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A factor of 1/x is missing in Eq. (3.43) et seq. in
Ref. 3, so that in fact Wilson also obtains the factor
—

2 p.~/x2).

28See Schwinger's book referenced in Ref. 13, Vol. II,
Sec. 4-7.

3 C. R. Hagen, Phys. Rev. D 5, 389 (1972).
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Renormalizable coupled scalar and Dirac field theories are quantized in equal-x+ surfaces
(called light fronts). Schwinger's action principle is employed to deduce the correct canon-
ical equal-x+ (anti-) commutation relations. These theories are shown to be Lorentz-invari-
ant. Generalized Schwinger conditions for a quantum field theory to be Lorentz-invariant
are given and discussed in an appendix. Spectral sum rules are derived. Leading singulari-
ties of Green's functions and products of field operators near the light cone are studied and
the implications to current algebra sum rules are discussed. We also discuss some of the
delicate features of the light-front formulation.

I. INTRODUCTION

Using the variables suggested by Susskind, ' and
Bardakci and Halpern, ' and Chang and Ma, '

x' =xO+x'

pk pO~p3

in coordinate and momentum space, respectively;
Kogut and Soper, ' Bjorken, Kogut, and Soper, ' and
Neville and Rohrlich showed that quantum electro-
dynamics can be formulated consistently by quan-
tizing on an x' = constant surface, called a light
front. ' Dynamics is assumed to evolve in x' rather
than in time. The first few terms in the x'-or-
dered perturbation series ' are shown to repro-
duce automatically Weinberg's rule' for ordinary
old-fashioned time-ordered perturbation series in
the infinite-momentum limit. This work raises
the interesting possibility of quantizing field the-
ories on a nonspacelike surface, and provides a
possible theoretical basis for the wide applica-
tions of infinite-momentum technique to current
algebra, ' deep-inelastic lepton-induced processes'
and others. " It is also relevant to the recent in-
terest in the singular behavior of current com-
mutators near the light cone." In view of the
great importance of the problem, we have re-

(so —+ +p )0(x) =0 ~ (1.2)

To solve for cp(x), both y(x) and its first time de-
rivative y(x) have to be specified at a given time.
In terms of the new variables (1.1) the differential
equation (1.2) becomes

Now only y(x) need be specified at a given x' in
order to solve y(x). This difference is reflected
in the canonical commutation relations to be im-
posed in the two quantization schemes. In the con-
ventional quantization, y(x) and j&(x) are the quan-
tum analogs of p and q in classical mechanics.
The equal-time commutation relations are pro-
vided by the canonical quantization rule derived
from the correspondence principle. In the light-

examined all popular renormalizable field theories
in this new quantization scheme and searched for
a selfcontained framework for this formalism. To
indicate the kind of questions we have in mind we
make the following remarks. Firstly, the mere
change of variables (1.1) alters the fundamental
character of the field equations. Consider a clas-
sical free scalar field y(x) as an example. It
satisfies the familiar Klein-Gordon equation
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front quantization, however, no such analogy ex-
ists. Naive application of the canonical quantiza-
tion rule gives incorrect commutation relations.
Secondly, the canonical equal-time commutation
relations remain the same as in free-field the-
ories if no derivative couplings are introduced.
This need not be true in the new quantization
scheme since a light front contains a line tangent
to the light cone which is not spacelike, and con-
sequently interaction can in principle affect the
commutation relations. An interesting example is
the interacting system of a spin-& field and a spin-
1 field studied in a separate paper. " Thirdly, if
a consistent quantum field theory can be formu-
lated using light-front quantization, its equivalence
to the conventional formalism is yet to be estab-
lished. We have found that Schwinger's quantum
action principle" provides a natural framework
for studying these questions. It supplies correct
commutation relations even in the presence of
interactions. Furthermore, with the aid of
Schwinger's functional method, " the covariant per-
turbation theory in the new quantization can be
shown to give the same S matrix to all orders as
in the ordinary formulation.

In this and the following papers we treat the
self-interacting scalar field theories and the sys-
tem of spinless field and spin--& field interacting
via a scalar or pseudoscalar coupling. The inter-
acting system of a Dirac and a vector field is
studied separately" since it possesses many fea-
tures not present in systems involving spin-0 and
spin-& fields. In the present paper we study the
quantization and related formal aspects, leaving
the study of the S matrix and perturbation theory
to the following paper. "

In Sec. II, Schwinger's action principle is intro-
duced to study the conventional quantization of a
free scalar field. In Schwinger's formalism, Bose
and Fermi fields are treated on the same footing;
canonical quantization is carried out in a form in-
dependent of the nature of the quantization surface.

The action principle is then applied to the light-
front quantization of scalar fields with nonderiva-
tive couplings. The light-front commutator rela-
tions among the scalar fields are found to be the
same as those of the noninteracting systems. In
particular, we demonstrate that the interacting
systems based on the light-front quantization are
formally Lorentz-invariant. These results are
not affected by the introduction of isospin or any
other internal quantum numbers.

Analysis of these questions is much more com-
plicated for systems involving Dirac fields. In
Sec. III, we consider specifically the interacting
system of' a scalar and a Dirac field given by P. ,
= -gtttl'gp with I'=I or iy, . Application of the

II. INTERACTING SCALAR FIELDS

In this section, we shall study the interaction
among scalar fields. We restrict ourselves to non-
derivative couplings. We begin with a very brief
introduction to Schwinger's action principle.

A. Schwinger's Action Principle

Schwinger's action principle will be illustrated
with the example of conventional quantization of a
free spin-0 (scalar) field. In Schwinger s original
formalism Bose and Fermi fields are treated on
the same footing so that all field equations are
first-order differential equations. A spin-0 sys-
tem is described by a five-component field com-
prised of a Lorentz scalar p(x) and a four-vector
y„(x). The Lagrange function in its standard form
for this system is

where p, is the mass of the field quanta. Field
equations follow from the principle of stationary
action that the action integral

(2.2)W„= (dx) Z(y(x), y „(x))
Q2

be stationary with respect to variations of y and
y „inside the volume bounded by the two spacelike
surfaces a., and 02. They are

action principle shows that the light-front (anti-)
commutation relations among the independent com-
ponents of the Dirac field, g~' =- —,'(I + n')P and g~') ~,
and the scalar field y are still not modified by the
interactions. We then proceed to show that the
light-front quantization indeed leads to Lorentz-
invariant theories (at least formally).

