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Cosmic gravitational-wave background in a cyclic universe
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Inflation predicts a primordial gravitational wave spectrum that is slightly “red.” In this Brief Report, we
compute both the amplitude and spectral form of the primordial tensor spectrum predicted by cyclic or
ekpyrotic models under the assumption that perturbations pass smoothly through the bounce. The spectrum is
exponentially suppressed compared to inflation on long wavelengths. The strongest constraint is that the energy
density in gravitational waves is less than 10% of the critical density at nucleosynthesis.
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The recently proposed cyclic modél,2] differs radically  lar kinetic and potential energy, leading to slow contraction
from standard inflationary cosmolod®,4], while retaining and to the generation of fluctuation&3) ¢ negative and
the inflationary predictions of homogeneity, flatness, andlecreasindbeginning at conformal time,,4<0): the gen-
nearly scale-invariant density perturbations. It has been sugpration of fluctuations endsp rolls past¢eng and, in the
gested that the cosmic gravitational wave background profour-dimensional description, the universe contracts rapidly,
vides the best experimental means for distinguishing the twelominated by scalar field kinetic energy, to the bounce (
models. Inflation predicts a nearly scale-invarigslightly =~ =0) at which matter and radiation are generai@d;¢ in-
red) spectrum of primordial tensor perturbations, whereas thereasing from minus infinity: the universe remains domi-
cyclic model predicts a blue spectrupti]. The difference nated by scalar field kinetic energy, which decreases rapidly
arises because inflation involves an early phase of hypecompared to the radiation enerd$) ¢ large and increasing
rapid cosmic acceleration, whereas the cyclic model doefbeginning atr,>0): the scalar field kinetic energy redshifts
not. to a negligible value and the universe begins the radiation-
In this Brief Report, we compute the gravitational wave dominated expanding phas@) ¢ large and nearly station-
spectrum for cyclic models to obtain both the normalizationary: the universe undergoes the transitions to matter and dark
and spectral shape as a function of model parameters, inenergy domination, and the cycle begins anew.
proving upon earlier heuristic estimates. We make the as- During stage 2 ¢> ¢.,9, the potentialV(¢) must be
sumption that perturbations pass smoothly through thexponentially steep to produce acceptable scalar perturba-
bounce. This assumption remains unproven and controversitibns. But whenV(¢) ceases to be exponentially stesfage
[5], although recent results by several groups suggest it i3, < ¢eng), the potential energy becomes negligible com-
plausible [6—8]. Under this assumption, we find that the pared to the kinetic energy, which blueshifts and dominates
spectrum is strongly blue. The amplitude is too small to bethe universe. Sincep acts like a free scalar field in this
observed by currently proposed detectors on all scales.
Hence, the discovery of a stochastic background of gravita- V(o)
tional waves would be evidence in favor of inflation, and
would rule out the cyclic model. o—
Readers unfamiliar with the cyclic model may congalt <—0
for an informal tour, and10] for a recent analysis of phe- 3 \

nomenological constraints. Cyclic cosmology draws strongly

on earlier ideas associated with the “ekpyrotic universe” sce-

nario[11-13. Briefly, the scenario can be described in terms

of the periodic collision of orbifold planes moving in an

extra spatial dimension, or, equivalently, in terms of a four-

dimensional theory with an evolvingnodulus field ¢ roll-

ing back and forth in an effective potentidl ¢). The po-

tential (Fig. 1) is small and positive for largep, falling

steeply negative at intermedia#e and increasing again for V

negatived. end
Each cycle consists of the following stages) ¢ large FIG. 1. Schematic of cyclic potential with numbers representing

and decreasing: the universe expands at an accelerated rgig stages described in the text. To the leftsgf 4, where the scalar

asV(¢)>0 acts as dark energy2) ¢ intermediate and de- «kinetic energy dominates, we approximatevith a Heaviside func-

creasing: the universe is dominated by a combination of scaion, jumping to zero as shown by the dashed line.

