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The pattern of geodesic synchrotron radiation emitted by a charge in an orbit close to the
circular photon orbit at 3M around a nonrotating black hole of mass M is studied. The
analysis is carried out using Stokes parameters, which completely characterize the state
of the wave. The linear polarization, as observed at infinity, is total in the orbital plane
and not smaller than 90% at the half-width of the beam. At the poles, pure circular polari-
zation would be observed. In the region between the orbit plane and the poles the polarization
shows features not present in ordinary synchrotron radiation. In our model, parameters
more sensitive to deviations from the orbital plane are the Stokes parameter s2 and the tilt
angle of the polarization ellipse.

I. INTRODUCTION

Recently Misner et al. ' showed that the gener-
ation of geodesic synchrotron radiation (GSR) in a
curved background geometry of space-time is pos-
sible using Einstein's theory of general relativity.
GSR is characterized by two conditions: (i) It is
beamed into narrow equatorial angles, and (ii) the
radiated frequencies are high harmonics of the
particle's orbital frequency. Radiation modes with
these two properties we henceforth call "synchro-
tron modes. " Furthermore, the phenomenon of a
"searchlight effect" appears in GSR as in ordinary
synchrotron radiation. ' The existence of scalar
GSR was demonstrated for a test particle moving
relativistically toward a nonrotating (Schwarz-
schild) black hole with the right impact parameter
to approach the null circular geodesic orbit at r
=3M. This large-angle scattering orbit (scattering
angle» 2~) is approximated by a highly relativis-
tic (unstable) circular pa.rticle orbit at x, = (3 + 5)M
with the orbital frequency +0= (M/xo')'" The ra-.
diated frequencies are limited by an exponential
cutoff at e„;,=m„,, &u, = (4/35)&u, and related to the
half-width of the beam A3 for GSR for each har-
monic number m by

u) =m(uo, as= hami

Here 0=—&n —6 is the latitude angle measured from
the plane of the orbit. As r0-3M, the width of the
beam A3- 0; the radiation is confined to the equa-
torial plane.

A previous paper by Breuer, Ruffini, Tiomno,
and Vishveshwara' shows a comparison of total
power spectra of scalar, vector, and tensor GSB.
The power distribution most like that of ordinary

synchrotron radiation is that of a test particle cou-
pling to a scalar field; here essentially all power
is radiated into synchrotron modes. For nongeo-
desic (accelerated) circular orbits the scalar pow-
er spectrum P „,(~) is even more like the ordinary
synchrotron one. For high frequencies (&u) w„,, )
Moner ief4 obtains

(1.2)

with f the scalar charge and &u„,, =3y'&uo. This
reduces to the electromagnetic synchrotron spec-
trum in the limit M -0.

As stated in Ref. 3, the shape for the scalar
(s=0), vector (s= 1), and tensor (s=2) spectra of
GSR can approximately be summarized by

P ~ u)' ' exp(-2~/(u„, ,) .
The spectra broaden as s increases. The tensor
radiation spectrum of circular geodesics is domi-
nated by the 1/m dependence below the exponential
cutoff; thus, compared with the scalar and vector
cases, synchrotron modes in a very broad range
of frequencies are excited, and low-frequency,
wide-angle modes also carry a fraction of the
energy.

Now we will consider the polarization properties
of electromagnetic radiation as emitted by a charge
moving under the same conditions as the particle
described above. The inhomogeneous Maxwell
equations for a point charge in arbitrary motion
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were obtained by Ruffini, Tiomno, and Vishvesh-
wara. ' Using their separation, we first solve the
radial equations (Sec. II), obtain the relevant field
quantities, and present, the polarization properties
in terms of the Stokes parameters (Sec. III). In
the last section possible improvements and appli-
cations of a model for GSR are discussed.

