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Starting from the B, of Chan and Tsou and using the results of DeTar, Kang, Tan, and Weis, we

obtain expressions for the cross section and density-matrix elements of vector mesons produced in

inclusive reactions. The behavior of these quantities as functions of energy, missing mass, and

momentum transfer is explored.

I. INTRODUCTION

With experiments of the type a+5- c+ d

+X (anything} at ultrahigh energy imminent, it is
of some theoretical interest to investigate pre-
dictions for density-matrix elements of resonances
produced in inclusive processes. The cross sec-
tion for this process can be written as a discon-
tinuity in the forward four -to-four amplitude.
The dual resonance model (DRM} provides a natu-
ral framework for our investigation, because it
specifies the eight-point amplitude as well as a
simple prescription for focusing on the case where
two pairs of particles form resonances. The re-
sulting amplitude (for co"p"- mr" p") is a linear
combination of B,'s, and we can use the results of
DeTar, Kang, Tan, and Weiss (DKTW)' to take
the desired discontinuity.

The paper is divided into five sections. Follow-
ing the Introduction we define our notation and set
forth the approximations and assumptions made,
along with some motivation for these assumptions
and approximations. Section III contains a de-
scription of the calculation; results obtained are
in Sec. IV. Finally, we comment upon the results.

+If' = a((pI + p j + Pl} )

and let

(2.1)

(2.2)

Here M' is the missing mass squared. We also
use s for the center-of-mass energy squared and
t for the momentum transfer squared between
particles a and x.

We deviate from this notation when obtaining

II. BACKGROUND

A. Notation and Kinematic Region

For the most part, we follow the notation used
in Ref. 1. In considering ah+- x X+( anyithn)gwe
are interested in the amplitude for a+5+7- a+ 5+7, where the bar denotes the antiparticle.
We use

from the eight-point function the combination of
six-point functions which constitute the amplitude
for the case of two external vector mesons. Then,
since we shall be dealing solely with momenta of
groups of particles adjacent in our diagrams, we
adopt the notation of Chan and Tsou, '

&gg(&+I) = a((p(+ p&+g+' ' '+ py) ) ~

Xfg Qfg 1 o

(2.3)

(2.4)

Also, throughout ihe paper, in all DRM diagrams,
all momenta are ingoing.

The kinematic region in which we shall be work-
ing is the fragmentation region of particle a. In
this region

s M2- (2.5)

while f is held fixed. We do not assume that s/M'
is large. (However, see comments at the end of
Sec. III.)

B. Assumptions and Approximations

We start from the results of DKTW. They find
that of the 60 different diagrams contributing to
the six-point amplitude, only four contribute to
the discontinuity in the fragmentation region.
These four are shown in Fig. 1(a). Therefore, in
obtaining the amplitude for Vvo'- Voo from eight-
point functions, we need only consider the pairs
of poles in two-particle subenergies which yield
combinations of B,'s with external particles or-
dered as in one of these four diagrams. Hence,
the B,'s which we consider are those sho~ in Fig.
1(b). The amplitudes of these graphs we denote
byA', B', C', and D', from left to right.

Linear trajectories are assumed. In the nu-
merical evaluation, all internal trajectories are
taken to be the "w" trajectory, a(s) = s, with
o.'(m, ') = 0, a(mv') = 1, except where it is obvious
that what should be used is the actual mass of the
m or the p -as in the calculation of the invariants,
for example (s = 2m, '+ 2p, p, not s =2m, '+ 2p, p, ).
This assumption is made for simplicity. If one
desired, one could insert a more "realistic" vacu-
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x b a " bx ba " b the density matrix of the vector meson x in the re-
action a+b -x+X:

p~t = (1/N) Disc„a(aba (A.') ~T ~abX(A.)), (3 1)

x b x
0

a — ba — b
x X

where

N' = +Disc„a(ab7(X) ~T(ab7(A)) . (3 2)

(b)

The one-particle spectrum is

FIG. 1. (a) The four DRM diagrams which contribute
to a + b —x+ X in the fragmentation region of a. (b)
The four DRM diagrams which contribute to a + b —V+ X
in the fragmentation region of c,

um trajectory in the appropriate channels. Since
our main interest lies in t dependence, however,
we can tolerate a vacuum trajectory with intercept
zero. We comment further on this in the final
section.

III. CALCULATION

It is easy to show that a simple application of
the Mueller 3 technique to reactions involving the
production and subsequent decay of vector mesons
yields the following expression for elements of

1 dc r(a „.+1)
(3.3)

where we include the total cross section o„ to
maintain scaling even with a vacuum trajectory
with intercept zero.

Consequently, in the fragmentation region of
particle a we wish to compute the DRM diagrams
shown in Fig. 2. We denote these four diagrams
byA, B, C, and D from left to right. To obtain
the expressions for A, B, C, andD, we first
need the expressions for A', B', C', and D',
which are obtained by taking the residue of B, at
the appropriate poles.

