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We study the scaling behavior of the structure functions of both deep-inelastic electron-
proton scattering and inclusive electron-positron pair annihilation into a proton in a simple
gluon model in three dimensions. We find, firstly, that both sets of structure functions have
similar scaling properties, as expected on the basis of light-cone dominance, and that they
are simply related to one another. Secondly, we obtain nonvanishing longitudinal structure
functions in spite of the underlying bilinear fermion structure of the current. This confirms
a positivity constraint discussed earlier and implies that interactions alter the free light-cone
commutator structure. Thirdly, the transverse functions increase linearly with large w,
again confirming the results of our earlier paper.

I. INTRODUCTION

In spite of the widespread interest in scaling
phenomena and light-cone physics, some ideas con-
necting the two have in general not been amenable
to discussion in perturbation theory, for the sim-
ple reason that the latter violates scaling at all
orders. In view of this difficulty, we propose to
study in this paper some of these ideas in a model
where scaling is indeed obeyed to (at least) the
first nontrivial order of the perturbation series.
This is a gluon model in a space of three dimen-
sions: one time and two space dimensions. We
consider a fermion field interacting via a Yukawa-
type interaction with a scalar field. The current
is bilinear in the fermion field and satisfies free-
field commutation relations analogous to its count-
erpart in four dimensions.

General belief has it that these commutation re-
lations (in particular the internal symmetry and
singularity structure on the light cone) survive all

interaction effects. This, of course, has many
consequences, the most direct of which is the iden-
tical vanishing of the longitudinal structure func-
tion F,(w) of deep-inelastic electron-hadron (pro-
ton) scattering [e +I1(p) - e +X] in the scaling limit.
Fairly general assumptions would then also lead

to a similar vanishing of the corresponding longi-
tudinal structure function F,(w) measured in the
inclusive annihilation process of an electron-posi-
tron pair into a hadron (proton) [e* + e~ ~I1(p) +X].

Now whereas it is generally accepted that the
vanishing of F;(w) is consistent with experimental
observation, little is known about F(w).

On the other hand, we have recently shown' that
positivity and gauge invariance imply that F,(w)
may nol vanish identically, and that if it does the
transverse structure function F ,(w) must increase
at least linearly with w. We have also shown in
Ref. 1 that, under the fairly general assumptions
of light-cone dominance, the corresponding struc-
ture functions in the processes e +II(p)—~e+X
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and e* +e”~1II(p) +X scale in a similar manner.

The nonvanishing of F,(w) implies of course
that the free light-cone singularity structure of
the current commutator is modified. The linear
increase in w of F(w) implies that the bilocal op-
erator, whose matrix elements it measures, has
a short-distance singularity (as opposed to one
for lightlike distances) in it, contrary to general
assumptions.

In order to confirm the validity of the above re-
marks we calculate, in our three-dimensional
gluon model, the relevant structure functions to

the first nontrivial order of the perturbation series.

This is done exactly. Upon taking the scaling limit
we find the following results.

(1) The structure functions in both the annihila-
tion and scattering processes scale as expected
and in a similar way. This implies that the oper-
ator controlling this behavior has indeed only one
leading light-cone singularity, as assumed in Ref.
1 (see Sec. IV below).

(2) The structure functions are related to each
other simply:

F (w)=-F (-w),
Fp(w)==Fp(-w).

(3) The longitudinal structure functions do not
vanish identically, thus confirming the positivity
constraint of Ref. 1.

(4) The transverse structure functions increase
linearly with large w, also confirming the positiv-
ity constraint of Ref. 1. This increase is not re-
quired if F,(w) does not vanish but is only an al-
ternative. In this case we see, however, that both
alternatives are realized.

In order to perform our task, we have to study
first the structure of scalar and spinor fields in
three dimensions. This is done in Sec. II, with
most of the details left to Appendix A.

In Sec. ITI, the canonical light-cone structure
consistent with scale invariance is discussed. We
show in Appendix B how the equal-time limits are
to be calculated.>?

In Sec. IV the scaling behavior expected on the
basis of the singularity structure of Sec. II is
presented.

The calculation of the structure functions is out-
lined in Sec. V, with some details left to Appendix
C. In Sec. VI we give some conclusions and dis-
cussion.

II. FREE FIELDS IN THREE DIMENSIONS

The equations of motion for free fields in our
three-dimensional space (one time and two space
coordinates) may be constructed along analogous
procedures already known for four dimensions.

Quantization proceeds also along similar canonical
commutation or anticommutation relations. The
simplest cases are those of one- and two-compo-
nent fields. These are analogous to the ordinary
spin-0 and spin-3 Dirac fields, respectively. We
present in this section some general results for
these two cases, leaving more of the details to
Appendix A.

