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S. Humble
Daresbury Nuclear Physics Laboratory, Daresbury, Near Warrington, Lancashire, England

(Received 7 February 1972)

Finite-energy sum rules (FESR's) for single-particle production amplitudes are derived
by considering the analytic structure of all orders of Feynman diagrams. Keeping only the
bound-state pole terms in the sum rules, the suppression of exotic exchanges leads to the
relation for the xN scattering lengths, 2a3g2 + a&y&

= 0. A preliminary partial-wave analysis
of the low-energy production data is also described. The results of this analysis in the
FESR's strongly support the hypothesis of duality for production processes.

I. INTRODUCTION

The dispersion-relation approach to two-body
hadron physics has had many successes in the past
decade, not the least of which has been in the for-
mulation of finite-energy sum rules (FESR's) and

their definition of "duality. "' However, until now

there has been no similar practical dispersion-
relation approach for production processes, and

consequently the interpretation of duality for pro-
duction amplitudes has rested solely on the formu-
lation of mathematical models. Much work has
recently been done in trying to fit these models to
the data, but the problems inherent in this ap-
proach make the results, at best, inconclusive. '
It is clear that there is a general discrepancy be-
tween the model predictions and the experimental
results, but the reasons are not understood.
There are numerous approximations made in the
fits, such as an almost total disregard for the
spin structure of the production amplitudes and an
arbitrary extrapolation to finite resonance widths.
However, it is also possible that the discrepancy
is more fundamental and is a consequence of the
dual models themselves. For this reason we de-
rive in this paper FESR's for five-point amplitudes
in which it is possible to examine the experimental
information more closely and to test whether the
data (or rather accepted model fits to the data)
satisfy the resulting definition of duality for pro-
duction processes.

One of the main advantages of the FESR's of
course is that they are written in terms of ampli-
tudes rather than spin-averaged cross sections.
Thus they can provide sensitive tests of various
high-energy models. However, to do this one
needs very detailed knowledge of the low-energy
amplitude, which is not yet available for single-
particle production processes. Indeed without
polarization measurements we have to rely on as-
suming dominance of the production amplitude by

a few well-known resonances. Nevertheless from
the preliminary investigation of the FESR pre-
sented in this paper it is clear that even this ap-
proximate treatment of the low-energy amplitudes
is sufficient to provide an interesting insight into
the structure of the high-energy amplitudes.
Furthermore, as we shall indicate later, the
FESR's themselves may be very valuable in help-
ing to determine the low-energy partial waves.

The outline of the paper is as follows. In the
next two sections we discuss some of the difficul-
ties associated with writing dispersion relations
for production amplitudes and indicate how these
can be overcome to construct our finite-energy
sum rules. In Sec. EV we show how these sum
rules can be used, keeping only the bound-state
pole terms for the process wN-nnN, to provide
an interesting condition on the low-energy wN am-
plitudes. We conclude, in the last two sections,
with an account of a preliminary production par-
tial-wave analysis we have performed and its im-
plications via the FESR's for the high-energy am-

plitudess.

II. ANALYTICITY CONSIDERATIONS FOR
THE FIVE-POINT AMPLITUDE

Before discussing the derivation of our disper-
sion relations and FESR's for five-point ampli-
tudes, it is perhaps instructive to outline briefly
some of the difficulties inherent in this approach.
For the most part these difficulties arise because
of the increased number of variables in the prob-
lem, which complicates the analytic structure of
the production amplitude. For instance for the
single-particle production process shown in Fig.
1, besides the particle masses, we can construct
ten Lorentz scalars from the various four mo-
menta which we denote by
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FIG. 1. Five-point amplitude.

s —(P1+P2)

s,. = (q,. + q,)', 2 12 j 21 0 = 1, 2, 3

t, =(p, —q, )', i=1, 2, 3

u, =(p, -q, )', i=1, 2, 3 .
Of these, five are independent (e.g. , the set s, s„
s„ t„u 2) since they satisfy the linear relations

t =-s+s —u +M '+M '+m'

+y —-s+ sy —Sj,™t2+ Mb + m~,2 2 2

t2=-s, —t +u, +M '+m, '+ m, '

u, =-s, +t, —u, +Mb + m, + m, ,
2 2 2

$ =s-s —s3+m~ +m +m3,2 2 2

where M„Mb, m„m„and m, are the masses of
particles a, 5, I, 2, and 3, respectively.

The invariants given in (1}can be thought of as
the generalization of the Mandelstam variables s,
t, u normally considered in two-body reactions.
However, if, by analogy with two-body scattering,
we try to write a dispersion relation in terms of
one of these variables while keeping the other in-
dependent ones fixed, it is well known that the pro-
duction amplitude produces complex singularities
in the physical region, ' For example if we were to
disperse in the variable s„keeping s, s„ t„and
u, fixed, then, since from Eqs. (2) s, = s —s, —s,
+ m, '+ m, '+ m, ', we can write

mb 2 (4)

where p and ps are the four-momenta of particles
n and P, this graph produces a line of singularities
given by the equation

det fz, /=0,

where ZN~ =zaay zaa 1 ~

Equation (5) defines the ellipse

(5)

z) + z) +2m zy z) +m 1 0

with

2 2 2m ~mg ~m
mr

V

270 mv

(5 &}

which, as shown in Fig. 3, is tangential to the nor-
mal thresholds z„„=l,z~„=l. When s~„(and z„„)
is kept fixed and below its normal threshold value,
the triangle diagram produces two real singulari-
ties given by the intersection of the line z„„=con-
stant with the ellipse (although physical singulari-
ties correspond only to that part of the curve AB

