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The absence of radiative corrections to the Schwinger-Bell-Jackiw-Adler anomaly of the
axial-vector—current Ward-Takahashi identity is demonstrated using normal-product methods.

Adler and Bardeen® have given convincing, but not completely rigorous, arguments that the coefficient » in
the Ward- Takahashi identity of the axial-vector current in (say) quantum electrodynamics (QED),

90| Tj, s(x)X[0) = 2iM(0| Tjs(x)X | 0) + (O | TF,,, F* ()X |0) = 33 [6(x = x,)7%,+ 6(x = y )57 [O| TX[0) , (1)

i
has no radiative corrections to the second-order (triangle-graph) contribution. Here X represents any
product of the basic fields,

ﬁIl lp(xi)jli @( yi) ’ill A“k (z,,) .

The principal line of reasoning in Ref. 1 is that the higher-order contributions to » vanish for a theory in
which the photon lines are regulated in a gauge-invariant manner, and that this property should persist
when the regulator is removed. The Adler-Bardeen claim has been further supported by a number of ex-
plicit computations!? showing that

A9 =0,

A more systematic approach to the problem is provided by normal-product methods in Zimmermann’s for-
mulation of renormalized perturbation theory.® As we shall see below, the normal-product algorithm al-
lows one to derive in a straightforward manner certain Callan-Symanzik equations* and Ward- Takahashi
identities from which the vanishing of » - #? follows easily. The advantage of this approach is that regula-
tors are completely avoided, the finiteness (and often the gauge invariance) of vertex functions being guar-
anteed by the Bogoliubov-Parasiuk-Hepp-Zimmermann (BPHZ) subtraction scheme.?

In the massive vector-meson model (massive QED) with effective Lagrangian®

£EFF=(1+d)%i$Yu§uw— (M = c)yy - 3(1-b)o,A, 8" AY

m?+a
my?

+3(m?+a) A A" +(e+ f)zﬁy“szhé(l—b— >(apA“)"’ (2)

we have shown® that the Schwinger-Bell-Jackiw-Adler anomaly® may be expressed as
(1+d- $)3"0| TNy[y,v*9](x)X |0) = 2i(M — c)(O| TN,[Py°¥](x)X | 0)
+7(O|TN,[F,, F*]()X[0) = T [6(x = x5 +6(x = 3,)37](0| TX[0), (3)
1



1930 J. H. LOWENSTEIN AND B. SCHROER 7

with
Mg?;cf’“”(azu aq= O TPy $I0VA,(p) A, (q)>"‘°"> , (4)

p=q=0

r=i

where N; [ ] represents a normal product of basic fields and their derivatives with dimension d, <4,, and
the superscript PROP indicates that only one-particle irreducible diagrams are included. As a first step
in the derivation of a Callan-Symanzik equation for », let us employ the method of differential vertex op-
erations’ (DVO’s) to obtain Callan-Symanzik equations for a vertex function r?*%) (sum over contributions
from one-particle irreducible diagrams with 2N external fermion lines and L external meson lines). As in
the case of the A* model’ and the massive Thirring model,® we simply observe that the eight functions

_® e~ 2 plenL) (2N.L) 2 pl2ar)
am2 r ’ 8M r ’ amo r ’ ae r b
(5)
NF(ZN.L), LF(ZN,L)’ Aop(zlv.L) Aél“(”"')
’ ’
where A, and A} are the two scalar DVO’s of degree three, which we write symbolically as
=4 fatx N [4,4%(0), ag=i [a'x M),
are all linear combinations of the six linearly independent A,l"("’"'”, where, symbolically,
A, =%i/ Ny[A, A*)(x) d*x, A, =—/N4[$Y“ 8,9](x)d*x ,
8, =31 [N[o,4,08 4" d"x,  as=i [N e, )x)d%, 6)
Aﬁl’fM[W](x)d‘x, A6=-£i/N4[(8uA")2](x)d4x,

and, in each case, the coefficients of the various A; may be determined by application of the normal-prod-
uct normalization conditions at the origin in momentum space. In particular,