1. The Scalar Field ¢(x).

The equation of motion for the scalar field is
the analog of the Klein-Gordon equation in three
dimensions, namely (F=c=1)

(%8, +p?)¢(x) =0, (1)

where

9 2 9 2 9 2
I )\ [ —
978, _<ax°> <8x1> (axz) ’ @
The canonical commutation relation is given by
[o(x), o) ]=ia(x -y). ®3)

A(x —v) is an invariant singular function given by
-y d’k -tk (x=y) ik (x=y)
Alx =y)= —zf @nee, (e —-e ).

(4)

In particular we have
[$(x), p() 0= y0 =18,A(x =) 1040
= _252(i - y) ’ (5)

a two-dimensional 6 function. The Feynman prop-
agator is found to be

i (6)

zAF(q)=m

Now Eq. (5) determines the physical dimension

(in units of mass or inverse length) of ¢(x) to be 3.
We shall show shortly that its canonical dimen-
sion under scale transformations is also 3.

2. The Two-Component (Divac) Field.

As shown in Appendix A, the simplest multicom-
ponent field is a two-component spinor $(x) which
satisfies an equation of motion analogous to the
Dirac equation. It reads

(y"8,+M) $(x) =0, (7)

where
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and

{Vp’ 7u}=2gpy1, (8)

with a metric

-1

The solutions at rest are of the form

P (x) = (" (0)e i 4t r=1,2

and

w{(0) =<(1)> ,  w®(0) :((1)>

The solution with » =1 is the positive-energy
solution, and that with 7 =2 the negative-energy
solution. These also correspond to eigenvalues of
Y°=S, of +1 and -1, respectively. Thus, only
one “spin” state occurs at rest for each solution
in contrast to the ordinary Dirac particle. The
single-particle wave functions and their properties
are given in Appendix A. Canonical quantization
is achieved by the anticommutation relation

{‘pa(x)y —‘pﬁ(y)}= i(lﬁx + M)ocBA(x - y)

= iS, 5 = ). 9)
The Feynman propagator is then
Sp(p)=(B+M)/(p* = M? +ic) . (10)
At equal times we have
{4a&, 0), Y15, O} = 84,50°E - 7). (11)

This then fixes the physical dimension of y(x) at
unity. Let us show now that this agrees with its
canonical dimension under scale transformations.

The free Lagrangian density incorporating these
two fields takes the form

L£=3[0,0(x)F -z n2¢%(x)
+ P (x)(if — M)Y(x) . (12)

Let D be the generator of scale transformations.
Then the dimensions of the fields ¢(x) and ¥(x)
are defined by

[(p(x), D]""i(d(b +x'3)§b(x); (13)
[y(x), D]=i(dy +x - 8)y(x).

Consider the Lagrangian density of Eq. (12) in
the massless limit. We have then

[D, £0(0)] = _Zd£o(0)
= —i{(2d, + 1)3igy(0)
+(2d 4+ 2)[0,¢(0) P} (14)

Now, in general, under infinitesimal transforma-
tions 61 we have

8Lo(x) = ON(d +x+ 8)Ly(x) . (15)

If the Lagrangian, which is the integral over all
(three-dimensional) space of £, is to be invariant
then 6£,(x) must be a total derivative. From Eq.
(15) we see that this is possible only if d=3. For
then we have

6L4(x) = 3 [Bx %, £4(x)].
Using d=3 in Eq. (14) we find that
dy=1, dy=3, (16)

which agree with the physical values determined
by the equal-time commutation relations of Eq.
(5) and Eq. (11).

The Lagrangian density of Eq. (12) leads to a
conserved vector current J,(x) given by

J (%) = ¢(%) 3,0(x) + [P(x), v, 9(x)]. (17)

This current has then a dimension of two. Alter-
nately, if we assume that the constant “charge”
it defines is scale-invariant, we arrive at the val-
ues in Eq. (16) for the field dimensions.

Using the free-field canonical commutation-anti-
commutation rules of Eq. (3) and Eq. (9) we ob-
tain

[, (%), 7, )] =185 03[ A(x =) 9(¥) ()] = [85a(x = Ty, 7, 9(3) + TGy, 7™y ,9(2)]
+E MA(x = Y)[F(x)y,7,80) + @)y, v, 9(x)]. (18)

The first term is due to the scalar-field part of the current, and the last two to the fermion-field part.
Equation (18) specifies the behavior of the free commutator everywhere, and in particular on the light
cone (x-)?=0. We shall investigate this behavior and its consequences in the following sections.