Here s, = s- s, + m, '+ m, '+ m, '-(m, '+ m, )', which
in the physical region with s & (m, + m, + m, )' and

s, &(m, + m, )' implies s, &++ m, )', and the two
cuts overlap. Of course it may well be possible to
distort one or other of the integral contours away
from the real axis to avoid this overlapping, but
then it will be necessary to consider the scatter-
ing amplitude at complex values of its variables.

A second way in which complex singularities
may arise can be seen by considering the triangle
graph of Fig. 2.' Using the reduced variable z z
defined by

s s=(p +ps}

f(s„. ,s„)

+
1

dS2d & &2f(s1». . s2&. . . )
(m, +m )2 S2 S2

where 6,f and r2f represent the discontinuities
across the sy and s, cuts, respectively. The sec-
ond integral in Eq. (3) can be rewritten in terms
of a left-hand cut in s,' as FIG. 2. Triangle diagram.
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FIG. 3. Singularities of triangle diagram in the z ~&,
z ~~ plane.

which lies between the normal thresholds). How-

ever, as the value of z„„is increased, the line of
fixed z» moves to the right in Fig. 3 until it is
tangential to the ellipse. At this point the two sin-
gularities coincide, and above threshold (z„„&1)
they become a complex conjugate pair (one phys-
ical, one unphysical), the physical one giving rise
to a complex branch cut in the physical s~„plane.
Also, it will generally be possible to draw another
triangle graph which depends on one of the vari-
ables in Eq. (2), e.g. , t 8 such that s„„= t„a+ c, -
where c is some fixed quantity of the other invari-
ants. Thus complex singularities will occur in
both halves of the s~„plane and a dispersion rela-
tion in terms of one Lorentz scalar must always
involve a complex contour. The situation is clear-
ly going to become even more complicated for
higher-order diagrams.

t, =-y. —3g,
2 (6)

and p, is the particle mass.
The parametric line characterized by ( was

chosen so that it passed through the singularity-
free Wu region and also entered the physical re-
gion at the point t' =0, as shown in Fig. 4(a). How-

From Fig. 3 we can see that this can be achieved
without introducing complex singularities if we

can tilt the line P Q (e.g. , onto the line P 'Q') so
that there is some point on it which lies inside the
ellipse and hence P'Q' cuts the ellipse at two real
points. In this case both z z„and z „„vary, rather
than keeping one or the other fixed, the variation
being parametrized in terms of points on the line
P'Q'. Of course to eliminate all complex singu-
larities we must consider all possible triangle
diagrams and thus generalize the line P'Q' by a
line through the whole five-dimensional space of
Lorentz scalars. Now instead of having some
point inside the (z ~„,z &„) ellipse this line must
also pass through the intersection of all ellipses
arising from all these triangle diagrams. Pro-
vided this intersection is free from any singulari-
ties arising from higher-order diagrams, we can
write a parametric dispersion relation along this
line which has only real singularities. Following
the work of Wu and Boyling, 4 who showed that such
a singularity-free intersection does indeed exist'
to all orders of perturbation theory, Branson,
Landshoff, and Taylor' utilized this approach to
write a production amplitude dispersion relation
for equal-mass particles in the variable (, where

s=9p, '+ &,

s] =40. +

III. PARAMETRIC DISPERSION RELATIONS AND FESR'S
physical region

To overcome the problems outlined in the last
section let us consider more closely the singular-
ity diagram shown in Fig. 3. So long as z~„ is be-
low the normal threshold zz„&1 there is no diffi-
culty; we have only real singularities given by the
intersection of the line PQ with the ellipse. The
difficulties arise when z„„&1and PQ lies com-
pletely outside the singularity contour so that its
points of intersection must necessarily be com-
plex. However, if the dispersion relation is to be
of any practical use, at least some of the z z must
be above their threshold values at some point.

(b)

FIG. 4. (a) Diagrammatic representation of the $ line
through the space of Lorentz scalars. (b) Typical
singularities of the production amplitude as a function of
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ever, the drawback to this parametrization is that
while it lies in physical region for $ ~ 0, the linear
relations of Eqs. (5) necessarily mean that it must
be in a very unphysical region for negative g, i.e.,
with some momentum transfers tending to + ~.
Thus the left-hand singularities, indicated in Fig.
4(b), must involve values of the scattering ampli-
tude at very unphysical points. Furthermore, even
for $ -+~, since all momentum transfers tend to
-~ the asymptotic amplitude cannot simply be
parametrized by a few Regge exchanges as one
would like if the FESR is to be used to determine
the high-energy parameters.

