an "amplitude" for three noninteracting
particles with prescribed subenergy relations be-
tween them and computing the partial-wave ampli-
tude. The form of the Jacobian will of course de-
pend on the variables chosen for the subenergies.

The partial-wave amplitude for the disconnected
process denoted 'A(x;) in Eq. (2.5a), in which par-
ticle 3 does not interact with particles 1 and 2,
can be written

'A~„„(s,s,",s,') =([sJ]p= Oo"; M" s,")T»)[sJ]p= Oc'; M's,'}, (A2)

where ~[sJ]p= 0 o; Ms, }is a three-particle state, labeled by the total invariant energy v s, total angular
momentum J, spin projection c, and taken in the over-all c.m. system of the three particles (p =0). M is
a spin projection along a body-fixed axis of the three particles, while s„as before, represents some
choice of two subenergies. Finally, T» is the reaction operator, so labeled to indicate that only particles
1 and 2 interact.

To write (A2) in a more convenient form, we use the Racah coefficients of the Poincard group' to go to a
coupling scheme where particles 1 and 2 are coupled first and then the resultant coupled to particle 3. We
have' (deleting all primes)

~ [ sJ]p = 0 c; M s, ) = Q (2 j + 1)'"D„„[R(P,)]D' 0[R '(P, )R(P, (12 c.m. ))] ~ [ sZ] p = 0 c j ms„}, (A3)

where s» =(P, +P,} and R(P, (12 c.m. }) is the rotation specifying the direction of particle 1 in the 12 c.m.
frame. Substituting Eq. (AS} (and its adjoint) into (A2) gives
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'Az„„(s,s,",s,') = Q (2 j+1)D„[R(p,")]D„[R(p,')]D'*,[R I(pa')R( p,"(1'2"c.m. ))]

x D~,[R '(p,')R(p,'(1'2' c.m. ))]A)(s,', )6(sI", —s,', ). (A4)

A further simplification occurs if the "third" yarticle of both initial and final states defines the z axis of
the initial and final body fix-ed frames, respectively. Then D„[R(p,)] =6„„and (A4) becomes

'A „„.(s, s,", s,') = 4v Q Y,„.(8", 0)Y,„(8',0)A (s,', )5(s,", —s,',)6„„,
f

(A5)

where 8 is the angle between particle 3 and particle 1 in the 12 c.m. system. Equation (A5) indicates that
the natural subenergy variables to use in disconnected three-body partial-wave amplitudes are the energy
of the noninteracting particle, which is proportional to s» and obviously conserved in the reaction, and the
angle between the noninteracting particle and one of the interacting particles in the c.m. system of the two

interacting particles. In a succeeding paper it will be shown that such a choice of subenergy variables
generates a rectangular Dalitz plot and is a natural set to use for processes involving resonances.

It is also to be noted that 'A(x, ) (and of course k = 1, 2 also) satisfies two-particle unitarity, of the form

2 Im 'A (*,", 2 ) = r fdh, 'A (*„*;")'A (2;, *,') .

To see this, use Eq. (A4) and write

2(m'A(2(', 2,')= Q fdic,
'A (*„*;)'A(2;, ', )

= Z ds. Z(2j +1)D;JR(P.}]D'*-dR(PS}]D',(8)D"..(8")A*(s,.)6(s,.—sl'. )
jm

x Q (2j' I)D'„(R(P,)]D'22. $R(p,')]D',', (8}D".,(8')A, .(s„)6(s„—s,', )
y 'm'

= 2 (2j+1)D;*-JR(Pl')]D; dR(P,')]Dao (8"}D'..(8'}IA)(&I.) I'5(&2'2 —&l2)
y, m

= Q (2 j+1)D„*.[R(p,")]D„.„[R(p,')]D'~0 (8")D~,(8')2 ImA, (s'„)6(s2'2 —s,', ) . (A6}
f ~lg

To get to the last line of Eq. (A6) involves using the orthonormality of the D' functions and choosing as a
set of variables for the subenergies the quantities ))' s» and the angle 8 between p, and j)2 in the 12 c.m.
system. The 5 function in the subenergy s», the orthonormality of the D'(8) functions, and the group prop-
erties of the rotation R(p, ) eliminate the "integration" over the measure dx; = Q„fds,

More generally, it can be seen that the natural set of subenergy variables to use in the disconnected
partial-wave amplitude A is the invariant energy of the kth particle and the angle between the kth particle
and one other particle in the c.m. system of the other two particles. The "rectangular" Dalitz plots are
bounded by cosa going from -1to +1, and the invariant subenergy going from its minimum value, the sum
of the masses of the two other particles to its maximum value, the difference of the total invariant energy
and the mass of the kth particle. It is to be noted that A, (s,', ) involves only the phase shift below the three-
body threshold, and in this region q, the inelasticity parameter is always one. Thus the partial-wave am-
plitude T(x(', x )=A(xd'Ix()+ Q,', 'A(x;", x,'} is known if the connected 3-3 partial-wave amplitude and the
phase shifts in the disconnected terms are known.