Sec. Di is devoted to the derivation of some for-
mal results in quantum field theory from the light-
front formulation. These include spectral sum
rules, and the asymptotic behavior of the Green's
functions at small distance. It should be pointed
out that in these derivations we have relied heavily
on physical arguments rather than on mathematical
rigor.

In Appendixes A and B, some simple commutation
relations which constitute the sufficient conditions
for a theory to be Lorentz-invariant are given.
These sufficient conditions are indeed satisfied by
all the field theories studied in this paper. The
commutation relations given in.Appendix B are the
generalizations of Schwinger's conditions for
Lorentz covariance" to the light-front formulation.
Finally, in Appendix C 2, we study briefly the
classical analog of the light-front formulation.
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pV' 9 p~

8&cp~+p. g7 =0. (2.3)

Elimination of y„recovers the Klein-Gordon equa-
tion

(&'+v')q =o. (2.4)

6W„=G(~,) —G(v, ),
where

G(&) =-'
Jt d,4 "6V W6W")-

(2.5)

(2.6)

or

G(t) = 2 Jt
d'x(y'6qr —y6y') . (2.7)

The latter form is appropriate for a flat equal-
time surface. The equal-time commutation re-
lations

An important aspect of Schwinger's action princi-
ple is that it also supplies canonical commutation
relations. This is provided by the surface terms
of the variation of S'» which are ignored in the
conventional classical action principle. These sur-
face terms are interpreted by Schwinger as the
generators for the unitary transformations which
induce the variations 5y and 6y„. Thus

f6'(x) =[y(x), G'(f)] (2.12)

B. Light-Front Quantization

without a factor & on the left-hand side. For a
more detailed discussion concerning the proper in-
terpretation of G(v) the reader is referred to the
original paper by Schwinger. " It should be em-
phasized, however, that the possibility of dividing
the dynamical variables into two independent sets
cannot be determined a pxi oui . It depends on the
nature of the field equations. In the case of a
Hermitian spin-& field, the conjugate momentum to
the field operator g is g itself, and such a division
is not possible. Thus the interpretation (2.7) and
(2.9) is more generally valid than that of (2.11) and
(2.12). As will be seen later, in light-front quan-
tization the field operators and their conjugate
momenta are related by constrained equations and
therefore the symmetrized Lagrange function (2.1)
and the interpretation (2.9) must be adopted.

In the following sections for the sake of notation-
al simplicity we shall use the quadratic Lagrange
function for scalar fields. However, when we cal-
culate the canonical commutator relations by the
action principle, proper symmetrizations among
the independent fields in Q are understood.

x' = x": [y(x), cp'(x')] = i 6s(x —x'),

[qr(x), y(x')] = [y'(x), y'(x')] = 0,
(2.8) We now introduce the new variables"

follow from the relations between the field varia-
tions and the generator

x x+x
x =x' -x', (2.13)

-.'f6' (x) =[q (x), G(f)],

-'. i6y'(x) =[@'(x),G(t)], (2.9)

x = (x', x') .
The scalar product of two 4-vectors becomes

c (t) = J d xrp lip, ' (2.11)

which corresponds to fixing y' while varying y.
The canonical commutation relation now follows
from

provided the variations 5y and 5y' are postulated
to be commuting c numbers in accordance with the
Bose statistics of integer-spin fields. The factor
—, in (2.9) stems from the treatment'~ "of all field
components appearing in the generator on the same
footing. In the present case it is possible to
divide these fields into two sets of which one is
fixed and the other varied. This, for example,
can be achieved by adding a total divergence
~s„(yy") to the Lagrange function (2.1) giving

(2.10)

This addition does not change the field equations
but alters the surface term to G'(f).

a ~ b=a"b
P

= 2a'b + 2a b' -a;b;, (2.14)

where the Latin indices run from 1 to 2. In par-
ticular

8 q7„= 28 qp + p8 g7 —8;q7;,

where 8' are defined as

(2.15)

8'=2 8

8x
(2.16)

The 4-dimensional volume element appears as

(dx) = —'dx'dx d'x. (2.17)

The Lagrange function for a self-interacting
scalar field can be written as

= —,'[(s„9) -p'0 ]+&,(y), (2.18)

where g, (y) is a polynomial function of y. By
action principle, we obtain both the field equation
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(8 +p, )q'=(8'8 —V'+ p,')q'

8& ~(q)
Bp

and the generator on a light front x' = const,

G=p cPxdx qr xOyx .

(2.19)

(2.20)

commutation relations with respect to y and among
themselves.

The remaining operators, P, I'—= J ', and K'
=—-~J' (=J"), depend on T' explicitly. To study
their commutation relations, we need to know the
following equal-x' commutator,

i[T' (x), y(x')]

—,'i6q(x) =[q (x), O(x')],

l.e.,

(2.21)

Note that the nonderivative nature of g;„t is crucial
for deriving (2.20).

The commutation relation is implicit in the re-
lation

=2Vy(x) V(6 (x —x')g(x -x' ))

~mt+zppx — - 5 x —x' ex
8g7

(2.29)

x' =x":
[q'(x), q'(x')]=i6(x -x' )6'(x-x').

C. Lorentz Iovariancc

(2.22)

By the use of (2.19), we can rewrite (2.29) as

i[T' (x), q(x')] = .'8'-8 -q(x)5'(x-x')E(x -x'-)

+ 2 V [Vq(x)6'(x-x')e(x- —x' )].

To demonstrate that the quantization on the light
front leads to a Lorentz-invariant theory, we
should first construct the generators of the Lo™
rentz group, and hence the stress tensor. The
stress tensor TI'" can be obtained from (2.18)
through the standard method, giving

ypU 8/~8 tJ~ g pU g (2.23)

P~ -=—,' d'xdx T' "(x), (2.24)

The requirement of Lorentz invariance implies
that the energy-momentum and angular momentum
operators, defined by

i[P, q (x')] = 8 '
q (x'),

i[P', y(x')] =(x'8 -x 8')'q(x'),

i[a', y(x')] = --,'(x'8 —x-8') 'q (x') .

