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Helicity Conservation for Pion-Nucleon Scattering in the Brick-Wall Coordinate System
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It is shown that present data on n.N elastic scattering are consistent with asymptotic (with
energy) helicity conservation in the nucleon brick-wall coordinate system.

A great deal of interest has been generated re-
cently in the question of helicity conservation in
elastic and diffractive processes. ' For mesonic
reactions, helicity seems to be conserved in the
direct (s) channel for y-p' transitions, ' but for'
m-A, and' E-Q transitions the conservation
seems to be in the t-channel frame. High-energy
model amplitudes for nN scattering are consistent
with nucleon helicity conservation in the direct
channel. ' Low-energy phase-shift and resonance
data are also consistent with this via finite-ener-
gy sum rules' (FESR) and unsubtracted dispersion
relations. ' A recent model-independent amplitude
analysis of vN scattering at 6 GeV/c has revealed
that the ratio of s-channel helicity-flip to helicity-
nonf lip amplitudes is small but nonzero. ' This
brings up the question of energy dependence, i.e.,
is s-channel helicity conservation valid asymptot-
ically'? Of course, this can only be answered def-
initely with measurements of polarization param-
eters at higher energies. Here we seek answers
to two possible alternatives. (a) Is there a co-
ordinate system in which helicity is conserved at
finite energies P (b} Is there a coordinate system
other than the s-channel center-of-mass system
in which helicity is conserved asymptotically, and
is consistent with the data at finite energy'P The
answer to (a) is yes, but the resulting coordinate
system lacks any simple physical interpretation
and is probably energy-dependent. The answer
to (b) is also yes, and is the subject of this paper.

We use the notation of Barger and Halzen. ' The
quantity of interest is

2M F+

where the F's are s-channel center-of-mass helic-
ity amplitudes, M the nucleon mass, t the invari-
ant momentum transfer, and the superscript 0
indicates isospin zero in the crossed (t) channel.
The amplitude analysis at' 6 GeV/c reveals that
Reo. = -0.4+0.2 for

~ t~ &0.625 (GeV/c)', and 1m'
smaller by a factor of 5 to 7. Barger and Halzen'
have noted that polarization data alone give some
information on helicity conservation, and hence
some energy dependence can be obtained. They

consider the combination

, do' do ~do
dt dt dt

=4I+: I
I&' 1»n(e' —0: ), (2)

where the a, 0 refer to elastic n'P and m P- n'n

reactions. This is directly related to the ratio of
interest

t 1/2
Z'P =-4, F 'Imo. .

G~„= Q d'),'~ (X,)d'„)~(X,}F„,~,
V, p' = a$

(4)

where X, and X, are the crossing angles to be de-
termined later. If helicity is to be conserved in
the new system, G -=0, which implies

F+ X, -X2
(5)

We restrict ourselves to new coordinate systems
which are reached by a Lorentz transformation
characterized by P along a direction at an angle g

The data for laboratory momentum between 2 and
11 GeV/c show a sharp decrease of Z' P at fixed
t, like P» . This is evidence for either decrease
of ~FO

~
(s-channel helicity conservation) or de-

crease of sin(p' —$0 ) (equal phases for both he-
licity amplitudes}. FESR determinations of the
phase angles' indicate that sin($0 —@', ) does not
decrease as fast as P» ' in the energy range con-
sidered, so that this could be evidence for asymp-
totic s-channel helicity conservation. However,
in the energy range from 5 to 11 GeV/c the same
quantity is consistent with Pl,b energy depen-
dence, so that ~EO

~
need not decrease in this en-

ergy region. In any event, the large contribution
of F, is in Reo., and the energy dependence of
this quantity is only available from a complete
amplitude analysis, requiring R- or A-parameter
measurements at high energy.