Consider first A'. We are interested in the
ta»=tate=1 (a»=xte=-2) pole. We find itcon-
venient to use the multiperipheral configuration
of B„represented by the duality diagram of Fig.
3(a). Using the expression of Chan and Tsou, '

I
Bs= dtttadtttadtttedtttsdttte ttta tattta»tits tettts tsttte te(1 —ttta) as(1 -ttts) ae(1 —ttte) es

a

(3.4)

x (1 tt )*se(1 -tt )»(1 tt tt )'sae &aa *se -t(1 -tt -tt )ass se 45 t(l tt tt )'4e *es *se t---
15

x(1 -u„u )*» *'e 'es t(1-Mt ttt u e)'as'*ae 'ae *»(1 -u, u u, )'se"es '» '«

x (1 -tt tt tt )*47+*as *ee-*st (1 tt tt tt tt )*as+*as *as *se

x(1 ttt tltettt -Itte) at ee ae et (1 -tt»utstttegtsttte)

we first expand terms containing tt» and/or tt te in Taylor series in those variables. We then do the u„
and ute integrations and take the residue at the double pole x» = -2, x„=-2. [Details of this procedure and
of steps leading from Eq. (3.5) to Eq. (3.6) are given in Appendix A.] We thus obtain

Ip, =
& DjSC

XX

8 C D

(a) 2 7 (b)
2 7 (c) 2 (d) 2 7

FIG. 2. Diagrammatic representation of density-
matrix elements.

FIG. 3. (a)- (d) The duality diagrams for the 8 8's
used in obtaining A, B, C, and D, respectively.
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TABLE I. Expressions forA, B, C, andD.

(1/n' )A &'po& [peB8(ncx) n) naxj nab) ubb» nba) uoxxj uexx) nxx) +pbB8{.. . ) n~„— ). . .)

+pbB8(. . . , n —1)ug —1, . . . ) +p B8(n - —1,n —1)ug —1, .. .)]

-q pb
'* ~ [p~&8(n~„- —1, . . . )+pbB8(n~y —1, ... ) e~~ —1, . ..)

+pbB, (u, -, —l, n-l»e; 1~ ~ ~ s)+p~B8(n, - —2, n —ljnlg —lj s 0 s)]

-e 'pb e '~ ~ [pgB 8{e - —1,u —1, . . .) +pbB8(n g
—1,u —1,n~„—1, . . . )

+pbB8(u - —l, n —2, n~~ —1).. .)+p~B8{ney —2, n —2, ng~ —1, . . .)]

-e p-, e'* ~ [p+8(n, y- l, u —l, n- —1, . . .) +pTB8(u, - —l, u —l, n-„—2, . . .)

+pbB8(n - —1, u —2, u- —2 ) +p B8(u~- —2, n —2, n- —2, . . . )]

-(& ~ &'*/2n')B8(n~p —1,n —1,no„—1, . . .) .

'pa ' [paB8(nai) a)ear jua»nbb» n$g ) ngxx » naais nai) +pbB8(naf —1, . . .)

+pbB8(u„-- l, n —1, . . . ) +p B8(u,„-—l, e —1,n-„—1, . . .)]

py ' [paB8(. . . )nez —1, . . .) +pbB8(nzz —1, . . . , uez —1).. . )

+pbB8(uoi j n ) nax ~ ' ) +pxB8(eeg —1)u —1)n~» —2». . .)]

pb [pe 8{~ ~ ~ j»lx j''') bb j''') 3xx

+p p8(u 1) ~ ~ ~ ) ugg 1) ~ ~ ~ » ebb lj ~ ~ ~ ) u3gg lj ~ ~ s)

+pb~8(nax j u j nax» ~ ~ ' ) nbb ) ~ ' ~ j oxx

+p,B8(a„--1,n —1,n-„-2, . . . , ubb-l, . . . , u-„„--1, . . .)]

pa~ [poB8( ~ ~ ) nay j ', uo„p —1, . . .) +pbB8(a~) — j.. . »e~~ —1~. . . )ud„y- 1).. .)

+pb 8(nai —1,u —1,uax lj ~ ~ j naxx ) . .) +pxB8(ezz —lj e —lj n~„-2). . . » edgy 1) ~ ~ ~ )]

+(e ~ &' /2u')[B8(u „-—].ju —1)n3„—1).. .) -B8(u --1,n —l, u~„—2, . . .)].

A'= (a2$+1)[(aev+1)Bs(ass, age, ass, ass, as„ase, as„ass, ase)+ (a,v
—a,e

—aev)Bs(. . ., ass —1, . ..)
+(asv+ ass ase asv)Be( ~ axe ~ axs ~ )+(asv+ ass ase-asv)Be(a„-1) a,s-l, a.„-l,. . .)]

+(ass-an-ass)[(ac+1)Be(ass-l~. . .)+(asv ss- sv)Be(a$$-1, . . ., a„-l, . . .)
+( „+ „- ss- sv)Be(ass-l, a,s-l, a„-l, . . .)
+ ( sv+ ase ass —asv)Be(a$$2~ aw —li ass -1, . . .)]

+ (,s+ „-ass -ass)[(aev+1)Bs(a„-l, a s —1, . . .)+(a„—ase- aev)Be(a„-l, a,s-l, a„—1, . . .)
+ (asv + ase ss asv)Bs(ass» ass» ass li ~ ~ ~ )

sv+ ss ss sv s( ss i ss ~ zs ~ ~ ~ )]

+ (ass+ ass $$ ass)[(asv+ 1)Bs(ass -1, ass - 1, ass —1, .. .)+ (asv - ass- a~)Bs(ass -1, ass —1, ass -2, . . .)
+ (asv+ ase ase asv)Be(ass —1, ass —2, a&s —2, .. .)

sv se n ev)Bs(at$2& ass 2i ass 2~ )]

sv $$ $$ sv) s( $$ & $4 t ss s )s (3.5)
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(1/u' )C =-e.p ~' ~ [paBg(uaz ) u, uax, nI)x ) nb&) nab «uaox ) eaxx ) uax) +pbB~(. . . ) ua» -1) )

+pyB6(. . . «u —1)uox —1, . . .) +PxB6'(uox 1,u —1)ua» —1, . . .)]

