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It should be noted that because of the explicit appear-
ance of derivatives with respect to polarization vectors
in the operator in Eq. (13), knowledge of the nonradiative
cross section for arbitrary direction of polarization is
required in order to determine the radiative cross
section for a particular polarization configuration.
That is to say, the components of the functions A, B&,
C&, and D» defined in Eq. (14) must be known separate-
ly rather than just the linear combination required for a
particular polarization configuration. This is in contrast
to the situation for the original Burnett-Kroll theorem
where the single function A, , determined by the unpolar-
ized nonradiative cross section, is sufficient to deter-
mine the first two orders ink of the unpolarized radia-
tive cross section.
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Photons produced in high-energy hadronic collisions come primarily from m decays. If
the 7t. inclusive cross section exhibits Feynman scaling, then so does the derived photon

spectrum. The scaled photon-spectrum behavior in the central region (x = 0) is examined in

detail. The bremsstrahlung contribution can be estimated for not too energetic photons, and

provides a means for measuring the mean charged multiplicity at very high energies.

I. INTRODUCTION

The study of high-energy hadronic collisions has
been greatly facilitated by advances in the under-
standing of inclusive processes —processes in

which not all the final-state particles are speci-
fied. ' The most extensively studied inclusive pro-

cesses are the single-particle inclusive reactions
of the form (a: c ~b).' If particle c is not a hadron,
but rather the decay product of a hadron, d, the
observed spectrum is an indirect image of the orig-
inal inclusive process (a:d ~b). In particular, the
observation of (a: y~b) yields information primarily
about (a: &'~b). Of course the information is not
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as precise as would be a direct measurement of
(a: w'[b) in a coincidence experiment.

There are further complications in interpreting
the photon spectrum. Some photons arise from the
decays of hadrons other than r"s, most notably

from the decays of q's. The q-3~o mode is an es-
pecially copious source of photons. Each q yields
an average of 3.2 photons. Because of the much
greater production of r"s and because the photons
from the g- 3& mode are essentially indistinguish-
able from "true" &' photons we shall generally
ignore the complication introduced by q decays.

A second complication is the production of pho-
tons by charged-particle bremsstrahlung. For
soft photons bremsstrahlung must be taken into
account. %e shall. do this in Sec. VI, in the con-
text of a model.

The basic assumption of the paper is that at
high energies hadronic processes exhibit Feyn-
man sealing. ' Beyond this, we shall need little
more than kinematics. Since these kinematics are
essential and somewhat unfamiliar, we present
them in some detail in Sec. II. These results are
combined with Feynman scaling in Sec. III. A
numerical example is presented in Sec. IV to
clarify the preceding sections. The prescription
of Sternheimer' for extracting the ~' spectrum
from the observed photon spectrum is examined
in Sec. V. The bremsstrahlung contribution to
the photon distribution is analyzed in Sec. VI.
Finally, the principles derived are applied to an
analysis of the CERN ISR (Intersecting Storage
Rings) data on (p: y[p).

The principal results are the following:
(a) If (a: m'[b) scales so that the inclusive m'

differential cross section gives

d,
-- (x, p,', s) = f„(x,p,')F. do, 1

inel +inei

=f„.(x, p'),
where P~ is the component of the 7t' momentum
perpendicular to the beam direction and x=p~~/
[(s)'~'/2], then the photon spectrum resulting from
the mo decays also scales,

lim —= „, (x, k~', s) =—— fz(x, k,')k do

s ~~ ~inei ~ k ~inei

fy(x, k~'), -

where k~ is the component of photon momentum
perpendicular to the beam direction and x= k ~~/

[.(.)'"/21.
(b) fz(x, k ') is continuous as x-0 except for

k~2=0, where we have

lim lim f~(x, k~') =-', lim lim f~(x, k,').
x o og o a~ ox o

(c) For the photon spectrum arising from w'

decays, we have

lim fy(x=0, k~')= —, dk~'fy(x=0, k~')
0

on the assumption that the w' distribution has
scaled.

(d) For the photon spectrum arising from brems-
strahlung, we derive the result for large s, small
k, and @=0:

kdo'

d'k ' 4 'k '
J

where a. is the fine-structure constant and (n, ) is
the mean charged multiplicity.

