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We present the underlying theoretical motivation for the recently introduced kinematic variable n°.
Scattering amplitudes are considered as functions of s and n°, and asymptotic formulas for s = at
fixed n° are derived. It is shown empirically that many diffractive reactions appear to scale, i.e., they
show little or no energy dependence when considered as functions of n2. The shrinkage of the forward
diffraction peak in do/dt, seen in many reactions at present energies, is predicted to die out with increas-
ing energy. It is shown that pp — pp scattering should exhibit antishrinkage. Several reactions are
studied: pp = pp, K'p > K'p, mw*p = n*p, yp > pp, yp = ép, pp ~ pN*. Speculative predictions are
made for a kind of “superscaling” in inclusive reactions and in deep-inelastic electron scattering.

I. INTRODUCTION AND MAIN RESULTS

In a recent letter ! we introduced a new kinematic
variable n2 (whose origin lies in certain group-
theoretical considerations) in terms of which high-
energy scattering data show remarkable regulari-
ties. In the above-mentioned letter we were con-
tent to discuss some of the phenomenological con-
sequences, mainly in connection with the energy
dependence of the slope in diffraction scattering,
and to point out the connection in pp scattering be-
tween 72 and the variable g% ,? introduced long ago
by Krisch,? on totally different grounds.

The aims of this present paper are

(i) to describe in detail the basic theoretical
reasons for suggesting that #? is a more suitable
and natural variable than ¢{ for the description of
scattering at high energies, and

(ii) to make a more detailed, though still some-
what qualitative, comparison between theory and
experiment for several high-energy reactions. It
will be shown as an empirical fact that diffractive
processes exhibit a type of scaling, i.e., they are
essentially energy-independent when considered
at fixed n®. The empirical results go far beyond
the predictions of the theory and suggest that 2 is
not only a preferred variable from the point of
view of kinematics, but also perhaps is singled
out for some underlying dynamical reason.

Unfortunately, the starting point for the deriva-
tion of the variable n? is a rather technical one,
based on considerations of the theory of conspira-
cies and Toller poles. Nevertheless we believe
that the principles involved and the results obtained
are of great interest. We shall therefore attempt,
in this introduction, to give a qualitative and non-
technical discussion of the main principles in-
volved, and also to summarize the essential re-

sults of our analysis. A discussion of phenome-
nological applications is to be found in Sec. III.
Our conclusions, as well as some speculative pre-
dictions about the behavior of inclusive reactions,
about deep-inelastic electron scattering, and about
nondiffractive 2—~2 scattering, are located in Sec.
IV. All technical details are contained in Sec. IT
and can be skipped by the reader who is primarily
interested in the phenomenological implications

of our results.

The scattering amplitude f for any 2- 2 process
is basically a function of two independent con-
tinuous variables —say k and 6 or s and { —and very
often one expands f in terms of well-defined func -
tions of one of the variables with coefficients
which depend on the other variable, for example,
the usual partial-wave expansion,

fk,8)=3" @1+1)f,(k)P,(cosb). 1.1)
1=0

The question we wish to discuss is “What deter-
mines which expansion we choose? Why use the
Legendre expansion and not a Fourier integral or
any other type of expansion?” The answer isalways
that simplicity is a vital criterion. It makes
sense, for example, to use the Legendre expan-
sion, Eq. (1.1), for mp —mp scattering at 200 MeV
because we know, from other considerations, that
only a few terms in the series are necessary to
obtain an excellent approximation to f (¢, 8) in this
energy region. It does not make sense to use Eq.
(1.1) at CERN Intersecting Storage Rings (ISR) en-
ergies.! We shall thus take as an axiom thal an
expansion is only useful ov worthwhile if theve is
at least a chance that the function undev study can
be reasonably approximated by one ov a very
small number of terms in the series.

Now it sometimes happens that we can tell, on
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general grounds, that there is no hope at all of
approximating a function by one or just a few
terms of a certain expansion. Suppose, just for
the purposes of illustration, that f (g, 6) possesses
a peculiar symmetry such that

f(ky 9)=f(k,9+¢'), (1-2)

where § is some given angle, say 23°. Then it is
clear that the expansion, Eq. (1.1), is not a useful
one since to satisfy Eq. (1.2) we would have to cal-
culate P(cos (9 +¢)) in terms of P,/ (cosf), involving
a range of values of /, and the condition (1.2)
would then impose a host of linear relations
among the f; (k).

In general terms, if f(k, 6) possesses some
exact symmetry under 6 -g(8), say

flk,g@N =]k, 6),

then, if simplicity is our aim, we should use ex-
pansion functions that themselves possess this
symmelry, i.e., we should write

Sk, 0)=23 a,(k)d,(6),

where each d,(f) has the symmetry property
d(g(6))=2rd,6).

In this way it is clear that there is no inconsis-
tency in approximating f (g, 6) by just one term in
the expansion.

It is precisely this type of difficulty that ap-
pears in Regge theory. One considers a process

A+B-~C+D (1.3)

and uses as variables ¢ and 6, the energy squared
and the scattering angle, respectively, in the
center-of-mass system of the ¢ channel AC— BD.
One then performs a Legendre expansion based

on the /-channel scattering angle and obtains, with
z,=c0s0,,

Sk, 0)=F(,8,)

=25 RI+1) /(P (2,) . (1.4)
1

It is very well known how one replaces the sum
over [ by the Sommerfeld-Watson integral, etc.,
and eventually obtains the Regge asymptotic be-
havior

F(, 9:) ~ 3(t)Pu(¢)(_Z¢)- (1.5)

2 >

For almost all values of £, the above procedure is
perfectly all right. The trouble arises at certain
special values of ¢ where F(¢, 6,) suddenly develops
additional symmetry properties, symmetry prop-
erties which are not possessed by the P (z,) them-

selves. Thus one obtains complicated equations
among the f(¢) for different ! values. To avoid
this one should not use the Legendre expansion at
these special ¢ values, but rather an expansion
based on representation functions which them-
selves possess the necessary symmetry property.

The most important special ¢ value, from the
point of view of describing physical scattering
processes, is t=0. For example, in elastic scat-
teving, it can be shown®* that F(t=0,0,) has an
extra symmetry as compared with F(¢+0,9,).
This necessitates, according to our criterion of
simplicity, that we restrict our use of the P, (),
i.e., representation functions of the rotation
group O(3), to t+#0 and that for =0 we use the
representation functions of the homogeneous Lo-
rentz group, 03, 1).

We ask now, “What happens at ¢ =0 in inelastic
scattering?’ Again it can be shown*° that
F(t=0,6,) has a special symmetry, but —and this
is the crux of our entire investigation - the special
symmetry is not the same as in the elastic case
at =0, and to satisfy our criterion of simplicity
we should now employ representation functions of
the group of rotations and translations in a
plane, i.e., of T,XO(2).

Now this is a very peculiar state of affairs.

The representation functions of O(3,1) and T,
X0(2) are quite different in character, yet on
physical grounds it is almost impossible to be-
lieve that a reaction in which the masses of the
final particles equal those of the initial particles
and a very slightly inelastic reaction are totally
different from each other as s~ «. For example,
if we compare the case of reaction (1.3) in which
m,=mg, mg=mp with a reaction in which m, = m,
but mg = my, +Am we would expect the reactions to
look more and more alike as Am -0, and we
would expect some kind of smooth transition from
one case to the other. However, the mathematical
structure changes discontinuously —no matter how
small Am is one must use T,XO(2) and not O3, 1).
We have a situation, therefore, in which a small
continuous change in the physics is being de-
scribed by a major discontinuous change in the
mathematical structure. It is not difficult to
show ° that the cause of this peculiar behavior lies
in a bad choice of kinematic variables, namely

in the use of £, or more precisely in the use of
the momentum-transfer vector

K=p,—p., K®:=t (1.6)

as a fundamental variable in the description of the
scattering amplitude. We have therefore looked
for a vector to replace K, in terms of which the
mathematical structure would be insensitive to
whether the reaction was elastic or inelastic. In
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other words, if the scattering amplitude has a
certain symmetry at some fixed value of the new
vector, then we require this symmetry to remain
unchanged as we vary the external masses of the
reaction. In this way the unnatural distinction be-
tween processes with different external masses
is eliminated and it becomes possible to use the
same expansion functions in all types of reactions.
For example, if we wish to compare the diffrac-
tive production pp - pN* with pp - pp then in terms
of the new vector the mathematical structure of the
two reactions is similar and any differences would
presumably reflect genuine dynamical effects.

The only vector we have been able to find with
the above properties is the 4-dimensional normal
to the scattering plane:

N, =2€,,,,paP5 ¢ - 1.7

Because of momentum conservation it is essen-
tially irrelevant which three of the vectors p,, pg,
Pc,Pp we choose for the definition of N, .