—_—
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regime, we may simplify calculations by setting ¢) to a’
zero without any loss of generality, as discussed2y10]. hit2— h+k?h=0. )
We therefore model the potential as
In the cyclic model, all modes inside the horizon today ex-
V() =Vo(1—e M) O (d— dend (D) ited the horizon during the contracting phase, and re-entered
) __ during the expanding phase. Early in the ekpyrotic phase
where M, is the reduced Planck mass and the Heawsuthhat is, in stage2), with 7— —x], these modes were far
step function ®(¢— dend sets V(¢) to zero whené  inside the Hubble volume, which had been smoothed, flat-
< ¢ena- Choosingc=10, for example, results in a scalar tened and cleaned of debris by the dark energy epoch, stage
spectral indexs=.96 which is compatible with current con- (1), All modes of interest are therefore expected to be in their

straints. . o _ usual Minkowski vacuum at the start of sta(®, implying
Our calculation begins in the “ekpyrotic phase,” stage tne poundary condition

(2), with the Einstein-frame scale factor contracting

e*ikT

a h Sy —_—
y T<Tends (2 «7) a(T)Mp|\/ﬂ

Tek T— — 0, (8

a(7)=aend

Tend™ Tek
) To solve EQq.(7), it is useful to definef (7)=a(r)h,(7)

where a=2/(c?~2)<1 and rey=(1—2a)7enq, being the  and rewrite Eq(7) as

conformal time the potential would have diverged to minus

infinity had the exponential form continued. At 7,4, the "

ekpyrotic phase ends and the “contracting kinetic phase,” fit+

stage(3), begins:

”n

k?— %) f,=0. 9

During the ekpyrotic phase( ) is given by Eq(2), and the
general solution of9) is

f(m) = WIAOHBPW +A(OHP(Y)], (10
At =0, the universe bounces and the “expanding kinetic

phase,” stagd4), begins: where A; (k) are arbitrary constant$)=3 —a, y=—Kk(r
— 760, andH{"? are the Hankel functions. Asymptotically,

- T

1/2
W) s Tend< 7<0. (3)
r

a(r)=

(VP “ H-(y) — 2/mye™™, s0(8), (10) imply
a(T)_ T ’ T Ty .
A k=—\ﬁ, Ay (K)=0, 11
Radiation is produced at the bounce, but is less than the 1(K) 2 Vk 2(K) (1D

scalar kinetic energy until, at=7,, the expanding kinetic . .
phase ends, and standard radiation-dominated, mattefhere we have dropped a physically irrelevant phase. In the

dominated, and dark-energy-dominated epochs ensue. Tl@Ntracting kinetic phase, stag®, a(7) is given by Eq.(3),
transition times,r, and ro,,4, are given by and the general solution of E¢P) is

fil )= =K By(K HE(—k7) + Bo(K)HE (—k7)]

Tr:(\/EHr)71: Tend= — 7 /T, 6) (12)
and whereB; 5(k) are arbitrary constants. Then, continuitytgf
13 andhy at 7= 7¢,q implies
po| T | 1 ( 2a ) Vend ©
= I e 2012 ' im ma
Tend |1+ x11-2a] | H2M}, By k) = 7\ g X HED o H{P 2a%,)

where H,=H(7,) is the Hubble constant at,, Vg¢nq=
—V(¢eng is the depth of the potential at its minimum, and
x<1 is a small positive constant that measures the amounty,are x =K|
of radiation created at the bounce. Note thét) anda’(7) °
are both continuous at the transition time 7,4, and we
have chosen to normalizg 7) to unity at the start of radia-
tion domination @(7,)=1). f (1) = VKT CL(KHP (k) + Co(kHP (k)] (19