In order to develop a practical approach to dis-
persion relations for five-point amplitudes we
shall adopt a middle course between the fixed-
variable and parametric-dispersion relations and
write a semiparametric form which leaves certain
of the Lorentz scalars fixed while parametrizing
others so that we do not encounter complex singu-
larities. Specifically for the process n, N,- n, n, N, we write

s = s+z[(2t3+ m)'-s],

s3 = s3 +z[4t3 —s3],

Sl. —SX

u3 = u3y

where m and p. are the masses of the nucleon and
pion, respectively.

This form is chosen so that it has the physical-
region branch cuts in s and s, for z ~1. Also, with
s and s, given by

s = —,'(m '+ 2 t33+ s, —I;),
s3 = 3(3 t3 —t 3 + u3)

it is a simple matter to show [using Eqs. (I) and
(7)] that the crossed process 3T,N, -3T, w, be gives
rise to physical branch cuts in u, and t, at z ~-l.
However, it must be noted that the point z =0,
which we take to be the necessary point inside the

u region, corresponds to the point (s, s„s„t3, u3)
in our space of invariants. Thus the value of s,
= s, must always be slightly unphysical, i.e., below
the n, + N, threshold. This is the price we appar-
ently have to pay to obtain a left-hand-cut contri-
bution which is not determined by extremely un-
physical crossed-channel processes (as in the dis-
persion relation of Ref. 5). In fairness to our ap-
proach let us point out that the extrapolation of the
physical scattering amplitudes to the point sy
is less than the extrapolations often performed in
two-body FESR's (e.g. , where even positive mo-
mentum transfers are sometimes considered). In-

deed if we must go outside the physical region, an
extrapolation to just below a final-state two-body
threshold seems the simplest and least perilous
line of approach.

It is also worth mentioning that the reason we
have to fix s, below its threshold value is so that
we do not run into the complex singularities aris-
ing from a possible triangle diagram with an s,
final-state interaction. Thus if we can somehow
factor out this final-state interaction by defining
some suitably modified scattering amplitude, it
may be possible to take sy into the physical region,
at least below the first inelastic threshold.

It must be stressed that in any case the para-
metrization of Eq. (7) we consider in this paper
defines a dispersion relation in z which is truly a
dispersion relation for particle production ampli-
tudes. We still have to consider final-state effects
between m, rV, and m, m„and thus iI, is not equivalent
to a quasi two bod-y pro-cess, even though one
final-state subenergy is held fixed.

Figure 5(a) shows diagrammatically the z line
defined by Eq. (7) through the space of invariants
such that it is inside the Wu region for z =0 and
approaches asymptotically the physical regions for
~, N, -n, w, N3 and the crossed process ~,N, -t,n, N, .
In Fig. 5(b) we indicate the corresponding cut
structure of the production amplitudes
A(s, s, , t, , u,.) considered as a function of z [i.e.,
f(z)] . It should be noted that asymptotically the
kinematics suggests that these amplitudes will be
dominated by a few single-Regge-exchange dia-
grams. The semiparametric dispersion relation
or FESR follows by drawing a contour around

Physical

(a)

1

b~3
Tf TT Tt~~m ~~ n

P

(b]

FIG. 5. (a) Diagrammatic representation of the z line
through the space of Lorentz scalars. (b) Pole terms and
and asymptotic limits for the production amplitude as a
function ofz.
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these singularities, closed by two semicircles at
infinity and applying Cauchy's theorem. For in-
stance, in terms of the modified amplitude f(z}
—f „(z},where f „~(z) is the asymptotic ampli-
tude given in terms of the single-Regge-exchange
graphs shown in Fig. 5(b), i.e.,

'

the production-amplitude FESR can be written as

t
h A

ere r y( )= rf d* y, ( bz)
Sp gp

this is not the case for five-point processes.
There is always some kinematic singularity in the
helicity production amplitudes which can never be
factored out completely. It is clearly advantageous
therefore to work with the invariant amplitudes
which we believe have only dynamical singulari-
ties.

Before discussing in detail the analysis of the
low-energy amplitudes it is amusing to consider
just the nucleon pole terms by themselves. In Fig.
5(b) we have shown four bound-state poles which
arise from the nucleon intermediate states

n'N N m'mN

where it has been assumed that f(z) = f„(z)for
~z ~~ A, and z, is the lower limit of the amplitude
singularities in the variable z. Also, m = 2m or
2n+ 1, depending on whether f is an odd or even
function of z.

In order to utilize Eq. (9) to study the structure
of the high-energy amplitudes it is necessary to
know in some detail the low-energy production am-
plitudes. Thus, initially, it is necessary to ana-
lyze the low-energy data in terms of a partial-
wave expansion. This will be discussed in Sec. V.
However, in the next section we shall concentrate
on the contribution of the bound-state pole terms
to these FESR's.

IV. INVARIANT AMPLITUDES AND
BOUND-STATE POLES

In writing the FESIt's of Eq (7) we .have as-
sumed that the production amplitude is either sym-
metric or antisymmetric under the interchange of
particles n, and m, . To form amplitudes with
these properties, however, we must consider the
spin and isospin structure of the process. For in-
stance for wN- mmN it is convenient to expand the
five-point amplitude into invariants A, B, C, D such
that

T=u(p )3y,(A +y k B+y k'C

(10)

where y„y„and 9, u are the usual Dirac matrices
and four-spinors, respectively, and k =p, +q„
k'=q» ~'=k +k', and r =k -k'. This expan-
sion, which is similar in its general structure to
that of Ref. 8, has the property that, provided T
is symmetric under isospin, then X and C are
symmetric under m, m, crossing and B,D are
antisymmetric.