We now investigate question (a). Let the helicity
amplitudes in the new coordinate system be G».
The crossing relation between these amplitudes
and the s-channel center-of-mass amplitudes is
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K E
cotX, = . ——cot/

MP sing Af
(6)

and

-K
cot X, = . + —cot(6 —g),MJ3sin 6 —g

(7)

with respect to the incoming pion direction and in

the plane of the reaction. Let 6 be the s-channel
scattering angle, and q„p„q„p, be the four-mo-
menta of the particles mN - zN, with the corre-
sponding primed quantities in the new system.
Then X, is the angle between Q,

' and p,' in the rest
frame of p„and X, is the angle between g,' and

p,
' in the rest frame of p, . Then one can make the

required transformations and calculate

where M is the nucleon mass and K and E are the
momentum and energy of a nucleon in the s-chan-
nel center-of-mass system. It is obvious from
(5), (6), and (7) that a given value of a does not

give a unique coordinate system specified by a
single pair of values (P, g) for which G =—0. (Note
that G, cannot be identically zero unless E, and

have the same phase. We use the real part of
o. since it is much larger than the imaginary part
at 6 GeV/c. ) Conversely, for certain values of
a, 8, t, and K there may be no solution. Unfortu-
nately the complexity of the equations does not
allow an analytic solution. Let us first try /=0,
i.e., transform along the incoming particle direc-
tion. One gets X, =0, and from (5) and (7) the re-
lation

1p=.
s1116 E oct6 M(F /-F— F/E-, )

1+— i+ —, ——n

If we use n = -0.4 at P» = 6 GeV/c, we find

P =[I + (t+ 9M') /2K'] '

which varies from 0.41 to 0.435 for
~

t~ & 0.6
(GeV/c)' and corresponds to a ratio of incoming
pion to nucleon momenta

~ K,/g ~
ranging from

2.73 to 2.98. Thus a helicity-conserving coordi-
nate system can be found at this energy. However,
there seems to be no other particular significance
to this system. ' In fact, one can make the same
transformation along the outgoing pion direction
g = 8, to get another helicity-conservation frame.
It is interesting, however, to consider the sym-
metric case where g=-,'g. This leads to cotX,
= -cotX, and tan-,'(X, -X,) = -cotX„or

P= ~+ — 1+

which varies from 0.855 to 0.862 over the t range
considered before at 6 GeV/c, with n =-0.4. This
particular frame is interesting because it is close
to the so-called brick-wall frame, in which the
initial and final nucleon momenta are equal and
opposite. The transformation to this frame from
the s-channel center-of-mass frame requires
g= ~6 and

p= —1+

t range and energy as before, so it does not coin-
cide exactly with a helicity-conservation frame.
Conversely, if one assumes helicity conservation
in the brick-wall frame, this implies

which of course disagrees with the measured value
of -0.4 at 6 GeV/c. Here we are faced with the
situation of being able to find helicity-conserving
frames with no apparent physical significance,
and physically simple frames (s-channel center-
of-mass, brick-wall) in which helicity is not con-
served at finite energy. If one believes that s-
channel helicity is conserved asymptotically, ' then
the deviation of a from zero at finite energy must
be due to nonasymptotic terms. Hence a Regge
model may be postulated in which the asymptotic
term (Pomeranchukon exchange) conserves s-chan-
nel helicity with the nonasymptotic term (P' or f
exchange) producing the deviation. " Similarly,
one could assume asymptotic helicity conservation
in the brick-wall frame, and the deviation of n
(from -1, in this case) due to nonasymptotic terms.
Certainly the data on Reo, at 6 GeV/c does not
seem compelling for one case or the other. To
this end we parametrize the s-channel center-of-
mass helicity amplitudes in the form

This P varies from 0.855 to 0.833 over the same

Eo =fp+f~,

E', =npfpe'~1 +o,f,e'~~,

(9)

(1o)
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where the two terms are the asymptotic and non-
asymptotic terms for isospin zero in the s-channel.
We have not assumed a pure pole model, but have
allowed phase variations Q~ and Q& between the
different helicity amplitudes. We parametrize
the ratio

where e is fixed by the energy dependence of the
tolal cross-section sum o(w'P)+o(s p). Using data
from 3 to 30 GeV/c, we find that [using 8
= —,'w(a~ n~-}= —,'v] e = 0.4. We use this value with
an energy dependence of s ~ = s '" in all fu, r-
ther calculations. The quantities of interest are

cosf~ + E[cos(8 —P~) + (az/n~} cos(8+ Pz)]+ e'(nf/Q~) cosgyRex = n~ 1+2c cos8+ f' (12)