In the c.m. system of the reaction (1.3), with
the y axis taken perpendicular to the scattering
plane as usual, one has

N,=0, N=2s2p,p,(0, sing, 0), (1.8)

where p; = [p;| and p, = |P;| are the magnitudes of
the initial and final c.m. momenta.

As is discussed in detail in Sec. II it is the in-
variance properties of N, that determine the sym-
metry group ® and thus the expansion functions.

It is clear that for 6 #0 or m, N, is unchanged by
the pure Lorentz transformations in the x or z di-
rections and by rotations about the y axis, and
this will lead to the use of representation functions
of the group O(2, 1) made up of these three op-
erations. On the other hand, for §=0 or 7, N,
becomes a null vector and is unchanged by arny Lo-
rentz transformation; so we will be led to use the
representations of O(3, 1) for forward or back-
ward scattering. The most important point is that
these statements hold regardless of the values of
the external masses and therefore apply uniformly
to all 2 -2 reactions. However, it will turn out
that we have to pay a price for the use of n% - it
will be necessary to make some continuation off
the mass shell, and to assume that in small ex-
cursions from it no serious mass dependence is
introduced.

We therefore consider the scattering amplitudes
as a function of the vector N, together with

p=pp+pp and q=p,+p.,
. 1.9)
f=f®;p,q).

The general property of Lorentz covariance, as

i.e

usual, allows f to depend only on two independent
scalars, which in this case are N*and p-q;p-q
is essentially s and

N2=—¢ (s, t,u), (1.10)

where ¢ is the Kibble function,” whose vanishing
defines the boundaries of the physical regions in
the Mandelstam plane for all of the related chan-
nels

AB~CD, AC-BD, AD-~CB.

While specifying s and ¢ defines a unique kine-
matic point in the Mandelstam plane, it should be
noted that specifying s (>0) and N2 (<0) defines
two points in the s channel, related by having
scattering angles 6 and m-6, respectively. This
implies that a function of the variables (s, {) is
actually a function of (s,N?, ), where ¢
=sgn(%1r —60). The introduction of such a sign is a
common feature of coordinate transformations.
This + sign will be taken as implicitly present in
all that follows even when not explicitly written.
Of course, f(s,N? +)and f(s,N? -) will, in gen-
eral, be completely different. However, in spe-
cial cases like pp scattering

f=7(s,N? +)=f(s,N? =)= f(s,N?).
In general, for any scattering amplitude, one can

write

(s, 0)=fs(s,N?)+cosb f,(s,N?), (1.11)

from which it follows that only the symmetrized
and antisymmetrized scattering amplitudes

fs6,N*) =3[/ (s,0)+ f(s,m = 06)],

Fas N 2ot [ £ (5, 0) = f (5,7 = 6)]

2 cost

1.12)

can be analytic functions of s and N2.

For the purposes of making the little-group ex-
pansion, to be discussed in Sec. II, we define
from N, a vector, n,, which has the dimensions
of a 4-momentum. This little vector is defined by

Ny

nLl=R(s’ tr miz) ’

(1.13)
where R (s, t, m;?) is a Lorentz scalar with mass-
squared dimensions. This vector n, then has
exactly the same group properties as N,. We then
consider the symmetrized and antisymmetrized
scattering amplitudes of Eq. (1.12) as functions of
s and n®. A Regge-type analysis leads to the as-
ymptotic behavior

Sfls,n?) o~
s»m;n2 fixed

b (p2)s* ) | 1.14)

where a(n?) is the position of a pole in an angular-
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momentum-like plane conjugate to the momentum
vector n,. Since N2 is completely crossing-sym-
metric between all three channels, it might seem
aesthetically appealing to choose R =constant
(GeV)? so that »? still has the same crossing prop-
erties as N2 - for the purposes of this analysis the
normalization R could be any scalar. However, a
difficulty arises when we study the high-energy
behavior of f (s, n2) at fixed n2 if R =constant.
Since as s =

N2.s?% (1.15)
and for small »2 we have

a(n?)=a()+a’ (0)n?, (1.16)
Eq. (1.14) gives

ag Szt) % 2©)+a’s?1/R2-1]

- b(R s . (1.17)

However, for small ¢ and asymptotic energies we
expect

do

=7 (t)sz[a(o)+a' t-1] .

(1.18)

We see that Eq. (1.17) is in complete contradiction
with this expected behavior if R =constant. Indeed
with R = constant and a’#0 the amplitude given by
Eq. (1.14) is not polynomially bounded for 0<¢
<4m?. Thus we are forced to choose the function
R such that

Z -t
s

n"’:t(l - )+%(m‘,’-mc’)(ms"’ -mp?)

1
* 3 [t(m 2 =mp?)(mc? =mp?) + (m2my? =mg®m ) (m,? - my? -m? +my?)],

with
Z=s+t+u

= 2 2 2 2
=myt+mpg” +my +mD .

In most 22 reactions either m, = m_ or
mp=my. Inthese cases

n2=t(1-z“t)+o(iz>.
S S

While by definition, Eq. (1.19), n2~¢ at fixed ¢
as s—=, n? is very different from ¢t for nonasymp-
totic energies and for large scattering angles.
This is illustrated in Fig. 1 where a typical curve
of n? =constant is shown in the Mandelstam plane.
The main results of our theoretical analysis us-
ing the variables s and n2 are as follows:
(i) Scattering amplitudes considered as functions
of s and n? possess a mathematical structure that
is independent of the values of the external

(1.23)

R~s

as s -« for small {. We shall find that the most
convenient choice is just R =s so we define

2 v
nu= (pA +pB)2 €‘nlpapA Pgﬁg
1

=3 N,. (1.19)

A more detailed discussion of this problem, given

in Sec. I, shows that it is not advisable to at-

tempt to make R a crossing-symmetric function.
We shall therefore describe the scattering am-

plitude as a function of s and n2, not forgetting

o =sgn[t,(s —-s,)], where

to=t —u +(m,2 =mg?)(m2 —=mp?)/s (1.20)

and the line ¢ ={, intersects the curve n? =constant
at s=s,,s, with s,<s,, which means o=sgngn - 9)
in the s channel. We note that
2
n?=-4 bipd sin%9
s

4 2

(1.21)

and that n?~ —p, % as s — . However, as will be
discussed in Sec. III, one cannot neglect the s de-
pendence of the factor p,%/s even at Serpukhov en-
ergies.

From Eqs. (1.10) and (1.19) one has, in general,

(1.22)

—tsy

FIG. 1. A typical curve of n2=v (<0) plotted in the
Mandelstam plane — for simplicity we have chosen the
masses of all the external particles to be equal. This
hyperbola is asymptotic to the lines ¢ =v and # =v which
are shown. The branches of the curves with their signs,
o, defined by Eq. (1.20), are also given.
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masses.

(ii) Comparison of experimental data as a func-
tion of s and »? for similar reactions but with dif-
fering external masses should give a direct indi-
cation of dynamical effects.

(iii) A “Toller-like” treatment shows that for
forward scattering in any reaction

f*c*n-m g (5,6=0)

~ b §8+©@)=1= M=\ 4= cll

8->

A=XeiAg=Ap

(1.24)

for a pole with Lorentz quantum number M and
trajectory intercept a,(0) at n2=0. We see that
the dominant pole for a given helicity amplitude
has M =+(A,-1g). It should also be noted that
this result is identical to Toller’s result for elas-
tic scattering,® but that Eq. (1.24) now holds for
all processes.

(iv) For backward scattering we obtain

f)‘c)\D.XA)\g(s, 0 =77)
5 s8=-©)=1 [M=-1Xa=Xcll
~ XA-)\C.)\D—)\B

s>

(1.25)

where a_(0) is now the intercept of a pole which
dominates in the backward region.

(v) For the region inside the physical bounda-
ries one has

2
Fxexpiang§ 1) =03 i xgnp-2p (7%,

(1.26)

where the + (=) sign refers to poles which domi-
nate scattering in the region 8 <n/2 (6 >1/2).
These formulas are expected to hold only for
|n?| <s.

As emphasized earlier the only point in using
such expansions of the scattering amplitude is if
they simplify the description of the physics. We
have therefore studied several reactions, plotting
the data as a function of 72 to see what emerges.
The results of this phenomenological study are
quite dramatic. We find:

(vi) Differential cross sections for reactions
that are mainly diffractive, such as pp - pp,
K*'p~K*p, vp—~p, vp—~p%, and pp—~pN*, show
a remarkable s independence, or scaling, as a
function of 2. Data from a very large range of
energies and angles all fall close to a universal
curve which is a function of »2 only, i.e., one has
phenomenologically that

d
sd—‘: (s,n?)=~ G (n?) only. (1.27)

g

This means, Eq. (1.26), that the leading pole in
diffractive scattering has

a(n?)=~1 (1.28)

in the physical scattering region and all the shrink-
age in ¢ for these reactions comes not from a
moving pole but merely from the s-dependent rela-
tion between n2 and ¢.