-e p d ~ [plBS(u, - —1).. .)+PLEBS(n, -, —1, . . . , nox —1, . . . )

+P~B6(na» —1,u —1,ng» —,. . .) +PyB6(ua»- -2, — ) a» —,. . .)]

P~E' + ~ [paBtt(ua& —1) ~ ~ ~ ) up~ —1, . ~ ~ ) uoxx —1) ~ ~ ~ )

+p&BI(u - —1, . . . , ua —1, ~ )nay ' ' ) no»a —1, . ..)

+pyB(3(uax —1, u —1)nox —1. . . ) u&& —1, , ) uox» —1).. . )

+P,B&(u --2) n —1)ug —1) ~ ~ ) egg-1) ~ ~ n„-, —1) ~ )]

-&'Pa& [P/g(ua» —1, . . . , noxx —1, . . . )+P)B6(ua» —l, .-,uyx —1, . . . , ua„x —1, . . .)

+P~B6(na~ —1,n —1,na» —1) ~ ~ ~ ) uax» —1).. .) +P»B8(uax —2, u —1,uax —1, . . . , ax» —,. . . )]

+(E'' f'+/2u )[Bg(u - —1)n —1)uzx ) ' ' ) Bs(uox 2, u —1,n- —1, . . .)]

(1/u' )D =-E pad ' [paB&(ua» n) uox) u&» n&y) uyx ) naax) naox «no&) +PoBG(. . . , eox —1)...)
)2

+PyB8(. . . )uo» —1).. . )nay —1)... )eaa» —1, .. .)+P„-B6(.. . , na —1, . . . , ao» —1, . . .) ]

-e po& [poB6(ua„- —1).. .)+PaB8(nax —1, . . . , uo» —1, -, )

+pyB tj(uo- —1).. . ) e- —1) ~ ~ ~, e)7, —1) ~ ~ . , no ax — ) ~ ~ ~ )

+pyB6(nay —1, ' ) uo —1. . .ua a»
—1, . . . )]

-&'pg&'*' [P-Bs(e --1) ) uan-1) ~ ) noo x
—1) ~

+pa ()(nax « ' ' ) uax ) ' ' ) ning ) ' ' ' ) uaax

+P~B8(uo» —,. . . , uo„—1, . .. , e~7, —2. . .uoo» —1)uoa- —1, . . .)

+p»B(j(na» —1).. . ) ua„—1).. . ) n)g —1) ~ ~ ~ ) uoo» —1, coax

p» & ~ [pgB6(ua„- —1, . . . , noo„- —1, . . . ) +poB8(nox —1, . . . , nax —1, .. . , uao„- —1, . . .)

+pyB6(eax-1). . . ) uax —1) ~ ~ . ) egg —1).. . , uoax —l, noo» —1, . . .)

+P;B6(n..--1' 'n..-1'".u.~,- 1 n.-"--1'")]
+(e ~ 8*/2u )[B&(ea&-1,. . . ) e» -1, . . . ) e~~ —1, . . . , no~»- l, uo-;» —1, . . .)

~8(uax 1) ~ ~ ~ ) uax 1) ~ ~ ~ ) no ox 1)no ay 1)» ~ )]

where B,(o!», o.„,a», n„, n„, o.'„,n», a«, a„) is the standard six-point function and the ellipses in-
dicate the omitted ~„'s are unchanged. This amplitude receives contributions from all the daughter trajec-
tories. In order to restrict ourselves to the leading trajectory (i.e., the vecior meson) we employ the
method of Ref. 4. Having done so, it is easy to pick off the Yoo' vertices to obtain the expression for A
given in Table I (see Appendix A). In the same manner, the expressions for B, C, and D given in Table I
are obtained. (Appendix 8 contains an outline of the main steps. ) From this point we shall neglect all
c p„and ~'* p-„ terms since in the end are set p-, =-p, .

Next we take the discontinuity in (A+B+C+D) To do so w. e use the results of Ref. 1.
Discar2Be(+t + ~2s~ 4~ s~ s~ v~ s~ 9)

where

r(o2) &
~Q 1

(, , — — I(am/n4, a~/a~;n~, o'), a7+Q9 (Rsy ++op (27y Q5 Q9+tx7+n)y $5)I I + Cks) Q2 Q'2

(3.6)

I(n~, p~;n2, p2, &~, pe, 7, &)

dy, dy, y,
- -'y,-"-'(1—a, y, ) (1 —p, y, )')(1 —a,y, —p, y, )~(1 -y, -y, )'8(1 -y, -y, ) .