The primordial spectrumAh(k,7,). A quasi-stationary
stochastic background of gravitational waves is characterizeBrom Eq.(7), each gravity wave polarization acts just like a
by the quantityAh(k,7), the rms dimensionless strain per massless scalar, and quantum field theory for a massless sca-
unit logarithmic wave number at time Accounting for both  lar in the contracting/expanding Milne geometry near the
polarizations, it is given byAh(k,7)=k¥3h(7)|/a, where  cyclic model's bounce has already been treatefBin (Our
the Fourier amplitudd,(7) satisfies problem is even simpler: tensor perturbations are gauge-

+HED(xHY (2axe)] (13)

Tend - Finally, in the expanding kinetic phase,
a(7) is given by Eq.(4), and the general solution of E()
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invariant) They find a unique sensible matching condition. Iog Ah
One can think of continuing the fields from the contracting
Milne wedge to the expanding one through the Minkowski

. . ; v 2 (nef2)
space in which they are both naturally embedded. Equiva- \

lently, one may analytically continue the positivgegative \
frequency parts oh,=f,/a around the origin in the lower N <
(upped half of the complexr plane, soH{"?(—kr)— T kIHn2)
—H@Y(k7) [8]. This yields /0’76; S~
05~ .
CpAk)=—=v1+xBy(k). (15 7 ~ \\\(D :
-1+a K& N N :
The pre-factor arises becausér) differs by a factor of :
J1+x between the kinetic contracting and expanding cyclic Y :
phases; see Eq&3) and (4). Combining our results, we ar- \
rive at the “primordial” dimensionless strain spectrum at the ‘l
beginning of the radiation dominated epoch: L log k
" k0 keq kr kend
(12 Y. 1
Ah(k, ) =(kY M pl) 2(1+X)Tr|82(k)Ho (x) FIG. 2. A schematic comparison of the dimensionless strain ob-
+B1(KHP(x,)| (16)  served todayAh(k,7;), as predicted by inflation and the cyclic

model. Hereny is the inflationary tensor spectral indéa small
wherex, =kr, and k<kg,g. For k>kg.g, the spectrum is negative numberanda<1 in the cyclic _model is a small positi_ve_
cut off because these modes are not amplified and, insteaggm_ber'!(r denotes the mode on the horizon at the start of radiation
Eq. (16) converges to the result for a static Minkowski back- mination.
ground.
The present-day spectrumh(k, 7). To convert from the
primordial spectrum to the present-day spectrdim(k, 7o)

Finally, modes which exit the horizon during the ekpyrotic
phase(before 7.,9), and re-enter during the expanding ki-

—T,(K)Ah(k,7) we need to know the transfer function, netic phasgafter the bound but t?eforer) result in a high
Th(k). To approximatel,(k), note thatAh(k, ) is roughly frequency(HF) band & <k<kend):
time-independent outside the horizon, and decays as J2\32(TH, )12 a2

once a mode re-enters the horizon. Therefore, the transferAh%(_) (f)—o c05< K7 — Z)

function is~1/(1+z,) for modes already inside the horizon ™ M piKeoKr "4

at the onset of radiation dominatian, and~ 1/(1+ z,) for (19
modes that entered at redshift betweenr, and 7y. Using

the fact thatHea 2 during radiation domination an#i  'n€ HF band runs over a rangg,q/k,=T', and this quan-

«a~32 during matter dominatiorineglecting the change in t@ty is strongly constrgined b_y the requiremer_lt that the sca_lar
field cross the negative region of the potential before radia-

k1/2+a (HF) )

