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%'e consider sum rules for the process xA ~IZ obtained by equating the fixed-t and the
fixed-u dispersion relations for the invariant amplitudes at a suitable point. The sum rules
relate the transition magnetic moment for Z A+ y to the contributions from s-channel.
singularities. The results obtained are in agreement with the predictions of SU(3) and SU(6)
symID etry.

It has been shown' that many of the higher-sym-
metry relations RInong the trilinear hadron cou-
plings emerge from dispersion relations in a well-
defined dynamical limit. The derivation starts
fxom the sum rules obtained by equating at thresh-
old the unsubtracted dispersion relations for the
appropriate elastic amplitudes in the forward Rnd
the backward directions. However, these sum
rules cannot be easily extended to (two-body) in-

elastic processes, owing to the complication
caused by the presence of kinematic branch points
in the dispersed variable.

In this note we analyze an analogous type of sum
rules for the process n'A- m'Z'. These sum
rules are obtained' by equating the fixed-t and the
fixed-u dispersion relations for the lnvarlant am-
plitudes at a suitable point (s„t„u,), called the
matching point. These are'
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g[„„'/4w as evaluated from the observed decay
width of the p meson is
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Here A. , and B, stand for the t-channel contribu-
tion. The Z pole is written on the assumption of
SU(3) symmetry for the meson-baryon (pseudosca-
lar) coupling, and the I'/D ratio of the two types
of couplings is specified by the parameter
~ =-~/(~+a).

The t-channel contribution near threshold is
assuIned to be given entirely by the p-meson pole.
This assumption has been extensively tested' in
the sum rules for other pion-baryon processes.
The form of the pZA coupling is obtained from the
hypothesis of universality of the p-meson cou-
pl. ing. '

p can then couple to Z and A through the
induced magnetic moment It.'zz only. The p-meson-
exchange contributions to the amplitudes are then
found to be

A, (s, t, u) g '
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g~„,'/4w = 2.43 + 0.4.

In determining the matching point (s„ t„u, ) in the
sum rules we have to keep in mind the restrictions
imposed by requiring (i) the validity of unsub-
tracted dispersion relations, (ii) the reliability of
resonance saturation of sum rules ln the narrow-
wldth approximation to which we take resort ln
evaluating the dispersion integrals, and (iii) the
convergence of partial-wave expansion of the imag-
lnRx'y part of the amplitudes ln dlspex'Sion lnte-
grals. The asymptotic behavior of the amplitudes
as predicted by usual Hegge asymptotics is well
known and alII.ows unsubtracted dispersion rela-
tions to be written for t, ~30p, ' and no&72@,', re-
spectively. The narrow-width approximation for
the resonances makes it desirable to evaluate the
sum rules at a point not too close to any of the res-
onances. We thus prefer to take s, not above mZ

threshold.
The convergence of the partial-wave expansion

of the lmaglnary pRrt of the amplitudes 18 deter-
mined by the nearest singularity in the cos0 plane
which, assuming Mandelstam representation, may
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be obtained from the boundary of the (s, f) spectral function. This boundary is given by
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where s =118 '. The partial-wave series converges in a region given by
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4 p. '&u, & max [—t(s) + Z —s] = 23.0y. ',
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for the fixed-t and fixed-u dispersion relations,
respectively. t(s) is given by Eqs. (6) and (7). It
is clear that, strictly speaking, Mandelstam ana-
lyticity does not allow the expansion of the imag-
inary part of the amplitudes in the fixed-u disper-
sion relations for any value of u, . However, we

may note that the branch points corresponding to
the exchange of two pions in the I channel are weak
and may be ignored, in consistency with our ap-
proximation for the t-channel singularities that
only the p meson contributes significantly in this
channel. Also, since the dispersion integrals in
the sum rules are evaluated in resonance approxi-
mation, we may require the convergence of the
pax'tlal-wave expaQslon in the xesoQance region
only, i.e., s' (the integration variable in the dis-
persion integrals) up to -200''. It is then clear
that the restriction on partial-wave expansion in

f, and u, may be greatly relaxed. (An idea of the
range of to and uo resulting from neglecting the
spectral function in the region 4p. '& t&16p, ' and

confining s' to -200'. ' may be obtained from the
dashed curves CC' and DD' in Fig. 1.) We may

now take the matching point at s, = (m z+ g)'
=90.7p, ', t, =10@.'9 and u, =37.5p, '9 which satisfy
all the requirements stated above.