It will be shown in Sec. III that each pole in our
angular -momentum-like plane, which produces
the asymptotic behavior given by Eq. (1.26), in-
duces an infinite set of poles in the usual Regge j
plane. Thus our leading trajectory, Eq. (1.28),
corresponds to a model for the Pomeranchukon
which would look like an infinite sequence of
“fixed” poles at j=1,0, -1, =2, ..., in the Regge j
plane. There is an important lesson to be learned
from this result. Normally one associates shrink-
age of the forward diffraction peak with the non-
zero slope of a Regge trajectory, and one always
neglects very low-lying trajectories, say those
with @ <0, or equivalently terms of order 1/s
compared to the leading ones. Yet in the above a
sequence of essentially flaf poles, corresponding
to terms of order 1/s, 1/s? ..., etc., compared
to the leading one, add up to give a differential
cross section in which the forward diffraction peak
shrinks, even at Serpukhov energies.

(vii) For those diffractive reactions which are
exotic in the s channel, the slope parameter

b(s,m?) = [{1%' 1n<5—?)]g=o

-8, (1 -%) , (1.29)

where Z =3, m;? and B, is a reaction-dependent
constant.

For reactions reached from these by s-u cross-
ing, one predicts that ultimately their slope pa-
rameters will be given by

B(s,mg):;ao(n-f-) : (1.30)

where B, is the same constant as in the crossed
reaction. In particular since pp - pp forward scat-
tering obeys Eq. (1.29) we find that pp ~pp scat-
tering should obey Eq. (1.30) and so exhibit anti-
shrinkage (at least at energies where secondary
trajectories cease to be important).

(viii) For reactions that are not purely diffrac-
tive, e.g., 7*p -n*p, we find that the data cluster on
an n? plot and seem to oscillate around a universal
n? function as the energy is varied. There is some
indication that the magnitude of the oscillations is
dying out as the energy increases and we are
tempted to conjecture that the data will ultimately
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collapse onto the universal n? curve. A more de-
tailed analysis of the s dependence of the data at
fixed n? is under current investigation.

II. PARTIAL-WAVE ANALYSIS; THE NEW
LITTLE - GROUP EXPANSION

A. General Discussion

We have seen that the little group of », within
the physical region is O(2, 1) and on the physical
region boundary is O3, 1) regardless of the mass-
es of the external particles. It is therefore our
aim, in this section, to expand the scattering am-

J

plitude for arbitrary masses and spins in terms
of unitary irreducible representations of the ap-
propriate little group of the normal vector n,. In
order to achieve this we must express the helicity
amplitudes as a function of the Lorentz trans-
formation leaving 7, invariant. We do this in the
spirit of Toller’s approach? but using essentially
the formalism of Delbourgo, Salam, and Strath-
dee.®

We begin by defining a type of M function from
the s-channel helicity amplitude

(PcScrcs PoSoADIT|PaS A a5 P5Ss8)

which describes the process A +B-C +D:

My, os(Pcy Pps DarP)=(DcScC; poSpa|T| p4S43; P5Ssb)

Sco SDO
EDC)\C dXD(L

The states |p,S,a) and (p.Sc| transform accord-
ing to the finite-dimensional representations of
the Lorentz group as follows:

| 645.48) = T [ PSANDAIL,™), @.2)
A
(peScel = Z) DIS0(pScAe - @.3)

Using these equatlons we see that the M function
satisfies the covariance condition

Myg,06(PcsPps Pasbp)
= 2 DP(ATY)Dgpe(ATY)

c'd’a’b’

X Mc’d’,a’b’ (A’C N APD;A’A’APB)

X DA’ (A)DSE (M) . 2.4)

We rewrite M, ,, as a function of the three four-
vectors n, p, and g defined in Eqs. (1.9) and
(1.19):

cd ab(n ps q) cd, ab(pC:pD; pA’pB) . (2'5)

Just as in conventional Regge theory we will find
separate asymptotic formulas for the forward and
backward regions. In the following analysis we
shall assume that we are in the forward hemi-
sphere. The results for the backward hemisphere
then follow by analogy.

We next couple spins S,, S to give J and Sp, S,
to give ® J’ and define formally

pn)(PcSc)‘c 3 20SpM ol T1PaS M5 Pasa)‘a)D)\s:zo(LpA-!)Dsno(Lp h.

(2.1)

E)nl’m',.rm(n; p,q)E(pJ'm’|T(n)|qu) (2-6)

= 3 C(Sgh; I'm’, Spd)

cdad
x C(Sqc; Jm, S \a)
M, a5 0,9) . (2.7)

This new matrix element, ;. ;.(7; p,q), satis-
fies the following covariance condition:

My rme, sm (5 D,9) =23 DS (A7Y)
RR'
X My rpr, p(An; Ap, Aq)

xDJO@A) . (2.8)
Recalling Eq. (2.6) it can be seen that we can for-
mally write this covariance requirement as

UA)|gdm) = Z) |AgdR)DJOA), (2.9)

(PI'M UM Q) =53 DI% (A ) ApIR' |, (2.10)
2.
UNAT(n)U™(A) =T (An). @2.11)

Having described some of the formalism we now
go on to discuss our partial-wave expansion for
the forward scattering amplitude.

B. Expansions on the Physical Region Boundary

In any reaction, for either forward or backward
scattering we have n = (0, 0, 0, 0) so that for any
A€0@G,1)



2674 E. LEADER AND M. R. PENNINGTON

TAn)=T(n)=T (). (2.12)

Now in the s channel both the vectors p and g are
timelike so that we can define the standard vec-
tors p©), q @ such that A,, A, are real transforma-
tions:

p =App(°) =Aplp| 10,0, 0);
q =Aqq(°) =A¢I ql (1’ 0, 0’ 0) .

(2.13)
2.14)
We can now rewrite the covariance condition, Eq.
(2.8), with A=A,”" and obtain
ml.r'-'..rm(O; b, q) =.Z.;' D::g' (Ap)
X My rpr, 12 0; PONTIALG)

X DIoA,"Y). 2.15)

We lastly define the function

FJIMI‘JM(A) = E m,rmr.‘,-u (0; pm), Aq(O))D:l‘l):m(A) .
-l'
(2.16)
With A =A,"!A, we see that

Frim,sn®)= 2 §,D,’,52' A, Myme, 12 05 1, 9)
X DJ%, (A,)DZ% . (A,"1A,)
= .z.;D:is' A,~XpJ k' | TlaJk)DISA,)
=(pON'M U (A,)TU (A,)|q®Im)

= (PO |TU (A,7A )|gIm)
i.e.,
F,,,.,.,,,,(A)=(p(°’J'm'|TU A)|gum) , 2.17)

where we have used the fact that withn =0, T'(n)
=T(An). We have at last succeeded in defining a
function F which depends only on the little-group
transformation of the vector » u» and this is the
function we shall expand. However, before dis-
cussing the actual expansion we must first con-
sider not just the transformations A =A,"*A_ but
also A= (A k)" (A h,), where A h,,A %, belong
to the so-called left and right covariance groups.
These are the intersections of the groups of trans-
formations which leave both #» and p®’ and both #
and ¢, respectively, invariant. As p®’,q"’ are
timelike, the transformations k, and &, can be

any rotations:
h’p(o) =Rp® = ©,
h,q® =Rq® =g . @.18)

These invariances give rise to the right and left
covariance conditions, as follows:

=3

Fyim, sm(AR) =(p©T'm’ |TU (AYU (R)|q"*Jm)
=§,F,l..,,,,,u(A)D,{.~,,.(R) @.19)
and similarly
F,,m,,,m(RA)=MZI)’D;,’,$M,,(R)F,.,,,.,',,,,(A). (2.20)

We are now ready to consider the expansion of
the function F,/,/ ;.(A). Any function which is
square-integrable over the noncompact group
manifold may be expanded in terms of the repre-
sentations of the principal series. We parametrize
A€ 0(@3, 1) in the following way 3:

Ay, 0,,vy,8,0,,v,) =Ry (1y,0,,v,)
Xa,(£)R,(0,6,,v,),
2.21)
where
Osp,<4m, 0<f,sm, Osvy, <2m,
2.22)
0sg<eo, 0s<6,sm, Osy,<27m.

R,, R, are rotations and a, a z-direction boost.
We can then expand a square-integrable function
F(A), in the following way 3:

{0
FM)=3 [ axorr-x)
M Y-iw

X 25 Fi}yo DN (), (2.23)
inid'e’
where the parameters M, A are such that
Rer=0, —o<ImA<w,
M| =0,3,1,3%,..., (2.24)
Jj,J'=lM|, M| +1,....
Then
P = [ aADE) @) F ), (2.25)

where the invariant measure on the group dA is
given by

dA =dp,dv,dv,sinb,db, sinb,d0, sinh?d¢
(2.26)

and the integration is over the ranges given in Eq.
(2.22). We refer to the work of Toller for the
properties of the representations of the homo-
geneous Lorentz group, D}, (A).

