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We show that the existence of a zero-energy (n —1)-body bound state will not produce an infinite

number of n-body bound states for n )4. We show this in particular for n =4, and sketch the proof
for n p4.

In some recent papers" we have investigated a
remarkable property of the three-body system
first suggested by Efimov'- namely that there are
an infinite number of bound states of the three-
body system when the two-body system has its
first zero-energy bound state. This property,
which we call the Efimov effect, is easily investi-
gated by studying the homogeneous Faddeev equa-
tion,

where K is the kernel of that equation. This ker-
nel depends on the total three-body energy E and
on some coupling strength g. Bound states come
at values of E and g for which (1) is satisfied, that
is, at values of E and g for which K has a unit
eigenvalue. All such bound states must come be-
fore the first scattering threshold in the problem.
If g& g„where go is the coupling that produces
the first zero-energy two-body bound state, that
threshold is E =0, but for g& go it is E = -b„
where b, is the binding energy of the most tightly
bound two-body state. For E & 0, the eigenvalues
of K are, in general, monotonically increasing
with decreasing

~
E~ (strictly we are discussing

the S-wave projection of K but in fact much of the
argument is true for the unprojected K). Hence an
infinite number of bound states for E & 0 corre-
sponds to an infinite number of eigenvalues of K
being larger than unity. A necessary, but not suf-
ficient, condition for this is that trK diverges as
E -0, g-g„since the trace is just the sum of
these eigenvalues. It was just by investigating

such traces that we proved the existence of the
three-body Efimov effect."

In this note we extend the analysis to the four-
body problem (in detail) and then to a sketch of
the argument for the n-body system. We show
that the trace does not diverge in the correspond-
ing situation there and hence that there are not an
infinite number of bound states. What is the cor-
responding situation in the four-body case? It is
not a zero-energy two-body bound state since if
the force is strong enough to just produce a two-
body bound state, it will produce a finite-energy
three-body state with binding energy b, . Four-
body bound states must then have binding energy
bg + 'b3 and states near E = 0, the four-body thresh-
old, are not four-body bound states. No doubt the
existence of a zero-energy two-body state and the
corresponding existence of an infinite number of
three-body states will produce a dreadful singu-
larity in the four-body system at E =0, but it will
not correspond to an infinite number of four-body
bound states. It is that infinite number of states
that we would consider to be a four-body Efimov
effect. Hence we look to see what the consequences
of a zero-energy three-body bound state are for
the four-body system. In general we look to see
what the consequences of the first (n 1)-body-
bound state are for the n-body system. In general
it is difficult to write down n-body connected equa-
tions, but the contribution from the n- j. connected
kernel is always easy to isolate and we shall as-
sume that the pieces of the kernel coming from
n- 2, n-3, . . . amplitudes will not contribute to
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our n-body Efimov effect since these kernels are
all bounded at zero energy if the force is only
strong enough to produce a (n —1)-body zero-ener-
gy bound state. In general we shall find that the
singularity of the n-1 connected amplitude at a
zero-energy bound state is not strong enough to
conspire with the n-body continuum and make the

traces diverge. We show this first in some detail
for the four-body system and then sketch the argu-
ment for the n-body case.

The following homogeneous equations for the four-
body T matrix have a connected kernel (after iter-
ating once)':

T'&=Ra G (T" + T" + To')+R'. &Go(T'a+ T'a+T ')+(1 —t, Got» Go) 't . Got»(1. +Got, &)Go(T.
"~ T' + T' ) . (2

T ' is the contribution to T in which i-j is the "first" pair to interact, and t, , is the two-body t matrix be-
tween particles i and j. R, , is the connected part of the three-body T matrix, I „, in which i-j is the first
pair to interact and k is the third particle involved.

There will be a four-body Efimov effect only if the trace of the four-body kernel of (2) diverges as E, the
center-of-mass energy, goes to zero and there is a zero-energy three-body bound state. A two-body bound
state at zero energy does not concern us, for the reasons discussed above. Clearly then we need only con-
sider the parts of the kernel of (2) that contains R.

The relation of the matrix elements of R', ,(E) in the four-body center-of-mass system to its three-body
matrix element is given by

,(pqrlR", (E)lp' q' r'&.

=~( 2 (p —q), —,
' (2r —p —q)~ R(E ——', (p+q+r)')

~

—', (p' —q'), —,'(2r' —p' —q')&35(p+q+ r —p' —q' —r') . (4)

(h =m =1; for simplicity we take all masses equal. ) ~ pq r) is the state where particles ijkl have momenta
p, q, r, and -(p+q+ r), respectively.

~ A, B), is the three-body state where the relative momentum of the
pair that interacts first is A, and B is the momentum of the other interacting particle relative to the three-
particle center of mass.