(3.7)
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TABLE II. Expressions for the discontinuities in A, D, and B+C.

r n aox Of n
2 DiSCjft2A =a'p E'~~p I » 'acx) aex ~ aa» ~ 'eax)

ul c c Q~b nab

ay n —1 a —12a
-2 -

a —1 I ~ a ~ ox ) cx ) ox ~ ex~ a --1 a --1 a --1 a --1,0 0
ab cb

a ex a —2 n —2
+ '4 I a --2 a --2 e --2, e --2, 0, 0a-2 cF . ) cx & c» ) a»

cb ab

Q 2acp 2

~g ep g)esp DI u -—1,u y-1, n - —1)nox —1) 0) 0
ucb nab

2a --2
1 nab aab

nab cx n u
+(& 'pe&' 'pb +& 'pb& 'po) ) ~ ox ) ex ox oT

n aab uab

2aax 3 n-1 n-1
+ ' DI u --1)noy-2) naF-1, n, -»-2, 0, 0

n, b n, b

2a' a —1 acb aeb

-a — Ibex
~Disc~~D=& p~" p " I, Qa )Q ~

u- —1, a- —1, 2, 0c ax ) ax~ ax ) ex
bx bx

2aa» —1 a abx I a- a- —1 u- —1 a--2 2 0ex ) ax ) ax ~ cx
bx bx

~cx a a
+

Q

a 2ao» 2 a n
+ g pblf + pb DI ~ y ac» —1) ao» —1$ ao» —1» ac» —1) 2)0

bx bx

~ox 2 a -1DI, ;a --1, Q- —1, Q- —1, a- —1, 2, 0a -1 ~ a & a» ) ax ) ax ~ ax
bx bx

Q 2ac » Q
-(C'Pc%' ~ Pb+E''Pbt' 'Pc) — DI, ; nex j ne» —1, acx —1, e - —1, 2, 0

bx nbx abx

2aax
bx DI n- —1 n- —1 e- —2 a- —1 20

~ ~ ex ) ex ) ox ~ ex
4» bx J

~ ~ pic ~ 2aox -2 ™
bx

2e aCi ~ ' ex —1~ aex 1 ox 1 ox- ~

eb-, a

u a—DI a- —1 e- —1u- —1 a- —1 1 0ox ) ox ) ax ) ox
bx 4»

DI & & u2) P2 ~ 3) P3~ yy 6 ~ I ~ y a2y p2f ac) p3t y
uab eob aab aab

n a2+ 82 a —1 e —1I e e Q2~P2. Q3 P3)V &e —1 acb nab
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D|SC&2p +C) =2COS(mno»)e p, e'* p,

n 2 nbx nab

-Clb» na b or n na- 1
knox 1bnar bnox +nar bnox+nax ~ nar~—nba n2 nb» nab

+2cos(nno-r)e PbE''* Pb

—Clb»nob or n n
DI

& nax bnax bnar +nax bnar +nax 2, 1 —nax ~

n2 nbr nab

nb-n b ox n —1 n —1DI, n - —1,no» - 1,nag +no», no» +na» —2 1-no x
(n 1)2 nbx nab

Pa E'* Pbe ax +6 'Pb 6 *'Pa

~by nab ax n n
knox~ nax 1~ nax+nax ~nor nax ~ a» 0

snab nbx nab

~ax-'
DI &nar 1~nax 1,nax+nax annex+nor 2, ~ax ~

n n
2 nab

-(E' 'Pb E' *'Po o»+& 'Pa& Pbe

n nb%nab ax
DI » 'nax 1,nax s nax+nax ~ nax+nor lb 1—nax b-nbx n2 nbr nab

e ~ e'* cos(xnan)
nl

-nb»nab ixax ~ n —1 n —1
x I nax - 1 no» —1 nay+no» —1,noy +nor —2, 1—na x

(n —1)2

a

(n -1)
n —1 -nbxnab a& n -1 n —1

2 I ~ nax nox ~ 'nax+nax —2, nor+no»-2, 1 —nor, 0
nba nab

Note that I is symmetric under simultaneous interchange of a, and p» n, and p„and n~ and p ~ .
Before we take the discontinuity we rewrite the Ba's which contain a;b -1 or a;b -2 by use of recursion

relations of the form

8( ar» ax & bx& bb & bx & aax & aaxt aa) Ba( ax» ax& br& bb& 'bx& aax + t aar + t ra +

(3.8)

This gives us an expression with all nb —
b
's unchanged, thus enabling us to factor out that 1 function which

arises in taking the discontinuity and also to avoid difficulties which would otherwise arise from our
choice of a(0) =0.

We now take the discontinuity (being careful to evaluate a„at s+ie and a;—, at s i~), use the -symmetry
of I, and insert our trajectory [o(s) =s, a(m, ')= a(mba) =0, a(m, ') =1] to obhLin the expressions listed in
Table II.
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We can now evaluate these expressions numerically. In doing so it is convenient to use the fact that the

last argument of each I is zero. This enables us to write

I(n, , p, ;n, , p2, ns, ps, r, 0) = dy|dy28(1 -y, -y, )y, 2 'ym s2 i(1 —niyi)+(I -piym)ss(l —a, yi-p, y2)&'

0

F V P,-)F (k r-)

&,=. F( P,)-F0+1)F(-r)F(k+1)(j+k P,-) '

1
+ '(1 —n y )~'" '(1-y, ) """

0

F(j P~-)F(k —r)pi'"~ I'(-P, )F(j+1)F(-r)F(k+1)(j+k—P,)

F(k+j -P, +1)I'(-n, ) ,E, (k —r —n„-a„j+k —n, —P, +1;n,), (3.9)I' k + g —a2 —p 2+ 2

where, F, is a generalized hypergeometric series.
We should at this point comment upon the state-

ment that s/M' need not be large. The expression
(3.10) for the discontinuity in the B,'s is correct
for large M' and large s, regardless of their ratio.
However, it neglects terms of order 1/M'. In
calculating some of our amplitudes, the factors
multiplying DiscB, can be large. In particular,
p, is of the order of (s -M')/m„DI is typically
of the order (1/M') I, and terms containing two p, 's
also contain at least two factors of M'/s. Conse-
quently, for s/M' small enough, problems can
arise if the larger terms should cancel for some
reason. Such. cancellation does in fact occur for
cos[v n(t)] = -1.