It should be stressed that in order to carry out
the integration in Eq. (2.25), one has to know F(A)
for all A€ O(3,1). However, the definition of
F(A) in Eq. (2.17) is only physical for a restricted
range of A. We thus require a continuation of Eq.
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(2.17) off the mass shell at fixed n?. We assume
that for small excursions off the mass shell at
fixed n?, it is permissible to ignore the mass de-
pendence. The same remark will also apply to
the O(2, 1) analysis in Sec. IID.

Before applying the expansion formula, Eq.
(2.23), to Fyipr, ;m(A), which we shall assume to
be square-integrable over the O3, 1) group mani-
fold,!° we use the covariance conditions to elimin-
ate some of the indices. We note from Eq. (2.21)
that any A< O(3, 1) can be written as

A=R,a,C)R,,

where R, R, are rotations and a, is a z-direction
boost. Applying Eq. (2.25) to the function F(A)

= Fyipr 7m@) and using the right and left covari-
ance conditions, Eqs. 2.19), (2.20), together with
the properties of the representation functions?
D¥* we obtain

[ dR,da,aR, DY} (R0, RF s 1 (Rr0 R

=611 710 4000 ;,0  F 2,
@.27)

which defines the generalized partial-wave ampli-
tudes F ¥} . Now using the inverse of this last
equation, i.e., Eq. (2.23), we obtain

+ico
FJ,m,.,m(A)zzf AN (M? =)
¥ Vi

X F4, (n?=0)D¥),, . ().
2.28)

This integral corresponds to the generalization
of the background integral in the usual complex
angular momentum plane.

In order to pick up the contributions of poles in
the complex A plane, we must move the contour
in Eq. (2.28) to the left, which requires replacing
the representation functions D by representation
functions of the second kind, A. These are analo-
gous to the @,(z)’s and like them have more suit-
able asymptotic behavior than the functions of the
first kind. The Aﬁ,*,j,“,(A) are defined by

DIy (V) =AY 1,0 () + UMY U4,

2.29)
where

- Aot i®
F,,,,,,,,,,,(A)=z;f © AN (M = N2)F H5 ) (0)A ;)

M J-ng-iw

J'm,dm

2675
UM =y Hn
=: ‘z:f (2.30)
and the D’s have the property that
DM () =(U;”‘)“Dj!'“*_,.u,Uj‘,A . (2.31)

With A =a,(g) the functions of the second kind have
large ¢ behavior given by

A;’“‘:,.,u, (a');,:; 6, explf (-2 —-1-M + w)]

x[1+0(@~%%)], @.32)

with M = . Now from the properties of the D’s,
Eq. (2.31), and the definition of F4}, of Eq. (2.27)
we have that

FiY = UM FFA U

(2.33)

This property can be used in Eq. (2.28) to restrict
the sum over M to positive values; however, in-
stead we shall substitute Eq. (2.29) into Eq. (2.28)
and using the property Eq. (2.33) obtain

+ o

Fyo n)=23 AX(M? =2?)

M==x - {0
X FH45 AT ) .
2.34)

The purpose of replacing the D functions by the
A’s is exactly the same as that of replacing P,’s
by the @,’s in the spinless Regge expansion; i.e.,
they have suitable behavior at infinity in the com-
plex A plane enabling us to neglect the contribu-
tions from infinity when we move the contour into
the left half-plane. This we do now, assuming the
F%7% have poles in the left half in the complex A
plane at A =a;(0), whose positions are independent
of J,J’. We define the residues of these poles ~
called Lorentz poles - in the following way:

lim
A >a+(0)

<lz [\ —a,(0)] F 45> (0)> - gtHe.0), (2.35)
where we have introduced a plus sign to remind
us that the poles and residues are those which
dominate scattering in the forward hemisphere.
Then assuming F¥* is meromorphic in a strip
|Rex|<'\” we move the contour in Eq. (2.34) to
some \,, |Rex|=X <), to give

M-ai

A+ X5 (M? ~a,,?)g} 5 (0AY 2 | (M) +fixed poles.

iM

(2.36)
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The fixed poles occur because the functions A¥*(A)
can have poles at integral values of A =M. How-
ever, it can be shown? that their contributions
either actually cancel out or at least are asymp-
totically negligible.

Because of Eq. (2.33) we see that if F¥-* has a
pole at A=a(0), then there is also a pole in the
right -half of the complex X plane at A = —a(0); this
is called a mirror pole. These mirror poles, as
we shall see [Eq. (2.43)], have the same asymp-
totic behavior as their corresponding Lorentz
poles.

Before we can consider the asymptotic behavior
of the amplitude F,,,. ,.(A,"'A,), Eq. (2.17), and
hence of the s-channel helicity amplitudes, we
must define some kinematics. We choose to work
in the s-channel center-of-mass frame. With
n,=0 we can take

p‘l‘:(EI,O’O’pl) (I=A,B, C,D)s (2-37)

where the z components of the momenta satisfy
Ppp==b4 and p,=—p, and of course E, +Ep =E, +Ej, .
We then have, Eq. (1.9),

pl‘: (EB +ED’ Ov Oa _pA —Pc) ’

2.38
q“= (EA +EC’ Ov OyPA+pC) ( )

which we can rewrite as

p*=|pl(cosh(¢ - &,),0,0, —sinh (¢ -£,)),

. 2.39
q*=|q|(cosh¢,, 0, 0, sinhg ), @.39)

where
| pI? =2 (mpg? + mp?) ~ t,
lgl?=2(m2+m?) -t
and
|pl sinh (¢ -¢,) = |g| sinhg,, .
Since
p-q=s-u=|p||q|coshg,
we have therefore

S —-u
2(m? + me?) = t12[2 (mp? + mpy?) — ]2

(2.40)

which is only large for s -« and n? fixed if we are
considering scattering in the forward hemisphere.
We then have

U(Ap) =ei(§-§o)103’

U,)=e¢0’03

coshg =[

(2.41)

and so

UM, 'A,)=e™¢70s, @2.42)

Putting A =A,"'A, =a,(¢) in the expansion formula,
Eq. (2.36), and letting £ — ~ we obtain the high-
energy behavior of the forward scattering ampli-
tude. Then the rightmost Lorentz pole at A =a,(0)
will dominate, giving

Fyomr, om(7 =0,6)~ 0y (M* = 0,2) g #40)
Xebap-1- |M=1m1]) . 2.43)

Recalling Eqs. (2.1) and (2.7) and noting that
U(L,) =g=i9712 p=i0731 0T 15 o=l 03 ,
D,f,?(Lp) =e-im¢dﬁu(0)eiu(¢+i;) ,

we have that as s -

(PcScre s PoSprol T|paSata; P8SpA5) n2= 0,6=0

- a4 (0)=1= [M=|\g =X ||
5>‘A')‘C')‘E')‘Ds+ 4-rer.

(2.44)

The Kronecker 6 ensures angular momentum con-
servation in the forward direction and we see that
the dominant Lorentz pole has M =+(\ , = X.).

It should be stressed that this behavior of the
forward scattering amplitude, Eq. (2.44), holds
regardless of the external mass configuration.

To leading order in s, Eq. (2.44) is in complete
agreement with both analyticity and other group-
theoretic results. Of course, Eq. (2.44) is ab-
solutely identical to the result of Toller ®'!! in the
EE mass configuration [we denote a process of

the type (equal-mass pair)—- (equal-mass pair) in
the £ channel as an EE process] at £=0 to all ord-
ers in s, since in this case { =0 corresponds to
n?=0. However, in other mass configurations our
result has been derived without the need for as-
suming either analyticity in the external masses!?
or that expansions should be made with respect to
the classification group of Regge trajectories rath-
er than the appropriate little group.!®* Indeed previ-
ous impositions of O3, 1) symmetry at t =0 may be
regarded as a first approximation to the exact Lo-
rentz symmetry when n2=0, since, asymptotically
in s, £=0 means forward scattering and so coin-
cides with »2 =0 there.

Up to now we have considered p = pg + p,,

q = ps+ pc and accordingly coupled spins Sy, S,

and S, Sc. This corresponds to the usual ¢-chan-
nel analysis. As we have seen, (p-q/|p||q|)—~=,
as s -, at fixed n2, only in the forward hemi-
sphere. We could equally well have chosen
P=bPp+Pc, 4=p4+ ppand have coupled spins S,, S,
to give J and Sy, S, to give J’. Then



_ba
©oshe = {pTTa]
B S =1
“[2(mg% + m?) —u]V[2(m 2 + my2) —ul?