II. THE RADIAL EQUATIONS

For the purpose of separating the inhomogeneous
Maxwell equations (comma denotes partial deriva-
tive)

1
(& g-z"'-) „=j", (2.1)

v'-g

(p„„=2~&„)and g=detg„, ), the electromagnetic
field as well as its source is expanded in terms of
vector spherical harmonics with odd parity (-1)""
(magnetic) and even parity (-1)' (electric), where
l is the angular momentum quantum number. After
separation, one is left with two radial equations,
one containing the even and the other the odd part of
the source. Except for the source terms, the cor-
responding radial functions a, (r, f), b, (r, f) obey
the same Schrodinger-type wave equation. In the
vacuum case they satisfy the equation given by
Wheeler. ' Each Fourier component of our partic-
ular source varies harmonically and can be as-
sumed to have the time dependence exp(-im(ppt).
Using the Regge-Wheeler coordinate ~*=r —3M
+ 2Mln(rM ' —2) instead of the Schwarzschild co-
ordinate r, and for the current of a source with

charge q

+[V-m (t) ]G=5(r*—r*)
d2Q

2 2
dy* 0 0 (2.5)

assumes the following special forms for the vari-
ous source terms in (2.3). For Eq. (2.3a)

L(r*)R(r*) r*&r*
0

G(rm, r,*)=
R(r&—)L(rn), rm ~r+

(2.6a)

where V' is the transmission amplitude, and for
Eq. (2.3b)

L'(r,*)R(r*), r*& rpn

G'(rn rn) =
i R'(rm)—L(rn), rm &rm

(2.6b)

where G' =— BG/arpm The c.omplete solutions of Eqs.
(2.3) are then

(rm i) Cet)t) L(rn)eimetp(r*-t)
tm t im 2(m+ )1/2 P t

0

tials by terms of O(lp) at most. The method of
solving (2.3a) is outlined in Misner et al. and dis-
cussed in detail by Breuer et al. ' It uses basically
Green's functions, obtained by matching solutions
I- and 8 of the homogeneous equations at ~*=r0*.

L(r*) represents a scattering wave function with
an incident wave moving to the left, and similarly
R(r*}represents a scattering wave function with
the incident wave moving to the right. The Green's
function G(r*, rp) which is a solution of

jP q dz"
(1 —2 M/r)g-g dt

x 6(e - -,')()6(q ~,t)6(r* r, *), - (2.2)

(2.7a)

(r tt i) Ceven Lt (r+)eim p(rett)m
lm t lm 2( + )1/2 p

0

(2.7b)

=C;f 5(r*-re), (2.3a)

2M l(I+1)~

Ceven 6(rt). r te)

where the coefficients are given by

(2.3b)

Oa~ qO ~m 1
Cree l(l + I) Yi,e (2zt 0) t

we can write the odd and the even radial equations
in the form

d aim, , 2M I(I+1)+ 52 (d0 — 1—
2 ~~m

at large r*, where R(r*)-(mixup) 'g exp(im(ppr*).
For the synchrotron modes (m» 1) the parabolic
WEB method gives the wave function in terms of
parabolic cylinder functions, L(r*)AD»2 „/,(-z)
and R(r*) pt'- D»2 „/, (+z), with z = (I - i) [I(l + 1)]'/n

x(3M) 'r*, which can be converted into I' functions
in the limit ~0*=3M5- 0. The e's are the barrier
integrals as evaluated in Misner et al.'. e =1+2l
—2

l
m l+ l

m
l
5. We use the notation for the even

and odd parity as in Ref. 3:

Cegp=3+4p+ lml 5=3+4p+ 4
& era

Ci"m" =
I(l 1)

Yi* (2)/t o) .
(2.4) ~ —lml =2p+1

4 cu (2.8)
e....=I+4q+ Iml6+I+4q+-

The potential appearing in (2.1) and (2.2) differs
from the scalar and tensor (odd and even) poten- I- lml=2q
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12 2(dern

0
(2.9)

obtained the solutions ( . ,2.7& for the radialHaving o i
able to calculate the com-f tions we arenowab e o cunc

'

pononents of the electric «e

III. POLARIZ ATION AND STOKES PARAMETERS

(3.1)

"- =(1-2'-')5O,t

(v-" = (1 —2 Mr ') '5 I',r
(3.2)

~q =r-'ue"

(u"- =(r sin8) '5~.