(2.31)

(2.32}

(2.33)

These relations, together with the analogous re-
lations for P', I", E', and I.', constitute the
transformation laws of y under I' " and J"',

(2.30)

Equations (2.29) and (2.30) can be readily integrat-
ed, glvlng

d'xdx- x~r'U -xUr'~ (2.25)

[y(x), P "]=i8 "q(x),

f q (x),J""] = i (x"8' —x"8")q (x) .

(2.34)

(2.35)

T++ (8+ )2) 0

'T" =8+F8'y (i= 1, 2)

(2.26)

(2.27)

should generate the correct commutation relations
with respect to y as well as among themselves.
Since only T'~ enters the definitions of P" and. J"',
we shall concentrate on it According .to (2.23), we
have [ ~T'(

x, }P]=i8uT o(x)

[T"(x),J~"]= i(x»" -x"8~)T"

(2.36)

RUT x TPo

Given (2.34) and (2.35), the transformation law of
Z'~ under p~ and J~' can be computed easily as

T+ =8'y~ y —2Z

=(Vq)'+V'q' - 2& t(q ) (2.28)

T is positive-definite if X. , = -g, is. Note
that only T' depends on g t, T++ and T+' are in-
teraction-independent and are the same as those
of a free field. Hence, the operators I",P', E'
—=J", and L'=—J.", which depend only on 7++ and1", behave exactly like those of a free field under
commutations. Thus, they generate the correct

+ aPTxy ov Txy) (2.37)

As demonstrated in Appendix A, Egs. (2.36) and
(2.37) imply the correct commutation relations
among the P„and J~, and hence the Lorentz in-
variance. A direct verification of the Lorentz co-
variance in terms of the equal -x' commutators
among the densities T'~ are also given in Appen-
dix B. These commutation relations are the gen-
eralizations of Schwinger relations to the light-
front formulation.
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HI. Q I')i(y THEORY, QUANTIZATION

In this section we shall investigate the formal
structure of the canonical quantization on the light
front and the Lorentz invariance of the scalar and
the pseudoscalar coupling theory described by

(i P' —m}(r) —gi'gy = 0,
T))(-i P —m} —g7()I'y = 0,

and the generator

G = 2 (f'xdx (8'9&6@+i (t)y'6g)

(3 7)

(3.8)

and

& ~ =-gled&( (3.1)
d'xd -'e'@Op+i ')~O " . (3.9)

2' ~
= -iggysgy (3.2)

respectively. Since the formal structure of these
two theories are similar, we shall treat them col-
lectively as

The field variations 6(&', 6g&') t are now assumed
to be anticommuting c numbers in accordance with
the Fermi statistics of half-integer-spin fields.
Also

gH'P-y,

with

(3 3)
y&&) -A&&)y

A"=-'(I+y'y') =-'(1+ '). (3.10)

I' = 1 or iy, . (3.4)

A. Light-Front Quantization

The Lagrange function for the coupled scalar and
Dirac system is

2 = ~ [(8„y)'- p.'y'] + P(ig(& —m) g —gT()1 gyp . (3.5)

By the action principle, we obtain both the field
equations 8'8 p(x) =-[(p,' - V )(i)+ gT()I'P]. (3.11)

Note that only y, (&'), and (I)&'&t enter the generator
suggesting that they are the only independent com-
ponents in the present formulation. As we men-
tioned earlier, the number of independent vari-
ables in the light-front formulation is only one-
half of that given in the conventional formulation.
For the scalar field y is concerned, this is due to
the fact that (3.6) is only linear, rather than quad-
ratic, in the "time" derivative 8

(8'+ p, ) &(&g+T('I'& = 0, (3.6) Hence, we have

s-~(x)= f d ~ -'—a(~* —~ )a (~ —~),(x- —x-)((~ —v )q(x)+(((x)r('(x)). (3.12)

It is only slightly more complicated to see that g& ) and g& )i are no longer independent variables. To see
this explicitly in the present case, we separate Eq. (3.7) or (3.8) into two two-component equations,

i8 &I)&+) -(-io. &+y'3tI)q& '=0,
i8'q&-) -(i~ ~ ~+y'3|I)q') =0,

where

gg = m+ gI'y .

(3.13)

(3.14)

(3.15)

It is easy to see that y'3R is Hermitian. Equation (3.14) indicates that (t)& ' is a function of (I)" and y on the
light front x' = const

('i )(x)= —,i f d'x'dx' 5 (x —x')e(x —x' )((a v'+y I)))(')(|.") (3.16)

After verifying that only y, g&'), and g&')t are indeed the independent components, we can determine the
canonical commutation (or anticommutation} relations among them easily. From the generator function
(3.9}, we obtain at x'=x"

and

i[(p(x), 9&(x')] = a8'(x —x')e(x -x' ),
(q"(x), y&'t(x')} = A ' 6'(x —x') 6(x —x' ),

(g&'(x), (1)&')(x')}=((()&') (x), g&') ~(x')}=0,

[0&')(x), q (x')] =[0&')'(x), q (x')] = o

(3.17)

(3.18)

(3.19)

(3.20)
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These commutation relations (3.17)-(3.20) are identical to those of free fields. The commutation relations
(3.17)-(3.20) and the field equations (3.6)-(3.8) specify our system completely.

B. Lorentz Invariance

The stress tensor T"' of the system can be computed by the standard method. It gives

T"' =s"9s'9+-'i[&&'"s'&-s'"&)'&) --'g"'[(s &o) -) V ]
A symmetrization for the indices p, , v in the parenthesis is understood.

The components which are important for the verification of Lorentz invariance are

(3.21)

and

T"=(a'&)'+ ~(0&') &) '0&') &)- (3.22)

I+i 8+, sip y (q&+)/sic& ) +sip& )t+g& ))++ i/. [y&+)t(~'~ ~~i)g&+)] is+(q&+)t~ g&-) (&-)t~ q&+))

(3.23)

1 +- —(p~)2+&F2~2+ —i[g&+) ts q&+) s--y&+) t)l&&+) + y&-) &s+ y&-) s+ q& )i'y&--&] (3.24)

In deriving (3.23), we have used the constraint equation (3.14). Note that operators T" and T" given in
(3.22) and (3.23) are of the same form as in the noninteracting system. In particular, the integrated opera-
tors P', P', E', and L' contain the independent components &)), g&", and (&')~ only. Hence, they give rise
to the same commutator relations among themselves and with respect to &&&'), g '~, and y as in the case of
free fields. Thus, Lorentz covariance is manifest for these transformations.

