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In two examples of spontaneously broken gauge theories in which electromagnetic isodou-
blet mass differences are finite, the sign of Aml, —p for pointlike protons and neutrons is
negative, although the general formula for mass differences in gauge theories allows both

signs.

1. INTRODUCTION

Renormalizable gauge-invariant field theories
with spontaneously broken symmetry are now be-
ing studied intensively in the hope of obtaining a
correct unified description of electromagnetic and
weak interactions.! The fact that intramultiplet
mass differences are finite in perturbation expan-
sions and therefore computable in terms of the
parameters of the Lagrangian in such theories
was noted by ’t Hooft? and recently emphasized
by Weinberg.3

In this paper we investigate fermion isodoublet
mass differences in broken-symmetry gauge field
theories in order to see whether the “neutron”
can be heavier than the “proton” in a second-order
calculation. Traditional approaches* to the neu-
tron-proton mass-difference problem usually yield
an answer with negative sign. Therefore a posi-
tive result in gauge field theories, although not
realistic because of neglect of strong interactions,
would surely spur further research efforts.

We find that the general expression for the mass
difference Am in a class of gauge-field-theory
models suggests that the sign is model-dependent,

but that in the two models for which explicit cal-
culations are made, the sign is unfortunately nega-
tive.

The calculation of Am in a simple model with
SU(@2)XU(1) gauge symmetry and parity-conserving
couplings is treated in Sec. II, and a general ex-
pression for Am is presented and discussed in Sec.
III. In Sec. IV we calculate A in an SU(2), XSU(@2),
X U(1)y-invariant model suggested by Weinberg.?

II. SU(2) X U(1) MODEL

It is instructive to begin our study in a model of
minimal algebraic complexity. We therefore
choose a model incorporating triplet and singlet
gauge fields Ku and B, and fermion and scalar
doublets

(2.1)

each with T=3, Y =1, and the parity-conserving
Lagrangian
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- - -

XA, _i(a“B,,_ 3.,3.)2

+TEF LT A-Lg'B-my+[0,@ +isgT K, & +isg'B,&|> - p?0%% + (@0 ). @2.2)

SU(2)XU(1) invariance permits a mass term with
equal proton and neutron masses but does not al-
low Yukawa couplings. This Lagrangian cannot
describe weak interactions but may be thought of
as a simplified description of the p-meson-pho-
ton-nucleon system.

A perturbative solution to this field theory with
spontaneous symmetry breaking is obtained by
letting ¢, develop a real vacuum expectation value.
After a gauge transformation to eliminate redun-
dant scalar field components (U gauge), we can
write

1 0
with v = (-u?/A)’?, and find the vector-meson
mass term

wo[(gA] -2’ B,V + £A)° + @Y. 2.4

Diagonalization is trivial, and, as in Weinberg’s
original model,! gives us the eigenfields

1 .
3=\/§_(Aiiblﬁ), mu,:%vg,
my =z3v(g?+g?)Y?,

t= g (8A3-8B,), .
2.5

g2 + grz

1 )
A= g EAureB), ma=0.

The interaction term between nucleon and gauge
fields can then be rewritten as

’
+

1 5 g8 -
- m _ "
2\/—Z—gWup)'rHH.c. WA;JP?’P
2 _g? _ .
IRk Z,pPp+z(g%+ &Nz vt
(2.6)

At this point we can identify A as the electromag-
netic field, and the electric charge of the proton as
e =gg;/(gz +g12)1/2.

We now turn to the computation of A in second-
order perturbation theory where the vector-meson
loop graphs of Fig. 1 contribute. Following Wein-
berg,® we work directly in U gauge, where we
will encounter the curious property that quad-
ratically divergent terms in the self-energy = (§)
disappear at § =m, so that mass shifts of the pro-
ton and neutron are logarithmically divergent,
and the mass difference Am finite.

For the loop graph of any massive vector, such
as Z, we have, ignoring coupling constants for

the moment,

d* 1 g" = B kY/mg?)
(2m)* Y“ﬁ—lé—m+iey" B -my2+ie

Z(p)=—i

2.7)

where we can give meaning to the highly divergent
integrals by propagator regulation. The elemen-
tary Ward identity can be used to rewrite a factor
in the integrand of the £*k" term as

1
lém E=[(f-¥-m)- E=-m)
x [(B-K-m)-($-m)]

=K = (B =)+ (B =m)z—g— (§-m).