inin the radiation atThe field components determining
~-~ are then

Ml (do

sin

stud the radiation proper 'erties as ob-In order to s y
the asymptotic' it we must know e a

e electric field E'=—

ically meaningful comp onents are t e
evaluated in a oca1 lly orthonormal frame:

uE 8 =E~pCO (da q

where e orthe orthonormal tetrae or d field is defined by

QP

crit

unit sol'd angle or Stokes param-FIG. 1. Power per un' so x

—= —'x-g, where 8 is the polar ang e.eter 80.
lf-width of the beam is atis chosen so that the ha -w

u,z,, = . Although colnputed for m, „&
lot for other values of m ~=10~ corrections to this p o or

i/2are of order (m m~;, )
DB(do mE = Q) re

~ gfg(do 1 m
@even sin

(3.3)
2 to the power at the peakk l= m~inadd less than 2% o

ase all quantitiesen I= ~m~+1 in the odd case, a
e "s chrotron approximation "can be evaluated in the ' syc ro

defined by

/m)»1,
(3.6)' c udes all terms for whic

' hl
~

~ m~. The longitudinal fields do not con in
ation termss such as E = an .'"'" -r '. The

olid angle spl«s naradiation per sol' g
e in the y direc-arts, one in e ' e «nth 6I direction and one «n

p
' tensities are called ththe respective «n en

' '

tal" polar izations Jt al" and the "horizonver «ca
and «J(i '.

odd even 2J'~ = ~Ee +Ey

Inz l

' (mj

The xp' 'e e licit formu as or1 for both the field compo-
t tal ower per solid angle(. ), and the to pow

hrotron approxima ion,
rived in the Appendix. Equation (3.5 is of t e or

' 'C + m' 'C, + m C ) s in'3—=C m, +m
QQ

even 2J(( = ~Ee +zq
(3.4) 2

+ rn'"C'"C sin'3 ——cos 3 + rn+ m

a c ' '
u estive of an observer in thea characterization suggest«ve o

The sum of both gives usequatorial plane. e
total power per unit soli glid an le,

1
+ PPS C sin'3 ——cos 3

J
(3.7)

dP((u)
&+ ll &

(3.5)

As modes with && (m~+1which is plotted in Fig. 1. As mo

f icient C ~ cos 3 and C„C» Ca
e C ) contain functionst t be confused with the C, con in

m lex arguments involving m
C are the factors coupled toAppendix). C, and C, are the ac
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sin 3
odd:

JII +J~ '1+sin'3' (3.8a)

the odd and even modes, respectively, while C3
multiplies the contribution due to the interaction
term of the two modes. Figure 1 shows a strong
confinement of the power in a range of one decade
around co=0.25~„;„which is md=0. 2. The angular
dependence of dP/dQ exhibits the increasing beam-
ing feature with increasing frequency. To study the
behavior of the individual even or odd modes, one
sets C„C,=0 in (3.6) to get the odd mode, or C„
C3 0 to get the even mode. For these cases we
find the following ratio of perpendicular to total
power per unit solid angle.

and define the degrees of linear and circular polar-
ization d~ and d~ by

d = (s,'+ s,')"', dc =
I s, I. (3.12)

Consequently, the "degree of polarization" d, de-
fined as the ratio of the completely polarized pow=
er to the total power, must be

that if two waves have identical S„, then the waves'
are identical up to a phase factor. S„S„and S,
determine the state of polarization. For that pur-
pose it is convenient to introduce the normalized
Stokes parameters

so = 1, s, = S,/So, s2 =S,/So, s, =SB/So (3.11)

sin'3
even:

Z~ +Z~ sin~3+ !sin'e —(1/m)cos'3]' 3.8b d=(s,2+s 2+s &)» =(d 2+d 2)& 2 (3.13)

( I Ee I
E-E+)

&E;*E; IE;I'i
(3.9)

The four o „are the usual two-dimensional Pauli
spin matrices. The Stokes parameters S„can be
written as S„=trace(pv„), namely

s = IE-I'+IE- I'=& +& -=—dP

s, = IE;I' —IE-„In=a -z„
S, = Z;Z*;+Z,*-Z;,

S, =+i(EqE-* E)E-), -
(3.10)

where So is the total power per unit solid angle,
plotted in Fig. 1. S, represents the difference of
the 6) and q power components. S, and S, are com-
plementary to each other, as are So and S,. While

S, is proportional to the real part of the cross cor-
relation of Ey and E&, S2 is proportional to its
imaginary part.