The remaining generators of the Lorentz group can be computed straightforwardly. With the help of the
field equations (3.13) and (3.14), we have

P =2 dxdx +p +pp +i 8 (3.25)

d xdx x+ /y yp, y -x g+y +2j x+ &+)~() (3.26)

and

I"'=
2 d'xdx x ~'y8'y —x' V'y '+p.'y' +2i ' ~ x 8'-x'8 '+ (3.27)

[q (x),P-] = is-9 (x),

[~(),~']=--' ( 's-- -s )y(),
[y(x), F']= i(x s' —x's )y(x),

[P&')(x),P-] = i&) q&')(x), -

[g"(x),ff'] = '2i(x'S —x g'-)g" (x)

+-,'iq& )(x),

(3.28a)

(3.28b)

(3.28c)

(3.29a)

(3.29b)

In deriving these equations, we have made use of
the integration by parts freely and dropped all sur-
face terms. The validity of these operations are
based on the assertion that the field operator prod-
ucts in the Lorentz generators are interpreted as
distributions, and their operations have meaning
only after they are smeared by proper test func-
tions.

From (3.25)-(3.27), we obtain, after some rath-
er complicated algebra, that

[q"(x),F']= i(x S' -x'S )y"(x)
+ i&'q&-)(x), (3.29c)

and

[y( ), x]P= z S"&p(x),

[y(x), J'"'] = i(x»' —x' s")(p(x),

[g(x), P &'] = ie)'g(x),

(3.30a)

(3.30b)

(3.31a)

where g& & is given by (3.16). It is easy to see
that (3.28) and (3.29) are indeed the correct trans-
formation law of &I& and t/&') under P, K', and F'.
Equations (3.28) and (3;29), together the trans-
formation law of qr, g&') and g&')~ under P', P',
E', and I.', describe the entire Lorentz trans-
formation properties of the independent field op-
erators. The transformation law of the dependent
field P& ) can be obtained from the constraint equa-
tion (3.16). These transformation properties can
be combined into simple covariant forms,
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IV. VACUUM EXPECTATION VALUES
AND ALGEBRAIC PROPERTIES

ON THE LIGHT FRONT

In this section we wish to mention that many im-
portant results in quantum field theory can be es-
tablished in the light-front formulation as well.
Among these we will discuss the spectral sum
rules, and the asymptotic behavior of the Green's
functions at small distances.

A. Spectral-Sum Rules and the Leading
Light-Cone Singularities

To derive the spectral sum rule for a scalar
field, we consider the spectral representation of
the vacuum expectation value of the commutator

dp.' p p,
' & x, p',

0
(4.1)

where y(x) is a neutral scalar field, p(p2) is, a non-
negative spectral function, and A(x, p,') is the in-
variant function for a free particle of mass p. . The
important fact is that the invariant function b (x, g')
has a p.'-indePendent value on the light front

&(x, g') ).. .= -46'(x}e(x-) . (4.2)

Then, the light-front canonical commutation re-
lation

[g(x),J""]=[i(xus' -x's)) + ,'g—('")g(x) . (3.31b)

Knowing (3.30}, (3.31), and the definition of T)'",
we can derive the transformation laws of the stress
tensor under any Lorentz transformation. It is now

easy to see that the transformation laws are indeed
given by Eqs. (2.36) and (2.3V). According to the
derivation given in Appendix A, we can proceed to
verify the commutator relations among P~ and J j"",
and thereby complete the verification of the Lo-
rentz invariance of the theory.

As demonstrated in Appendix B, we can also es-
tablish the Lorentz invariance by verifying a set of
generalized Schwinger relations. These relations
are verified explicitly in the present theory.

= -f[y(x), y(0)] and the Green's function

z'(x)= J dp'p(g')c (x, u,'),
0

(4.5)

where b ~(x, )((,') is the propagator function for a
free particle with mass p. . At small x', the lead-
ing behavior of 4~(x, p,') is

(4.6)

independent of pP. Using (5.6) and the spectral
sum rule, we obtain the leading asymptotic be-
havior of h~(x) as

where 10' is the unit operator in the physical Hil-
bert space.

The above method can be applied equally well to
study the leading behavior of the anticommutator
S,~(x) =[/(x), 7()(0)) and the fermion Green's func-
tion S~(x).

In the theory of a charged scalar particle or a
Dirac particle interacting with a neutral vector
gluon field A.„, the small-distance behaviors of
the (anti-) commutators are known to be modified.
These modifications should be reflected in the
quantization rules. In a subsequent paper it will
be shown in detail how the canonical commutation
relations on the light front between the charged
fields, "y and/or g can acquire an A" dependence.
Here, me simply summarize our findings: In a
charged-scalar-meson theory with the interaction

4w' x' —ie 4m' x' —ie '
0

(4.V)

i.e., b~(x) behaves as a free-particle Green's
function near the light cone, (i.e., near x'=0).
Similarly, we can compute the leading behavior of
&,~(x) near x'=0. Note that as x'-0, we can al-
ways choose a frame such that x', x-o, and x
remains finite. In this frame, we can use the
light-front quantization relation (4.3) to obtain"

b,.v(x) [„, ,- -g62(x)e(x )1,p = 4(x) (,2, lop,

(4.8)

—.[q (x), y(0)](..=.= --'~'(x)~(x ) (4.3}
g. , = igni*a "(pA p+ g y*yA"A p, (4.9)

leads easily to the spectral sum rule

(4.4)" ~u'p(u')=1
0

The spectral sum rule for a Dirac field g(x) can
be obtained analogously.