Imn = n~ sing~ + c[(ay/n~) sin(8+ Qy) —sin(8 —Q~)] + e'(ay/n~ }sinQy
1+2c cos8+ ~' (13}

We then fit the data on Reo. at 6 GeV/c and Imn
from 2.6 to ll GeV/c, using the value of u~ ap-
propriate for asymptotic helicity conservation in
the brick-wall frame. The adjustable parameters
are n&, P~, f&, and L9. Although the energy de-
pendence of Imn constrains the parameters con-
siderably, it is not enough to give unique values.
We impose the additional constraints that the
phase angles @~, fz, and 8are as close as possi-
ble to their asymptotic value (0, 0, and —,'s}, and

1.0
(lns}"' '

1.3
lns+1. 5 '

0.52
lns+1. 1

'

(14a)

(14b)

(14c)

Note that the values are typically less than 25'

that they have at most logarithmic energy depen-
dence. The values so obtained are

0 0

~ Re a
~ Ima

-I.O
0

I

IO
-.20

l2

(GeV/c)

FIG. 1. Real and imaginary parts of 0. as a function of energy predicted from brick-wa11 helicity conservation. Data
on Reo, at 6 GeV/c from Ref. 7 and data on Imn from curves given in Ref. 5.
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Regv, ——
u v vo up lip

7l' . g KV Vp l(V Vy
(16)

Note that the left-hand side is just the difference
between the threshold value of A and its evaluation
via an unsubtracted dispersion relation cut off at
the upper limit v'=N. In Ref. 6, numerical eval-
uation for N = (2.42 GeV)' gave the integral a val-
ue of 95+ 9.5 mb GeV, while the threshold ampli-
tude is 93+ 2.5 mb GeV. The right-hand side gives
the deviation from the unsubtracted dispersion re-
lation result if the A amplitude needs a subtraction.
We evaluate it by using the asymptotic form
ImA(v') =P(v'*- v,*)""for v' &N, and evaluating
a subtracted (at v, ) dispersion relation for this
amplitude. The result for the right-hand side of
(16) is

2(v,' —v,'} ('» v'dv'p(v"- v,*)~*
bA(v, = lim f2

p ~ w Up
V -Vp

2pN
7TH

(17}

Note that this e is the Regge trajectory value at
t = 0, not the quantity defined in (1). We evaluate
this term using the P and f contributions with pa-
rameters determined in the amplitude analysis
fit, and with over-all normalization from total
cross-section sums. We use

or = —,
' [o(w'P) + o(v —P) ]

ImF, ImA

P~~, „+Ping '

where a is defined in (1) and we have used

lim F,

The result is

( )
2P-v N 2' Nv

~3

20m'
(W-2az) mb GeV, (16)

where W (center-of-mass energy) and M (nucleon
mass) are in GeV. Using W = 2.42 GeV and a~
=+1.3+0.1, we get ~(v, ) =-3+ 3 mb GeV. This
is smaller than the error in the evaluation of the
low-energy integral of the unsubtracted dispersion
relation. Hence cutting off the integral at 2.42
GeV is not a sensitive test of unsubtracted disper-
sion relation vs brick-wall helicity conservation.
If thy cutoff were increased to 8'=3, 5 GeV, the
expected deviation goes up to 20 mb QeV, so that
low-energy data up to this region are necessary
for a decisive test. Note, however, that the value
of a& as determined from the amplitude-analysis
fit was crucial in maintaining consistency of
brick-wall helicity conservation with the unsub-
tracted-dispersion-relation results. Either the
P or f contribution alone predicts hA(v, }=40 mb
GeV for W = 2.42 GeV —well above the uncertainty
in the low-energy integral.
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