Note that whereas in two-body processes it is
possible to work in terms of helicity amplitudes
which can be freed from any kinematic singulari-
ties, it has been shown by Navelet and Pittet' that

and

and

A,-„,-„(z„}+A-~ ~(z~) =0

a, „„,„(z„)+a,,„,-,(z,) =0,
(12}

respectively, where A and B are the mN invariant
amplitudes of Eq. (11) evaluated at the pole posi-
tions z =z„and z=z~. Using typical values for the
parameters s» F» and u, in Eqs. (7) and (8) of
1.15, -0.14, and -0.10 GeV', respectively, the
wN amplitudes in Eqs. (12) are to be evaluated at

z„. s,~=1.15 GeV', t ~=0.033 GeV',

z~.' s,~=1.16 GeV', t,~=0.042 GeV',

in the direct and crossed channels. These terms
can be evaluated in terms of the nucleon propaga-
tor, the nNN coupling constant, and the invariant
mN amplitudes A, B where

T~„=u[-A+ ~y (k, +k, )B]u .
These pole terms of course should be added to the
left-hand side of the sum rule in Eq. (9) and
equated to the low-energy integral of the asymp-
totic form of the amplitude. However, for the par-
ticular charge configuration n p —n,'m, n, this
asymptotic form involves a doubly charged meson
exchange, i.e., an exotic exchange which should
therefore be strongly suppressed compared to nor-
mal Regge exchanges. Thus semilocal duality
might suggest that for this particular charge con-
figuration, the discontinuity of the low-energy am-
plitude, Im f(z), averages to zero Taking t.his
reasoning even farther we might naively attempt
to equate the two-direct-channel or two-crossed-
channel pole terms to zero by themselves. In this
case one obtains, for the pole contributions to the
antisymmetric amplitudes B and D, the relations



1528 S. HUMBLE

where s„„and t,~ are the Mandelstam variables
for nN scattering. To a first-order approximation
in t„~ this gives the Weinberg relation for the nN
scattering lengths"

2al =3/~+ ~i=1/2 0 . (i3)

A similar calculation can be made for the sym-
metric amplitudes A and C, but in this case the
mN amplitudes are multiplied by factors of z„, z~,
and certain kinematic quantities which complicate
the algebra.

The relation (13) is a very amusing result,
coming as it does by imposing the suppression of
exotic exchanges on a production amplitude. How-
ever, one could argue that this severe form of
local duality is not expected to be very well sat-
isfied and Eq. (13) is no more than a happy coin-
cidence. A better test of this result would be to
consider a larger region in z than just these pole
terms. This we shall do in the following sections.

V. PARTIAL-WAVE ANALYSIS

In the past few years a number of authors have
attempted to analyze the low-energy wN- w, w, N,
amplitudes by means of some sort of partial-wave
expansions. "" Unfortunately the data are neither
numerous enough nor explicit enough to permit a
definitive systematic study of these amplitudes.
For instance most of the published data have been
in the form of distributions in only one variable,
such as an invariant mass or scattering angle, and
information on double-differential distributions,
even Dalitz plots, is available at only a few widely
spaced momenta. This situation is changing rap-
idly, but until such distributions exist together
with polarization measurements with the same
sort of statistics that are available for elastic nN
scattering we shall have to resort to model making
in order to study the low-energy production dy-
namics.

Because of these limitations on the published
analyses we have undertaken our own investigation
of the low-energy production data. This is done,
not in the hope of improving the analyses at this
stage, but so that we have some feeling for the
relative importance of various contributions. The
model we use is as usual the isobar model. This
is very well covered in the literature, ""and we
shall only outline the main features of the particu-
lar version employed here. First, a partial-wave
expansion is performed on the production helicity
amplitudes in the manner proposed by Namyslow-
ski, Razmi, and Roberts (NRR)." This uses the
Nick three-particle analysis, "which isolates two
of the three final-state particles (e.g. , w, and w, ).

wN w, h- w, (w2N~),

wN w~6 w2(w~Nq),

wN oN(w, w~)N~ . '

(i4)

As in the last section, we use the 8-wave approxi-
mation for the nN amplitudes in calculating the
nucleon-pole terms. This is an excellent approxi-
mation in determining the pole contributions to the
FESR's, as we have already discussed. Moreover,
for the analysis of low-energy production data
these pole terms represent background contribu-
tions arising from three-body effects and the I =-,'
mN final-state interactions, and hopefully there-
fore the analysis will be fairly insensitive to their
detailed forms. " '3

For the ~ resonance the parametrization of Ref.
15 for 6'f is used, i.e.,

ckg 1
v~s, m~ —s, im~i' '- (15)

where s, = s, or s, of Eq. (1), k~ is the momentum
of N, calculated in the m, N3 or n,N, c.m. system,
respectively, and 1 ~ is the total width of the 6
resonance. For the a resonance, to incorporate
its large width and apparent asymmetry, we take