0,), we find X > ) ) .
tion domination begins, which requires tHa0]
T( k)m(@) 2 1+ L + k_z} (17) V1/2d Vo 3P2lc
K Keq  KegKr <= ) , (20)
M Pl Vend

where ko=apHg, keg=aeqHeq: Ki=a;H,, and kgpqg
=a,,dHend denote the modes on the horizon today)( at
matter-radiation equalityr.), at the start of radiation domi- e
nation (r,), and at the end of the ekpyrotic phase,(), I =(Vend/Vo)'™ . For example, fo,,qaround the grand
respectively. unified theory(GUT) scale anct=10, we findl'= 10°. Fig-
The gravitational wave spectrum can be divided into thrediré 2 schematically depictsh(k, 7o) in the cyclic scenario
regimes. There is a low frequen¢F) regime correspond- and compares it to the inflationary spectrimd].
ing to long wavelength modes that re-enter after matter- Another useful quantity id}4,(k, 7o), the gravitational
radiation equality k<k.q), and a medium frequenciMF) wave energy per unit logarithmic wave number, in units of
regime consisting of modes which re-enter between equalitje critical density 14,15
and the onset of radiation dominatiok,(<k<Kk;). (We ig-

whereV, is today’s value of the dark energy density. This
equation, combined with E@6), gives a lower bound of,

i i . k d 1/k\2
nore the recent dark energy dominated phase! wh|c_h has neg O gk, 7)=— Pgw_ + _) Ah(k, )2 (21)
ligible effect) The spectrum for these two regimes is per dk 61kg
Y2 (k-1te (LF) In the cyclic model)g,(k, 7o) is very blue, with nearly all
Ah~ —Oa N (19 the gravitational wave energy concentrated at the high-
aMpH{ [Kkeq (MF). frequency end of the distribution.
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Observational constraints and detectabilifjhe strongest CMAB PULSAR LISA —
observational constraint on the gravitational spectrum in the ! *=N
cyclic model comes from the requirement that the successful T LR
predictions of big bang nucleosynthesBBN) not be af- igee = S
fected, which requires < . %
< 425
JkendQ (k )dk 0.1 (22) c
To) TS . = T
kegN o 3 1+2¢q g -30 4
5 10
From the above equation€l9) and(21), and using ¥z, T
~kZ /K5, andT,~H}*M? for the temperature at radiation 10247 .
domination, we obtain a totdl in gravitational waves of 7 cyclic \
_ 314/ 3 —1 ; -38 N\ Yy
(2aVeng/ TMP) ¥4 36m3(1+2,)]1 1, which from Eq. 10
(22) implies R — 0 CERT
10 7 10 10 10 100 10
o
-3
Tr=55VendMpr’ (23 frequency (Hz)

where, for simplicity, we have ignored the factor which de-  FIG. 3. The present-day dimepsionless7 strain(k, 7o) pre-
pends on the number of thermal degrees of freedom, whicHicted by the cyclic model withT,=10" GeV and Vgyq

further weaken this bound. =10 GeV. These parameters yield a gravity wave density four
The other observational constraints are much weft@lr orders of magnitude below the BBN bound. Some observational

From the cosmic microwave backgrou(@MB) anisotropy, bounds andoptimistic) future stra}in sensitivitigs are indicated. The

one infersAh(f~10"18 Hz)=<10"5: from precision pulsar dasht_ed arrows mean the empirical bounds lie well above range of

timing, Ah(f~10"8 Hz)=<10 !4 Optimistic goals for the 2 displayed here.

Laser Interferometer Space Antenna and the advanced Laser

Interferometer Gravitational Wave ObservatdhfGO) are  tion of a scale-invariant, stochastic gravitational wave im-

strain sensitivities ofAh(f~10% Hz)~10 2°% and Ah(f print in the CMB polarization would be consistent with in-

~10% Hz)~10 %, respectively. Figure 3 shows results for flation and rule out the cyclic model.

values of T, and Vg consistent with all constraints on the

cyclic model[10]. We thank A. Tolley and J. Khoury for helpful conversa-
Even if the parameters are chosen to saturate the BBKons. L.B. is supported by the NSF. This work was also

constraint, the spectrum is still orders of magnitude belowsupported in part by U.S. Department of Energy grant DE-

the sensitivity of anticipated instruments. Hence, the detecFG02-91ER40671P.J.S) and by PPARC-UK(N.T.).
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