The part of the kernel of (2) involving the R's has terms like

g —,
'

(p —q), —,
' (2r -p —q)~ R(E ——', (p+q+r)"")

~

—,
' (p" —r"), ——', q" —p" —r"&,' f(-q —p —r+q")

ptl2 qtD zn2 pal ~ reer p
r,

q
t

q
I,

rent
(5)

Other terms differ only in the exact combinations
of p, q, and r that appear in the bras and kets.
The trace of the above term is

r (& (p —q), -p —3q IR(E —3 f')I p, —sq&,cf pl E-P —q

We wish to see if this trace diverges as E -0 for
an R corresponding to a three-body bound state at
zero energy. We are looking for a divergence as-
sociated with small P and q (it is an infrared diver-
gence or long-range effect). We expect that for a
finite-range force, (XB ~R(~) ~A'B'& is bounded as
A, B,A', B' -0. Hence any divergence will come
from the singularity of R at ~ =0, when there is a
zero-energy bound state. In fact, we would ex-
pect any Efimov effect to arise from a coincidence
of this singularity with the singularity of the four-
body propagator in the trace, represented here by
the term (E -P' —q') '. This coincidence of singu-

p q cfpdq

(E P' q')(E - -'q'-)'- (8)

for finite p, the q integral will be logarithmically
divergent as E -0 if y = 2. In order that the propa-
gator and the & ' singularity coincide as E -0 we
need y =2. We shall now show that in fact y =1 or
1
2 ~

Consider the three-body D function, or Fredholm
denominator. The singularity of R in ~ comes

larities corresponds to the coincidence of the four-
body threshold, represented by the propagator,
and the threshold for the scattering of one from a
bound state of the three others, represented by the
singularity of R. These coincide at E =0 when the
three-body bound state has zero energy. Assum-
ing that, for small e, R(e) can be written

R(e) —c/e',

the trace, for small E,p, q, is proportional to
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from its zero at the three-body bound state, since
R(e}-D '(~). D can be written

D(e) =F(~)+f (e),
where F(~) is real and I (e) is the imaginary part
of D for ~&0. I(E) is real for @&0. Since D is a
real analytic function, F(e) is analytic at e =0 and
hence near a =0

F(c)=A+Be+Cd + (10)

A zero-energy bound state corresponds to A =0.
The leading small-e behavior of I will be v' -e
from the two-particle subenergy cut as we have
shown in a previous paper. ' This singularity can-
cels in the on-shell bound-state three-body ampli-
tude, that is, in the amplitude for the scattering of
one from a bound state of the other two, but the
v' -e remains in the three-body D. It may not be
there if, for example, there is no two-body force,
only a three-body force; then I can go like
e' ln(-E), but then the Be term in F(e) will domi-
nate for small &. Hence y = 2 or 1 for the three-
body case, and, as is easily seen for the n-body
case as well, y=-,' is enough to make the trace
diverge for the three-body Efimov effect but with
four particles it cannot. This is essentially a
phase-space argument. We are assuming that if
A vanishes in (10) and the v' -e is absent, B does
not vanish. Cases in which B vanishes when A
does are very special "accident" cases that would
have to be treated separately.

We have seen that the singularity of the connect-
ed three-body amplitude at a zero-energy three-
body bound state is not enough to make the con-
nected four-body kernel have divergent trace, and
hence to produce an Efimov effect. It is easy to
generalize this argument to the n-body system.
Let us again call R„, the n —1 connected ampli-
tude. Again we only study the part of the homo-
geneous equation involving R„, since we are only
interested in the singularity arising from an (n
—1}-body bound state at zero energy. The trace
of a typical term involving R„, in the Faddeev-
like connected integral equation for the n-body am-
plitude can be written

r R„,(E —[n/2(n —1}]q')d'qd'P, ~ ~ d'P„,
E -P,(q, p,.)

where P, is a second-order polynomial in the P's
and q's and E -P, is the propagator. In writing
(11)we have already assumed that in

only the small-~ behavior can be unbounded
and hence have suppressed the dependence on

A, B, . . . , A', B'. We see that if R-~ ', the
integral of (11)will diverge for y =

& for fixed
P but requires y = 2 n —4 in order to have the
& ' singularity and that of the propagator coin-
cidence. However we showed above that y =-,' or 1
for n ~ 3, and hence there is no divergence. The
essential point here is that in the part of the equa-
tion containing the n-1 connected kernel there
are n —2 free momenta and one propagator. The
dimension of the propagator is always the same,
but each additional particle gives three more pow-
ers of momentum in the numerator. Since the R's
do not diverge more and more strongly at an (n
—1)-body zero-energy bound state the integrals
are finite for small e and small momenta for
Pl& 3.

One might be concerned that our argument is
based only on trK. What if trK2 diverges? It is
easy to show that in fact it does not. It is also
clear that if an infinite number of eigenvalues of
K exceed 1 we expect trK and trK' to diverge. It
is of course possible that K is not a positive def-
inite operator and the positive and negative eigen-
values cancel. But looking at trK' or making a
partial-wave projection removes this difficulty,
and it is easy to see that the partial-wave projec-
tion will not change what are essentially dimen-
sional arguments.

In conclusion we have shown that for the four-
body system, the singularity of the connected
three-body amplitude corresponding to a three-
body bound state at zero energy is not strong
enough to make the trace of the four-body scatter-
ing equation diverge at zero energy and hence to
produce an infinite number of four-body bound
states. For the n-body case, n&4, the situation
is even less singular. Hence the remarkable
Efimov effect seems even more remarkably to be
a property of the three-body system only.
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