APPENDIX B: SOLUTION OF N-DIMENSIONAL
UNITARITY EQUATIONS

In this appendix we wish to look at unitarity
equations arising from finite-dimensional unitary
matrices. ' Such equations arise when it is possi-
ble to approximate three-body equations as quasi-
two-body equations, and should be a good approxi-
mation to the more complicated three-body equa-
tions when resonance effects dominate the three-
body amplitudes. Since in this approximation we

N-1, N N.

Each diagonal entry represents an eiastic reaction

have only two particles in the initial and final
states, it is possible to label each possible set of
two particles by a number j; we then have the fol-
lowing possible reactions:

1-1, 1 2, . . . 1 N,

2 1, 2 2, . . . 2-N,
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of the form j-j, so there are N elastic reactions.
Because of time-reversal invarianee, j- k =k- j;
further, if all the particles are spinless, a given
amplitude can be written as

"S matrix"

8 =I+H

A' '(E, x)= QP, (x)A', '(E) (B2)
(B9)

Now unitarity can be written in operator form as

f(r' —r) = r'r, (B3)

which, in terms of allowed matrix elements, .be-
comes

(&I&'-rli&=Z J(&I@'I )( Isla), Q4)
n

where a complete set of states
~
n) has been in-

serted between V'~ and V'. Expanding the ampli-
tudes into their partial waves and making use of
time-reversal invariance then gives

2ImA~ (E)= Qp„A~ "*(E)A~ "(Z), (B5)

where p„ is the phase-space factor arising from
the integration over the momentum variables in
channel n. Equation (B5) is often written as a ma-
trix equation by setting A~+ '(E) = A».

2ImA =A pA.

By defining a new partial-wave amplitude which
includes a square root of the phase-space factor,
it is possible to eliminate the matrix p completely;
thus, in the following equations, we will set p=I.

Now set 1+iAf f = gfe" f; then the diagonal ele-
ments of Eq. (B5) give

1=(~')"Z IA'-"I',
n&f

(BV)

which shows that all partial-wave amplitudes are
bounded by 1, i.e.,

IA! '(E)1=1 (B8)

The argument leading to Eq. (B8) is substantially
unchanged even if the reacting particles have spin.
But if the variables that occur in the unitarity
equations include continuous variables such as
subenergies, then it is no longer possible to de-
fine a bound such as (B8}; rather a bound of the
type given in Eq. (2.9) seems to be the best that
can be done.

The preceding argument suggests that it is use-
ful to have a discrete matrix analog of the "contin-
uous matrices" that occur in the actual three-body
unitarity equations. " Such matrices can be ob-
tained either by considering the subenergy vari-
ables to be discrete, or suppressing them com-
pletely and dealing only with the quantum number
M, the projection of angular momentum running
between -J and J. Thus, consider the reduced

where 8 is a symmetric, unitary, ( N+ 1)x ( N + 1)
matrix, and the "reaction matrix" has three parts:
t, corresponding to a 2- 2 partial-wave amplitude;
T, an N eornponent vector, corresponding to a 2- 3 partial-wave amplitude, ' and T, symmetric,
corresponding to a 3- 3 partial-wave amplitude.
We will pretend that T is known and see what con-
straints T has to satisfy, and what can be learned
about T and t from the unitarity equations, (B3}.

It turns out to be simpler to work directly with

the 8 matrix, so we write

(q" A~) (B10}

=A~A', (Bl1}

and 8 is to be regarded as an operator acting on
the space of vectors defined relative to the inner
product (B11}.

With 8 satisfying S~S = I, the unitarity equations
become

0'+
II A II'=1,

SA+qe " A*=a,
AA' =I-S'S.