(2.8)

The entire contribution of the k*k” term therefore
vanishes at # =, and need not be considered
further in the calculation of Am. A more general
discussion of the cancellation of such spurious
divergences in observable amplitudes has been
given by Kummer and Lane.®

The g"¥ term is responsible for logarithmic-
divergent mass shifts of proton and neutron, but
according to the general arguments of Weinberg,
even this divergence must cancel in the mass dif -
ference am. To see how this cancellation occurs
in our model, one need only refer to the coupling
coefficients in the individual loop contributions of
Fig. 1. The W* loops do not contribute to Am,
and photon and Z contributions are equal in magni-
tude and opposite in sign, so we can write

W
qz _&_

np N

Z
Neutron : % (q2+q'2)-ﬁ—% +

o|—

)4 4
24'2 2_4'2)2
A i
Proton q—m*’q PP P + 4(gz+gr2) PP P

w
1.2 P\
+39 nn P

FIG. 1. Feynman diagrams and coupling factors for
the neutron and proton self-energy parts in the SU(2)
x U(1) model of Sec. II.
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Because of the simple relation between the cou-
plings, the Z particle acts as a regulator in the
mass-difference calculation, and the result is
finite. The momentum integration is readily per-
formed by standard methods and gives the result

am (? 1-x m,?
= e —— —Z_
am =—— J;dx(1+x)1n<1+ P m2> R
2.10)

which is simple but, unfortunately, manifestly
negative.

III. A GENERAL EXPRESSION FOR A m

In the two models discussed in this paper, Am
has the following properties:

(i) Am vanishes in zero and first order;

(ii) only vector-meson loops, with the g,, part
of the propagators, contribute to Am in second
order.

J(B)=f1 dx (1 +x)1n<1 + lx—zx B)
0
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In all such models Am takes the form

_ie? [ d'% Tr(f+m)yu(f—K+mh¥
“4m ) @un)? (p=k)Z-m?

1 & 1
X<k2+ie -2 iy 2) G
i=1

where we have separated the photon, which by
definition couples with strength e? to am, from
the massive vector mesons, which couple with
strength e?d;. The d; and M, are functions of the
coupling constants and vacuum expectation values
which appear in the Lagrangian of the model and
must be calculated by diagonalization of the vec-
tor-meson mass matrix. As discussed quite gen-
erally by Weinberg,® Am is finite and we must
therefore have the condition

aAm

2y d; =1 (3.2)

i=1
as a functional identity in any specific model.

The integral may be evaluated using the condi-
tion (3.2) to give
n
Am:—%EdiJ(M,Z/mz), 3.3)
T §=1

where

= —%B +%32 Ing -B[%BZ —%/3 - 2](32 — ‘11'3)172 1“(

=<% + %)lnﬁ + %+O(’—;—> .

The exact expression is correct for all 3, but
should be rewritten in terms of tan™! functions for
B <4, while the asymptotic form is accurate to 1%
or better for =>4, Further J(B) is a monotonic
increasing function for >0 and J(0) =0.

It is worthwhile to examine the possible sign of
Am on the basis of the expression (3.3) and the
constraint (3.2). If, as in the SU(2)X U(1) model
of Sec. II, only one massive vector meson cou-
ples to Am, we must have d, =1 and Am<0. If
there are two or more massive vectors, it is con-
venient to make the ordering convention M, >M,
>e++*>M,, so that J(M,;%/m?)> J(M,%/m?) if i<k.

If we conceive of the d, and M, as functionally in-
dependent quantities, subject only to the constraint
(3.2), then both signs are allowed for Am, For
two massive vectors, Am will be positive if the
following two conditions hold simultaneously:

(@) d, <0,
(b) My>M,.

[8 +(B2—4p)2 —2]2/3>
[B+(B%-4B)F

(3.4)

For n>2 similar conditions can be stated qual-
itatively. Of course, in any modeld; and M, are
functionally related and explicit calculations must
be undertaken to see if conditions (a),(b) or their
analogs can be satisfied.