After decomposing this two-body system into
states of total and orbital angular momentum j
and l in its own c.m. system, we combine each of
these states with the third particle (N, ) and again
expand into states of total and orbital angular mo-
mentum J and L' in the over-all c.m. system.
Following NRR, this expansion is performed for
each of the two-particle subsystems in the final
state, i.e., my7T2 77yN3 and n, N„and each set of
states related to each other by means of the Wick
recoupling matrices. "

The resulting partial-wave amplitudes are func-
tions of s, s„J, L, L,', j, , and l, (i =1, 2, 3) as
well as isospin. (Here L is the orbital angular mo-
mentum of the initial wN state )T.he isobar-model
assumption is now to write each of these ampli-
tudes as a product of terms, 8~, ,~&(s, s,), d'~, , (s;),
and f, , (s,), where 8 is the amplitude descrihing

p] l.
the production of the j, , f, isobar and (P and f are
respectively the isobar propagator and its decay
form factor into the ith two-particle subsystem.
In practice we consider only the dominant final-
state effects, which we believe are the I = J
=-', n(1236) wN resonance and the I=J=0 o ww reso-
nance. Although recent estimates suggest the o.

has a mass comparable with that of the p meson,
it produces a much larger effect at low subener-
gies, apparently because of its large width. ""
Thus, besides the nucleon-pole terms, the reac-
tions we consider are
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the effective propagator
j, /2

+f = c
4 p e sing

s, -4+'
where 5 is the I=8=0 wv phase shift. In order to
account for the energy dependence of the isobar
production amplitudes in which the wN initial state
of total and orbital angular momenta J and L pro-
duces an isobar+ particle state with orbital angular
momentum L,', we insert the threshold factors ex-
plicitly and write

where p, and q, are the momenta of particles a
and i in the over-all c.m. system. The reduced
production amplitudes 8 are essentially arbitrary.
In most analyses it is approximated by a slowly
varying complex function. This may be satisfac-
tory if we only require the relative phase between
different isobar contributions. However, in our
sum rules we need to know the actual discontinuity
of the low-energy production amplitude. To help
us in this we make the following observation. Be-
low the three-particle threshold the J, L, L,' xN- wvN partial-wave amplitude has the phase of the
corresponding J, L elastic mN amplitude in the
variable s. Above the nwN threshold this need no
longer be the case, but so long as we are not too
far above, it might still be a good first approxi-
mation. So far as we can tell this assumption is
compatible with several earlier analyses. (See
however, the concluding discussion given by
Morgan in Ref. 11.) Also, in the fits described
below, although some extra phase dependence was
allowed in the partial waves, very reasonable fits
could be achieved without it, at least in the inci-
dent-pion energy range T„&700MeV considered.

"40

a'ao t

o
CV

10

75 150 225 Mev
Tn

20. e„=30

75 150 seev
Tn

p 20'
E

C 10

o

T~ -371 IHeV

%Tlat n

10 10.

75 150 225 ssev

n p-vr'w n

en= 30

75 150 saev
Tn

FIG. 6. Double-differential distributions for the
processes ~ p ~+n n and x P 1t 1) n at 374 MeV.
Data taken from Ref. 16.

The second approximation we make is to consider
only those initial wN partial-wave states which
correspond to known low-energy resonances, i.e.,
Spy Pyy and Djg Again this is apparently in
agreement with previous analyses. " The ampli-
tudes of Eq. (17) were therefore parametrized by
suitable Breit-Wigner+ background forms which
have the appropriate second-sheet resonance poles
and wN partial-wave phases.

The remaining arbitrariness is the number of
orbital angular momentum states to include for
the isobar+ particle system. At the energies con-
sidered we chose to keep only those waves with

TABLE I. The isobar contributions to the production
partial waves. The scale parameters c have been nor-
malized to 1.0 for the PP1 partial wave.

si 4Q

c 20. ~ —Tt TT n 20.

n
- 10

p ~+yf n

J.
2

PP1

DS3

PS1

DP3

SP1

Isospin Partial
I wave

1 1
2

2 p
2

0
2

3
1

2

p ]

1.0
0.08

6.7
9,5

Scale
J L L' Isobar parameter

& 20
4
Ll

C 10
C

0

100 200
Tn

T~ i5i MeV

TTmn 1Q-
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75 150 225 ~eV
Tn

m p-man
en 35

SD1

DS3

DD3

0 2

2 0

2
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0.12

0.40
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Tn

3QQ MeV 75 150 225 +eV
Tn

FIG. 7. Double-differential distributions for 7t P
1r+w n and n p m 7m at 454 MeV. Data taken from

Ref. 16.
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FIG. 8. Invariant (mass)2 distributions for the process 7t p 7).+7t n at 330 MeV. Data taken from Ref. 17.

L,' ~ 1 when the total isospin of the system is —,',
and L,' ~ 2 when I = —,'. The resulting contributions
to the production amplitudes are shown in Table I.

The free parameters in the model are now the
constants c in Eqs. (15}and (16}, which multiply
each of the partial-wave contributions. These
were determined by eyeball fits to the experimental
distributions presented in Refs. 12 and 16-18, and,
as outlined above, were taken to be purely real
numbers.

