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Gravitational radiation from rotational core collapse:
Effects of magnetic fields and realistic equations of state
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We perform a series of two-dimensional, axisymmetric, magnetohydrodynamic simulations of the rotational
collapse of a supernova core. In order to calculate the waveforms of the gravitational wave, we derive the
quadrupole formula including the contributions from the electromagnetic fields. Recent stellar evolution cal-
culations imply that the magnetic fields of the toroidal components are much stronger than those of the poloidal
ones at the presupernova stage. Thus we systematically investigate the effects of the toroidal magnetic fields on
the amplitudes and waveforms of the gravitational wave. Furthermore, we employ two kinds of the realistic
equation of states which are often used in supernova simulations. Then, we investigate the effects of the
equation of states on the gravitational wave signals. As for microphysics, we take into account the electron
capture and neutrino transport by the so-called leakage scheme. With these computations, we find that the peak
amplitudes of the gravitational wave are lowered by an order of 10% for models with the strongest toroidal
magnetic fields. However, the peak amplitudes are mostly within the sensitivity range of laser interferometers
such as TAMA and the first LIGO for a source at a distance of 10 kpc. Furthermore, we point out that the
amplitudes of second peaks are still within the detection limit of the first LIGO for the source, although the
characteristics of second peaks are reduced by the magnetic fields. We stress the importance of the detection,
since it will give us information about the angular momentum distribution of massive evolved stars. When we
compare the gravitational waves from the two realistic equations of state, significant differences are not found,
except that the typical frequencies of the gravitational wave become slightly higher for the softer equation of
state.
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I. INTRODUCTION

Rotation has been supposed to play an important rol
gravitational radiation from core collapse supernovae. T
large-scale asphericities at a core bounce induced by rota
can convert part of the gravitational energy into the form
gravitational waves. The expected amplitude of the grav
tional waves from a supernova in the Milky Way is cons
ered to be within the detection limits of the long-base li
laser interferometers such as GEO600, the Laser Interf
metric Gravitational Wave Observatory~LIGO!, TAMA, and
VIRGO @1#. The detection of gravitational waves is impo
tant not only in itself but also for understanding the co
collapse supernovae themselves, because the gravitat
wave is the only window that enables us to directly see
innermost part of an evolved massive star, in which the
gular momentum distribution and the equation of state
uncertain.

So far there has been extensive work devoted to stud
gravitational radiation in rotational core collapse@2–9# ~see
Ref. @10# for a review!. More recently, Ottet al. @11# per-
formed a large number of purely hydrodynamic calculatio
employing a realistic equation of state~EOS! while neutrino
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transfer and microphysics are not treated. They investiga
the effects of initial rotation rates and the degree of differe
tial rotation, on the gravitational waveforms~see also Refs.
@4,6#!. On the other hand, Mu¨ller et al. @12# performed a
small set of rotational core collapse simulations while e
ploying an elaborate neutrino transport with detailed mic
physics. Here it is noted that these recent@11,12# studies took
into account the initial models based on the recent ste
evolution calculations@13#, which predict rather slower rota
tion rates at a presupernova stage than those assumed
previous studies. If so, the peak amplitudes may not be
tained at core bounce but at the later phases when
neutrino-driven convections become active behind the
creting shock@12#.

In addition to rotation, we study the effects of magne
fields on the gravitational signals in this paper. In order
estimate the gravitational waveforms in the magnetohyd
dynamic computations, we modify the conventional quad
pole formula including contributions from the electroma
netic fields. To our knowledge, the effects have not be
investigated so far. To be rigorous, it is true that the realis
magnetorotational core collapse simulations should req
the implementation of a realistic EOS, an adequate treatm
of microphysics~weak interactions with neutrino transfer!,
and relativistic treatment of gravitation in three dimensio
However, it is far beyond our scope to treat them all at on
Thus we choose to employ a realistic EOS and treat
©2004 The American Physical Society04-1
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microphysics in a simplified manner in the Newtonian gra
ity assuming axial symmetry. Recent stellar evolution stud
show that the toroidal magnetic-field components may
stronger than the poloidal ones prior to the collapse@13,14#.
We systematically change the strength of rotation and to
dal magnetic fields in a parametric way. By so doing,
hope to understand the effect of toroidal magnetic fields
the waveforms and the amplitudes of the gravitational w
both in the weak magnetic field (;1012 G) regime and in the
strong magnetic field (;1015 G) regime at the formation o
a protoneutron star. The latter case may be associated
the formation of the so-called magnetars@15#, such as
anomalous x-ray pulsars and soft gamma-ray repea
@16,17#. Although the number of the magnetars is mu
smaller in comparison with the canonical pulsars, the gra
tational wave from such objects should be investigated.

Furthermore, we investigate the effects of realistic EO
on the gravitational signals. Needless to say, EOS is an
portant microphysical ingredient for determining the dyna
ics of core collapse, and eventually, the gravitational wa
amplitude. As a realistic EOS, the Lattimer-Swesty EOS@18#
has been used in recent simulations discussing gravitati
radiation from rotational core collapse@11,12#. It has been
difficult to investigate the effects of the EOS’s on the gra
tational signals because available EOS’s based on diffe
nuclear models are limited~see, however, Refs.@19–22#!.
Recently, a new complete EOS for supernova simulati
has become available@23–25#. The EOS is based on th
relativistic mean-field~RMF! theory with a Thomas-Ferm
approach. By implementing these realistic EOS’s into
magnetohydrodynamic simulations, we first investigate
effects of the realistic EOS’s on the gravitational wave s
nals.