K (zru.)-[_a_ 2 K2 2 8
asr = as(a+m )A1+as(b-—1)A2+as(c—M)A3+as(l+d)A4

5 9 m®+a (2N,L)
+a—s(e+f)A5+;s-<l—b— oy >A,,]r L for s=m?, M, mS?, e,

NLC¥D = (0= M)A+ (1+d)a, +(e+ £)a, ,
(M

2
LMD 22(m? + g)a, +2(b = 1), + (e + f)Ag+ 2(1- b- r:ln:a>A6 ,

8
(2N.L) _ =
A, LMD = 57 $idy, =1, s53=0,

i=1

8
ALCRD =53 pAL 120, t,=1.
i=1

Consequently there are two independent linear re- D'=m 9 ra'm B,
lations among the quantities (5), which we may am ° om, ’
take to be
A=pAy+0Ag,
(D—2Ny—L6)I"(2"'L)=AF(2”'L), (8) )
- ’ ’
(D'—ZN'}/'—LGI)P(ZML)=A’F(2N'L), (9) A —pAo+0 Aé :
where The coefficients «, B, y, etc. (a’,8’, y’, etc.) may
be determined as perturbation series in e by equat-
D=m-24 Ma—+amoi-+ﬁi , ing to zero the coefficient of each A,I**L) in Eq.
om oM am,  de (8) [Eq. (9)]. In particular,
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(D=28)(a+m?) =p,

(D-268)(b~1)=ps,+0t, ,

(D-2y)(c-M)=0,

(D= 2y)(1+d)=ps,+o0t, , (10)
(D-2y-20)e+ f)=pss+ots,

2
(D—26)<1- b- %) = psg+ Ol -

0
As discussed in Ref. 5, the vector-current Ward-
Takahashi identity and the imposition of mass-
shell, intermediate, or other appropriate normal-

ization conditions lead to the identity f =de, and
similar arguments show that

S5 = €S54 ,

ts=ety .
—

Thus, the fourth and fifth equations in (10) lead to
the following simple relation between the coeffici-
ents in (8):

B=ed, (11)

with a similar relation between 8’ and 6/ in (9).

Equation (8) is the Callan-Symanzik equation®
for the model and may be used to study the asymp-
totic behavior of vertex functions in the region
where all momenta become large simultaneously,
whereas Eq. (9) controls the m— 0 limit of the the-
ory, allowing one to prove the smooth passage to
QED of the gluon model with intermediate normal-
ization. In the present note we shall need only the
first of these equations.

From Eq. (8) one may proceed without difficulty
to Callan-Symanzik equations for vertex functions
involving normal products as well as basic fields.
In particular, for

N o N L _ PROP
T 0,1y 4+ by ) = (O PO T 390 1T 30 T 4, 50 o)

the analog of (7) is

k3 (zN.L)_[i 2 3 8 _ 2
asl"s = as(a+m)A1+as(b 1)A2+as(c M)A3+8s(1+d)A‘

m2+aqa

2] 2] (
+8—s(e+ fas *os (1— b- " )A,}I‘f”‘”’ , for s=m? M, m? e,

2
LrEND =[2(m2+ a)A,+2(b—-1)A,+(e+ f)ag+ 2(1 -b- mm}a) AG]I‘(:”'“ ,

(12)

(N=1)P@%D) =[(c = M)Ay +(1+d)A, + (e + £)a )TN

8
ATEME) =35 5,8 +u L2NE)
i=1

8
ATEND =53 18, +ugh e
=1
where
ugy®==ia ' 29(0,0) ,
woy®==ialr29(0,0) .

The additional terms on the right-hand side of the last two relations of (12) arise from the fact that a sub-
graph containing two external fermion lines, the N,[§»*y] vertex, and one of the DVO vertices A, or A} has
no over-all subtraction in the BPHZ prescription, whereas a subgraph with the identical structure but with
DVO vertex A, or Ay has one subtraction at the origin in momentum space. From (10) and (12) one obtains
the Callan-Symanzik equation for I'{?*%) |

[D- (N=2)y - LOT2¥D) = (A - 0)r*D) | (13)
with

U=pUG+OUY .

Referring to the definition (4) of », we see that (13) and the Callan-Symanzik equation for (c —M) given
in (10) leads directly to the following relation:
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o

Py r+(a=ur,

(D-26)r=

where

. AM -C 2] <] (0,2)
Ay = EHKP(J(__ —_AF . ( ’ )
V=1 96 apu aqK 5po0 b q

p=q=0 *

(14)

In order to simplify the right-hand side of (14), we employ the Ward- Takahashi identity

~(1+d=s)(p+qar\S2 (p, 9)=2(M = )AL (p, )+ [2(c = M)u =20]002 (p, q) + 27(p+ @)* AT L2 (p, q) ,

uspo

with

AFppo

(15)

ADE = [ @50 TGN A,A")x) + M [TH10 Mol 70 )OI | 0208

AT = f d*x O T(pN;[ A, A¥)(x) + o Ny [y ] (x) Ny[AY F ,](0) X | 0)PROF

which may be derived by the same normal-product algorithm which led to (3) in Ref. 5. The origin of the
term proportional to «uI'{32 on the right-hand side is similar to that of the “extra” term in (13). Evaluat-
ing the second-order Taylor-series coefficient of each term in (15), one obtains