III. LIGHT-CONE EXPANSIONS OF OPERATOR PRODUCTS

We shall be interested mainly in the conserved vector current J u(x) presented earlier. The free-field
expression in Eq. (18) above suggests that the current commutator on the light cone may be expressed as
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follows3:

[J“(x), Ju(o)] = (auau - Gguv)cl(xz)Rl(xa 0) + (g;watxaﬂ _gavaﬁap 'gqpaﬂav +gaugBuD)c2(x2)RgB(x, 0) ’ (19)

where C, ,(x®) are c-number singular functions
and R,(x, 0) and R3®(x, 0) are, respectively, scalar
and symmetric second-rank tensor bilocal oper-
ators. The singularity of the commutator is as-
sumed to be defined completely by C,(x*) and
C,(x%). The bilocal operators may then be ex-
panded in terms of an infinite set of local oper-
ators as follows:

R,(x,0)= f} X% -x“"Rl,al. - oc,,(o)’
n=0 (20)

~x%ngoB (0).

2, 00 * ¢ Ay

R28(x,0)= 3 x%1.
n=0

Current conservation is then explicit in Eq. (19).
The current J u(x) has a dimension of two; hence
if Eq. (19) is scale-invariant, as we assume, one
must have

dcl‘fdnl =d02 +dR2 =2, (21)

In a theory with only scalar fields the lowest-
dimensional scalar bilocal operator is ¢(x)¢(0)
of dimension one. The lowest-dimensional sym-
metric tensor is ¢(x)8%°¢(0) with dimension three.

Thus, in scalar field theory,

dg, =1, dg,=-1. (22)
In a theory of Dirac fields y the lowest-dimen-
sional scalar bilocal is P(x)y¥(0) of dimension two,

and the lowest-dimensional symmetric tensor is

Px)y,0,9() +P(y)y, 8 ()
of dimension three, leading to
d¢, =0, dc2=‘1- (23)

Therefore in a mixed free theory the leading sin-
gularity in C,(x?) comes from scalar fields, and
that in C,(x®) comes from both fields. We have in
general

G(#®) = (5% = jexg)"1e1/? = (a2 +iex,)™"0/?
C,(%) = (42— dex,) ™1C2/% = (42 +jexy) 42/

with d; =1 and dg, = -1.

The expansion in Eq. (19) determines the short-
distance behavior and in particular the equal-time
limit. We show in Appendix B how the equal-time
limit should be calculated.

IV. SCALING AND CURRENT-COMMUTATOR SINGULARITIES ON THE LIGHT CONE

It is well known that the behavior near the light cone of the electromagnetic current commutator controls
the structure functions of deep-inelastic electron-hadron scattering in the Bjorken scaling limit. We have
also shown' that under the assumption of light-cone dominance it also controls the scaling behavior of the
structure functions measured in the annihilation of an electron-position pair into a hadron plus anything.
In this section we wish to outline this relationship in three-dimensional space. The notation is the same
as in Ref. 1, and we shall have occasion to refer to some equations in this reference.

1. Deep-Inelastic Electvon-Hadron Scatteving.

It is well known that in the process e+II1(p)—~e+X [[I(p) is a hadron of momentum p and mass M; X de-
notes “anything”] one is probing the structure of the absorptive part of the forward virtual Compton scat-

tering amplitude. We study (in three dimensions)

W@, )= [ @ e 01(p) 14 ()| NXNIT, (0|11 (5)

¢® is the mass of the virtual photon, and v=g- p its energy in the laboratory system. In the above process,
¢*< 0 spacelike and v>0. Thus W uv (@ p) may be written as in Ref. 1 in the form

Wo(g, )= [ @xe* Al p),

where

(26)

AW (x, p) = f Py dz €3 e 1K, K, (0| R(J ,(%); () R(T,(0); p*(2)) | 0) . @7)
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R denotes the retarded product, and K, = a“aﬂ +14* in three dimensions. In Eq. (27) the hadron was as-
sumed spinless.
Al (x, p) is identical with

(M) [, (x), 7, (0)]1(p))

for ¢®<0, v>0, and hence must have at least the same singularity structure on the light cone. More sin-
gular terms may exist only for ¢°>0. However, in the spirit of light-cone dominance, one expects
A (®)(x, p) to have a single leading singularity which dominates at all ¢2.

Let us assume that the operator product A{})(x, p) has the following decomposition in position space:

AR (%, p)=(8,0, =2, , DAL (2, xp)+ [Op b, —pr3(p,8, +p,09,) +(p8)°g,, JAD (2 x+p). (28)
Let us also assume, in view of the light-cone expansion of Eq. (19), that as x*~ 0 we have
AN, x-p) ~<—2—1——> f,(x2, x+ p) +1ess-singular terms,
-x% +i€x, (29)
1 b
W(x2 wop)~|—m0 0o 2 e -si
AV (% x D) (—xz ooy ) f2(x%, x+ p) +less-singular terms,

where g=3 and b=-1.

Here f, ,(«% x-p) are assumed to be nonsingular as x? (but not necessarily x) approaches zero. As is
well known, the expressions of Eq. (19) determine the behavior of the structure functions W,(¢?, v) and
W,(¢? v) in the Bjorken scaling limit (B): v—o, ¢~ -, and w=-¢2/2v fixed. We wish to exhibit this
relationship here, as it is slightly different than in four-dimensional space.