In evaluating the contribution of resonances to
the sum rules in the narrow-width approximation,
we take the parameters of the resonances, in par-
ticular the widths and the branching ratios from
ex

9

experiment. The process considered being inelas-
tic, this procedure is to be supplemented with a
determination of the signs of the contribution of
resonance exchanges arising from the relative
phase at the two vertices. %'e determine the rel-
ative phases by assuming SU(3) symmetry. ' The
result of resonance saturation of the sum rules is
shown in Table I. In this connection we point out
two uncertainties from which these evaluations
suffer. First, in view of the fact' that the SU(3)
predictions for the couplings with octets and de-

couplets of higher resonances, except for the —,
"

decouplet, are in rough agreement with experi-
ment, it is not certain that the unbroken coupling
constants will bear the same phase relationship
as the actual (broken) coupling constants obtained

by introducing adequate symmetry-breaking inter-
action. Secondly, the experimental situation re-

80-

FIG. 1. Singularities determining the ranges of t 0 an

uo for the fixed-t and the fixed-u dispersion relations
for mA z Z scattering. The upper and the lower curves
represent plots of the boundary of the spectral function

and the right-hand side of the inequality (S). (Energies
are in pion-mass units. )
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Hesonance
(mass in

MeV)
Contributions to sum rules
A. amplitude B amplitude

(1383)

(1670)

(1750)

0.172+0.029 —0.063+ 0.011

0.037+? -0.081+?

(1765)

(1910)

0.008+? -0.018 ~ '?

-0.002

TABLE I. Resonance contributions to the sum rules
in units of p=5=c=l.

and backward dispersion relations now disappears,
and we wish to investigate whether any symmetry
result emerges in this degeneracy limit. There
is one sum rule of the latter type which is partic-
ularly convenient in investigating dynamically the
results of higher symmetry, viz. , that for the
helicity-nonf lip amplitude, since it has the dis-
tinctive feature of suppressing the contribution of
even partial waves. It is therefore a good approxi-
mation to retain in this sum rule only the contribu-
tion of Z and Z(1383) in the dispersion integral.
Thus, following the method of Ref. 1, we equate
the dispersion relations for the amplitude

(2030)

Total resonance
contribution

Z pole contribution

0.009+0.003 0.002

0.226 + 0.029 -0.162 + 0.011

D(arz) =—[A((uz) + (uzB(~z) j
1

in the forward direction and

(13)

Total (right-hand side) 0.226 + 0.029 —0.391+ 0.011
E(co') =— A((u') + I3((o')

4p mv

in the backward direction to obtain the sum rule as

garding the resonance structure around the region
of Z(1670) is uncertain''; more resonances may
be discovered in this region on better resolution.
%e take the width and the branching ratios of
Z(1670) derived from a formation experiment. We
obtain the following values for wz~ from our sum
rules:

&3 4~m' 3vS 4~M'P '

(15)

where g* is the N¹w coupling constant, (u ((uz, ) is
the c.m. (lab) pion energy, and I is the mass of
Z(1383). Consider now the limit in which the in-
duced p coupling tends to zero. Then, with o. = 5

as given by. SU(6) symmetry, we obtain the result
zzA=1.85+0.38 (A sum rule),

zzA=1.60+0.27 (8 sum rule),

g 2 A+2

25 4m 4m
(16)

in good agreement with the SU(3) prediction, viz. ,

azA= —-', v 3 ~„=1.66. (12}

Reasonable variation in the matching point does
not significantly alter the values obtained above.

It is interesting to consider the case of degener-
ate Z and A mass. The kinematic complication
which led us to consider the present sum rules
instead of those obtained by equating the forward

known from SU(6) symmetry. " Indeed, the sum
rule, Ezi. (15), may be considered together with
the three other sum rules obtained in Ref. 1 by
considering amplitudes for mN, mZ, and w- scat-
terings. All these consistently yield SU(6)-sym-
metry results in the same limit as above.

I am grateful to Professor H. Banerjee for sug-
gesting the investigation and thank him and Pro-
fessor B. Dutta-Boy for helpful discussions.
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