The description of a plane wave of given frequen-
cy by these parameters is complete in the sense

However, as mentioned in Ref. 3, the contribution
of the odd modes to the total (integrated) power P
= J dQ(dP/dQ) is always less by two orders of mag-
nitude than that of the even modes.

The polarization state of a wave with two degrees
of freedom, together with its intensity, is com-
pletely characterized by Stokes parameters. ' If
the amplitudes are, as in our case, Eg and E&, the
polarization matrix p can be written as (i,j = 8, Fp)

p - (E E-)-
3

= —, QS„o'„
/=0

= —,'(So 1+S o')

(3.14)3o=3 x~3 =3 xbeam half-width.

In this limit this relation is independent of m. The
inclination of the polarization ellipse defines some
angle 7 between its major axis and the orbit plane,
the "tilt angle of the polarization ellipse. " One
gets 7 = 0 for horizontal and 7 = ~n for vertical po-
larization. The ratio of the two axes of the polar-
ization ellipse defines an angle e by'

major axis = cot~, --, n & c&;n
minor axis (3.16)

where the minus sign stands for right-handed and
the plus sign for left-handed polarization. ' The
relations between v, c, and the Stokes parameters
are

S~ —S2 + 2$S~S2
v =-—iln

S~ +S2
(3.16)

which is unity for a totally polarized wave. For
any coherent sources such as the circular orbit
assumed in this paper, one of course has d =1.
The Stokes parameters are explicitly derived in
the Appendix, and in their normalized form togeth-
er with the degree of linear and circular polariza-
tion they are sketched in the Figs. 2-5. s, changes
more rapidly than any other parameter. An ob-
server at infinity would see 100% linear or 100%
circular polarization if located in the orbital plane
or near the direction of the poles, respectively.
This feature holds as in ordinary synchrotron ra-
diation. Between the plane of the orbit and the
poles, waves generally are ell.iptically polarized.
The increase of ellipticity, however, is different
for GSR from the ordinary case. One observes a
characteristic maximum at an angle 3o in d'~ or s„
corresponding to a minimum in d~ or a zero in s, .
From s, =0 or JII J~ =0 one finds that in the range
of interest (m»1; therefore 3«1) with &e= Im! "'
approximately (see, e.g. , Fig. 2)
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FIG. 2. Normalized Stokes parameter s&. The angle ranges logarithmically from the orbital plane to the (north) pole.
These curves and those of Figs. 3 —6 are independent of m, „.t when m»1 and dv'm0pjt + 10.

,'i in[(-d,-—is, )/d], (3.17)

IV. DISCUSSION

In the foregoing we have studied in detail the po-
larization of electromagnetic synchrotron radiation

with the same sign convention as in (3.15). One
gets e =x-,'m for left- and right-handed circular po-
larization, respectively, while e =0 for pure linear
polarization.

The waves above the orbital plane are generally
right e11iptically polarized and tend towards right
circular polarization at the north pole. Simulta-
neously, as can be seen from Fig. 6, the polariza-
tion ellipse undergoes a monotonic change from
horizontal to vertical polarization. At negative
latitude 3& 0 the waves would be left elliptically
polarized. One notices the different sensitivity of
the parameters to a small increase in the latitude.
Unlike d~, which does not drop below 90% for the
peak harmonics within the main beam, one gets
T=15', dc™25/q, and s, =40/o at the balf-width of
the beam; at s, we even have s, =0, s, =85/p, dc
=50%%uq and r=-,'w.

We can, however, expect the corresponding prop-
erties of tensor radiation, which we are presently
investigating, to exhibit similar features"' so that
the discussion to follow is valid.