Now, we consider the small x' behavior gf the
operator commutator function A,), (x)

we find that the canonical commutator relations at
x' = const are simple only between the modified
charged fields

0'(x)=rp(x)e p. xgf(dx —,'e(x —-x' )cl'(x' ', x, x' )

(4.10)

and its adjoint y'*(x), giving
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=0 (4.lib)

Similar modification occurs in the theory of a

[y'*(x), y'(y)] = -4i5'(x-y)e(x —y ), (4.11a)

[9 '(x» ~ '(y)] = [9 '*(x), 0 '*(y)]

Dirac field interacting with a vector-gluon field.
The (anti-) commutator relations and the Green's
functions associated with the new fields y' and P'
behave as those of free fields near the light front
x' =y' and as (x —y)'-0. Thus, we conclude that
as x'-y', x-y-0 but with a finite x -y,

&Op(x —y) -=-i[@(x),y*(y)]

=exp z'g dx' ~c x —x' A' x', x, x'

—zg dy' 4c y —y' A' y', y y' -i y' x, y'* y

-exp zg dguAu 8 2 x-y, (4.12)

and similarly

S.p (x —y) -=-i(0(x), 4(y)]

-exp ig dz A z S x-y,
dy

u

(4.13)

mentum technique, can be obtained from the light-
front commutator rules without referring to the
infinite-momentum limit. For many interesting ap-
plications of the light-front current algebra, we
refer the readers to the work of Brandt, Cornwall,
and Jackiw, "and Dicus, Jackiw, and Teplitz. "

where the line integral dg" is along a straight
lightlike path from y to x. In deriving (4.12) and
(4.13), we have used the fact that at x' =const, A'
commutes among itself as well as with y' and

Equation (4.13) is precisely the expression
obtained by Gross and Treiman. " Similarly, in
the presence of an external A field, the Green's
function will be modified by a phase just as in
(4.12). It is interesting to point out that this phase
factor is precisely the eikonal phase which appears
in the relativistic potential scattering. As x+ -y',
x -y -0 and with a finite x —y, the space-time
points x and y can still be linked by a high-energy
particle moving in the path of zu. It is known that
the eikonal phase of a charged particle moving in
an external vector gluon field A „approaches an
energy-independent value given by (4.12) at very
high energy; while the eikonal phase picked up by
a particle moving in an external scalar field will
vanish as the energy of the charged particle tends
to infinity. This supplies a simple physical reason
why the canonical (anti-) commutator relations and
the Green's functions on the light cone in the $1'gp
theory are not changed by the interaction, while
the corresponding expressions in the vector-gluon
model are modified.

%'e shall conclude this section by mentioning that
many of the important current-algebra results-
e.g. , the Adler-Weisberger relation, the Ad-
ler's sum rules on neutrino scatterings, '4 and more
generally, the Fubini-Dashen-Gell-Mann sum
rules —originally obtained from the infinite-mo-

V. DISCUSSION

In this paper, formally consistent quantum field
theories of interacting scalar and Dirac systems
are formulated by light-front formulation. The
scattering matrix in this formulation can be shown
to reproduce the well-known results. Thus, light-
front formulation of quantum field theories can be
taken as an alternative to the equal-time formula-
tion as the basis for general studies of relativistic
quantum systems. In this formulation dynamics is
organized in a very novel fashion. Consequently,
many nontrivial predictions which follow immedi-
ately here are not readily accessible in the con-
ventional formalism, such as current algebra sum
rules mentioned before; it is also particularly
suited for study of deep-inelastic processes. ""

However, this new formulation is not without its
delicate features. Operator products near the
light cone are highly singular. Previous experi-
ence with equal-time formulation shows that re-
sults obtained by formal manipulation often cannot
be verified by explicit perturbation calculations. "
As the exact solution to a complete theory is not
available, it is still controversial whether the for-
mal results or the perturbation calculations should
be trusted. This is acutely so in view of the Bjor-
ken's scaling behavior" found in deep-inelastic
electron scattering experiments which follows
from naive light-cone current algebra but is vio-
lated in perturbation calculation of any renormal-
izable field theories. " We can only emphasize
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that the formal results obtained here, as any for-
mal result obtained anywhere else, must be treated
with due caution.

To conclude we make two remarks. Firstly,
light-front formulation shares the failure of equal-
time formulation to produce the necessary Schwing-
er terms in the commutation relations of fermion
currents. Secondly, it is generally believed that
use of the infinite-momentum limit to provide cur-
rent-algebra sum rules is equivalent to the as-
sumption of unsubtracted dispersion relations. In
the light-front formulation, these sum rules follow
without reference to any infinite-momentum limit.
Although the light-front formulation is not identical
to the infinite-momentum limit, where does the
need of unsubtracted dispersion relations enter in
the derivations?"
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APPENDIX A

or a light-front surface

P" = p d'xdx T+~ (A I)

d'xdx x"T+' —x' T'" . (A8)

[j'~ o P )'] = j JI d x(x)'8]) ~a xae['I' ")

For ]tj, =kc0, we have immediately

[Z ",r'] if d'x( irx='r" +)i"r'")-

asap

X,

(A9)

(A 10)

For p, =0, we can use (A2) to simplify our integra-
tion, giving

Since the stress tensor is conserved, Eqs. (A5) and
(A6) and Eqs. (A'I) and (A8) give the same genera-
tors. For simplicity, let us use the definitions
(A5) and (A6).

To demonstrate that (Al)-(A8) imply the correct
commutator relations among the Lorentz genera-
tors, we work out the commutator between a J and
aP:

Knowing the transformation properties of the
stress tensor T"", we can establish the correct
commutation relations among the generators of the
Lorentz group.

Assume that Tt" has the following properties

=s d'x-g 'T +g T ~

and

TPv Tv P

g T"' =0
p 7

[I k P))] &8[)I ko

(A 1)

(A2)

(A3)

d3x T~a-g»Toa- Ta~+g«To~

0Xp a+ 2 OapX,

(All�)

Equations (A10) and (All) can be written covari-
antly as

( T ', J"']= i(x"8" —x"8")T~ ' [gXa p))] &(+o[)pk +X])po) (A12)

paTkv ~ av TX p

XpTva Xv Tpa (A4)

The commutators between two P's and two J's
can be worked out in a similar way, giving

The Lorentz generators P ~ and J ~v can be obtained
from the stress tensor by integrating over either
a spacelike surface

[P', P "]=0,

[Jka j))v] &gk])Jva f+)xv J[)a

(A13)

P"= d'x T'"
7 (A 5) + Zg P aJh, v Zgv aJ.X P (A14)

J" = d'x x"Tov —x'T'", (A6)
Equations (A12)-(A14) are the required commu-
tators among the Lorentz generators.