In practice, our expressions seem adequate,
even in the region of cancellation, for s/M' down

to four in the density-matrix elements, and down

to two for the cross section. Hence our evaluation
of the density matrix does not extend to as large
a value of M' as does our evaluation of the cross
section.

IV. RESULTS

A. Cross Section

In Fig. 4 we plot the differential cross section

(1/o, )d'o/d tdM'

as a function of t'=t -trggx The cross section is
plotted at different values of $ -=M'/s, since for
large s the quantity

(s/o„) d'c/dtdM'

where Pl, (s)) is the average number of vector me-
sons x produced. Using variables which are more
accessible experimentally, we display in Fig. 5

plots of the one-particle spectrum (E,/a„)do/dp, '
as a function of p, ' for fixed p, ii/p, .„,(lab). The
one-particle spectrum also depends only on this
ratio and p~' for large s, and so we do not specify
s.

General features of note, besides the expected
rapid decrease as t (pi) increases, are the de-
velopment of structure around t '= -0.5 or -0.6
GeV /c', the broadening of the distribution as M'
increases, and the gradual change of slope as t

lO

lA

10

L
O
L

J3
1
D

IO

io

has scaled and depends only on $ and t. It shouM
be noted that our differential cross section satis-
fies

lO
.6 .8

I~'I («v'/c')
I.O 1.2 I .4

l 1 d 0'

2 dtdM2 = gV, (s)),v, q dtdM (4.1) FIG. 4. (1/a~&)d o/dtdM as a function of t' for
$ = M 2/s =0.1, 0.2, 0.3, 0.375.
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increases. The dip which develops as M' increases
is a signature effect' due to the cos[vn(t)] factor
contained in Disc„m(B+ C). The dip occurs near
the nonsense wreng-signature point t = -1 GeV'/c'
or t '= -0.6 GeV'/c'. For smaller M', the steeper
slope of the other factors ebscures Ne cosine
modulation. The broader distribution for larger
M' is expected from the factors of (a,ga) "' and/
or (-o.,—,/a)""'. The slope change is due in part
to the cos[w u(t)] and in part to the fact that A, B,
and C, which have steeper slopes, are fading
away compared to D.

B. Density Matrix

The independent elements of the decay density
matrix of the vector meson in the Gottfried-
Jackson frame are plotted as functions of t ' at
fixed M' and s in Fig. 6. As expected, p«starts
near one at t '=0. It decreases to a minimum be-
tween t'=-0.5 GeV'/c' and t'=-1 GeV'/c', and
then increases again. It continues its gradual rise
(with local minima near t =3, 5, 7, . . . GeV2/c') and
eventually (t '= -8 GeV'/c') seems to level off at
a value of 0.82 for M'/s =0.2. This is in qualita-
tive agreement with the results of Fenster and
Uretsky and of Kang and Shen. ' Since we are
graphing the density-matrix elements as functions
of t', whereas the minimum is related to the fac-

IO

IO—

5
[

tor cos[wu(t)], the minimum in p„migrates to the
left as M' (and consequently Itm~I) increases.

C. erg~ox

This has already been considered in depth by
Bebel et al. , by Thomas, and at intermediate en-
ergies by Kang and Shen. ' We reproduce our re-
sults for

(B,/o„)d o/dp, '

at fixed p, ~1(lah)/p;. .(lab) for completeness and
purposes of comparison to the same calculation
with different internal trajectories (see Fig. 7).

V. COMMENTS

The question arises whether these model calcu-
lations can be taken seriously. Without even con-
sidering possible consequences of the DRM's
unitarity problems, the phenomenological short-
comings of the model are well established. ' Be-
sides these problems common to all DRM calcu-
lations, our results are additionally suspect owing
te our insistence On using the pion trajectory
everywhere. In light of these questions we com-
ment upon the expected significance of our three
sets of results.

We feel that the most significant results for the
cross section are the qualitative features as func-
tions of I; or p~'. The rapid decrease as p~' in-
creases (hardly startling), the development of a
dip as the slope decreases (M' increases), and
the change in slope as a function of p~' are re-
garded as legitimate predictions; whereas the s
and M' dependence [since u„, (0) = c.,—, (0) was
chosen equal to zero] and more quantitative fea-
tures such as the actual slopes and when the dip
begins to appear would require a more detailed

b
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FIG. 5. (E„/v, &)do/dp, as a function of p~ for
~x ) I ~P~0 = 0.6, 0.75, 0.9.

FIG. 6. poo and p&0 in the Gottfried-Jackson frame
at ( =0.1, 0.2.
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analysis —if, indeed they can be predicted with
confidence. We should mention here that the dip
occurs in the amplitude from a particular t-chan-
nel trajectory and contributions from other tra-
jectories could obscure it (although in w p- p'X
one would expect to see predominantly n exchange
based upon exclusive processes) AIso, .integra-
tion over M2 would wash out the dip since its posi-
tion in p, ' varies with M'. The slope change would

be expected to persist, even after such an integra-
tion.