II. DECAY KINEMATICS

The calculation of the photon distribution from
a known ~' distribution is straightforward. If a
single ~' with four-momentum P and mass m de-
cays into two photons, the distribution of photons
is given, in invariant form, by

dN 1k, (p, k) = —5(p k ——,'m').

Consequently, the Lorentz-invariant cross sec-
tion for photon production is

k, = E„, (p, s) [
—5(p k--', no*),

where

Ed, (P, s)
6fQ

is the invariant differential cross section for the
production of m" s at a center-of-mass energy
squared equal to s. For definiteness we shall
assume that the &"s result from p-p collisions,
and the center of mass is that of the P-P system.
It will be apparent that all the results apply equal-
ly to (a: w'[b) with only trivial modifications, if
any.

The w" s which contribute to the photon spectrum
at a given momentum, k, are constrained by Eq.
(I) to satisfy

PEpt
II

where p I[ is the component of ~' momentum paral-
lel to the photon momentum. From (3) we find

~ II ~o+
k
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P fYl

2

I

4

I

3 fYl FIG. 2. The geometry for determining the photon spec-
trum from a given pion spectrum.

FIG. 1. Cross sections of the paraboloids on which
mo's must lie to contribute at given values of photon
momentum.

where P~ is component of w' momentum perpen-
dicular to the photon momentum and where

m2
p k 4k'

See Fig. 1. In momentum space, the w" s con-
tributing at a given photon momentum are con-
fined to a paraboloid whose axis is along the di-
rection of the photon, and whose apex is at p'~~ =pp.
For large k/m the paraboloid becomes very nar-
row. The limit k- 0 is degenerate and must be

handled with care.
The 5 function in (2) can be eliminated by inte-

grating over 8, the angle between the w and the
photon, with the result

dQ i dO'

Qg elP d p0

where Q is the azimuthal angle in the plane per-
pendicular to the photon, and where

E,= ( p0'+m ')"'

m2
=k+—.

4k
'

In (6) we have taken the upper limit in the E inte-
gration to be infinite and assumed the kinematical
limits are incorporated into the m' differential
cross section. The v0 three-momentum in (6) is
given, in coordinates relative to the photon, by

f, m 2 1/2 m2 1/2

P=~ P', P.'= o y k
(P'-P.),P,'= y k

(P'-P. ) (8)

The m' inclusive cross section is a function of s, P, the component of momentum parallel to the beam di-
rection, and p„ the component perpendicular to it. If the azimuthal angle Q is measured away from the
plane containing the photon and the beam direction, and if the photon has components of momentum paral-
lel and perpendicular to the beam direction k

~~
and k~, respectively, then

2
m' )&/2 k m' k~ ' m'

P ' = —(E —E ) ~

—cosQ+ E ———+ —(E E)sin'Q—
k ) k 2A k k

where E is the ~' energy. See Fig. 2. Thus we have explicitly

dc 1 " "'" dc I' m' "'k
kdk(k s)=

k
dE dpEd, ~Ep '= —-(E —E) „~cosp+ E-

d3k 7tk g~ d'Pi' ' k

m2
+ —(E -E ) sin'P s ( .

k 0 t ) (10)

For k/m»1, the paraboloid over which the integration takes place becomes narrow. If it is approxi-
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mated by one of vanishing width, Eq. (10) becomes

dg 2 4g
k ——(k s)=—

i «EE ——(P', s),9'
y g dsp

0

where p lies in the same direction as k. In this limit we can also approximate E, by k. Then we have the
approximation of Sternheimer'.

8 2 dg ~ dgk' ——(k s) = 2E-—-(p=k s).
Bk dsk ' esp (12)

We postpone until Sec. VI an evaluation of the reliability of Sternheimer's approximation.