For low incident pion energies T„&460 MeV the
data of Ref. 16 on d'o/d T„dcos8» were included,
where T~ and ON are the energy and the scattering
angle of the final-state nucleon. These results
represent most of the information available on
double-differential distributions other than Dalitz
plots, and although they are in some disagreement
with a similar set produced recently by Muang et
al."we found that a simultaneous fit to the Dalitz
plots of Ref. 17 and the d'o/dT»dcos8„distribu-
tions strongly preferred the earlier data. These
fits are shown in Figs. 6-10. Since there is some
doubt about the mass of the o resonance, a few
different values were tried. lt was found that the
peaks in d'o/dT„dcos8„ for small 8» (which is es-

sentially the "Kurz anomaly" )"favored a o mass
above 600 MeV, and for the distributions shown in
Figs. 6-10 we have takenm =800 MeV.

Having fitted the w p- m'n n and w p- n'm'n dis-
tributions, it is a simple matter to calculate the
m p n w p distributions by the appropriate choice
of Clebsch-Gordan coefficients. ' However, in
this reaction there is no I = J= 0 mn interaction,
and the fact that the model curves do not quite fit
the data implies we should ideally include some
further contribution, probably containing an I =J
=1 mn interaction, i.e., a p resonance.

For T, small those partial waves with high or-
bital angular momentum L,,

' are negligible because
of the centrifugal barrier. However, as T, in-
creases these waves can quickly produce a siz-
able effect in the distributions. This is clearly
seen in those reactions with total isospin I =-,',
e.g. , the process n'p- w'm'p. The rapid increase
in the I =-,' inelastic nN cross section as T, in-
creases strongly suggests the presence of states
with large L,'. For this reason we considered a
D-wave production of the 6 isobar from both the
S»(1650) and D»(1670) I =-,' resonances as well as
the s-wave h production from the D33 state. Typi-

T~ = 430 Mey.

400-
c

200-

0.09

M'(n'n-)

0.15 0.21 Gey2 1.17 1.31 1.45 1.59

'(vr-n)

1.17 1.31 1.45 1.59 Gey~

FIG. 9. Invariant (mass) distribution for 7t p n+m n at 430 MeV. Data taken from Ref. 17.
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T~ a 430 IHeV.

80-

0
0

40

W'(vr vr )

0.09 0.15

r M'(vr-p)

0.21 G eV 1.17 1.31 1.45 1.59

L

g'(vr p)

1.17 1.31 1.45 1.59 GeV

FIG. 10. Invariant (mass)2 distribution for the process n p m mp at 430 MeV. Data taken from Ref. 17.

cal fits to the w'p- m'n'p distributions with these
contributions are shown in Fig. 11.

The I = —,
' partial waves, having been determined

in this manner, were combined with the I =-,' con-
tributions, which were then varied to fit the m p
reactions. Besides the energies T,& 460 MeV
already discussed, data at 495,~ 558,"565,"604,"
646,"and 656 MeV were also considered. Again
we show typical distributions in Figs. 12-14.

To summarize, we have fitted the single-particle
production data below T, = 700 MeV in terms of
an isobar model which includes the a(1236) and
o(800) final-state effects. These fits are seen to
be quite satisfactory except perhaps for the need
for some I = J=1 mn interaction. Presumably it
must also be necessary to include some I =-,' final-

50- T~ = 558 MeV.

state wN interactions in a full analysis of the pro-
duction amplitudes. Such effects, however, are
apparently small at the energies considered here.
In this preliminary analysis of the production data
we have relied heavily on the results of previous
analyses. For instance we used the results of
Morgan, "de Beer et al. ,

"and Saxon et al. '~ to
restrict the range of parameters c considered.
The values chosen for the fits shown in Fig. 6-14
are given in Table I. Because of this correspon-
dence with earlier work it is not surprising that
the sizes of the mN inelasticity coefficients g~ we
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~ 80-
0
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40-

1.2
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1.6 2.Q GeV

C
4l

0 25-
la

Jl
E

Z

0.29 0.35 0.41 0.47 0.53 GeV

100-

T~= 710 Mev H

C
4l

UJ

0

C

50-
0
0
Z

0.1

M~(~+~ )
02 03 Q 4 GeV2 1.10 1.18

M'(n n)

1.26 1.34 GeV

FIG. 11. Invariant (mass)2 distributions for the pro-
cess m+p x+xop at 710 MeV. Data from Ref. 12.

FIG. 12. Invariant (mass)2 distributions for x p
~+x n at 558 M@V. Data from Ref. 18.
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40-

20-
ip

Cl

in the sense that the relative phases between par-
tial-wave contributions are assumed to be known

from mN scattering. This rather extreme approx-
imation is found to be acceptable, at least in the

fairly small energy range considered.

VI. RESULTS AND DISCUSSION

1.10

M (~ p)
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o 20-
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FIG. 13. Invariant (mass)2 distributions for w p
~ n p at 558 MeV. Data from Ref. 18.
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FIG. 14. Nucleon c.m. scattering angle 9„* distributions

for n p n+n n at 604 MeV and 646 MeV.