Qualifications on our results for the density ma-
trix are less necessary than for the cross section.
In particular, a major part of the M' and s depen-
dence [(Ma/s) "~@']cancels and consequently we

are inclined to take the M and s dependence more
seriously than in the cross section. General fea-
tures predicted for p„are a rather rapid decrease
to a minimum around t '= -O.V to -0.9 GeV'/c'
and then a gradual rise to a "large" value as the
central region is approached. This contrasts
with the exclusive calculation of Jones and Wyld4

in which ppp decreases monotonically in the region
considered. The dip we observe is not present in
the exclusive calculation because as one goes to
the Regge limit the signature factor factors out of
all the amplitudes. (Consequently, Jones and
Wyld's neglect of the crossed graph does not af-
fect the density matrix. ) In the s/M'- ~ limit
of the inclusive reaction, the dip in p~ also dis-
appears.

Comments made for the ao- VX cross section
are also applicable to the oc- vX cross section.
The situation for quantitative predictions can be
expected to be worse here since the t channel will
not even be a pionlike trajectory ordinarily. The
qualitative features, however, are again consid-
ered valid predictions.
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APPENDIX A

Starting from

1
du, 2du, 3du, du du u "»u '»u '14is „1$,4 „ is (1-uia)* (1 -uia)' (1 -u )' (1 -u )* (1-uis)'15

X (1 u u )x24 x2$ x34 1(I )x$5 x x) * —
(I u u &

$4- 4S- (1 u u )*45-«45-«53-1(1 u u ixsa x55 xer 1---
15 18

X (1 -u u u )x25+x$4 *24 x35(I— a~ 8+r -x -x
12 13 14' (1 -u, au«4uispas 4' *» *45(1 -u u u '4&"55 *4

14 15 18

x (1 -uiau, au u )'as'"» "» *35(1—12 13 14 15 iau14ulsuis) av *» 35 3v(1 11 u u u u *2 *$5
12 13 14 15 18

we make a Taylor expansion in uin u» and u„and integrate over these variables to obtain

B,= Q Q y(i, x„)y(i', x )y(j, x -x —x
f«f «k«l «77( 5 «f «k ~

|««a4 23 $4 )y(j, x» —x-, -xsa —1)y(k, x +x$4 —x24 —x34 24 35

x ~' x +xy~, x„+xss-x4s-x„)y(l, x„+x„-x„-x„)

y(l, x„+x„-x„—x„)y(m, x„+x„-x„-x„)
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1
g xxs+ f+ktj+1 '+III g x14+ ll+k'+1+1'+ mg 215+j'+k'+1'+i+ m(1 g }334(I u )2451S 14 15 13 14 15 1S 14

0

x(1 u )*58(1 u u )'ss *se *4s 1(1 -u u )'» '45 '58 1(1-u u u )*se+*ss-*ss xse

where

I
du du u '&2+'+&+k&+~u ~ye&'+&'+k'+&'+~

12 18 12 16
0

I'(i —x)
I'(-x)r(i+1) '

Performing the u» and u„ integrations and noticing that the remaining integral is a B„we can write

3}

Z Z &(i xss}&(' xsv)&(» x24 xss xss &(j' 57 58 ev )'y@ xss+x34-xse-xss)
~ f k ~ l ~ 15 'l 8$ sk 2 l

'Y@ I xsv+xse x4e xsv)&( I xse+xss xss xse)&( xsv+x48 xse x4v}

xy(m, xs, +xse-xse-xs )(x»+1+i+j+k+l+ m} 1(x 8+1+i'+j '+k'+l'+m) 1

x Be(x,s +j +k + l + l'+ m, x,s+ k +k'+ l + l'+ m, x„+j'+k'+ l'+ l + m, x24, xe„x,e, xss, x48, x 8).

If we take the residue at x» =x„=-2 we obtain Eq. (3.4):

23 }[( 8V } 8( 13I 14I 15I S4I 45I eet 35I 48I 38} ( 57 58 IFI) 8('''I 15 I

4v+ ss 48 sv 8 I n14 1 nxs

+ (nsv + n4e nse n4v}Be(nxs II nxe II nxs II '}]
+(n24- nss- nss)[(nm+ }Bs(nxs-1 ~ ~ }+(n57—nse- nsv}B8(nxs — ~ ~ ~ nxs- ~ ~ }

+ (n4v+ nse nee nsv}Be(nxs I nx4 II nts

+( s +n48 —nse —nev}B8(nxs-2 nx4-I nxs 1 ~ ~ }]
+ (n24+ nss —n24 —nss)[(nev+ 1)Be(nxs —1, n14 —II. . .) + (nsv —nse nev)Be(nxs —1I n14 —1, nxs —II. . .)

+ (nsv + nse n4e nsv}BS(nxs —II nx4 —2I n15 I. . .)
3.+ -- 3.— 47 8«xs-»n14-»nxs-» "H

+ (,8+ gs —nss — 38)[(nev+1)B8( 13
—1, n14 —,,5

—1, . . .)
+ (n, v

—a,e
—nev)Bs(nxs -1, n14 —1, a.„—2, . . .)

+ (n47 + nse —n« —nsv)Bs(nxs —1» n14 —2, nxs —2, ...)
+ (nsv+ n4e nss nsv)Be(nxs I n14 I nxs I ~ ~ }]

+ (nsv+ nse - nse —nsv)Bs(nxs —1, n14 —1, nx, —1, . . .) . 5}
[Note: We use B,(x», . . .) and B,(n», . . .) interchangeably. ] In order to eliminate contributions from
daughters, we write the coefficients of the B,'s in terms of particle momenta and retain only those terms
linear in both (p, -p, ) and (p, -p,}. These are the only terms which result when both resonances (in s»
and s„)are vector mesons. This yields A' without any daughter effects:

A"=-n' q'Ps[q"PsBs(nlsI )+q 'PsBe( I nxs 1, . . .)+q 'P4Be( . 'I nx4 —1, axs-l, . . .)
+ q"psB8(nxs —1, n14 —1, nx, —1, . . .)]