Define

g(@)= 5= [l pem e Pp0,x0p),  i=1,2. (30)

From Egs. (15) and (16) we then have

—i
q+ apy +ie(q+ap)[e0r

WA, )+ 5 Wolv, )= ~¢ [ dag (@)l

. 31
W, = ‘qudagz(a)K(b) [-(q+ap)z+i;(lq+ap)°](3'2"”2 ’ o
where
K(a)=28729q321%/2(1(3 - 24))T(a) .
If we take the scaling limit (B) of the integrals in Eq. (21), we find
WA, )+ S0, @) o oiorms K@) [ dgy (@) e o (20) V2 (0),
q B (2v) (w =~ a +i€) B
(32)

=t =5~ vy 2Ry (w) .

W) g KO [ Al G

A positivity requirement exists* such that 0 < W, < (1 -12/¢*)W,. From Eq. (32) we then conclude that
b=za-1.

Comparing Eq. (29) with Egs. (18), (19), and (21), we find for free fields the leading singularity to be
that of A(x) in three dimensions. A(x) has dimension unity so it behaves as

1 1/2
s —C.C.
=X"+1€X,

as x*~0. Thus, a=3, b=-3, and it follows that

Wl+u—:W2 ~F (w),
< q ) 5 * (33)
@)~ Fylo),

and hence



=3

W, ~ F,(w)
B

just as in the four-dimensional case.
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From Eq. (15), and using well-known techniques,® we notice that in the absence of scalar fields F,(w)=0,
while in the absence of Dirac fields F,(w)=0. These results are similar to the four-dimensional case, and
follow if the commutator structure near the light cone is not altered by interactions.

2. The Annihilation Process e*e”™ —~I1(p)+ X.

To the order that this process is mediated by a single timelike photon one may summarize the hadron

structure being probed by

W0, p)= [ @t (0], () I(PNXNIL(p)|7, (0)] 0)

(i)

where the physical region is for v>0 and ¢®=2v
timelike. As pointed out in Ref. 1, the behavior
of W“,,(q, p) in the scaling limit is also controlled
by the light-cone singularity of A{})(x, p), for we
have

W00, 0)= [ @xe a0, p). (35)

If A{)(x, p) has only one leading light-cone sin-
gularity as specified in Eq. (28) and Eq. (29), then
we must have

(i, 0+ £, @) 02T ), o
Wy, v) oy (20) 2R, (w),

and hence
W.(¢ V) Fy().

For a=3, b=-3 we get the expected scaling be-
havior familiar in four dimensions. We also have
in general

FL(w)=wK(a)f dagl(a)mﬁ-—a )

. (37
-

Fy(w) =wK(?) [ do g,(e) gy w5075

The positivity requirements discussed in Ref. 1
lead to restrictions on the short-distance behavior
of A)(x, p). These, as shown in Ref. 1, lead to
either or both of two results. The first is the non-
vanishing of the longitudinal structure function
F,(w), and the second, in case the first does not
hold, is that

Fi(w) = cw.
W=
The latter follows from a necessary singularity
in £,(0, x - p) as x—~ 0 of the form 5”(x- p) in case

4y

7 )Wz(qz, v), (34)

T

a in Eq. (29) is less than 3. For details of the der-
ivation of the positivity constraint we refer the
reader to Ref. 1. The same steps follow in three
dimensions without any essential alterations.

V. SCALING IN A SIMPLE GLUON MODEL

We turn now to the study of the scaling behavior
and various positivity constraints of Ref. 1, pre-
sented in the previous section, in a simple gluon
model to the first nontrivial order in perturbation
theory. We do this by calculating W,,(q, p) of Eq.
(25) and W, (g, p) of Eq. (34) directly with an in-
termediate state of one nucleon and one meson
and to lowest order in perturbation theory.

The current is taken to be bilocal in the field
d)(x); nameIY)

J (%) =)y () . (38)
The interaction Lagrangian density is of the form
£, =gP(x)p(x) p(x) . (39)

This interaction Lagrangian density has dimen-
sion 23 under scale transformations and hence
violates scale invariance of the Lagrangian. A
scale-invariant interaction is of the form g'gy¢®
and contributes to the three-particle intermediate
state. Needless to say, the calculation in this
latter case is doable but considerably more in-
volved than the one at hand. Since our aim is to
demonstrate the validity of very general and mod-
el-independent results, we shall be satisfied with
the simple model at hand. We shall refer to the
particle described by the field y as the “fermion”
and that by the field ¢ as the “meson.”