-0.5

obtain are close to those gi.ven by de Beer et al."
and thus are not too different from those given by
the elastic mN phase-shift analyses. "

The model we use is more restrictive than others

Having obtained the fit to the data discussed in
the last section, we can now use the model to de-
scribe the low-energy helicity production ampli-
tudes. These in turn can be related to the invari-
ant amplitudes A, B, C, D of Eq. (10) and extra-
polated to lie on the z line through the space of
Lorentz scalars given by Eq. (7). In practice we
find in Eq. (10) that the coefficients multiplying
the amplitude C are relatively small on this line
and thus large variations in C produce little effect
on the helicity amplitudes. To simplify the pre-
liminary investigation therefore we neglect C.
Also, after solving for the remaining amplitudes
X, B, and D we find that 6 is at least anorder of
magnitude smaller than A and B. Thus in view of
the approximate nature of both the model and the
data we shall not discuss this amplitude further.

The discontinuities in the variable z of the invar-
iant X and B amplitudes are shown in Fig. 15 for
the particularly interesting charge state n p-w,'n, n. Here the z-line parameters are"

s& = 1.15 GeV',

g~ =-0.14 GeV,

u, =-0.10 GeV',

and since this reaction is crossing-symmetric in
the charge indices the symmetric amplitude A has
been multiplied by z to obtain the integrand of the
first-order FESR. As discussed in Sec. IV, the
high-energy (large- ~z~) limit of this particular
reaction corresponds to an exotic double charge
exchange, and experience with two-body FESR's
suggests that the right-hand side of the sum rules
in Eq. (9) should be negligibly small. Equating
this to the left-hand side of Eq. (9) we might ex-
pect therefore that the integrand should oscillate
about zero. As we see in Fig. 15 this is indeed
the case.

Let us now consider the particular combination
of charge states m p- m, n2 n+ w'p- m'n'n. This is
also charge-crossing-symmetric, but unlike the
previous case it should be controlled at high ener-
gies by well-known Regge exchanges I', I", etc.
However, so far as the low-energy production
amplitudes are concerned this is dominated by the
reaction w p -m, m2 n since the I = —,

' amplitude m'-p

-w'w's is relatively small (s 10% of the total). "
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0.1-
s3 = m2~~)
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-01-

-0.2-
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-0.1-
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FIG. 15. Integrands of the FESR's of Eq. (9) for the process n p m&+ n& n3. The positions of the various resonance

poles in the model are indicated. Although the o resonance is above the range of s3 considered, its effect is still
sizeable because of its large width.

Thus it differs from the w p- n,'n, n reaction es-
sentially only by the interchange of the n' and n,
which is trivially described by a change of
Clebsch-Gordan coefficients multiplying the vari-
ous isospin states. Nevertheless, as can be seen
in Fig. 16, this change is sufficient to alter the
invariant amplitudes so that their imaginary parts
no longer average to zero. Using a cutoff z = A
which corresponds to the midpoint between the
second and third s-channel resonance regions,
i.e., s=2.6 GeV, the corresponding values of

these FESR's are given in Table II. Here we have
also included for comparison a further crossing-
symmetric isospin combination corresponding to
the reaction m p-m m'p.

Although we should not place much reliance on
the results at this stage, it is interesting to use
the FESR's to try to calculate the high-energy pa-
rameters from the low-energy amplitudes. For
instance the values given in Table II can be equated
to the integrals of the Regge contributions on the
right-hand side of Eq. (9). However, to do this

0.6.

0.4-

0.2-

01 '2
Z

'4

0.1- (~ p ~~ m n) + (vr p ~ vr vT n)

-0.3-

FIG. 16. Integrands of the FESR's for the charge combination(~ P && &&n3)+(m+P x+x'n).
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TABLE II. Evaluation of the left-hand side of Eq. (9)
for various charge processes.

FESR values

Process

m p-j(, 7(,n,

p 7fj 7()n 3

m'p —7r'7r'p

0.41

2.34

11.92

JAa dz

0.009

—1.31

—3.07

we would need to know the absolute normalization
of both the low- and high-energy amplitudes. A
less restrictive calculation is to take a slightly
different z line through the space of Lorentz sca-
lars, i.e., with different parameters sy u, . Then
provided we keep t, and the cutoff A fixed and as-
sume that the Regge residue function y, is slowly
varying we can relate the ratio of left-hand-side
values of Eq. (9) to the right-hand-side ratio

f z m(s+ ~z)neÃ(~1) -n
gQ

z m(s I + I, iz)eett& t t) -n
zo

(18)

where n=0 for the A amplitude and m =1 for the B
amplitude.

This second z line we consider is given by the
parameters

s, =1.15 GeV',

t, =-0.14 GeV',

u, =-0.11 GeV' .
In order to evaluate the ratio in (18) we have to

identify the Regge energy variable a+ bz. Since u,
is also kept small, the variable we choose is s3
-t„which is crossing-symmetric under the inter-
change of tt, , v, . Equating (18) to the correspond-
ing left-hand-side ratios we obtain the values of
the effective Regge trajectories a,tt(t, ) shown in
the first line of Table III. Considering the approx-
imate nature of the model and the low value of the
cutoff these are eminently reasonable values. To
check that these results are more than a happy
accident some of the scale parameters c in the
model were allowed to vary. It was found that so
long as the resulting production amplitude still
gave reasonable fits to the low-energy data the
value of u, tt(F) remained quite acceptable. A se-
lection of these results are given in Table III.
When a similar analysis was performed for the
reaction w p-m,'n, n the values of n,„ranged from
-5 to +5. However, this is hardly surprising,
since the calculation involves the ratio of small
quantities, which is very sensitive to small
changes in the amplitudes. Hence this is not a

reliable way to determine the effective trajectory
for exotic exchanges.