Although we are dealing with a model for GSR
which is astrophysically unrealistic because the
orbits invoked are unstable, it nevertheless is de-
sirable to study the polarization properties as a
setting-up exercise preparatory to searches for
more plausible sources of GSR. Any other model
will only be acceptable in connection with Weber's
observations" if it still distinguishes the galactic
plane, as does a recent one suggested by Penrose'3
involving naked singularities in the center of the
galaxy. Mainly, the assumption of isotropic radi-
ation had led Weber to an estimate of the annual
mass loss for our galaxy, which would mean that the
present evolutionary epoch is special. At present,
only extremely anisotropic radiation seems com-
patible with the lower mass-loss-rate estimates
for the galaxy on the basis of the radiation mea-
sured by Weber's gravity telescope and the upper
limit placed by galactic dynamics on the mass-loss
rate. A mass-loss rate of more than 200Afo/yr
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FIG. 3. Normalized Stokes parameter s&.

would be inconsistent with observations of stellar
orbits. '4 For any radiation with only moderate an-
isotropy one can extrapolate to a loss rate of 10'
solar masses per year, but also, with different as-
sumptions on the efficiency of the gravity telescope
and the bandwidth of the signals, one can arrive at
numbers like Sx10'~o jyr, as was done by
Kafka. " Secondly, frequency multiplication should
take place with high harmonics of mechanical mo-
tion frequencies present, so kilocycle frequencies
can be emitted by coherent sources much more
massive than a few solar masses.

Radiation from particles in the galactic plane
would lead one to expect a strong linear polariza-
tion, as confirmed by the present calculation: The
earth's position with respect to the galactic plane
is so=(4+12) parsec; if we place the earth not ex-
actly in the plane but at A3 =10 ' rad and identify
this angle with the beam half-width (m = 10' from
As =

~
m

~

'"), the degree of linear polarization d~
is above 90% (100%%uo in the plane itself) and the
Stokes parameter s, is still above 85%. But as
Tyson and Douglass" have pointed out, Weber's
data are not consistent with a high degree of s,
(what they call "degree of linear polarization" ),
assuming the source is located at the center of the

galaxy. The upper limit they impose on s, is 40%%uo.

What therefore have to be changed in the present
model are the related properties of the source mo-
tion and the polarization of the radiation produced.
Of course, artificial orbits have to be avoided.
One has to allow the possibility of the production
of highly anisotropic radiation which is unpolarized
when averaged over many pulses,

If one actually had a polarized source (which
could still be true for the single events), then the
tilt angle of the polarization ellipse and the Stokes
parameter s, would be highly sensitive to devia-
tions from the galactic plane; they show strong de-
pendence on the polar angle. Measurable quantities
varying rapidly with small changes in the latitude
are the appropriate discriminants needed for de-
termining the earth's location. One is indeed able
to redefine the Stokes parameters for gravitational
waves. " The parameters s, and s„ then related
to the linear polarization of tensor waves, can be
measured by the gravity telescopes of Weber and
of Tyson and Douglass (to obtain s, the instrument
has to be rotated by 8n with respect to the position
which measures s,). If synchrotron modes of grav-
itational radiation are being detected —with the
proviso that a different source mechanism is gen-
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crating them -we expect that the possibility exists
to measure the latitude of the earth more accurate-
ly.
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APPENDIX

(Ala)

(A lb)

=q~ (-)~+'w ' m "~(1—13/8m),

eleven q( )tn+&(4rr &)»4m- ~ (1 —3/4m) .

To apply the synchrotron approximation (3.6) to the electric field components (3.3) we need the asymp-
totic forms for the coefficients appearing in the source equation (2.3) and for the vector spherical harmon-
ics. The synchrotron approximation sets P, q=0 in (2.8) and m» 1. Using Sterling's formula we get (up to
order m ')

In this limit the components of the vector spherical harmonics are

1
Ym =i(-)~w m ~(1+11/8m) cosgsin" '8 e™

sin8

»ng Y' „e=(-) rr
' m' ~(1+ ll/8m) cos'8 ——sin'8 sin 8 e'

Y e =(-) (4rr') ' 'm" (1+1/4m)cosg sin '8 e'

(A2)

Y„~=i(-) (4rr') "~m' (1+1/4m) sin"8 e'
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In order to obtain the approximation c» 1, valid in the region of exponential cutoff, for the various field
amplitudes, we will use the following asymptotic expressions for the I' functions:

I'(-'+4i& 44)=v 2w(4/c. „)"'exp(4i[e~pin(-,'c,44) —,'w ——e44] ——,'we, 44]