(2.45)

and s -« gives { -« at fixed n? for scattering in
the backward hemisphere. Thus in analogy with
the forward case, we now obtain at#?=0 for back-
ward scattering at asymptotic energies:

(KC, )\DIT')‘A; ka)lrﬂ:o,e:w

- a_(0)=1- | M= | 4= Xcl|
6&4' Acirp - 2p®

(2.46)

Here X =a_(0) refers to the Lorentz pole which
dominates scattering in the backward hemisphere.
In a similar way we could choose p = p. - pp,

q =p, —pg, but with n? fixed p - q/| p| |q| is never
asymptotic in the s-channel physical region.

C. Relationship to the Theory of Cosenza,
Sciarrino, and Toller

We have already mentioned in Sec. I that the
O3, 1) analysis of Toller only applies at £=0 to
elastic reactions of the type A+B—-A +B. Inan
attempt to extend their analysis to processes of
the type A +B—~A +C, referred to as UE reactions
[ (unequal-mass pair)—~ (equal-mass pair) in the ¢
channel],® and processes like A +B~C+D (UU
type), Cosenza, Sciarrino, and Toller!! studied
expansion based on the complex Lorentz group
and predicted the asymptotic behavior

<ACr>\DIT|}‘A’ )‘B>|6=0

~5 SMNOI=1= 4= |\ 4= Agll=r ,

A~ AciAg = Ap
(2.47)

where k is a non-negative integer which can only
be nonzero in UE-type reactions. The value of %
is specified in terms of the internal quantum num-
bers (I,G, B, Y) of the exchanged pole. On the
contrary, in our #? analysis, the result with # =0
holds for all reactions.

Another difference between this #? approach and
the complex Lorentz group result is in the allowed
range of M in F;, ., ,. [see (2.24)]. In our anal-
ysis we always have

=1/2+i 2l +1
F,:m,'.,m(n,A)= Z f +

€=0,1/2 Y=1/2=ix

—_— le 2 e
tanﬂ(l-—e) f-f’m’,lmm )Dm'm(A) +
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M <min{S,+S;, S +Sp} (2.48)

whereas in Ref. 11 M may take any non-negative
value in UE- and UU-type reactions. This differ-
ence arises because we exploit the exact O3, 1)
symmetry at 6 =0 in all reactions and not just in
EE scattering.

D. Expansions Inside the Physical Region

We now consider the case of scattering in the
physical region when #2<0 and derive high-energy
expansions at fixed negative n2. We shall see that
the dominance of a single term in our expansion
gives results very different from the usual Regge
case. As before we have different asymptotic ex-
pansions in the forward and backward hemi-
spheres. The analysis presented refers to scat-
tering in the forward hemisphere and the back-
ward case then follows trivially.

We return to Eq. (2.17) and define

Frome, sm(y A) = (p O 'm |T (A, 10 )U (A)|qOTmy
(2.49)

where A =A,"'A_ . The four-vector, n,, is always
spacelike inside the physical scattering region,

so we can choose n,=(0, 0, 0, (-22)!/2). Clearly if
A, A= 0(2,1) then Az =n. Now the left and right
covariance groups are the intersections of the
groups of transformations which leave both #, p ©
and n, ¢, respectively, invariant. Both co-
variance groups are O(2,1)NO@3), i.e.,, O@2), the
group of rotations about the z axis. The co-
variance conditions are

FJ’m'.Jm(n; ARz)=E Fl’m’.lk(n; A)D:m(Rz)’
kR

(2.50)

FJ’m’,J'm(n s ReA)=25 FJ'k'.Jm(n; A)D#k'(Rx):
G

2.51)

where Dy (R, (®)) =5, ,e”"™ .

¥ Fyipe, ym(n, A) is square-integrable over the
0(2, 1) group manifold, we can perform an 0(@2,1)
expansion as follows.!® We note that any AS0(2, 1)
can be written as

A=R,($,)a )R, (D,). 2.52)

We use this fact together with the covariance con-
ditions, Eqgs. (2.50) and (2.51), to simplify the in-
dices and obtain 14

% @k =1)F 8¢, ;. (n2)DRE ().

k €

(2.53)
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The first term on the right-hand side of this equa-
tion involves the principal series representations
for whichm,m’'=€,e€ £1,€+2,..., and the second
term involves the discrete series for which m, »/

=tk,£(k+1),... . Withn,=(0,0,0, (-n*)"'?) we
can choose

Ay=a,(g,-8), A, =a,(L,)
so that

Ay =a,(2), 2.54)

where |p| sinh(¢ -¢,) =|g| sinh¢, gives us the s-
channel center-of-mass frame. coshf is given by
Eq. (2.40) just as before. This is because withn,
in the z direction p;=¢,=0 and so the Lorentz

scalar p+q =p,q,-p,4, —p,q,—the O(2, 1) product.

In order to move the integral contour of Eq.
(2.53) to the left and to pick up contributions to
F ;i ym(n? A) from poles in the complex ! plane
we replace the continuous class of representations
by representation functions of the second kind, A,
which are defined by

DLE (M) =AL, (A)+UL AZLZTA) UL,  (2.55)

where
=T(l+m +1)/T(m=1)
and 2.56)
Dyibe= UL, ) DLEUL .
From this last property of the D’s we have that
Ihgrom= U f7ho s UL 2.57)

We use this relation together with Eq. (2.55) to
write the integral of Eq. (2.53) as

m Yz 27+1 -l-1,€ 2yA=-1-1
ZZf UG/ DAL A).

e -1/2-iw

(2.58)

If we assume that the function f' is meromorphic
for |Re(l+3)| <L we can move the contour from
Rel=3 to Rel=-L, (L>L,). The functions A are
such that the contributions to the integral at in-
finity are negligible. We assume that the partial
wave f~'-! have a pole at ! =a(n?) with residue
defined by

. 1
tim (L1 a] 530150 00) =85 ).
2.59)

We can then rewrite the expression, Eq. (2.58),
as

1
Eotte ,_21+1 -1-
2Ef “Lomie U= Tl mALEB)
Z tj:"&1—e)b”'m'.z-<"2>A;‘f:;1(A).
(2.60)

From Eq. (2.57) we see that a pole in f~'-1 at
l=a(n®) implies the existence of a mirror pole at
=-a(n?) -1, both having the same asymptotic be-
havior.
Recalling that A =a,(Z), Eq. (2.54), we shall
consider the behavior of F;/,, ;n.(s,n%) as s ~,
We note that

Al (a (g)) ~ e tr1¢ [1 _21m UPE +O(e‘2‘)jl

L~ +1

@.61)

and that the contribution of the discrete class de-
creases faster than e~% and so is neglected. If we
are considering scattering in the forward hemi-
sphere cosh¢ is given by Eq. (2.40) and in the back-
ward hemisphere by Eq. (2.45). The leading high-
energy behavior is given by the rightmost pole in
the complex ! plane !°

a,(n?)+1
F,, , s,n2 ~
srmtam )s_,_,tamr[ai(nz) -€]

XL, ;.50 @2.62)

where we have again introduced the + signs to re-
fer to the poles which dominate forward or back-
ward hemisphere scattering, respectively.

We note that when we take the limit n2—~0 of a
single pole contribution

2a+1
tanw (@ -¢)

Xb s sm OAZGIA) , (2.63)

Fitm sm(S,n2=0)~

where A€ 0(2, 1), we find that the covariance con-
ditions for A€O(3, 1) which apply when#z =0 can-
not be satisfied by such /-plane contributions in-
dividually. However, of course, a single Lorentz
pole does satisfy such covariance conditions and
as shown by Sciarrino and Toller !® such a pole at
A =X (0) corresponds to an infinite family of -plane
poles at [,0)=A(0)-v -1, v=0,1,3,.... We see
therefore that as #n?~ 0 an infinity of single I-plane
pole contributions, Eq. (2.63), must conspire to
produce a single Lorentz pole term so that the
scattering amplitude may satisfy the correct co-

variance conditions, Eqs. (2.19) and (2.20), at
n =0,
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E. Connection Between the Complex /,2 and /; Planes

In the previous sections we have performed a
Regge-type analysis which was based on assuming
the existence of poles in an angular-momentum-
like plane, L2, conjugate to the vectorn,. Itis
not at all clear whether it is in fact meaningful to
postulate poles in this plane. However, any sin-
gularity in the complex /.2 plane gives rise to a
sequence of singularities in the more familiar
complex angular momentum plane /,, and it is
therefore of interest to ask what singularity struc-
ture is induced in the /, plane by a simple pole in
the /2 plane.