It is perhaps relevant to make here one or two
comments about the values of n,& shown in Table
III. With some imagination and careful selection
one might suggest that the results for B look some-
what like the Pomeranchuk trajectory z~ & 1.0 and
that those for A look like n~. ~ 0.5. This would be
a very interesting result since over the z range
considered in Eq. (18) the s-channel helicity-non-
flip amplitudes make up at least 65% of the B am-
plitude, while they contribute at most 20% to A.
Thus we might conclude that these results are con-
sistent with the Pomeranchon-conserving s-chan-
nel helicity. However, if this is so we must under-
stand how the Pomeranchon has been produced
from a resonance-type model, since it is currently
believed that the Pomeranchon is made up of back-
ground effects. To answer this let us note that
although only resonating partial waves have been
considered both for the production and decay am-
plitudes, these contributions have been parame-
trized so that they give the appropriate two-body
phase shift. Thus some background has already
been included Furth. ermore, we have attempted
to fit all the data by our model, and hence the
background arising from nonresonating partial
waves has also apparently been well approximated
by our fit. It may not be too surprising therefore
that the FESR's are trying to give us information
about the P as well as the P' trajectories. It
would be interesting to see if the Pomeranchon
contribution could be confirmed by the explicit ad-
dition of nonresonating effects in our model, e.g. ,
by using effective propagators as in Eq. (18), to
introduce the relevant phase shifts. However,
there is already some freedom in our fits, as can
be seen from the results in Table III, and at pres-
ent we are unable to prefer one set of results over
another. Hopefully this freedom can be eliminated
to some extent by the inclusion of high-statistics
data, which are now becoming available.

TABI,E III. The effective trajectory calculated from
the A and B production amplitudes for various values of
the scale parameters.

(m' p m 7('+n)

Scale parameter c +(n'p n+n'n) np n zQ

DS3 PS1 DP3 SP1 A

0.08 6.7 9.5 1.9 0.64 0.83 0.41 0.66
0.08 6.3 9.1 1.9 0.49 0.87 0.45 0.23
0.08 5.9 8.7 1.9 0.42 0.90 1.10 1.3
0.01 9.5 8.7 0.5 0.55 0.65 0.40 0.49
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This is perhaps as far as we can go in the use of
our production sum rules at this stage. There
seems little point in taking further z lines through
the space of Lorentz scalars with different values
of t, to determine the slope and intercept of o.,s.
Clearly more work has to be done in understanding
the low-energy amplitudes before we can make any
definitive statements regarding their evaluation of
the high-energy behavior. However, we have al-
ready come a long way. The results shown in Figs.
Figs. 15 and 16 and Table III indicate that there
is clearly some connection between the interrela-
tion of various low-energy contributions and the
asymptotic amplitudes. Indeed they are encourag-
ing enough for us to contemplate a much fuller
partial-wave analysis of the single-particle produc-
tion data. Of course, one of the drawbacks of such
an analysis is that we require the over-al1 phase
of the production amplitudes, not just the relative
phases between different contributions. However,
even here the FESR's can be very helpful. By
using one of these sum rules (preferably that cor-
responding to exotic exchanges) we should be able
to obtain a consistency condition on the partial-
wave solutions. Furthermore, the choice of the
isobar model itself may also be severely tested
by considering its effect in a subtracted z-param-
eter dispersion relation. This should provide
a much more sensitive test of the model than usual
fits to the data allow, since one is looking directly
at the production amplitudes rather than at inte-
grated products of them. In particular the disper-
sion relation is based on the analyticity of the pro-
duction amplitude given by considering all orders
of Feynman diagrams. Thus it can incorporate
effects arising from the triangle diagrams of Sec.

II, which are ignored in isobar-model calculations.
In conclusion, we believe the dispersion-relation

techniques outlined in this paper represent a very
necessary step in understanding production dynam-
ics. In the form of FESR's discussed here, they
allow a much more detailed examination of the pro-
duction data than the usual dual-model analyses.
It is a simple matter to show that such models
must satisfy these FESR's but, of course, they are
by no means the only solution tothem. The FESR's
can accommodate various features which are ex-
tremely difficult to fit into the dual-model scheme.
The most obvious example of these is the Porn-
eranchon. In two-body scattering, Harari and

Freund have conjectured that this is dual to the
nonresonating background. " Such a hypothesis is
difficult to test, since it is often hard to distinguish
background from true resonance effects. In pro-
duction reactions the situation is even worse be-
cause in any subenergy channel there will be back-
ground effects arising from the overlap of reso-
nances in other subenergies. Nevertheless if such
effects are ever to be understood it is clear that
it must come about through sum-rule calculations
rather than model fits.
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