The results of a similar calculation in four di-
mensions® show a nonvanishing longitudinal struc-
ture function F,(w) and a violation of scaling by
logarithmic factors in vW,(v, ¢%),
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wW,~ (Ing?)Fy(w) . (40) “folklore” and expectations based on the free-
B field light-cone structure for the commutator
In view of the fermion field structure for the given in Eq. (18), namely (fermion part only),

current, the nonvanishing of F,(w) is contrary to

[ ,(x), 7, ()] = =[85a0x = »FYy 7 v, 9) + B@Yyy 7y 90 ]+ EMA(x = )Ty v, () + T @Yy v ()]
(41)

It is argued, however, that the nonvanishing of F,(w) is not to be taken seriously in view of the fact that
also scaling for vW, is violated; in other words that perturbation calculations are not a good laboratory
for studying scaling phenomena.

Now the gluon model in three dimensions (at least to the first nontrivial order in perturbation theory)
indeed exhibits nonvanishing longitudinal structure functions F(w) and F(w), whereas W, and W, (con-
sequently then vW, and vW,) scale as expected, thus confirming the results of Ref. 1 and removing the ob-
jection to the four-dimensional calculation. Gauge invariance and positivity play an important role in the
derivation of the results of Ref. 1, and we make sure here to satisfy them explicitly. We proceed now to
present some aspects of the calculation, leaving more of the details to Appendix C.

1. Deep-Inelastic Scatteving e+I1(p)—~e+X.

We calculate W“U(q, p) by calculating to lowest order the gauge-invariant expression for the matrix ele-
ment

T, (%) ={11(p,)|J ()| (p)R) (42)
where II(p,) is a “nucleon” on the mass shell, with momentum p, and mass M and with 2 the momentum
of an on-mass-shell meson with mass p. We then have

W,_“/(qy p) =fd3xeiﬂ‘r f dak 5(P12 - M2)6(k2 - “2)9(1)? - M)@(ko - “)5(‘14‘1) -k —pl)Tu(x) T:(O)] . (43)

To lowest order T, receives contributions from the two graphs of Fig. 1:
T,=B,+C,.

The current with momentum ¢ couples with a vertex —iey, to the fermion line, and the meson is emitted
off this line with strength g; the sum T, of the two graphs in Fig. 1 is explicitly gauge-invariant. The re-
sulting expression for W, is given in Appendix C.

The aim of the calculation is an expression for the structure functions in Eq. (33). These may be pro-
jected from W, as follows. Consider the longitudinal spacelike vector n with the properties

TIETIL;;:‘L qun£=0' (44)

7% may be represented by
1 ~

n£‘=—;(iql,q°q), (45)

where § is a unit vector in the direction of the two-vector q. We then have
V2

nEnIW ,, = W1+<;2— - 4M2>W2 =W,. (46)
Comparing to Eq. (33), we see that in the scaling limit

WLf;J F,(w). (47)

Similarly, consider the transverse timelike vector nk with the properties
77‘1"771, u= 0,

g, =+1, (48)
nkq,=0.
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p
q
a+P
——»k
_ p
Cu
FIG. 1. T,=B,+C,. Graphs contributing to the FIG. 2. T,=B,+C. Graphs contributing to the

structure functions W, and W, of deep-inelastic electron- structure functions W and W of the inclusive annihil-
proton scattering. ation of an electron-positron pair into a proton.

Then
nk=4(0,d), &-4=0.
Using nk we find
=npneWyy =Wp=Wy, (49)

which with Eq. (46) gives an expression for vW,. In Appendix C we describe the steps in the calculation of
W, and W,. In the scaling limit we then obtain

__ge(321(1 - w)? 1 2 2_ 2] 1 1pl-w
Fo(w)=- a7 [( PREE )(8(1 — ) [A2(1 - 2w) +3wu? - u2] 4wMz>+<47r (2€)1/2>} (50)
Fp(w)= ‘%—5[(—2—%@ {-1Pw+2M2% [(1 = 0?) = 40%(1 = )]+ p2[(8w? — 4w = 1)(1 = w)? = Bw(l = w)]}], (51)
where
g=M = (1-w)(M? —p?) +2p20?, (52)

and 0< w=-¢?/2v<1 in the physical region.

These expressions are the result of an exact calculation of W, (v, ¢¢) and W (v, ¢®) followed by the scaling
limit v—, ¢® = —, with w==¢%/2v fixed. Note that for large w (outside the physical region) F;(w)~Cw, as
pointed out in Ref. 1.

2. The Annihilation Process e* +e™ =1II(p) +X.

We calculate Wu,,(q, p) in a similar manner to the above by calculating to lowest order the gauge-invari-
ant expression for the matrix element

T, (%) =(0|J ,(x) [TI(p)I(P)k) . (53)
We then have

Wy, p)= [a3x e [ @ [ @rO(F = MB(8 - p)6(B° = M)6(° - 1)o(g = p = k= DT,WITI0).  (54)
To lowest order Tu receives contributions from the two graphs of Fig. 2
T,=B,+C,.