III. SCALING

The scaling hypothesis is that Rs s- ~, the invariant differential production cross section becomes a
function of P ' and x=-P))/[(s)"'/2] only. (See Sec. L) To see how this scaling manifests itself in the photon
spectrum arising from ))' decay, we begin with Eti. (10) and introduce the following new coordinates:

2 BZV'= —(E -E.),

Then we have

if we take s-~ with xz 10, in the notation of Sec. I, we have

j~(xy, ),')=, J: QOf„x„=x, \+ —, , p,*= t), +0, )+—, +q„*)l. (15)

Equation (15) makes manifest the scaling of the photon distribution for xW 0.
The ~' spectrum is expected to become a function of P, alone as s- ~ with P» and P]~ fixed. This carries

over to the photon spectrum as we show below. From (14), we have in the xz =0 limit (with k~ and k)) fixed)

f, (0, k.')=- -. «'@i. i0, u.'= —@.+ -, +P. —„' +e, ',I.mm' (16)

Only w" s with x, =0 contribute, since from (14), m" s with x„w 0 would have P~' ~ s, and we assume the
cross section falls off in P '. We can change variables in (16) to

PN2

p, (k, ) =k

From (18), we see that the photon spectrum in the central region is indeed independent of k)).
U k„40, then fz(xz, k,') [Eg. (15)] joins smoothly to fz(0, k~') [Eg. (18)]. To prove this, let
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pm
2

q'=q-'2k
J.

(19)

(20)

in Eq. (15) and let xz - 0. Then we find

lim f~(xy, k~') =
2 d'Q'f, ~0, p~'= p2(k~)+ 2 Q" +Q„'

~0 7tm
y

m'

=f„(0,k~2).

On the other hand, if k~ =0, the transformation given by (19) cannot be used. Instead, we have from (15),

f (x„,0)=;~t d'Qf„(x, =x (1+Q'/m'), p '= Q'}.
2

(21)

Evaluation of the k,2-0 limit of fz(0, k,2) requires some care. Because P,(k,) =-m2/4k„P~2 is large un-
less [see Eq. (18)]

k ~q," m'
m' 4k~ (22)

2
p jI PPS

J.

l Qll

we have from (18)
I/2 II2 2

P,*= '2+RQ" k (1+, +k,' i&+

Hence there are two identical contributions to the photon spectrum. ~e can write (1,8) as

f (0 k ) I dq dq f (0 P 2 ql/2 + 2qll k (1 + QI12/m2) +k 2(1 + qtl2/m2)2)
Vf PPl

For k ~/m«1, we separate out an integral over the entire Q" plane,

(0 k 2) ]I d2qtlf (0 p 2 qe2 + 2qttk (1 + qtl2/m2) + k 2(1 + QII2/m2)2}+E
4

where we anticipate that E will die exponentially in m/k ~. In particular,

(25)

(26)

lim f (0, k ')= d Q"f„(0,p '=Q"'}.
PJ 3~P +PPl

But from (21)

2lim f (x, 0)= d'Qf„(0, p =Q ).
x~0

(2'I)

(28)

Thus f~(x, k,') is not continuous at the point x=0, k, =0. To understand how this comes about, examine
Eq. (15). Contributions to the integral come from small values of P~2. For Q„=O,

2 2

p~2 = Q„+k~ 1+m'

while the integral in Eq. (15) extends to x, =1, or

Q
2

m' xv

The condition p~2=0 yields, for (k /m)«1,
m'

Q, =ki or
J.

(29)

(80)
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Thus the small p~' regions are near (Q, =k~, Q„=O) and (Q, =-m'/k~, Q„=O). If x &(k /m)', then by (30)
the second region falls outside the integration domain determined by the kinematical limits. Thus as x de-
creases to values less than about (k,/m), the second region is introduced into the integrations, giving
rise to the factor of 2 between (27) and (28).

We can reformulate (27} in an interesting fashion. To do this we first note that

J" dpi'f„o(0 pi') = 2 J" dki'f) (o, ki') (31)

This relation can be proved directly from (1). It reflects the fact that the central rapidity region for the
photons must be twice as heavily populated as the central region for pions.

As a consequence, we have a theorem for the photon spectrum arising from the decays of a scaled m'

spectrum:

lim f (O, k~2) = —, dk~'fy(0, k~ ).
Ay~0 ~ ~ 0

(32)

Equation (32) is a striking consequence of scaling in hadronic collisions, relating the photon spectrum in
the central region at zero transverse momentum, to the spectrum in the central region integrated over
transverse momentum. Since the equation is linear in the photon cross section, it is unaffected by un-
certainties in over-all normalization.