-1

200-(M =cla-wlr= 96 €°° (3?,, a—ar (p+q)"|(1+d- s)ATLD(p, q) + 2TAF:)F'?,LO( b, 4)]> (16)

q

(0.2) (0.2) .
ary 3z (p,q) and AT':2) (p,q) are necessarily

transverse in the external momenta p and ¢, i.e.,

pPAr 2 (p, @) =0=¢°AT%2 (p,q) ,
(17)

(0,2) ¢ -0 = (0,2)
p"AI‘AF:po(P, Q)-O—GOAFAMPO(P, q) ’

and hence have expansions

AT ,5,0(P, 9) = €008 P 442 (p+ ) H(p?, a2, pq) ,
(18)
ATx7 (9,9)= €0as P “q°(p+q),G(p?, 4%, pa) ,

vpo

where G and H are regular at the origin. Thus
the right-hand side of (16) vanishes, so that

(D-zo)r=(ﬁ~;’;— zes)y:g(eaie-_ 2>r=0 . (19)

Here we have used the fact® that » is independent
of m,, as well as the relation (11). Since 8 is
nonvanishing in third order,® we obtain, finally,

7’—1’(2)=0 . (20)

P=q=0 *

The m, independence of », which played a cru-
cial role in our derivation of (20), was obtained
in Ref. 5 with the aid of the formula

z OITX10) =528 [0) 7 (5,49 (9x]0) .

(21)

Unfortunately the Green’s function of the Wick
product appearing on the right-hand side was not
defined sufficiently precisely, and a brief clarifi-
cation is in order here. The confusion on this
point arises from the fact that the usual Green’s
functions of the Wick product*®

FIG. 1. Diagrams responsible for the divergence of
OIT 9,4" (x + £) 3,A” (x —£)X|0) when £ — 0. The loop
consisting of two mass-m, propagators (dashed lines)
arises after two applications of the Ward-Takahashi
identity for 8,4,
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0| T:0"A,(x+£)0"A,(x~ £): X[|0)=(0| T3, AM(x+ £)3,A" (x - £)X|0) - (0| Td, AMx + £)8,A"(x— £)|0)0] TX|0)

(22)

are logarithmically divergent for £~ 0, thanks to the presence of the graphs (after applying the Ward-
Takahashi identity for both 8,A* factors) shown in Fig. 1. Finite time-ordered functions for: (5,A*)*: may
be defined by subtracting off the divergent part of the offending diagrams:

0)

N N L
(o]r (3,471 ) IT ) TT 83) IT Ay, (o)

=lim <<0!T: 8, A" (x+£)8,A"(x= £): X|0)— w(gz)ZN) [6(x=x,)+8(x=y,)KO| TXIO>> ,
i=1

-0
where
2 2 __@_Qi_ z 2\2
w(g?) =—-e me+a Ap(g,me?)? .

(23)

To see that the DVO %ifd"x: (8,A4%)?: (x) may be expressed as a linear combination of the scalar DVO’s
of degree four (this is important for our discussion of gauge invariance in Ref. 5), we may apply the Zim-
mermann identity'® expressing : 8, A" (x+ £)8,A"(x~ £): in terms of N, normal products, as well as the

counting identity’

= NGHD)=[(c=M)ag + (1+d) A+ (e + £)A)GENE) (24)
to obtain
%z’f{OIT“: (8,A")?: (x)X|0)d*x = lim <éifd*x<0| T:8,A"(x+£)3,A"(x~£): X|0) - in(’;’z)(OITXIO)>
E—=0
5
- tim (% [ a*x@ITN o, 4" (x+ 5,47 (x- DIX|0)+ 2 r‘(EZ)AaG(”'”>
£E—0 i=1
= 2gG2NE) 4 i 7, 8,G%D) (25)
i=1

Formulas for the limiting coefficients »;, obtained by application of the normalization conditions for

DVO’s, are listed in Eq. (2.22) of Ref. 5.

Our proof of Eq. (20) using Callan-Symanzik equations and Ward-Takahashi identities was inspired by
the success of similar methods in the proof of asymptotic scale invariance in the massive Thirring model?
Recently we have learned that Zee'! has arrived at the Adler-Bardeen result using arguments which also
exploit the Callan-Symanzik equations and Ward-Takahashi identities. The advantage of our derivation,
in contrast to Zee’s, is that cutoffs (and consequently the rather delicate questions concerning their re-

moval) are completely avoided.
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