To see this, we consider the usual Froissart-
Gribov integral defining f; (f) at fixed ¢:

i) =f°° dz2,Q,(z ) F(,z,), 2.64)
%0

where [ here is short for /,. We now feed in for
F the asymptotic form induced by a pole in the /2
plane at [, =a(n?), i.e.,

F~b(n2)<sio)a("2) . (2.65)

If the residue b(n?) is a polynomial in n? we can
rewrite it in the following form:

b(n?) =:;'=‘0 b,,,(t)(%ﬂz)" , (2.66)

and we write @,(z,) as

Q(z) —; q,(t)(i)'

We shall further assume that the “trajectory func-
tion,” a(n?), is linear in n? so that
B(t)

a(n®)=a(Q) +ta’ (0) +%(t—) a’ (0)+ s—z-a’ 0),

1=-2p-1

(2.67)

(2.68)
where

A@)=t2=t Z} m? + (m 2 —me?)(mg? —my?) |

B(t) =t(m,? —=mg®)(m 2 —mp?)

+ (m2mp? —=mp?m?) (m %+ mp? —mp? —mS?) .

Then using the shorthand
a(t)=a(0) +ta’ (0) 2.69)
and

__bng,) (Ad'\(Ba'}'
Pan) FE DRI s, ) (5) @

we have on putting Eqs. (2.65)-(2.70) into Eq.
(2.64) and integrating at fixed ¢ that

) Biamp )T G +k +1)
f®) 'i}k:,:‘., =) +is 2k rm s 2p] T

. @.71)

We see from this last equation that a b (n?)s®™®
asymptotics corresponds to a very complicated
family of Regge poles and multipoles. However,
the leading pole at /= a(t) is a simple Regge pole.

In a similar way a single Lorentz pole in the A2
plane gives a series of Toller multipoles at =0,
except in the case of EE scattering, where there
is a one-to-one correspondence between our Lo-
rentz poles and those of Toller.?

It should be noted from Eq. (2.71) that if the
leading Regge pole has a factorizable residue,
then &(n2) will not in general be completely fac-
torizable. However, in the expansion of b(n?) in
inverse powers of s, Eq. (2.65), the leading term
will factorize.

It has been argued that the use of the variable
n? simplifies and unifies the group-theoretical
structure of the expansions used for the scatter-
ing amplitude. However, there is no guarantee
that the amplitude is dominated by a simple set of
singularities in the complex /> plane. It is a dy-
namical question as to whether the singularity
structure will be simpler in the /, or /2 planes.
Thus it might be that a few /> poles suffice, im-
plying the need for an infinity of Regge poles, or
vice versa. In our present state of ignorance it
is impossible to answer questions of this kind by
means of dynamical calculations and therefore the
only way to test for simplicity is by means of a
phenomenological study of scattering data. It
turns out, as will be discussed in the next section,
that the data do indicate quite remarkably simple
properties in the n® description.

IIIl. ANALYSIS OF SCATTERING DATA AS
A FUNCTION OF n?

The main result of the above analysis is em-
bodied in the suggestion that the description of
scattering amplitudes as functions of s and n?
rather than s and £, could lead to simplifications,
in the sense that all spurious kinematical effects
are absent and that the behavior of the scattering
amplitudes is a direct reflection of the underlying
dynamics.

Thus the first issue to be settled is to see
whether experimental data when plotted against s
and n? do show any simplicity. It will be seen in
what follows that diffractive processes show a re-
markable kind of “scaling” or universality and
that their cross sections appear to be independent
of s over a very large vange of energies.

The second issue relates to the specific Regge-
like model based on the existence of poles in the
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complex [,» plane. Here we have the predictions
that at fixed n?, withn?<s,

do

ol b.(n2)s2k (n2)-1] 3.1
dt |forward hemisphere sr:.; +(n )S * ’ ( )
i?_ ~ b_(nz)szf“— (n2)-1] , (3.2)
dt |vackward hemisphere g 0

where a, (n?) are “trajectory functions” associated
with the quantum numbers of the exchanges which
dominate forward and backward scattering respec-
tively. To test these one must perform the same
kind of analysis as is usually done to test the
Regge model, except that here one works at fixed
n? rather than fixed ¢.

It should be stressed that the above two issues
are quite separate. There are good theoretical
grounds for suggesting the use of the variable n2.
On the other hand, the analytic structure in the
1,2 plane is not well understood and the polelike
model may be far too simple. Even if it is, it
will still be of great interest to look at the struc-
ture of scattering amplitudes as functions of s
and n? as indicated by the data themselves.

It should also be stressed that some care must
be taken in analyzing the data as a function of n2.
As mentioned in the Introduction, one should,
strictly speaking, plot the symmetric and anti-
symmetric combinations,

<%>s=%[f%w)+ﬂgt;”] , (3.3)

1029 |
1630

]O3l

do/dt [cm?AGeV/c)l

‘0'32
10

1634
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1

(@), reomal a6

(3.4)

when looking at data which cover a very large

angular range.

For small 6,
do(8) do(r -6)
dt 100 dt ’

typically, so that near the forward or backward
regions the above construction is of little impor-
tance. It is vital, however, if the data include the

region near 6 =3

37. The exceptions to the above

are reactions like pp — pp which are symmetric
around 6 =3m, so that (do/dt),=0, and one need
only look at do/dt itself. However, in general, if
one is testing for scaling over a large range of
angles and energies, it is necessary to use the
combinations given in Eqs. (3.3) and (3.4). On the
other hand, in testing the Regge-like predictions
listed in Eqs. (3.1) and (3.2), it should be borne
in mind that the formulas are only expected to be
valid for values of 6 close to 0° or 180°, respec-
tively. Thus for testing Eqgs. (3.1) and (3.2) it is
not necessary to form the symmetric and anti-
symmetric combinations.

We shall now consider several 2 -2 reactions
and show that the s,n® behavior of the data pos-
sess quite dramatic features.

@) pp—-pp. In Fig. 2 is shown the differential
cross section for pp - pp scattering as a function
of t for various momenta between p, =1.7 and
21.3 GeV/c.'” 1t is seen that the curves show a

J.ALLABY et al.

PP—PP
REFERENCE
Palevsky et al.(1967)
Clyde (1966)
Ankenbrandt  (1966)
Foley et al. (1963)
Foley et al. (1965)
Harting et al. (1965)
Orear et al. (1966)

Allaby et al(D(1968)
Allaby et al. (1967)
Allaby et al()(1968)

10'35
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FIG. 2. pp elastic differential cross section for p; from 1.7to 21.3 GeV/c for |¢| <20 (GeV/c)?

Ref. 17 and references to the data are given there.
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very strong energy dependence at fixed ¢. At
small ¢ one has the characteristic shrinkage of
the diffraction peak, and at large ¢, do/dt may
vary by 2 or 3 orders of magnitude over the ener-
gy range plotted. The same data (only for p, =5
GeV/c) are shown in Figs. 3 and 4 plotted against
n?, It is seen that the shrinkage has disappeared
and aside from the region around n?=-1.2 (GeV/c)?
(enlarged in Fig. 4), which corresponds to the
shoulder seen at a similar value of ¢ (in Fig. 2),
there is very little s dependence at fixed n2 — in
fact the data appear to “scale” at fixed n2.!®

That the pp data look universal is not really
surprising since for pp elastic scattering n? be-
comes just equal to the Krisch variable -8% 2.}?

If we interpret this scaling in terms of the pole
model, then from Eqgs. (3.1) and (3.2) we see we
must have

an?)=1 (3.5)

for all #? in the scattering region. This suggests
that the dominant term in high-energy diffractive
processes, the analog of the Pomeranchukon,
looks like a fixed pole in the /2 plane. We thus
have

& = b ) (.6)

even at moderately large energies. Assuming that
in the near forward direction the differential cross
section is given by a single exponential in n?,

with an energy-independent slope, i.e.,

do do

BT=EF eeo"z’ (3.7)

n2=0

with 8, constant, we then have, as pointed out in
Ref. 1, a definite formula for the s dependence of
the near forward logarithmic slope on a ¢ plot:

b(s)= [d—i 1n<%)l=o

dn?
=3 — 3.8
Bogr . (3.8)
For pp - pp scattering this gives
2
b(s) =30<1 _4%) . (3.9)

In this way the energy variation of the slope is
completely determined. It was shown in Ref. 1
that Eq. (3.9) provides a reasonable interpolation
for the pp slope data all the way from threshold
up to ISR energies. It predicts that shrinkage will
stop and that b (s) will flatten out to an ultimate
value 8,, which is just the slope on an n? plot at

102%¢
F T T T T T T T T T T T T
- e+ 100 n? 3
Toad! J
1527 4
pp elastic E
° Foley 246 GeV/c B
1028 a Clyde 5—=7 GeV/c o
o Akerlof 5+ 13,4 GeV/c 3
e Allaby 8~ 2| GeV/c E
20 * Cocconi 10+ 32 Gev/c 7]
100

+345 n?
10°%° e

IO-3I

[sirer]
GeV/c)?

Io—sz

do*
dt

IO—!!

Io—34

|o~35

IO-SS

1 1 1 1 1 A . 1 1
12 345 6 7 8 9 101 12 13
-n? [(Gev/c)?]