The integral in Eg. (26) can be expanded in powers of k,/m:

r ~dQ2 t2& Q2) Q2)2
fy(0 kg')=,

2 dQ f (0 Q')+ 2Qcospk 1+—,
~

+k ' 1+—,
~ f, '(0 Q')'Fm ~0 2 m') ' m')

Q2 2

+2 2Qcospk~ 1+—2 f„"(0,Q )+O(k~4/m4) (33)

dQ' f, (0, Q')+ki' 1+—,
i f,'(0, Q')+Q'ki' 1+—,

i f„"(0,Q')+O(k~'/m')
PS gJ 0

(34)

where primes denote differentiation with respect to Q'. Assuming Q'f„(0, Q') and Q'f„'(0, Q') vanish for
Q' =0, we integrate by parts to get

fz(0, ki') =—, dQ'f, (0, Q') 1+, 2+, +O
m Q p pn' m' m') (35)

As k~ increases, the Z term in Eg. (26) must be considered as well. From Eg. (35), though, we expect
a rise in the photon spectrum for transverse momenta increasing from zero to small values. For larger
values of k~, the E term reduces the value of the right-hand side of (26). We expect E to become signifi-
cant when (m'/2k ) = (P, ), where (P ) is the average transverse pion momentum.

The general principles outlined here are displayed explicitly in the next section.

IV. A SIMPLE EXAMPLE

An appreciation for the results of the preceding sections can be gained by considering an especially sim-
ple example. Suppose that the scaled z' distribution is independent of x and given by

f„o(x,p ')=e ', 0& ixi&1.

From (15) we find

~m (1/x-5 dQR 2w 2 2

f~(x, k,'}=,
2

d8exP -a Q'+2k, Qcose 1+—,+k, ' 1+
4 p 0

pm 2(l/x-Q Qa)2 f Q&
dQ'exp -a Q'+k, ' 1+—,

~
I, ( 2ak Q 1+—, (36)
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where I, is the usual modified Bessel function.
Similarly, from (18) we find

f~(0, k, ')

becomes
-ak»2 am 2/2

f,(0, k, '»m')=
ak»

(42)

2u, ~
dz exp -a — ', +P,(k, ) e 'I, (z).am' „ QSZ

(39)

while from (39) (see the Appendix),

lim fz(0, k~') =
~p QSl

(41)

This shows explicitly the factor of 2 associated
with interchanging the order of the limits x-0
and k, - 0, which we proved generally in Eqs. (27)
and (28).

The numerical evaluation of Eq. (39) with am'
=0.3 is shown in Figs. 3 and 4. In Fig. 3 we see
that the falloff in k» is much steeper than that of
the generating m spectrum. For k~/m» 1, Eq. (39)

Ipp

We can find the k, -0 limit of the two expressions.
From (38),

2 2
f~(x, k, '=0) =, 1 —exp -am' --1, (40)

In Fig. 4, the quadratic rise away from k» =0 is
clearly visible in confirmation of Eq. (35). Also
shown is the x=0 spectrum arising from a 7I dis-
tribution

f,o(0, p, ') =e "'
with the value of b chosen to give the same (P, ')
as (36) (b'm' =1.8 corresponds to am' =0.3).

Figure 4 shows that two rather different m' spec-
tra can gave rise to quite similar photon spectra,
provided the (p, ') values are roughly the same.
It also shows the turnover as the E term in Eq. (26)
becomes significant, around (m'/2k~)' =(P~').
Numerical calculations reveal that f~(0, k, ') is not
terribly sensitive to the parameter a in Eq. (36)
if the results are normalized to the same value at
k» =0. For example, with any'=0. 2 the curve dif-
fers from that with am' =0.3 by no more than 15%
in the range 0 &k, /m &1.

The evaluation of fz(x, k~') [Eq. (38)j is shown in
Fig. 5. For small k~/m and x not too small, Eq.
(40) is a good representation of the photon spec-
trum. For very small x, the distribution rises
towards the value dictated by Eq. (39). The tran-
sition takes place in the region x= m'/k~'.

l.2

lp

D

I.O
O
O

0.8

-I

0.6
O

0.4

0.2

O. I

0
I I

4
(k / rn)

0
0

I

0.2
I

OA

k»
fTl

I

0.6
I

0.8 I.O

FIG. 3. The photon spectrum at x = 0 resulting from
a pion spectrum given by exp(-ap» ) with am = 0.3.
The behavior at extremely small values of k» is shown
in more detail in Fig. 4.