The sum Tu of the two graphs in Fig. 2 is explicitly gauge-invariant. The resulting expression for
w uv 18 given in Appendix C. Using the vectors n} and nf we define

- — V2 — -
W,=W, +<? - 4M2>W2 =N Wy,
(55)
WT= Wl = _n;n;wuu .
Upon comparing the resulting expression for W ,,(q, p) and W“,,(q, p) we find that they are related by the
relation

I'_Vpu(q; p)=—Wp,,(q, -p). (56)
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Thus we obtain that the annihilation structure functions are the same as deep-inelastic ones with the re-
placement of —w for w. The physical region for w in this process, however, is —o<w< -1, We thus have

— _ o ge[32r(1+ w)? 1 . Y 1 l+rw

Fp(w)=+ i, [ ARk <8(1 o) [MP(1 +2w) -3wu? - o ]+4..U/W2> + 47;'—————(2.5)1,2] , (57)
and

Fplw)=- ‘ile; I:(—Z—g% {MPw + 202[(1 = w?) = 40P(1 + )] + p3[(8w? + 4w — 1)(1 + )% + Bw(1 + w)]}J , (58)
where

=M - (1 +w)(M® - p?) +2u%w? (59)

and ~© < w=-¢?/2v < -1 in the physical region. Note here again that for w— o, Fr(w)~Cuw as expected

from positivity and gauge invariance in Ref. 1.

VI. CONCLUSIONS AND DISCUSSION

The main purpose of the above discussion has
been to investigate in a simple model the validity
of the general results obtained in Ref. 1. The cal-
culation confirms the result that W,, W, and W,
W, scale in a similar fashion. To this order one
finds also that they are simply related to each
other as functions of w.

More importantly one finds nonvanishing longi-
tudinal structure functions and transverse func-
tions that increase linearly with large w. This
confirms these results as obtained in Ref. 1 from
positivity gauge invariance and light-cone domi-
nance. The nonvanishing of F;(w) and F,(w) im~+
plies that the free-field current commutator on the
light cone has been altered by interaction. The
linear increase with large w of F (w) and F,(w)
implies a short-distance singularity of the form
5” (n) in £,(0, n) of Eq. (29) and Eq. (28) as ex-
plained in Ref. 1. Thus the bilocal operator lead-
ing to f,(x?, x - p) seems to be singular at short
distances, contrary to “canonical” expectations.
It of course is no! singular for lightlike separa-
tions, and hence the expected scaling with b =—3
is not affected.

Naturally many other connections between the
light cone and scaling, such as a large number of
sum rules, may be investigated in our model.
This however is beyond the scope of the present
paper and is deferred to a separate publication.
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APPENDIX A

1. Scalar Field ¢(x)

The real scalar field ¢(x) satisfies the Klein-
Gordon equation of motion in three dimensions

() () e

The momentum-space decomposition of ¢(x) is
- da*k . .
¢(X, 1) = m[a(k)e"k”‘ j-a’\(k)e“k ],
(A2)
where
w,=|K[2+p?
and
V2w, a(k)| B = (2172w, 0%k - &) 0) .
Quantization is expressed by
la(k), a(k")] = 62(K k")
or

[6(x), $(3) o =50 = 182X = F)

leading to
- d’k ik (xm ik (x=
[p(x), o(»)]= m(e iR (o) gtk (x9))
R
Z a2k w. o=y .
~av) o et* XY ginw,(xy ~ v,)
=iA(x ~y). (A3)

A(x —y) may be written as

3
Alx-y)= —if (—g”i)zé(kz — uB)e(ky)e k=)

where
_(+1, k>0
e(ko)—%_I’ k<0 (Ad)
It follows then that
ako NA(x -y)=
(8%a, +u®)A(x —-y)=0, (A5)

Alx=y)=-A(y -x).

One also has



A(X~-7,0)=0, (A8)
leading, by Lorentz covariance, to

Alx=y)=0, (x=-y)?<0.
One also has

A (% = )| z0=y0= =0*(X ~¥). (AT)

The Feynman propagator is finally found to be
i

¢ - pi+ie’ (A8)

isp(q)=

2. Dirac Field y(x)

For a multicomponent field we assume an equa-
tion of the form

o 1 ey
Hy=ig, => (al o %252 +BMy, (A9)
where H is the Hamiltonian; «,, o,, 8 are Hermi-
tian matrices; and ¥ is a multicomponent spinor.
In order that the correct energy-momentum rela-
tion emerge from Eq. (A9) we must have

0%y
—ﬁ' =(—V2+1W2)Z/)0, (AIO)
where
o 0, 0
ax,2 ax,?