IV. 8U(2), X SU(2)X U(1), MODEL

In this model, suggested by Weinberg? as a rea-
sonable framework for computation of Am, we
have seven gauge fields and chiral nucleon and
scalar doublets as follows:

Al AL By
_ <% A Fv5)p )
erT\barygn) -

Ty, z=2,Tg,=0,Y=1, 4.1)
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with conventional gauge transformation properties.
In addition there is an additional scalar field H (x)
with T, =T,=3, Y =0 for which we use a matrix
notation ®

(R (%) hyy(x)
H(""<hli<x) ) - ®.2)

The gauge property is

H(x)__Hl(x)=e-i-‘l’"A’L/2H(x)e+i“l."lTR/Z. (4.3)

WR = ; 1> AL,R, ;L
dLR=8,+ig, p3T AR +i38,B,,

A Hermiticity condition is necessary to ensure
equal neutron and proton masses in zero order.?
We choose

H(x)=[1T,HYx)r,]™ , (4.4)

which is compatible with the gauge property and
reduces the number of degrees of freedom in the
field from eight to four.

The Lagrangian can be written in terms of gauge

field covariant tensors F,, and covariant deriva-
tives

(4.5)
D,H =3 H+ig 37 ALH ~izg g HT Af
as
= _%{(Fﬁu ?+ (fﬁy)z + (FJU)Z} +Pp iy diy, +hpived®iy
+ (dﬁ«b)‘f(d“@)+§[Tr(DuH)TD~H]+f($LH¢R+$RHT¢L)+V(H, P). (4.8)

The Higgs meson potential contains five independent field monomials up to quartic order. With no loss in
generality, the broken-symmetry solution can be chosen in the form, in U gauge,

H(x)z_l(zﬂrs(x) 0 ) ,

V2 0 v+s(x)
1 0
& k)= vz <U’+s’ (x)) :

4.7)

The terms of £ which are relevant to the computation of Am in second-order perturbation theory are the

vector-boson-nucleon interaction

"B-&w" =7;-E{gL? * XL 1- 75) + gn? ¢ AR 1+ 75) +2gyB}<p (4.8)
and the vector mass term
£y = 507(g, AL - g AR + 30" { g, Y (AL, P + (AL, V) + (g, AL, —g ¢ BV} . 4.9)

The neutral- and charged-boson mass matrices decouple, although there is mixing within each segment.
The neutral-vector-boson eigenfields are the massless photon A* and two massive fields Z} , with

M,

which are orthogonally related to AL'% B* by

A¥ yy Gy Gy ARt
ZE T | 4y ay ay ARE ’ (#.11)
Z} Q3 3y Qg B
? Qi Ay = ? Ui Ay
=5;; . 4.12)

The elements of the matrix a,; are rather compli-
cated functions of g,, gz, £y and the symmetry-
breaking parameters v and v’ [Eq. 4.7)]

et =5{0% (8.2 + 87 + V2 (g, P+ £ ) = (v7(8,2 + 82D + V'3 (8,2 + 8 )P - 400 Y g7 (8,2 + 8% + &g,

(4.10)
au=nlibua
n;= (05,2 +b,2 +b, 22,
by1=8r8", 01,=818"s b13=8. 8k
b,y = V%8R7 —M?) (V%" - M,?),
by = ('"%8"% - M) g gp, @.13)

by = (V8> ~MP)V'°g L8y,
by, = (PgR? —M2) (V%% - M,2),
by = @'%¢"2 ~M2)Pg, g5,

b33 = (Uzgnz -Mzz)v’zgl,gy .



We can now calculate the second-order vector-
meson loop contribution to Am. The expression
for Am is simplified by anticipating the cancella-
tions coming from isotopic considerations.
Charged vector bosons do not contribute and the
nonvanishing contribution involves the off-diagon-
al neutral vector propagators

(0| TAEE (o) B”(~k)|0) = (0| T B” (k) ALL (~k)|0)
and
(O|TAL R ()BY(~k)|0) =(0| T B*(k) A4 ®(~k)|0) ,

where, in terms of the eigenfield propagators,

J

am =

am) @n)! (p =k)Y —m?

which is a convergent expression because the ma-
trix a;; is orthogonal.

The electric charge may be identified either as
the coefficient of the photon term in (4.15) or in
the Lagrangian £3,, (4.8) expressed in terms of
eigenfields. We find

e=8,8r8y/(8,°8R°+ 8.8 + 82 )2 (4.16)

If we factor out e?, Am may be written in a form
directly comparable with the general expression
(3.1) and (3.3) withn =2 and

Ay5(8,8,) + 8Ra,)
d,=- s
13(818y, + ER0y,)
4.17)
d. = _855(g,a5 + 8545)
A15(818y, + 8RGy,) ’

obeying (3.2) in view of the orthogonality condi-
tions (4.12).