FIG. 4. Photon spectra at x= 0 resulting from two
pion spectra having the same (p»2): solid line,
exp(-ap»2) with am2 = 0.3; dashed line, exp(-bp~) with
b2m = 1.8. Both spectra are normalized to unity at
k» =0.
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—, [»Z,(», P)] =
—, [»f,(x, k, = Px)]

8 8

l0-

9 81+g —+x — x, kj = x8x Bk
(45)

Thus we can write (46) as

8
2f„o(x, ki) = [-»—Fy(», P)] ~ (49)

CV

~ 6

In effect, k has been replaced by x, and tanO

=k~/k, by P =k, /x. From (46) the x=0 analog is

2f.o(o ki) =-
k

[k,f,(o k,)].
kl

(50)

%e can test this prescription with the model of
the previous section. From (42),

8k [k f (0 k )] 2 am /2 -a)sk (51)
0-
0 0.2 OA

l

0.6 0k8 I.O

V. STERNHEIMER'S PRESCRIPTION

FIG. 5. The photon spectrum f&(x,4~2) resu1ting from
a pion spectrum given by exp{-up~') mth gypg2 = 0.3
{A~ in GeV/c).

Thus the value of the pion distribution we would
infer from Sternheimer's prescription differs
from the true expression by a constant. It is easy
to see how this has happened. The approximation
go= k is inadequate since exp(-ap, ') differs by a
constant f rom exp(-ak'). For less rapidly vary-
ing w distributions this problem would not arise.

At any finite energy, Sternheimer's prescription,
Eq. (12), may be used to derive the w' spectrum
from a known photon spectrum if k/m» 1. A
scaled form of Sternheimer's prescription is also
easily obtained. From Eq. (12),

do' ~ ~ 8 ( g do'

(44)

In terms of k~ and k~~ we have

kZ , (p =)(, s) =—— k s k„ s k k , (k, s)) .
dQ' 8 8

(45)

Passing to the scaling limit,

8 82f„.(p=k, s) =- 1+x +k, f,(x, k,)—.

VI. BREMSSTRAHLUNG

dN n, sin'8
d'k 4v'k' (1 —P cos8)' ' (53)

%bile p decays are the primary source of pho-
tons in hadronic collisions, in a restricted kine-
matic region bremsstrahlung is an important
source also. The bremsstrahlung arises primar-
ily from the sudden creation of charged particles,
i.e., inner bremsstrahlung analogous to radiative
P decay. The general features of the bremsstrah-
1ung contribution can be anticipated by consider-
ing the classical formula for the intensity of inner
bremsstrahlung from a particle created suddenly
with a velocity P (Ref. 5),

dN a, sin'8
dQdk 4v' (1 —Pcos8)''

where k is the photon energy and 8 is the angle
between the photon direction and the direction of
7I. For the Lorentz-invariant form we have

If k, = Px and if

Z„(x, P) =f,(x, k, ),
then

(47)

Consider the special case of photons emitted
at 90' to the beam direction. As the value of s
(the center-of-mass energy squared) increases,
more and more charged particles are produced
in the forward and backward directions. While the



bremsstrahlung from these particles peaks also
in the forward and backward directions, a contri-
bution at 90' persists. Indeed, it can be seen from
(53& that, with the assumption of incoherence, each
particle gives a contribution to the soft-photon
spectrum at 90' of (o./4m k'). Thus at 90' the
br emsstrahlung contribution is

ql

Ado 0..d a-4"u ("& (54)

where (n,) is the mean multiplicity of charged par-
ticles. Since (n,& is believed to grow like lns, this
contribution, unlike that from z decay, does not
scale„but increases with increasing 8.