-a"q pgq" p, ,(n» -1, . ..)+ q'p, B,(n„—1, .. ., n» —1, . . .) + q'p4B, (n„-l, n, 4
—1, n» —1, . . .)

+ q 'ps Be(nxs 2, n14 —II nxs —1I.. .)]
-n" q P,[q "PsBS(nx3 I n14 . . .) q'P, Be(n„—1, n, 4

—1, n, s —1, . . .)
+'q Pe Bs(nxs 1 nxe 2 nxs 1 ' ') q Ps 8( 13 n14 15 ' ' '})



2246 J. RANDA

-n' q p,[q"p,B,(n» -1, nie —1, n» —1, . ..)+ q'p, B,(n» —1, n„—1, n„—2, . . .}
+ q 'P4 e(nis li ni4 —2, n„—2, . . .)+q "PSBB(n,s —2, n, 4

—2, nis 2, . . .)]
-2 n'q q'Be(nis —1, o'.ie —1, nis —1, . ..), 6)

where q p, —p„q' p, —p„and n' is the slope of the trajectory. Replacing q by e(A) and q' by e(A. ')8

factors off the Vvo vertex and yields the equation for A. found in Table I, after identifying numerical labels
with the appropriate literal labels.

APPENDIX B

1. Diagram B

The duality diagram corresponding to the most convenient configuration for us is found in Fig. 3(b). The

B, is obtained from that used for A. by a simple transformation of variables:
~I

Bs= —~ du, adu»duieduisdu»usa'iau, s*»use"ieuis'»u»'87(1 -u, a)'»(1 -u, s}*34(l-u, e}"45
40

X (1 u }57('1 u }218(1 u u )224 223 2$4-i(1 u u, )*$5 *34 ~45
15

x (1 -u u }7 *4' "8 '(1 -u u }228-227-ass-i(1 u u u )&25-224+&34-235
14 15 15 67 12 IS 14

x (1 u u u }"se ss+ 45 48(1 -u u u u )*ae as "$8+ 35(1 u gu (1 u ) ~u ]] se+ 47-*s7- ee

uis[u87(1 ui3ui4) +ulsui4])'48' » 47 38(1 uis[u87(1 ui2ui3ui4) +ui2uisuie])

(Bl)

Making a Taylor expansion in u» and u„and performing those two integrations yields

Be = — p Q y(i, xas)y( j, xae-x, s
—xse —1)y(k, x» —xae+ xse —x»+ m)y(l, x» —x» +xs, —x, —m)

x y(a "is) y( j xae —"a7 -"ie—1)y(k xse -"57+x47 -"ee}y(l x«x47+ xs7 "se)

xy(m, x» —xas+xse —x»)(xia+1+i+ j+k+l) '(x»+1+i'+j '+k'+l'+m) '

x B,(x» + j + k + l, x,4+k + l, x» +j '+ k'+ l'+ l + m, x,e, x«+ k', x», x» + k'+ l', xe„x»),
(B2)

Taking the residue at x»=x„=-2, disregarding terms not linear in both (p, -p, ) and (p, —p, ), and factor-
ing off the V&o vertex gives us

(1/n' )B=-& Ps[& "'PBBB(n», nie, nls& nse& n451 n57& n351 n47» ns7)+8 'PBe( ~ nis 1, . . .)
+8'* p4, (. . ., „—,. .., 4, —1, . . ., „-1,. . .)

ps B,(. .., ni, - 1, . . ., n„—1, . . .)]
~ 'Pe[~ 'PBBB(nis —1~ ~ ~ }+e ''P~ BB(nis —l~ ~ ~ nis —1 ~ ~ ~ }

+E 8 p4B, (n» —1, . . ., n„—1, . . ., ne, —1, .. ., nss 1, . . .)
P3 8( is &'''& l5 n'''& 35 t '''))

—e'ps[a 8'peBB(nis —1 nie —1 . . .)+e e'pBB(nis —1, nie —1, ni —1, . . .)
+8'*'peBB(nis 1, n, e —1, n» —1, . . ., n4, —1, . . ., n» —1, . . .)
+8 'Ps 8(nia l~ nie 7 nis lt ~ nss i }1

-8 'p [8 8 'peBB(nis —» nie —lq nis —1, . . .)+e e 'pBB(nis —l~ nie —» nis —2, . . .)
+e' p4Be(nis-l, nie ~ nis-2~. . .~ n45 —1~. . ., nss 1~ . . .)
+2 *'PSBB(nis» nie» nis-» ~ ~ ~

~ nss —» ~ }1

+ (e «'*/2n')[Be(n» —1, nie —1, n„—1, . . .) —Be(n, s —1, n, e —1, n„—2, . . .)],
which leads directly to the equation of Table I.