FIG. 3. pp elastic differential cross section plotted
against n?=—8%,  taken from Krisch.? The lines indi-
cate the three characteristic slopes in the differential
cross-section data. The do*/dt is not actually the dif-
ferential cross section, but rather do/dt multiplied by a
monotonically decreasing factor which equals 1 at =0
and 0.5 at §=37. For an explanation of this factor and
for references to the data plotted see Ref. 2.

any energy.

In summary the pp data look remarkably simple
as a function of #2 and appear to show almost no
s dependence at fixed n2.

(ii) K*p~K*p and yp - ¢p. Both these reactions
are similar to pp elastic scattering in that they
are very largely diffractive processes with little
structure in do/dt as a function of ¢ other than the
usual shrinkage. Both should be dominated at
large s by the Pomeranchukon and therefore, if
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FIG. 4. pp elastic differential cross section for p; between 6.0 and 29.7 GeV/c for |n? <3.3 (GeV/c)?. This is essen-
tially the top left-hand corner of Fig. 3 in more detail. The data are from Ref. 18.

there is any validity in our interpretation of the
pp elastic reaction, we should expect both these
reactions to show little energy dependence at fixed
n?. Figures 5 and 6 show that this is indeed the
case.” Both reactions scale at fixed 72 over a
wide range of energies and there is no visible
shrinkage of do/dt as a function of n2. That this
happens is nontrivial, since the shrinkagesin ¢for
pp—~pp, K'p=K*p, and yp— ¢p are all different,
and the mechanism for transforming these varied
shrinkages in ¢ into nonshrinkage against »? is
completely contained in the mass dependence of
the factor dn?/dt in Eq. (3.8) [see also Eq. (1.22)].

(iii) vp—-0°. It is known that the cross section
for this reaction is fairly constant above 2 GeV
and that the natural-parity exchange dominates.
Thus it has the main characteristics of a diffrac-
tive process and we might hope to find an »2 uni-
versality similar to the cases studied above. A
plot of do/dt against n? for E; ranging from 6 to
17.8 GeV is shown in Fig. 7. It is again seen that
there is essentially no s dependence in the data® at
fixed n2.

It was remarked in the Introduction that the nor-
malization used to define n, from N u is to some
extent arbitrary from a group-theoretical point of
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FIG. 5. K*p elastic differential cross section for p; =1.96—14.8 GeV/c plotted against n2. References for the data are

shown on the figure.
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FIG. 7. yp —p" differential cross section plotted against n2 —data from Ref. 20.

view. Any renormalization of the form
n,=N,/R(s,t,u), where

R(s,t,u) ~ s,
§—>; ¢t fixed

would provide an acceptable description of scatter-
ing at very small ¢t. However, the choice R (s, f,u)
=s is essentially unique in providing a description
of the data in which the s dependence disappears,
i.e., in which the shrinkage on a ¢ plot becomes
automatically accounted for as a kinematic effect.
For example, one can show that no crossing-sym-
metric polynomial in s, {,« and the external mass-
es exists which has this property. It is possible
that there is some deep underlying dynamical rea-
son for the particular choice n, singled out by the
data.

(iv) m*p-n*p. These reactions are not purely
diffractive. Their cross sections are varying with
energy and there is a considerable amount of
structure in the ¢ dependence of do/dt. Neverthe-
less, as is seen in Figs. 8-11 the large s varia-
tion of do/dt at fixed ¢ is very much reduced when
considered at fixed n2.2!'22 The n? plots are not
nearly so universal as in the previous reactions,
but this is in accordance with our knowledge that
m*p-~m*p are not completely dominated (in Regge

language) by the Pomeranchukon, and that large
contributions must be attributed to the secondary
trajectories. In the n? description the secondary
effects play a much smaller role, and we are at
present trying to study them quantitatively.

(v) N* production. There are not many detailed
data on the energy variation of do/d¢ for processes
like pp - N*p, but we show one example in Fig. 12
for the N*(1690) with I =3, J#=3*.2% It is seen
that within the limited statistics the data points
are compatible with little or no energy variation
at fixed n2.

(vi) pp~pp. Since the dominant component of
the pp elastic differential cross section is just a
function of -¢/s?=~tu/s, it follows from the
crossing properties that the diffractive part of the
pp elastic differential cross section must be the
same function of —¢/u?=—~st/u. In particular this
implies that the slope parameter for this diffrac-
tive component of pp scattering satisfies

b;,(s)=ﬁo(1 JAm ) ,

5 3.10)

where 8, is the same constant that appears in Eq.
(3.9). Thus the pp diffraction peak is predicted to
expand until it ultimately has the same s-indepen-
dent limiting slope 8, as in pp scattering. Of
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FIG. 8. Differential cross section for v~p elastic scattering plotted against ¢ for p; =2.50-26.23 GeV/c. The data

are from Ref. 21,

course secondary effects are very important in

pp scattering at accelerator energies, so Eq.
(3.10) cannot be expected to fit the pp slope at
these energies, but one would expect Eq. (3.10) to
hold at NAL energies. Nevertheless it is interest-
ing to note that the pp differential cross section
appears to show antishrinkage already at medium
energies. It is important to note, as suggested by
Odorico ?* and discussed in detail by Pinsky,? that
the breaks in pp elastic scattering data and the
dips in the crossed reaction pp —pp fall on the
same n? =constant curves. The relation of this ef-
fect of crossing to the shrinkage of the pp diffrac-
tion peak and the antishrinking in pp scattering
has already been discussed in Refs. 24 and 25.

IV. CONCLUSIONS

The variable 2 has been introduced in order to
unify the group-theoretical kinematic structure of
elastic and inelastic reactions and thereby to pro-
vide the same high-energy expansions for these
different types of processes. A Regge-type anal-
ysis has led to predictions of the form

do
dt

~
8% n? fixed

b(nz)szt' (n2)-1] (4_1)

valid for [n?|<s. Plots of do/dt against n? for
many diffractive reactions show a remarkable
lack of energy dependence at fixed n2, This “scal-
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FIG. 9. Differential cross section for 7~p elastic scattering plotted against n2 for pr =2.50-26.23 GeV/c. The data

are the same as those shown in Fig. 8.

ing” corresponds to having a(n?)=1 for the domi-
nant diffractive term at high energies. Such a pole
is of course the analog of the Pomeranchukon.
The shrinkage of do/dt versus ¢ appears here as a
purely kinematic effect and is predicted to die out
at very high energies. Thus our picture of the
“Pomeranchukon” is quite different from the tra-
ditional Regge version. Since in any case one

has never had a clear idea of the nature of the
Regge Pomeranchukon, it is perhaps not too dif-
ficult to accept our new description of what the
“Pomeranchukon” term is like.

The situation as regards nondiffractive process-
es is still not clear and awaits further study.
However, Maor,?® and independently Pond,?” have
plotted do/dt versus n? for the two classic Regge

reactions 77p -7z and 7"p - nn, which are sup-
posed to isolate p and A, exchange, respectively,
and which indeed are the main sources of our
knowledge of ap(t) and Az(t) for £<0. In both
cases they find that the s variation at different
fixed n? values is controlled by an n2-independent
power. Maor finds ap(n2)= 0.4, aAz(nz)z 0.3 and
Pond finds that any allowable slope in 72 would
have to be <0.2 for both a,and a,,.*® These re-
sults are very surprising and perhaps suggest that
also in these nondiffractive reactions the shrinkage
with increasing ¢ is a kinematic effect and will die
out at higher energies. This viewpoint would be
quite different from the usual Regge one and it is
of great importance to test it experimentally. The
most direct method would be to perform a high-
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FIG. 10. 7'p elastic differential cross section plotted against ¢ for p; =2.50—20.19 GeV/c. The data are from Refs.

21 and 22.

statistics measurement of the differential cross
section for these reactions at Serpukhov energies
and see if the s dependence of the data is at all
compatible with the behavior

Z_:fy(ﬂ'p-w"n)ﬁb(nz)szf"""'z"” ) 4.2)
do , _ ~ 2\c2[a 4 2 (n%)-1]
TE @ =nm) = c(n)s%eaz .

at fixed n? values, in which a,(n®) and aAz(nz) are
constants or weakly dependent on 72,

The remarkable simplicity found in the data for
many reactions, when considered as a function of
s and #® (and 0), goes,far beyond the expectations
of the original theory . The theory suggested that
describing amplitudes as f(s,n?) would simplify
comparison of elastic and inelastic reactions by
eliminating spurious kinematical effects. The
empirical discovery that diffractive amplitudes

are strongly dominated by s-independent terms,
f (n?) only, is a surprise, and although nicely
compatible with the theory is not really predicted
by it. Thus it may be that there is some deep
underlying dynamical significance to n? which is
not yet understood.?®

In view of our ignorance of dynamics it seems
imperative to extend the empirical study of scat-
tering data as functions of s and n%, so as to learn
as much as possible about the structure of the am-
plitudes f (s,n% 0). To this end one should study
the predictions that

d_"~ Ib*(nz)lzszf“*"'z"’] (4.4)
dt

for s -« and n? fixed such that |n?| < s, in both
the forward and backward hemispheres, and one
should plot the symmetrized cross sections
(do/dt)s and (do/dt), [see Eqs. (3.3) and (3.4)] as
functions of »2 for the full range of n? for all
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known 2 - 2 reactions.