We shall now treat the bremsstrahlung in a more
complete fashion. Gur model will be based on a
number of assumptions. First, we shall assume
that the photons are emitted incoherently from the
charged particles. Second, we shall assume that
all the created charged particles are pions. Third,

FIG. 6. A typical bremsstrahlung diagram in charged-
particle production.

we shall neglect bremsstrahlung from the incident
particles. Finally, we shall assume that the rele-
vant diagrams are like that in Fig. 6. We shall
restrict ourselves to low-photon momenta and
assume that the extrapolation of the hadronic ma-
trix element is negligible. Thus a typical matrix
element squared is

where M(p„p„q„.. . , q„) is the matrix element for the nonradiative process. The sum is over the photon
polarizations. Because we have assumed incoherent production of the photons, and negligible extrapolation
of the matrix element, after summing over exclusive processes, we get a form which factorizes between
the hadronic production and the emission of bremsstrahlung:

[2(2w)']'kq, d, d,
—=2(2m)'q, , 4ma (56)

Making manifest the correspondence with the classical result, we have

4g ~ 2 sin g cfg
'd'kd'q 4w'k' (1 —Pcos8')' 'd q'

where P = ~q~/qo and 8' is the angle between q and k. The bremsstrahlung spectrum then is

do e d 'q do q
' sin'8'

d'0 4v'p' J q, 'd'q q, [1—(q/q, ) cos 8']'

Specializing to the case of photons at 90 to the beam direction, we can reexpress the result in terms of
angles relative to the beam direction rather than the photon direction. Thus we have

k da dq, dq '
q, do t'" 1 —(q, '/q') cos'Q

v d'0 4w'k' 2q, v d'q J' [q /q —(q /q) cosP]''

a )(dq„wdq, '(q, do)I~ 2 (~ ~q') '"(~ q
' m')

(6o)

As we shall see, 8 is a small correction. The basic result is simply that at 90' each charged particle
contributes to the bremsstrahlung according to the classical 90 result for relativistic particles:

(61)

We can derive an estimate for 8 by considering a model in which (qo/o)(do/d q) is a function of q~ only,
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except that it vanishes for
~ q~~ ~

& P, with s =4P'. With (qo/o)(dv/d'q) =g(q~ ), we have

J' dq, ' f' dq, g(q, ')q,
' (62)

2 5dq, 'g (q, ')[ln(m, '/m') —I]

Jd q~ g (q, ')[ln(s/m~) —ln(m~'/m')]

2[(ln(m, '/m')) —l]
ln(s/m') (63)

Ado n
(65)

where R' is given by the previous expression for
g except that the argument of the pion inclusive
differential cross section is shifted by the amount
necessary to bring the photon to a 90' orientation.

VII. ANALYSIS OF ISR DATA

Data are available for photon distributions at
s=900, 2000, and 2800 GeV', at 10', 16', 24',
and 90". Neuhofer et al. provide a parametriza-
tion of the data for photon energies between 100
MeV and 5 GeV as

exp (66)

with A=1.48 GeV ', 40=0.162 GeV, and F0=0.083.
The parametrization in Eq. (66) clearly does not

satisfy the requirements of Eq. (32). Still it does
permit a reasonable evaluation of the right-hand
side of the equation. Thus we have the prediction

lim fz(x = 0, k~) = 53 GeV ' .
Ag~g

(6V)

Verification of this prediction is obscured by the

where m~ =q~'+m and where we have assumed
s»m'. In addition to the ln(s/m') suppression,
5i', is reduced by cancellation between the two
terms in the numerator. For example, if g(q~')
= exp(-aq, '),

(ln(m, '/m')) = e' ~E,(am'), (6

where E, is the usual exponential integral function.
For a reasonable value of am', say, any' =0.3,
(In(m, '/m')) = l.2 so that R = 0.4/in(s/m').

For photons with fixed center-of-mass momen-
turn, but not necessarily perpendicular to the beam
direction, we have similarly,

bremsstrahlung. If at s =2600 GeV', (n, )=10, then

= 2 x10-'k, -'.
brems

The data cited above have been binned by total
photon momentum into bins of 100 MeV. The
bremsstrahlung contribution is primarily in the
first bin. Formally the integrated bremsstrahlung
contribution diverges; the actual bremsstrahlung
contribution to the measured cross section de-
pends critica11y on the detection efficiency at low-
photon momenta. Comparing the bremsstrahlung
prediction with the parametrization of the data,
we see that the bremsstrahlung becomes signifi-
cant in the region k = 1-10 MeV. In principle,
careful measurements of the photon spectrum at
low transverse momentum could identify the
bremsstrahlung by its characteristic I/k, ' behav-
ior. After subtracting the bremsstrahlung, the
remaining cross section should conform to the
condition imposed by Eq. (32). Figure 7 shows
that the data of Neuhofer et al. are consistent
with this interpretation. The cross section for
the lowest transverse momenta lies above the
curves anticipated on the basis of a m'.spectrum
like that of Eq. (36). Presumably this is a reflec-
tion of the bremsstrahlung contribution.