Squaring Eq. (A9) and comparing with Eq. (A10)
one immediately obtains the following familiar
conditions on the matrices a;, a,, and g:

aiZ =B2 = 1 ,
{ag, a;b=26y,
{a;, BH=0.

From Eq. (All) we can immediately conclude
that the @, are traceless and have eigenvalues of
+1. This implies that they are matrices of even
dimension.

The simplest solution to Eq. (Al1l) is provided
by the two-dimensional Pauli matrices and is
given by

01 0 —i 10
"‘1=<1 0)’ “2=<z‘ 0)’ B=<0 -1)'

(A12)

i,j=1,2 (A11)

¥, in this case is a two-component spinor.
If we now define the y matrices by

01
7,1:30[1:(_1 O)’

72=Ba2=( O. "Oi ) (A13)

-1

0
70=B= ((]; _1> )
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then the algebra of Eq. (A11) becomes
w=0,1,2 (A14)

where the metric tensor is given by

iyt +ytyH=2g"11,

1 00
g={0-1 0} (A15)
0 0-1

and y, is then defined by

yh=g"y,. (A16)
The equation of motion now reads
(y*o, + M)gp(x) =0, (A1T)

in analogy with the Dirac equation except that u
=0,1,2, v* are two-by-two matrices, and y(x) is
a two-spinor. )

In analogy with the four-dimensional case one
can show that in the space of these spinors the
generators of Lorentz transformations J,, may
be represented using

0,y =3ily, vyl (A18)

Consequently Eq. (12) is found to be covariant.
If we define

P) =" (x°, (A19)

we can then show that Jy is a scalar, Py p is a
vector, and Poi?y is an antisymmetric second-
rank tensor under Lorentz transformations in
three dimensions. It may be easily shown that
v%y*y2 = —i and therefore that there is noindependent
matrix analogous to y, in three dimensions.

The free single-particle wave functions may be
obtained by finding them first for particles at rest
and then boosting to arbitrary momentum. We
thus first solve

oy

i< =My, (A20)

and find two solutions

ip(’)(x)=w(’)(0)e'i(€'m), 1’=1,2
where
w(l)(0)=((1)>’ w(z)(o):<2>’
(A21)
_%+1, r=1
T -1, r=2"

The solution with » =1 is the positive-energy solu-
tion, and that with » =2 the negative-energy solu-
tion. These also correspond to eigenvalues of
P =B=0,=5, of +1 and -1, respectively. Thus
only one “spin” state occurs for each solution in
contrast to the ordinary Dirac particle.

The general free wave function may then be
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found by boosting ¢”(x) to some arbitrary momen-
tum P. Taking P to lie along the x, direction we
have

wM(p) = e 00w (M(0), (A22)
where
k=~tanh~Y(v/c);

v is the speed of the particle. We thus have

. 1i
(D) = it % L
Y (x)=e (—tanhén) coshzk
=e”# *wM(p),

1
P (x)=e*ie"* (—tarlxhzx> cosh3x

= e+ip-xw(2)(p)’

(A23)

where
1 __ bc
—tanhak = T e
o ( E+Mc\Y?
coshzk = 2017 s

=|P|, and E is the energy of the particle.
If f=p’y, we also have

(#-Me,)w(p)=0. (A24)
One may also demonstrate easily that
@M (P)w(p)=5,,€, (A25)
and that
¥ (PR (p) =045

r=12

If we define
U(p)=w®(p), V(p)=w?(p)

we then find the energy projection operators

FIG. 3. Contour for the integral in Eq. (B5).

The momentum-space expansion of the free field
is

%0 [ % (% )l [o(p)U(p)e">

+d"(p) V(p)e® =],
(a27)

with E =(|9|2+M?)"2. b(p) is a destruction oper-
ator of a particle and d(p) that of the antiparticle.
The normalization of states is such that

V2Eb(p)[p') = (21)P(2E)S*® ~-1)|0) .
Quantization is implemented by
{o(p), 67(p")}=0°@ -, (428)
{a(p), d(p"}=0*G -5,
or equivalently
{¥®, 0, vh&, OF=0*X =18 45 - (A29)

From Eqs. (A27) and (A28) and using Eq. (A3) we
then find

{0 o), Fp(x" )} =337 + M) s A(x = x7)

=—iS 8(x = x'). (A30)
The Feynman propagator then takes the form
_i(B+M)
ZSF(‘D)— - M?+i€” (A31)

Some trace theorems and vy identities are
dd=a?,
trdf =2a- b,

— 15+M)
U U =
DT o(p) ( - et 2 a0,
(A26)
VAT D) = <i‘ M) =0, Oy, A+ Ay Aya,° dg),
PIVelp 2M  Jus~ and the trace of an odd number of 7’s vanishes.
APPENDIX B

We discuss in this appendix the calculation of equal-time commutators from short-distance expansions

in three dimensions.