APPENDIX B

Since the stress tensor T"" is symmetric and conserved, the generators P." and J"' defined in Appendix

A, Eqs. (AV) and (A8), are independent of x'. The commutators of P" and J"" may be evaluated once we

know the commutators of the stress tensor on the light front. We wish to point out that J~' and P" will
satisfy the commutation relations for the generators of the Lorentz group if the equal-x' commutators for
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the densities obey the generalized Schwinger conditions"

[T+"(x), T+ (y)] =2i( T+" (x)8„"—T+"(y)8,")8 (x —y)8(x —y ),
[T"(x), T' (y)] =2i(T' (x)8„'+T' (y)8,' —2T"(y)8,')13'(x —y)8(x —y ),
[T"(x), T' (y)]=2iT' (x)8.~'(x-y)~(x -y ),
[T' (x), T' (y)]=0.

(81)

(82)

(»)
.(84)

In the above expressions, as well as throughout the rest of this appendix, unless explicitly stated other-
wise, p. , v, 0, and p may take on any value but "-,"while i, 0, j, and hare transverse components. We
must hasten to emphasize that (81)-(84) are sufficient conditions for Lorentz covsriance, and in general
there are extra terms which do not contribute to the commutators of the Lorentz generators. Existence of
these extra terms will be demonstrated in free-field theories and their properties will be discussed.

The derivation of the Lorentz group commutator relations from (81)-(84) is tedious but straightforward.
Hence we omit it. The detailed derivation will be given in the thesis of one of the authors (R.G.R.).

In any specific theory, the stress tensor commutators at x' =y+ can be calculated from the known com-
mutators among the fields. As an example, consider the free scalar field where the stress tensor is given
by

T"(x) =[y'(x)]',
T"(x)= p'(x)(p'(x),
T' (x) = (y')'+p'qr'(x) .

Then the equal-x' commutators of the stress tensor components are:

[T"(x), T"(y)] =2i( T"(x)8,' —T"(y)8", ) 5'(x-y)8(x —y ),
[T"(x), T"(y)]=2i(T"(x)8„' —T"(y)8,') 5'(x —y)8(x -y ),
[T"(x), T' (y)]=2i(T' (x)8„'+T' (y)8,' —2T"(y)8„'}8'( xy)8(x —y ),
[T"(x), T"(y)]=2i(T"(x)8„' —T"'(y)8„')5'(x —y)8(x -y )+8„'8,' "(x, y)+8„'4'(x, y) —8',A.'(y, x),
[T+ (x), T+ (y)]=2iT+ (x)8„'5 (x-y)8(x —y ) —28,+a, a' (x, y)+28„+P'(x, y)+8„' (x, y)+8,'B(x, y),
[T' (x), T' (y)] = 0+48'„8,' n" (x, y) +48„'P'(y, x) —48', P'(x, y) +8„'C(x, y) —a,'C(y, x),

where

o."(x, y) = cp'(x)y'(y) [-4ie(x —y )8'(x —y)],
P'(x, y) = y'(x) [8,'8, y(y)] [--'ie(x —y )8'(x —y)],
y"(x, y) =4iy'(x)y"(y)8'(x-y)8(x -y ),

and

A'(x, y) = -8+8,'(p(x)(p~(y)[-4ie(x —y )8'(x —y)] j
'8[y'( -)xy( )yi 8(x —y)5(x —y )]+8„'[y(x)y'(x)i5'(x —y)8(x —y )]

+-'ala;[9 (3)9 (3)i8'(x-y)8(x -3 )]+ '8.'8,'8!(P(x)9 (3) [--'i~(x -y )8'(x-y) 9,
B(x, y) =28„'[y(x)[-8,'8, tp(y)][-~i&(x —y )8'(x —y)]]'

+28„'8', [qr(x)p'(y)[-4ie(x —y )8'(x —y)] j-28„'[y(y)y"(y)i8'(x-y)&(x —y )],
C(x, y) =2[8„y(x)][a,'a, cp(y)][ —4ie(x —y )P(x —y)].

(85a)

(85b)

(85c)

(86)

(»)
(86)

(89)

(810)

(811)

(8128,)

(812b)

(812c)

(813a)

(813b)

(813c)

The commutation relations (86)-(811) contain not only the terms in (81)-(84) which are required for
Lorentz covariance, but also extra total derivative terms which do not contribute when we integrate to find
the commutators among the generators.

For the self-interacting scalar field with no derivative coupling, the stress-tensor components are the
same as in (85a)-(85c) except for

T' (x) =[V'(x)]' + u'V '(x) —2&- ~(x) (814)
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The commutators are still given by (B6)-(B11), the interaction being contained entirely in [S„y(x)].
We have also checked the free Dirac field, and the interaction of a Dirac field with a scalar field through

g7()I"gy where I' is either 1 or iy . The basic structure of Eqs. (Bl)-(B4) remains, but with nontrivial ex-
tra terms which do not contribute after integrations to obtain the generators. The details of the calcula-
tion will appear elsewhere.

It is worth mentioning that among all the interacting field theories we have investigated, only the equal-
x' commutator of T" with itself is simple as stated in (Bl), free of extra terms. It is

[7"(x), T"(y)] =2i( T++(x) +T'+(y)) &„'52(x-y)5(x -y ) .

APPENDIX C (added-in proof)

In this appendix we first discuss and explain in
more detail why the initial-value problem differs
in the light-front and equal-time formulations, we
study briefly the classical analog of the light-front
formulation, and finally we consider some special
features of the zero-mass particles in the light-
front formulation.

1. Initial-Value Problem in the Light-Front
and Equal- Time Formulations

The question is: How much information does one
need in order to determine a(k}? To see this we
invert Eq. (C4) to obtain

5(k2-q2)a(k) = 2, d'xe*'"y(x).l
(c5)

Because of the mass-shell 5 function on the left-
hand side, one does not have to know P(x) for all
x to fit a(k). For example, if the information is
given on the surface x'=0, we can integrate over
0' on both sides. Making use of

It was pointed out in the text that the number of
independent variables describing a dynamical sys-
tem is reduced by & in the light-front formulation
as compared with the conventional equal-time
quantization. This is reflected in the initial con-
ditions required to determine the solutions of the
corresponding wave equations. In the case of a
spinless particle this can be understood, as men-
tioned in the Introduction, by the fact that the
Klein-Gordon equation is second order in the time
variable but only first order in x'. lt is less ob-
vious why the reduction of variables should also
occur in the case of a spin-& particle since the
Dirac equation is first order in both sets of vari-
ables.