The data shown in Fig. 7 are not exactly at &= 0.
At fixed production angle, as k~ increases, so
does x. Since we expect a falloff in x (cf. Fig. 5),
the data might be expected to be below the antici-
pated curve for x =0 for larger values of k . Such
a trend may exist in the 10' data. On the other
hand, the choice of a hypothetical n spectrum at
x=0 is quite arbitrary and different spectra would
give somewhat different photon distributions.
(See Fig. 4.)
Using the Sternheimer prescription and the pa-

rametrization of the photon data of Neuhofer et
al. , we have
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FIG. 7. Some of the data of Ref. 7 for Ada/crd3k at
low transverse photon momenta and fixed angles of 10'
and 24' away from the beam direction. The curves are
predictions for x = 0 photons based on an assumed
pion spectrum proportional to exp(-ep~2) with am2 = 0.3.
The normalization for. .the curve is determined by Eq.
{32). See Eq. (69). The data points have values of x
between 0 and 0.05.

E do I 8 8 A. x k„
(k, s) =-— 1+ki + x —exp0 d P 2 8$3 8x ~L xp ~p

—+——exp

In particular, at x=0, we have

(x=0) =—e "~ &
E do A
o' dP 2kp

(69)

(70)

E,—= 140 e '"~~ mb/(GeV'/e')
do'

p
(72)

in confirmation of the prediction that at x=0 the
w', m, and m' distributions must coincide at very
high energies.

g 0 111el 33 mb, we have for the m' distribution

E, (~=0) =150e "~'mb/(GeV'/e').
do'

p

Data taken by the Saclay-Strasbourg Collaboration
at the CERN Intersecting Storage Rings in the
same range (s=900—2800 GeV') gave essentially
identical m' and n distributions at x=-0.' These
distributions could be parametrized by

I"IG. 8. The data of Hefs. 7 and 9 for the invariant
cross section for (p:v Ip). The solid curves are fits to
lower-energy data for (p:s Ip). The dashed curve is
the value of the invariant cross section for (p: m Ip)
at p~ = 0.4 GeV/c derived with the Sternheimer approxi-
mation, Eq. (72). The data of Ref. 10 for (p: n +Ip)
are slightly higher than those shown for (p:v Ip). Iso-
spin invariance together with scaling requires that
(p:"lp) =.'- I. (p:"Ip) + (p: Ip)).

For x&0, isospin invariance requires for scaled
fragmenta, tion of protons'

(p: s" Ip) =l((p:~'Ip)+(p: s Ip)]. (f3)

A comparison is shown in Fig. 8. The agreement
is less satisfactory for x&0 than for x=0.

The data shown are for (p: s Ip) and are taken
from Befs. 7 and 9. For x&0, we would expect
the m' curve to lie above the data, since the vi'

data of Ref. 10 are slightly higher. While the re-
lation in Eq. (73) does not appear to be satisfied
for the data of Befs. 9 and 10, we should like to
emphasize that this relation is on very good foot-
ing. It requires only the dominance of an I=0
amplitude in the bb channel: Factorization of the
Pomeranchukon is not required. Thus the good
agreement with the data of Ref. 7 is reassuring
and we expect to see similar agreement for x&0
as the accuracy of the experiments improves. As
a result of q production, the number of protons
produced should be slightly greater than the num-
ber of charged pions produced. %ith very precise
measurements, this discrepancy could be used to
deduce the ma, gnitude of the g production.