Since the d; and M; are very complicated func-
tions of g, , gr, &y, ¥, and v’, we used numeri-
cal methods to evaluate Am. We introduce polar
coordinates”

g, =8cosb,

gr=gsinfcosp, 0<O<m

gy=gsinfsing, 0<¢p<2rm 4.18)
v?=ccosy

} O<y<szm.
v'2=csiny
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(O|TALL (k) B*(~k)|0)

= —ghv %3 %%  __93%;
k?+ie  R:P-M?+ie  k*-M2+ic)’
@.14)
(0| TAER () B(~k)|0)

alzaw a,.,a. a,..a
= _gw<k2 vie "RP-My+ie B -M;H'e)'
Only the g"’ term need be written, as we have
argued in Sec. II. Further, a y, term in the mass
matrix can be ignored since it affects Am only in
higher order where fermion field redefinition is
necessary.

Incorporating these simplifications we may
write

i d*%t Tr(f+mhy*(p —K+mhy* ay5(g,0, +gsa|z)+ (8,05 + £ 05,) . ag(g a4 +g8aaz)
28y k2 +ie k% M2 +ie

k% - M,? +i€ }’
(4.15)

T

The dimensionless d; and the mass ratio M,%/M,?
are independent of g and ¢. These parameters
can be used to fix e?/4m =1/137.04 and the lowest
vector mass M, although it is unnecessary for us
to do this explicitly.

Recall that a necessary but decidedly insufficient
condition for positive Am is d,<0. In our com-
puter runs, we preassign a value of M,. The pro-
gram then generates random values for 6, ¢, ¢
and computes d, . Ifd,>0, it stops and generates
another random set. Ifd,<0, the program goes
on to compute M,?>/M,? and Am, prints the results,
and then generates another set of random values.

The results are summarized in Table I where
the Am is computed for a nucleon mass m of 1 GeV.
The condition d, <0 is satisfied in about 20% of the
random trials. It is clear that Am varies within
a small range of negative values for each preas-
signed value of M,, and that this range of values
becomes more negative with increasing M,. Most
trials were done at M, =2 GeV because we felt that
this was the smallest physically reasonable value
for M,. The 900 nonrandom trials were an un-
successful attempt to look in what we guessed to
be “preferred” regions of the parameter space in
the hope of increasing the upper limit on Am. For
20 trials we printed results for Am irrespective
of the sign of d,, and it became clear that there
is no lower bound on Am. A value m =1 GeV was
taken for the zero-order nucleon mass in all of
our work.

Our conclusion is that for M, =2 GeV, am is
bounded from above in the parameter space by -3
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TABLE I. Numerical results for the - mass difference.

Number Number of trials
M, of giving
(GeV) trials d;<0 Range of values of Am (MeV)

0.25 300 61 -0.64>Am>-0.81

1 100 24 -2.13>Am>-2.55

2 900 180 -3.35>Am > —4,08
37 200 40 -12.7>Am>-13.5

2 900 (nonrandom) 56 -3.41>Am>~-4.09

2 20 dy both signs =3.77> Am > —890.0

MeV. This upper bound moves toward zero as M,
decreases, and the 300 trials at the very low value
of M,=0.25 GeV suggest that the maximum value
of Am is never positive. This last statement is
less firm than the others because insufficient nu-
merical work has been done for low values of Am.

In Sec. III we saw that two conditions, (a)d, <0
and (b) M, >M,, are necessary to achieve am >0.
Operationally in the SU(2), XSU(2),XU(1), model
it seems possible to satisfy (a) and (b) individually
but never simultaneously. For example, with
M, =2 GeV, one trial found d, = -17.3 but M, =2.03
GeV, and another trial found M, =46.2 GeV but
d,=-0.00093. All of our results showed this same
pattern.