I'( —,'+ —,'i,„,„)= )(2w(-,'e,„,„)"'exp(-,'i[e,„,„ln(-,' e,„,„)+ —,'w —e,„,„]——,
'

we, „,„}.
(A3)

Substituting these values back into (3.3), and using the asymptotic forms for L(rpm) and I.'(r,*) given in
Breuer et al. , one gets immediately in the synchrotron approximation and the e» 1 ljmjt, respectively,

Ze"=-iqip "'(27)' e " (4w'r) 'm' 4(1-1/2m)e "o ' oI'( ,'+ —i4e—44) cos8 f(8, q), t)+O(m ')
=-iq(dp2/2(27)1/4[(3+m6)'"4w"'r] 'm'/4exp[-2o. ,(1+i) —i,'w]-cos8 f(6, q), t)+O(m ') (e» 1)

(d '/'qe ' /(2 32 w4v 27) '/'m'/ (1 —1/2m)e "4 ' eI (4+nie, „,„)cos6f(8, ~t), t)y'

(i —I)p) p'/2q
(I+m5)' 'e '"4&"'(m' cos8f(6 y t) (e»l)

(32w 24 27 )'"r (A4)

E' =q(i)p2"(27)' 4e "'m2 (1- 1/2m)(4w'r) 'e n 'wnl'(4+4iq44) [cos'6-(I/m)sin'8] f(8, q), t)+O(m ')

=quip "'(27)"'[(3+ms)'"4w'"r] 'm"'e ' n'"" '"'[cos'8 —(1/m)sin'6]f(8 (/) t)+O(m ') (e& 1)

e-i 7t/8

1/2q(32W 3+27 ) 1/2'(I + mf)1/2e-2nn(1+ i )ml/4f (8 it) t) (e )) I )
1+ i)

Here we made use of the following abbreviations:
1a = S W &n44 v Pn = 4 &n44 in( —

&n44 ),
1
2 w even ) Pe 4~even i (4 eeven ) )

f(8 q) t) Sjnm-16e™ee™(l)p(e* t)

The power per solid angle (3.6) contains four coefficients: the over-all factor

(d

16n4~'v 27
(A6)

as well as C, for the odd mode, C, for the even mode, and C, for the interaction terms. The synchrotron
approximation yields with the use of (Al)-(A4)

c, = e ""(1+—2'5) 'I I"(-,'+ —,'ze.,4)I',

c, = e"'I I (4'-+ ~4~...)I',
C, = -(1+ —2' 5) '"(exp[-i(4 w —ln2 —p, + p, ) J I'(4 + 4ie,44 )I' *(4 + —,'ie,„,„)+ c.c.] .

In the limit e» 1 (region of exponential cutoff in the power spectrum) (A7) reduces to

C, =e ""(1+—,'5) '(3+m5) '",
C, = —,'e'"(1+m 5)'.",

1+mal
n, =(1+-,'5) '"ein(-')(

At the peak of the spectrum (m5 =1, 5«1) their values are simply

C, =-,'v 2e"',
C, =2 '/4sin(2).

With the help of (A4), the Stokes parameters can now be evaluated according to formulas (3.9). While for
S, only a minus sign has to be placed in front of the first term in (3.7), S, and S, yield to more complicated
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expressions:
q'(u, ' exp(-n, —n, ) ~ j. 3 1 ~ g 1 j.

S = cos'™3s1nsm/exp[-i(p, —p, + ~)]I'(-, + -, ie,„,„)I'*(—,+ -, ie,~~)+c.c],
(4m 'r)' (A10)

2

S, = 4, ,~
cos' '3 sin3~m(e '"

~

I'(-+ —,'ie,„.„)('+27&v,'e '"om~ I"(—,'+ —,'ie,
dd ) ('[sin'3- (1/m) cos'3]

4n'2r '& 27

+v'27+, exp(-n, —n, )v m [1+sin'3 —(1jm) cos'3]—,'i
x{exp[i(p, —J3, +-,'m)]1'(-,'+ 4 ie.„)1' (,'-+ —,

' ie,„,„)—c.c.] ). (A11)
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