A comparison similar to those made above has
been performed by Charlton and Thomas who
found good agreement between the charged- a.nd

QeutrRl-pion dRta. 1Q their coDlparlsonp howeverq
they treated the data of Befs. 9 and 10 as if they
were taken Rt 90, and compared them with the in-
ferred n spectrum at 90'. Actually, the charged-
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pion data they used were for x&0.05 and should
have been compared with the inferred pion spec-
trum for the same x values. Had this been done,
the inferred m spectrum would lie below the
charged-pion data as in Fig. 8. This is a strong
reminder that in many instances a value of x=0.05
is not necessarily small.

The parametrization of Neuhofer et al. gives us
a means of evaluating the photon multiplicity and
implicitly the charged-pion multiplicity. From
Eq. (66) we find

(74)

from which Neuhofer et gl. deduced a photon multi-
plicity at s = 2000 GeV' of 9.4. By our isospin
equality, Eq. (73), this means that the charged-
pion multiplicity is also 9.4. The photon data
from s =900 to 2800 GeV' showed no clear energy
dependence while data on the production of charged
particles appear to show energy dependence. " A
good deal of caution is called for under these cir-
cumstances. The Saelay-Strasbourg Collaboration
found the charged-pion production at 90' to be en-
ergy independent from s =910 to 2800 GeV'. This
is consistent with the constancy of the photon spec-
trum, but it would require that the energy depen-
dence be due entirely to nonpion sources.

VIII. SUMMARY

strahlung„primarily from the creation of charged
particles in the collision. This component behaves
as I/kl' and is nearly proportional to the average
char ged multiplicity.

The analytic structure of the sealed photon dis-
tributions has been examined. The distribution
is continuous as x-0 except for k~ = 0.

Oata from the CERN ISR is consistent with the
theoretical predictions presented. More precise
measurements of the very low transverse momen-
tum region would be useful and could in principle
provide a means for measuring the average
char ged multiplicity.

Note addedi» Proof The. incoherence assump-
tion used in Sec. VI may not be appropriate at high
energies since produced particles are concentrated
in the extreme forward and backward directions.
If we assume that all charged particles are rela-
tivistic and moving along the beam direction,
either forward or backward, we find for the brems-
strahlung spectrum

where ((AQz)'& is the mean value of the square of
the final right-moving charge minus the initial
right-moving charge. If there are no correlations,
((&Vs)'& =(»'"&/2 (H« l3)

We have shown how the sealed photon spectrum
ean be derived from a, given scaled m' spectrum.
The inverse procedure ean be accomplished ap-
proximately by a modified version of Sternheimer's
prescription. These procedures may be useful in
testing symmetry relations in inclusive reactions.

In the central region (x=0) the photon distribu-
tion at low transverse momentum consists of two
parts. One component comes from m' decays and
its magnitude is related to the integral of the spec-
trum over all values of the transverse momentum
at x=0. The second component is due to brems-
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APPENDIX: DERIVATION OF Eg. (41)

For small k, /m, with am' fixed, p, (kl) can be approximated by -1»'/4k so that (39) becomes

2k,zj (0, k, 'small)=, dzexp -a —', —— e 'fo(z).
gm am' 4k,

The final factor, e J,(z), is well behaved for all z in the range of integration. The other factor of the
illtegl'Rnd ls largest neR1" z =Q»l /(Bk~ ). Fol' z of order»l/k~ this fRctol" 18 itself of order exp[-Q»l /
(i6k, ')J. Thus we can replace our lower limit of integration by one of order m/k, . We have then

fl, (0, kl' small) =-, dz exp ——'.,—— 8 'I,(z) .2k,z es'
Qvs ~/p QFPl 4pg
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Again using the dominance of the region where s is of order m'/k~', we can replace e '1,(z) by its asymp-
totic value, (2zzz) ' '. Changing variables, with u=2k~z/am' —m'/4kz, we find

pOO a -x/2

fz(0, k~'small)=2(zzam'k~) '~'
~

due ' u+
~2 /gm -m&/4Ag 4~ J

Now over the region of integration, we see that (u+m'/4k, ) - 2/am, so that this factor is well behaved.
The integration is dominated by values of u of order a '", so we can replace the final factor by (m'/
[4k~]) '" and finally obtain

f (0, k 'small) =2(zzam'k ) '"[m'/(4k )j '"a '"zz' '

=4(am') '. (A4)
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