Before discussing the significance of our study
of am, we must mention a problem in the applica-
tion of the SU(2), XSU(2),XU(1), model to leptonic
and semileptonic weak interactions. Lepton fields?
are included by assigning all leptons T, =0 with
other quantum numbers as in Weinberg’s 1967
model.! The new feature of the present model is
that the charged vector eigenstates are mixtures
of the fields (1/V2 )(A, +iA,)* 'R of the Lagrangian
(4.6) so that in general one must expect a right-
handed chirality component at the nucleon vertex
in neutron g decay. A calculation of 8 decay and
1 decay gives the surprising result that the left-
and right-handed chirality components have the
same strength for all values of the parameters
and that therefore

Gy=2G,,

4.19
G,/G,=0. “.19)

The present form of the model therefore violates
the experimentally observed universality of 1 and
B decay, and must be modified. One simple way
to modify the model® is to introduce a second
Higgs scalar doublet with T, =0, T =3, Y =+1,
One can show that universality is recovered for a
sufficiently large value of the symmetry-breaking
constant of this field. We have not considered the
effect of this modification on the calculation of
Am.

It is clear that the calculations of Am presented

here are not realistic both because the underlying
field theories are unrealistic and because strong
interactions have been neglected. Our work gives
some feeling for the sign and magnitude of Am in
that class of gauge field theories where the entire
contribution up to second order in perturbation
theory is from vector-meson loop graphs. We
find that two relatively simple models give the
wrong sign although the general expression allows
both signs. A similar situation was found by
Hagiwara and Lee® in another type of gauge field
theory in which there is a zero-order relation be-
tween Am and coupling constants of 7NN system.
Although experimental information is rough at
present, it seems that the wrong sign of Am ap-
pears when strong-interaction corrections beyond
the one-loop approximation are ignored.

In the traditional approach to the mass-differ-
ence problem* in which strong-interaction correc-
tions are treated using the Cottingham formula,
special scaling properties of the electroproduction
structure function seem to be necessary to produce
a finite Am, and the sign must also depend upon
these structure functions. If the idea of combining
the weak and electromagnetic interactions in a gauge
field theory with spontaneously broken symmetry
is correct, then am will be finite without special
assumptions about the scaling properties. Our
work suggests that the strong-interaction correc-
tions must still be important in determining the
sign of am.

Added note. An analytic proof that am <0 for all
values of the parameters of the SU(2), X SU(2),
XU(1)y, model has recently been obtained by S.-Y.
Pi together with one of us (D.Z.F.).
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The three-body formalism for singular cores previously introduced by the author is con-
sidered in some detail. A new derivation is presented which clearly demonstrates the unique-
ness of this formalism and clarifies its relationship to appropriate boundary conditions on
the three-body wave function, It is shown that an auxiliary boundary condition must be im-
posed to uniquely specify a solution; this leads to an integral equation with a square-integra-
ble kernel. A detailed proof of three-particle unitarity is given for the amplitudes defined
by this equation, and explicit formulas are presented for a representative model.

1. INTRODUCTION

In a recent letter,! the present author introduced
a generalization of the Faddeev formalism to in-
clude two-body interactions whose extremely short-
range behavior is characterized by a hard core, or
by a boundary condition on the wave function (BCM).
Using the special properties of the BCM ! matrix
developed earlier,? it was shown that the usual
Faddeev equations do not yield a unique solution
for such interactions, but that a particular solution
can be defined which yields the desired physical
properties. In particular, the resultant three-body
wave function vanishes whenever any pair of parti-
cles are within their respective core radius, while
its asymptotic behavior corresponds to a unitary
three-particle ¢ matrix. In this paper we give de-
tailed proofs of these assertions, present a new
derivation of our equation which clearly demon-
strates its uniqueness, and consider in some de-
tail the special case of BCM alone (no external
potential). This provides the theoretical ground-
work for subsequent articles in this series deal-

ing with the actual solution of our equations for
specific models.

The principal motivation for this development is
the versatility afforded by being able to utilize this
additional class of interactions in the three-body
problem. For example, calculations to date in the
three-nucleon system with realistic interactions
have been almost exclusively restricted to soft-
core models, the single exception being the long
and difficult variational calculation on the Hamada-
Johnston hard core by Delves et al.® The results
of these computations have generated some doubt
as to the ability of such models to fit the experi-
mental data. For example, it appears that any
soft-core model which fits the two-nucleon phase
shifts reasonably well will underbind the triton by
about 2 MeV. It has also been suggested that a
significant discrepancy exists in the case of the
triton charge form factor.? Of course, it is quite
possible that the source of such disagreement does
not lie with the nature of the potential model, but
with the neglect of corrections due to three-body
forces and relativistic effects, which could well be