We would like to discuss this point further in the
context of the initial-value problem. We will see
that this phenomenon is intimately connected with
the fact that the mass-shell condition

5(k" —oo') = —[&(k' —&o) + 5(k'+ (d)], (c6)

we obtain

1
[a(k, +(1))+a(k, -(d)]= }, d'xe "'*/t/(x, 0),

(C7)

where

+( k2 ~ ~2)1/2 (C8)

2[a(k, +&o) -a(k, -u&)]=, d'xe '"'"p(x, 0) .

It is clear that Eq. (C7) alone is not sufficient to
solve for a(k, +(d) and a(k, -(d) separately. To ob-
tain another, equation we multiply Eq. (C5) by k'
and then integrate; we get

p'= m' (cl) (C9)

fixes the energy p' only up t;o a sign for a given p:

pO ~ (p2 + 2122)l/2 (C2)

but it uniquely determines p in terms of p~ and

p:
p~'+ m'

p. (cs)

d(")= J d'ke(k'-a')a(e)e "'. (c4)

Let us begin our discussion by writing the gener-
al solution of the Klein-Gordon equation as

Combining Eqs. (C7) and (C9) we have

a(k, ate)-,J d'xe*"* e,d(x)I,, „(C(0)

a(-k, -te) — k, f d'xe ' '*e d(x)I, . (Cll)

Thus we need both (t)(x) and P(x) at x'= 0 to de-
termine a(k}.

Alternatively, if the information is given on the
surface x' =0, we can integrate (C5) over k . The
result is
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metric matrix with the properties

dx d'x e*" " " '~ ~' "~y(x, x' = 0),
(2m)'

(C12)

p'= P,-P'=1
The conjugate momentum to q is

(C19)

which determines a(k) uniquely if &p(x) is known at
x+ =O.

It is now an easy matter to understand the spin-2
case. The Dirac equation

=iq
=-i pq. (c2o)

(yogis„- M)( =0 (c18)

implies that g(x) must also satisfy the Klein-
Gordon equation ipq =&uq (C21)

p is obviously linearly related to q. The equa-
tion of motion is

(s'+M')q=O. (C14) from which it follows that

The general solution for g can then be written as q +~'q=o. (c22)

y(x) = Q d'P 5(P'- M')u(P, s)I (P, s)e-*'",
S

(C15)

where u(p, s) is the properly normalized solution
of the Dirac equation in momentum space,

(~~p„-M)u(p, s) =0, p'-M'=O. (C16)

As in the spin-0 case, Eq. (C15) can be inverted
to obtain b(p, s). If g(x) is known at xo=o, then
we need all the four components of g(x) to project
out the f&(p, s) associated with p'= +(p'+M')"' and
s=+~ for a given momentum p. On the other hand,
if g(x) is given at x' =0, we need only two com-
ponents of tI&(x) to separate out the b(p, s) associ-
ated with the two spin states since p = (p, '+M')/
p' is single valued for an assigned set of p~ and
p'.

Thus, Z of Eq. (C18) describes a system of un-
coupled harmonic oscillators. The Hamiltonian is
constructed by the sta.ndard formula

~ 1 BH 1 BH Bq
2 BP 2 Bq BP

where

sq/sp=ip

and similarly

(C24)

(c25)

(C23)

which is a function of q only.
It can be readily verified that the Hamilton equa-

tions Eq. (C17) are not satisfied. They are re-
placed by

1 BH
p 2 Bq

2. Classical Analog of the Light-Front Formulation sp/sq= ip . - (C28)

We now investigate the classical analogs of the
light-front formulation of quantum field theories,
namely, those systems for which the conjugate
pairs of variables are functions of each other. For
theories in which p; and q, are independent, the
Hamilton equations are

We now define the modified Poisson bracket as

& g (&A B&& &A B)&

where A. and B are expressed as functions of q
only, and

BH ~ BH
qi=

BP
~ Pg=

B
~ (C17)

For systems in which p,. and q; are related and
not independent, the Hamiltonian is actually a
function of q only (or of p only). The question is:
What are the analogs of Eq. (C17) in such a case?

Consider the following example":

sA + W. sq,
BPt

~
Bqy BPs

8 pe Bj9
BP; Bq

In particular,

( qk& P/ ) ~5k&

(C28)

(C29)

2 =iqpq —&uqq, (C18) or
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(q., ei}= -limni

The factor —,
' should be noticed. Now

(cso) x' =O, y(x) = k(x-), (C36)

dF BF 1 BF . 8F'
+ 0'i+ Pidt sf 2 &q;

' sp;

BE 1 ~ BE B+ BE B@

Bt 4 ~ Bg; Bp; Bp; BQ';
(C32)

or

dE BE
dt Bt
—= —+(F',a) . (css)

Thus, the particular definition, Eil. (C2V), of the
modified Poisson bracket is designed to preserve
the familiar formal structure (C33) as in the case
where p and q are independent. For a quantum-
mechanical system, one can simply replace the
Poisson brackets by the corresponding commuta-
tors.

3. Special Features of the Massless Case

%e discuss here the special features of the
massless case. Let us start with the 1+1 dimen-
sional space-time. The Klein-Gordon equation
degenerates into the one-dimensional wave equa-
tion

(s,'-s, ')y(x) =0;

the general solution is

~Ii(x) = f(x')+g(x ),

(C34)

(cs6)

where x' = xone x' and f and g are arbitrary func-
tions. The information on P and P at a particular
time, say x'=0, determines f and g completely.
But suppose only P(x) is specified at x' =0,

dE B'E BE
+

dt B't B q;

= —+gBE BE . (csl)

The two versions follow from regarding E as
either a function of q or a function of p. The sym-
metrized form is

P(x) =h(x )+f(x') —f(0) (CSV)

satisfies the boundary condition (C36) but it leaves
f(x') arbitrary. To specify p(x) uniiluely, one can
require that the acceptable solution must vanish
as x -~. Then

y(x) = k(x-) . (css)

k'=0

becomes

(C39)

(C40)

in 1+1 dimension. As long as k' =0 (or k =0),
k (or k') can be arbitrary, i.e., there is no
unique relation between k' and k . This arbitrari-
ness occurs in higher dimension if k =—0, since

k2
k k' '
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Half of the solutions to the wave equation (C34) are
lost. There are only waves advancing in the posi-
tive x' axis but not those advancing in the negative
x axis.