We have stressed in the Introduction that the use
of », makes the mathematical structure of the
scattering amplitudes invariant under changes in
the external masses. Thus it would be extremely
interesting to look at a reaction in which we can
vary smoothly the mass of one of the external par-
ticles while leaving unchanged all its other prop-
erties. Just such a possibility is provided by
deep-inelastic reactions in which a final hadron is
actually monitored. For example in ep —epp® we
are essentially studying the photoproduction reac-
tion

Y@)+p~=p"+p
in which the mass of the y can be continuously
varied (m.r2 =¢?<0). Since for ¢>=0, as mentioned
in Sec. IO C and shown in Fig. 17,

%to— (vp = p°%) = f (n?) only,

one might hope that this holds for reasonably
small ¢g%#0. If this is so, then defining b(s, %) by
do
7 (7@p ~pp) =A expb (s, ¢°)t] (4.5)

for small £, one has
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2

b(s, qz)zb(s, 0)(1 —s_—Z—r:Nz——mpE) , (4.6)
where 5 (s, 0) is the logarithmic slope in true p°
photoproduction. It should be noted that accord-
ing to Eq. (4.6) the diffraction peak gets narrower
as |¢?| increases, at fixed s —the square of the
¥p c.m. energy. The data are at present some-
what self-contradictory and it is not yet possible
to test Eq. (4.6) adequately. It is also possible in
inclusive reactions that scaling may set in at
lower energies if instead of considering f(s,p,? x)
one uses f(s,n? x); i.e., one looks at the s depen-
dence at fixed #n? and x rather than fixed p,? and x.
The differential cross sections, d?g/dt dM? (M is
the missing mass), may also scale sooner if
plotted at fixed n2 and M2 rather than ¢ and M2.3°

In summary the empirical evidence suggests that
the variable n? may have some deep and funda-
mental dynamical significance. It will be of great
interest on the one hand to extend these empirical
studies and, on the other hand, to try to under-
stand the role of #2 from a dynamical point of view.

ACKNOWLEDGMENTS

The authors have enjoyed stimulating discus-
sions with many of their colleagues. In particular
they wish to thank Dr. D. Freeman, J. Hanzal,
Professor J. D. Jackson, Dr. H. C. Morris, Pro-
fessor M. L. Perl, Professor E. Predazzi, and
Dr. P. G. Williams. They are grateful to the
United Kingdom Science Research Council for
financial support.

rSupported in part by the U. S. Atomic Energy Com-
mission.

IE. Leader and M. R. Pennington, Phys. Rev. Letters
27, 1325 (1971).

"A. D. Krisch, Phys. Rev. Letters 19, 1149 (1967); in

Lectures in Theoretical Physics, edited by W. E. Brittin
and A. O. Barut (Gordon and Breach, New York, 1967),
Vol. IXB.

3M. Toller, Nuovo Cimento 53A, 671 (1968); University
of Rome Reports No. 76 and No. 84, 1965 (unpublished).



2690 E. LEADER AND M. R. PENNINGTON

‘G. Domokos, Phys. Rev. 159, 1387 (1967).

’E. Leader, Phys. Rev. 166, 1599 (1966); in Lectures
in Theoretical Physics, Boulder Summer School, 1969,
Vol. XII (to be published).

fOr more exactly it is the invariance property of a
momentum vector 7, defined from N, by n =N /R, where
R is a Lorentz scalar, see Eq. (1.19).

"T. W. B. Kibble, Phys. Rev. 117, 1159 (1960).

8R. Delbourgo, A. Salam, and J. Strathdee, Phys. Let-
ters 25B, 230 (1967); Phys Rev. 164, 1981 (1967).

SWe shall discuss other couplmgs corresponding to dif-
ferent choices of p and g later in Sec. IIB.

1% mplitudes, which asymptotically grow and so are not
square integrable, can be expanded by using the formal-
ism of C. E. Jones, F. E. Low, and J. E. Young [Ann,
Phys. (N. Y.) 63, 476 (1971)] for O(2, 1) expansions and
of J. Pasupathy [ Tata Institute Report No. TLFR/TH/
72-31, 1972 (unpublished)] for O(3, 1) expansions.

11G, Cosenza, A. Sciarrino, and M. Toller, Phys. Let-
ters 27B, 398 (1968); Nuovo Cimento 57A, 253 (1968);
62A, 999 (1969); in Proceedings of the Topical Confer-
ence on the High Energy Collisions of Hadrons (CERN,
Geneva, 1968), Vol. 2.

12y, de Alfaro, C. Rossetti, P. K. Kuo, and C. Rebbi,
Nuovo Cimento 58A, 87 (1968).

13G. Domokos and G. L. Tindle, Phys. Rev. 165, 1906
(1968).

M. Toller, Nuovo Cimento 37, 631 (1965)

5Recall € =0 if m,m’ are integers and € =3 if m,m’ are
half integers, where m,m’ are related to the helicities
of the external particles by Eqs. (2.1) and (2.7).

'8A. Sciarrino and M. Toller, J. Math. Phys. 8, 1252
(1967).

173. V. Allaby et al ., Phys. Letters 28B, 67 (1968).

8¢, M. Ankenbrandt Thesis, Lawrence Radiation Lab-
oratory Reports No. UCRL-17257 and No. UCRL~-17763,
1968 (unpublished); A. R. Clyde, Thesis, Lawrence Ra-
diation Laboratory Report No. UCRL-16275, 1966 (un-
published); K. J. Foley et al., Phys. Rev. Letters
11, 425 (1963); J. V. Allaby et al., Phys. Letters 28B,
67 (1968); R. A, Carrigan et al., Phys. Rev. Letters 24,
683 (1970).

BFor a Krisch plot of np —np data see M. L. Marshak

13

et al ., Phys. Rev. D 2, 1808 (1970).

2'R. Anderson ef al ., Phys. Rev. D 1, 27 (1970).

2C. T. Coffin et al ., Phys. Rev. 159, 1169 (1967);

D. Harting et al ., Nuovo Cimento 38, 60 (1965); K. J.
Foley et al ., Phys. Rev. 181, 1775 (1969).

2K. J. Foley et al ., Phys. Rev. Letters 11, 423 (1963);
B. B. Brabson ef al ., Phys. Rev. Letters 25, 553 (1970);
V. Chabaud et a ., Phys Letters 38B, 441 ( (1972).

25C. M. Ankenbrandt et al., Phys. Rev. 170, 1223 (1968);
I. M. Blair et al ., Nuovo Clmento 63A, 529 (1969); J. V.
Allaby et al ., Phys. Letters 28B, 229 (1968); R. M.
Edelstein et al ., Phys. Rev. D 5, 5, 1073 (1972).

2R, Odorico, Lett. Nuovo Cimento 2, 835 (1969); Nucl.
Phys. B37, 509 (1972).

%55, S, Pinsky, Phys. Rev. Letters 27, 1548 (1971).

%8y, Maor, Phys. Rev. D 6, 2052 (1972)

2"p, Pond, Institut fiir Hochenergiephysik, Austrian
Academy of Sciences, Vienna (private communication).

28Tt has to be stressed that ‘the sin le—pole dominance”
theory predicts the behavior b (n?)s2l%(n =17 for do/dt and
not for do/dn?, a somewhat different object in general.

In his work, Maor (Ref. 26) discusses do/dn? as a func-
tion of n?, while Pond (Ref. 27) considers do/dt as a
function of n? for the same two reactions. Both paramet-
rize these different differential cross sections by the
above form bs2(a~V | but nonetheless both obtain the
same results for a (nz).

%%Some hint that n2 would emerge from dynamics is con-
tained in T. T. Wu, Phys. Rev. 143, 1117 (1966). Theo-
retical reasons for studying scattering amplitudes as
functions of p, 2 have also been given in a series of pa-
pers by D. S. Narayan: D. S. Narayan and K. V. L.
Sarma, Phys. Letters 5, 365 (1963); L. K. Chavda and
D. S. Narayan, Nuovo Cimento 43, 382 (1966); D. S.
Narayan, Phys. Rev. 176, 2154 (1968); and Phys. Rev.
D 3, 1439 (1971).

. W. Moore, Westfield College, University of Lon-
don (private communication) has made a preliminary
study based on unpublished data for pp —pX at 24 GeV/c
(Diddens et al ., CERN, Geneva, private communication)
and shown that data, which show a spread of 6 decades
when M? varies at fixed t, collapse into a spread of only
1 decade when plotted at fixed n2,