(B12a,)

(B12b)

(B12c)

Now S S is Hermitian, therefore it can be diago-
nalized; since AA is of rank 1, it is clear that
the eigenvalues of S~S are of the form
(x, 1, 1, . . . , 1}. Denote the normalized eigenvector
associated with the real eigenvalue x as 8 and ap-
ply Eq. (B12c}to v:

A(A, v) =v(1 —x). (B13)

Operating on (B13)with A from the left then gives

((A (('(A, v) =(A, v)(1 —x),
(B14)

which shows, using Eq. (B12a), that x=7''. The
possible solution (A, v) =0 of Eq. (B14) will not be
considered since it corresponds to

~~
A

~~

= 0, as
can be seen from Eq. (B13). Thus, the nondegen-
erate eigenvalue of S~S equals the square of the
inelasticity parameter. Since all the remaining
eigenvalues are one, the orthonormal eigenvectors

where A is an N-component column vector; there
is a natural inner product on vectors which can be
written

N

(A, A') = Q A,~A,'



MUL TIPARTIC LE PARTIAL -WAVE AMPLITUDES ... II. 2989

S = ODO, 0 orthogonal, (816)

and thus, A*=a*v, with 8 real. Equation (816) is
similar to the well-known decomposition of an ar-

can be freely chosen, only satisfying the condition
that they be perpendicular to v.

If S is a normal operator, so that [S,St] =0, then
S can be diagonalized by a unitary transformation

S= UDU (815)

where U is unitary and D is a diagonal matrix of
the form (A., e' &, . . . , e""), with P. the complex
eigenvalue corresponding to the eigenvector v.
But since S is also symmetric, Eq. (815) forces
U to be a real orthogonal matrix, so that

A. a+ye " a*=a, (817)

so that
~

X
~

= q and 25 = w —2 arga —arga. Since nei-
ther 5 nor arga can be obtained independently, it
is clear that one variable, which we choose to be
the phase shift 5, must be given in order to deter-
mine arga.

bitrary unitary symmetric matrix, except that D
has entries of modulus one everywhere except for
the first entry, where the magnitude of the eigen-
value X is less than one.

VVe thus conclude that S has a unique real eigen-
vector v and a complex eigenvalue ~, which, using
Eq. (812b) is related to qe" by

D. Atkinson, P. W. Johnson, and R. L. Warnock,
Commun. Math. Phys. 28, 133 (1972).

2Notice that the problems concerning the possibility
of phase shift analyses do not occur here since the
inelasticity parameter is equal to unity.

3W. Klink, Phys. Rev. D4, 2260 (1971).
4B. Sz.-Nagy and C. Foias, Harmonic Analysis of

Operators on Hilbert Space (American Elsevier, New'

York, 1970).
~See, for example, the article of G. Veneziano in

Elementary Processes at High Energy, edited by
A. Zichichi (Academic, New York, 1971), Part A.

~See, for example, the article of R. Amado in Ele-
mentary Particle Physics and Scattering Theory, edited
by M. Chrbtien and S. S. Schweber (Gordon and Breach,
New York, 1967), Vol 2.

7D. Drechsel and H. J. Weber, Nucl. Phys. B25, 159
(1970); V. C. Suslenko and V. I. Kochkin, JINR Dubna
report, 1970 (unpublished).

This equation comes from Ref. 3, Eq. (B13), and is
obtained by setting all intrinsic spins equal to zero.

9C. Eftimiu, J. Math Phys. 13, 458 (1972).
D. D. Brayshaw, Phys. Rev. D 6, 196 (1972).
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Multiparticle Partial-Wave Amplitudes and Inelastic Unitarity.
III. Solution of the Three-Body Unitarity Equations

Using Characteristic Operator Functions
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Tke most general solution to the unitarity equations involving 2 —2, 2--3, and 3 —3 processes is
given when the total (including all disconnected processes) 3 —3 partial-wave amplitude S is
non-normal. The solution is given in terms of characteristic operator functions, using the theory of
completely nonunitary operators. It is shown, once the characteristic operator function is given, how to
compute the 2 —3 partial-wave amplitude. An appendix shows that, if S can be exponentiated and all
forces are two-body forces, no particle production is allowed, i.e. , the 2--3 partial-wave amplitude is
zero.

I. INTRODUCTION

In the preceding paper' (hereafter referred to as
paper II) it was shown that the unitarity equations
involving three reacting particles could be re-
formulated as eigenvalue-eigenvector equations,
in that one could regard the 3-3 partial-wave

amplitude S as an operator acting on a suitably de-
fined Hilbert space, the 2- 3 partial-wave ampli-
tude being an element in this space of length less
than or equal to one. This 2- 3 partial-wave am-
plitude was then shown to be the unique eigenvector
of S S, with the eigenvalue being equal to the
square of the inelasticity parameter of the corres-