Since the one-dimensional waves also satisfy
the two-dimensional or three-dimensional wave
equation, the arbitrariness mentioned above also
exists in higher dimensions for zero-mass parti-
cles. The additional boundary condition that ~Ii(x)

must vanish as x, x, -~ must be imposed in or-
der to remove the arbitrariness.

This arbitrariness associated with massless par-
ticles can easily be understood in momentum
space. The mass-shell condition

*Work supported in part by the National Science Foun-
dation under Grant No. NSF GP 25303.

f%'ork supported in part by the National Science Foun-
dation.

~L. Susskind, Phys. Rev. 165, 1535 (1968).
2K. Bardakci and M. B. Halpern, Phys. Rev. 176, 1686

(1968).
S.-J. Chang and S. Ma, Phys. Rev. 180, 1506 (1969).

4J. Kogut and D. Soper, Phys. Rev. D 1, 2901 (1970).

5J. D. Bjorken, J. Kogut, and D. Soper, Phys. Rev.
D 3, 1382 (1971).

6R. A. Neville and F.Rohrlich, Nuovo Cimento 1A,
625 (1971); Phys. Rev. D 3, 1692 (1971); F. Rohrlich,
Acta Phys. Austr. Suppl. 8, 277 (1971). Other papers
by these authors can be traced from the last article.

TYhe name "light front" for a x+ = const surface was
due to P. g. M. Dirac, who first considered quantiza-
tion on such a surface JP. A. M. Dirac, Rev. Mod. Phys.



li46 C HANG, ROOT, AND YAN

21, 392 (1949)]. Other authors, such as those of Ref. 6,
call it "null-plane. " See also A. Komar, Phys. Rev.
134, 81430 (1964); G. Domokos, Phys. Rev. D 4, 3708
(1971).

S. Weinberg, Phys. Rev. 150, 1313 (1966).
SSee, for example, R. F. Dashen and M. Gell-Mann,

in Proceedings of the Third Coral Gables Conference on

Symmetry Principles at High Energies, University of
Miami, 2966, edited by A. Perlmutter, J. Wojtaszek,
E. C. G. Sudarshan, and B.Kuryunoglu (Freeman, San
Francisco, 1966); S. Fubini, Nuovo Cimento 34A, 475
(1966).

See, for example, S. D. Drell, D. J. Levy, and
T.-M. Yan, Phys. Rev. 187, 2159 (1969); S. D. Drell
and T.-M. Yan, Ann. Phys. (¹Y.) 66, 578 (1971).

~~Similar techniques can be applied to high-energy
scattering processes; see, for example, S.-J. Chang
and S. Ma, Phys. Rev. 188, 2385 (1969); S.-J. Chang
and P. M. Fishbane, Phys. Rev. D 2, 1104 (1970); 3,
1047 (1971).

H. Fritzsch and M. Gell-Mann, in Broken Scale In-
variance and the Light Cone, 1971 Coral Gables Confer-
ence on Fundamental Interactions at High Energy, edited
by M. Dal Cin, G. J. Iverson, and A. Perlmutter (Gor-
don and Breach, New York, 1971), Vol. 2, p. 1;
D. J. Gross and S. Treiman, Phys. Rev. D 4, 1059 (1971);
J. Cornwall and R. Jackiw, @id. 4, 367 (1971); D. A.
Dicus, R. Jackiw, and V. Teplitz, ibid. 4, 1733 (1971);
R. Jackiw (unpublished); R. A. Brandt, Phys. Rev. D 1,
2808 (1970); H.. A. Brandt and G. Preparata, Nucl. Phys.
B27, 541 (1971).

T.-M. Yan, Phys. Rev. D (to be published). The form-
ulation of QED on the light front and the existence of an
A-dependent phase were studied earlier by Kogut and
Soper (Ref. 4) and by Cornwall and Jackiw (Ref. 12).
However, the introduction of a mass into the vector
meson makes the quantization problem intrinsically
different.

~4J. Schwinger, Phys. Rev. 82, 914 (1951); 91, 713
(1953).
~5J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452

(1951).
~6S.-J. Chang and T.-M. Yan, the following paper, Phys.

Rev. D 7, 1147 (1973).
~YJ. Schwinger, Phys. Rev. 127, 324 (1962).
~ J. Schwinger, Phil. Mag. 4~4 1171 (1953).
~~For conventions of metric, Dirac matrices, and

invariant functions we follow J. D. Bjorken and S. D.
Drell, Relativistic Quantum Fields (McGraw-Hill,
New York, 1965).

Causality and Lorentz invariance are used here to
identify —4'd (x) s(x ) as the limit A(x)

~ t
~Here, it applies to the particular gluon model as

formulated by Gross and Treiman (Ref. 12). Otherwise,
A+ will not commute among itself on a light front; for
details see Ref. 13.

S. L. Adler, Phys. Rev. Letters 14, 1051 (1965); Phys.
Rev. 140, B736 (1965).

3W. I. Weisberger, Phys. Rev. Letters 14, 1047 (1965);
Phys. Rev. 143, 1302 (1966).

24S. L. Adler, Phys. Rev. 143, 1144 (1966).
25Cornwall and Jackiw, Ref. 12 (spectral sum rules

discussed in this section have also been obtained by
these authors); Brandt, and Brandt and Preparata, Ref.
12.

Dicus, Jackiw, and Teplitz, Ref. 12.
TSee, for example, S. L. Adler and W. -K. Tung, Phys.

Rev. Letters 22, 978 (1969); R. Jackiw and G. Preparata,
ibid. 22, 975 (1969).

J. D. Bjorken, Phys. Rev. 179, 1547 (1969).
28Recently S. D. Drell and T. D. Lee [Phys. Rev. D 5,

1738 (1972)] proposed that the scaling behavior observed
in deep-inelastic electron-nucleon scattering is due to
the composite nature of the nucleon. They further con-
jecture that the scaling is only approximate and will be
violated at inQnite momentum transfers because of
radiative corrections.

G. Calucci, R. Jengo, G. Furlan, and C. Rebbi, Phys.
Letters 37B, 416 (1971). These authors show that the
derivation is valid only if there are no fixed poles in the
amplitudes for semistrong processes. This is equivalent
to the assumption of superconvergence required in the
old derivation. See also Dicus, Jackiw, and Teplitz
(Ref. 12), Appendix D.
3~See W. K. Burton and B. F. Touschek, Phil. Mag. 44,

161 (1953).