(B3)
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2. Diagram C

Following the same steps as in part A of this appendix, but omitting the words this time, we have

t
1

Be = —
I dulsdu~~duisdumsduxeuis 's

xa ~ups 2s use ce 1 u~s 2~ I -u~~

x (1 u )&&56(1 u )*e&(1 u )212(1 u u )227 227 212 (1 u u )»ss 2$4 *45

x (1 u u )»46-~45-~se-1(1 u u )257 256 *»-1(1-u u u )2$8-225+245-*46

x (1 -u, eu„ui )*47 *46'*56 *»(1-ui,ui uisu, )*27 '$6"46 *47(1 -u, s[u»(1-uie) +u, ]}*»*24"$4 '»
x(1 "1$[u»(1 ui4 15)+ 14 isl} ' ' { uis[uss( ui4 15 16)+ 14u15"iel}

Z y( 12)y(j 27 27 x12 )y( x25 24+ $4 $5)y( 26 25 $5 $8)

"y(m x27 x2e+xse xs7)y(i' x»)y(~' x57-xse-x» 1)y—(k', x47-xee+xse-x57+ m)

xy(l', x«- x»+xs —xse-m)(xss+1+i + j+k+ l+ m) 1(x,6+1+i'+ j'+k'+l') 1

xB,(x»+ j+k+l+ m+l', xie+k'+l', xe, + j'+k'+l', x,e, xe, +k, x„,x», x«+k+l, x,e)

(B4)
and

6'Pi[6'*'PeB6(ass& a14& ais& 24& aes& ase& ass& aee& ase)+4' 'Ps 6( & ais 1& ~

+8 'peBs(' ' '& a14 1& a15 —1& ~ . .) +6 'pB6(als 1& a14 1, ai, —1, ~ . ~ )]
-& 'P [' *'P6B6( 1$

—
& )+ "'PsBe(ais- ~ ais —1& ~ ~ )

+4'6 ~ peB6(ais -1, a,e- 1, ai, —1&. . .) +4'* pB6(ais —2, a14-1, ass -I&...)]
'Ps[ *'P6B6(ais ~ ~ . aes &

~ ~
& a«

+ psB6( 1$ '''& 15 &''' 45 ''' 48

—E 'Pge'2 'P6B6(ais -1, .. ., a46-1&. . .)+e'6 'P5B6(ais -1, ..., ass —1, . .., aee-1, . . .)

+(4 4'*/2a')[Be(a»-1, a14-1, a„—1, . . .) —Be(ais —2, a,4-1, ai, —1, . ..)],
whence we obtain the equation of Table I.

(BS)

3. Diagram D

1
Be= du»du»duieduisdu»u»*»use'ieuis'»u67'»uss'»(1-u»)'24(1 -u, e)"45(1 -uis)'»0

x (1 -u )*16(1-u )'» (1 -u u )'» *» '» (1 -u ,u )'26 '» *16 1(1 -u u )*» '$4 '45 1

x (1. -u u )'ee '48-256-1(1 -u u u )*$6-*$5+245-*46(1 u gu (1 -u ) +u ]}'25+224 224 2$5--
x(1 -ui, [u»(1 -uie) +uie]}*47 '«"56 *»(1 -uis[u $(1 -uieu„) +uieui, ]}*26 '»"*» '$6

x(1 -u„[u»(1 -u, suie) +u,2u14]}"» '2&'46 '47

x [ (1 -u„u„)(1 -u„u») -u,su, eu„(1 -u„)(1 -u»)]'» '26'*" '»

y(i, x„)y(i', x„)y(j,x„-x -x„—1)y(j', x, -x„-x„—1)t, j,k, lsm f', j'ek', 1'

y(k x s+xs4 x24 xss)y(k xe +x 6 x4e xs +m
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xy(l, x„+x„-x„-x„)y(l',xe, +x„-x4,-x„- )

xy(m, x +x -x -x )(x +1+i+j+k+l+ m) (x~+1+i'+k'+ j'+l') '

x B (x, +j +k + l + m, x14, x1, +j'+k'+ l', x24, x~ + k +k', x 7, xs, +k'+ l', x47 +k + l + m, x27}

(I)
aIld

P1[ Pe 8( 1st 14t 1st 24t 45t 57t 25t 47t 27} P1 8(' ''t 15

pe 8( t 15 t ' t 4s t ~ t ss -t t+-' 'p-8( ~ t -1s -t t ss t '}]I2]8 ~ n l 1 Q —1

—6' 'pe[8 *'peB8(a1$ —1t. . .}+8'* p1Be(ass lt, a1s —1, . . .}
ly ~+ 8'p4Be(a1s 1, . . ., n15 —1, . . ., aes —1, . . ., nss —1, .. .}

~l P 8( 1$ t'''t 15 t '' t 25 t '"}1c 0 ~ *A (rv

-8'Ps[8 'P8B8(n1$1t ~ ~ t n4s —» ~ ~ ~ t n47 —1t ~ ~ }
ly ~+8 p1 Be(ass —lt. . .t n15 —1t. . .t nee —1, . . ., a47 —,. . .)
iW ~+8 'p4B8(a1$ —1, . . ., a1, —1, . . ., a4, —2, . . ., n„—1, n47 lt )

IC ~+8 pB,(a„-l, . . ., a„—1, .. ., ae, -1, . . ., a„—1, a47 1, . . .)]
-& 'p'[&'* peB8(a1$ -1, . . ., a47-1, . . .)+8'* p, Be(a,s -1, . .., a, —1, . . ., ae —1, . . .)

'e ~+8 p4B8(a1$- t ' t n1s 1t t a4s, . . .t 25 lt 47 1, . ..}
+&'* pB8(a1$ -1, . . ., a1, —1, .. ., a, —1, n —1, . . .)]

')[8(1$ t'''t 15 t'''t 45 t ''t 25 t 47

Be(a'1$ -1, .. ., nss- lt ~ ~ t nss —lt a47 —1 ~ ~ }]

which leads toD of Table I.
(B'l )
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