If C,(x) is the singular c-number function, then using the definition of the 5 function we have

Cn(x) =F,,(x°)62(§) + f,,(x°) . 66(}?) PR
with
Fo(x%) = f @x C,(x°, %),

F (%) = — f PxEC,(+°, %),

(B1)

(B2)
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etc. Inthe limit x°~0, F,(x°) and F,(x°) give, respectively, the regular part and the Schwinger term of
the equal-time commutator.
In evaluating integrals of the form given in Eq. (B2) we are usually faced with expressions of the form

1 1
F““'”(x0)=fd2x<(x2—i€x°)°‘_ (x2+z'ex°)°‘> Xytr Xy . (B3)

If the x, factors are such that any component of X is left unsquared, the integral is zero from rotational
invariance. Using polar coordinates one then first performs the angular integration and is left with

fuoooy(x0)= J:rdyF,,...,,(rz, x°)< L —c.c.) . (B4)

(r = xo = 3E€P (7 + x, + 3i€)
In the complex 7 plane and for arbitrary p the integrand displays cuts from x° to + and -x° to —». The
integral in Eq. (B4) is then given by

. 1
f,J...,,(x(')ocfc'rder...,,(’i’,x”)m, (B5)

where c is the contour shown in Fig. 3.
For integer p one uses the residue theorem, and for noninteger « one integrates the discontinuity across
the cut from » =x° to 7 =,

APPENDIX C

The contribution of the single-particle intermediate-state Born term to W, and W“,, is well known and
will not be reproduced here. Its relevance to the results of Ref. 1 is discussed in Appendix B of that arti-
cle and the reader is referred to it for details.

The calculation of the two-particle intermediate-state contributions is tedious but straightforward and
proceeds as follows.

1. Calculation of W,

Upon referring to Fig. 1 we may then write down the explicitly gauge-invariant expression
M
W =g2e"’55 f a’p, fdak 6(k% — u)6(p,® = M?)o(q+p — k= p,)0(k° = p)6(p] = MIA, , (c1)

where

1 2y =dvy 2, +vud ) < 2,74 2, +dv, >]
A‘“’_4M2tr[(ﬁ+M)<q2—2q-p1+ie+q2+£q-;+ie @, +M) q°-2q-p, i€ +q2+2q-p—-i€ ,» (€2

q"A,, =0, and g”A,, =0 explicitly. Using the vectors n} and n'. we define

AF=nfniA,,,

(C3)
AT=n4mrA,, .
The trace is then taken with simplifications occurring due to the properties of the vectors nf and 7.
We first then perform the % integration, getting an integral of the form
o 2T 0
1= [ 1BdalBl [ a0 [ dptec(q+p) -2, (q+p)+ M- u?)
0 4] M
~ 1

02 _ 2 _ a2y —— - - C4
X6 = 1Bil" = M*) gy 1=1,2,0. (€4)

We choose a frame such that +p=0. Then the p? and | p,| integrations become trivial. One is finally left
with integrals of the form

2™ F(cos6, sing) B
fo ag TOPR IS m=0,1,2. (C5)
One finds that a< -1 for 0< w<1, and the integrals are well known. One obtains factors of the form
1 1 (Cs)

(@@-12 " (E-1)"7
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|3

multiplying functions of v and ¢®>. The evaluation is then done exactly. The scaling limit is now taken.
The only point to watch for at this stage is that

2 a. oL
o ?1+V+0<V2> , (cm

and hence that the factors in (C5) contribute factors of v to the scaling limit. This is also why one should
not take this limit inside the integrals of (C5) as @~ —1 and one may not be able to keep track of the prop-
er factors of v.

The final expressions for W, and W, are not simple and are not illuminating enough to justify writing
them in detail here. The resulting scaling functions are reproduced in the text.

2. Calculation of W,

Referring to Fig. 2 we may write

Wuu=gzezp_]v£fd35fd3k5(k2-MZ)G(F’Z-M"’)@(CI-P*k-ﬁ)(?(ko‘#)g(z’_o‘M)Kuu’ ©®
where

— 1 2%, -dv, =2, +v,d >_ < 2, -4 -2, +dy, )]

A‘“’~4M2tr[(ﬂ+M)<q2—2q-§+i€ TF-2q pric @ - @ -2q-p—-ie q®-2q-p—ie - (©9)

Comparing Eq. (C9) with Eq. (C2) we see that

A, (q,0,0)=-A,,(~q,p, -P) . (C10)
We then find that

Ay (=a,0, =P)=A (g, -1, D) , (C11)
thus leading to

W(g,0) = =W (g, -p) . (C12)
Thus

FL((*’) = —FL(CU) ’
_ (C13)
Fpw)==Fp(-w).

We then have the results given in the text in Eqs. (57) and (58).
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