We describe the numerical models in the next section
the third section, we show the numerical results. A conc
sion is given in the last section.

II. MODELS AND NUMERICAL METHODS

A. Initial models

Recently, Hegeret al. @13# performed the stellar evolution
calculations, in which rotation and magnetic fields are tak
into account. Remembering the caveats that their calc
tions are based on the one-dimensional models with un
tainties and not the final answer probably, they pointed
that the toroidal components of the magnetic fields are st
ger than the poloidal ones at the presupernova stage.
because the differential rotation amplifies the toroidal co
ponents by a convective stellar dynamo during the qu
static stellar evolution~e.g., Refs.@14,26#!. To our knowl-
edge, most of the past magnetohydrodynamic~MHD!
simulations for investigating the dynamics of core collap
supernovae chose the poloidal magnetic fields as the in
conditions. This situation motivates us to take the initial co
ditions, in which the toroidal components are dominant o
the poloidal ones. Since Hegeret al. @13# calculated only a
small set of models so far, we prefer a parametric appro
to construct the initial conditions in this paper.
12400
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We assume the following two rotation laws. In additio
we prepare the toroidal magnetic fields to yield the sa
profile as the rotation.

~i! Shell-type rotation:

V~r !5V03
R0

2

r 21R0
2

, ~1!

Bf~r !5B03
R0

2

r 21R0
2

, ~2!

whereV(r ) is angular velocity,Bf(r ) is toroidal component
of the magnetic fields,r is the radius, andV0 ,R0 are model
constants.

~ii ! Cylindrical rotation:

V~X,Z!5V03
X0

2

X21X0
2
•

Z0
4

Z41Z0
4

, ~3!

Bf~X,Z!5B03
X0

2

X21X0
2
•

Z0
4

Z41Z0
4

, ~4!

whereX andZ denote distances from the rotational axis a
the equatorial plane, andX0 ,Z0 are model constants. Th
other parameters have the same meanings as above.

We have computed 14 models changing the combina
of the total angular momentum, the rotation law, the deg
of differential rotation, the total magnetic energy, and t
equation of state. The model parameters are presente
Table I. The models are named after this combination, w
the first letter, S~slow!, M ~moderate!, R ~rapid! representing
the initial T/uWu, the second letter S~shell-type!, C ~cylin-
drical!, denoting the rotation laws, the third letter, L~long!, S
~short!, indicating the values ofR0 ,Z0, which represent the
degree of differential rotation, and the fourth letter, 7;0.3,
indicating the value ofEm/uWu. It is noted that the ratio of
magnetic and rotational energies to gravitational energy
designated asEm/uWu and T/uWu, respectively. We have
chosen ;1023,0.5,1.5 % for the initial T/uWu and
;1027,1024,1022,1021,1020.3(;0.5)% for the initial
Em/uWu. The initial poloidal components of magnetic field
are assumed to be uniform and parallel to the rotation a
whose value is taken to be about four orders of magnit
lower than the toroidal components in accordance with
results by Hegeret al. @13#. We employ the Lattimer-Swesty
EOS in model MSL4-LS, on the other hand, the relativis
EOS in the rest of the models. We have made precolla
models by taking a density, internal energy, electron fract
distributions from the spherically symmetric 15M ( model
by Woosley and Weaver@27# and adding the angular momen
tum and the magnetic field according to the prescript
stated above.

Hegeret al. @13# pointed out that the iron core may rota
more slowly with the magnetic fields than without. It is b
cause the magnetic braking reduces the angular momen
of the core during the quasistatic stellar evolution. Mod
SSL7 corresponds to the magnetorotational progenitor
4-2
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TABLE I. The model parameters.

Model T/uWu(%) Em /uWu(%) Rotation law R0 , X0 , Z03108 ~cm! V0(s21) B0(G)

SSL7 3.231023 9.731028 Shell-type R051 0.1 5.03109

MSL4 5.031021 1024 Shell-type R051 4.0 1.631011

MSL2 5.031021 1022 Shell-type R051 4.0 1.631012

MSL1 5.031021 1021 Shell-type R051 4.0 5.031012

MSS4 5.031021 1024 Shell-type R050.1 63.4 3.531012

MSS2 5.031021 1022 Shell-type R050.1 63.4 3.531013

MSS1 5.031021 1021 Shell-type R050.1 63.4 1.131014

MCS4 5.031021 1024 Cylindrical X050.1,Z051 44.4 1.531012

MCS2 5.031021 1022 Cylindrical X050.1,Z051 44.4 1.531013

MCS1 5.031021 1021 Cylindrical X050.1,Z051 44.4 4.831013

MCS0.3 5.031021 1020.3;0.5 Cylindrical X050.1,Z051 44.4 1.031014

RCS1 1.5 1021 Cylindrical X050.1,Z051 76.8 4.831013

RCS0.3 1.5 1020.3;0.5 Cylindrical X050.1,Z051 76.8 1.031014

MSL4-LS 5.031021 1024 Shell-type R051 4.0 1.631011
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them. We note that the models with the strongest magn
fields are probably unrealistic as suggested from the res
by Hegeret al. @13#. However, we prepared these models
order to cover the wide range of the field strength and to
the effects of the magnetic fields on the gravitational wa
signals clearly.

B. Magnetohydrodynamics

The numerical method for MHD computations employ
in this paper is based on the ZEUS-2D code@28#. The basic
evolution equations are written as follows:

dr

dt
1r¹•v50, ~5!

r
dv
dt

52¹P2r¹F1
1

4p
~¹3B!3B, ~6!

r

dS e

r D
dt

52P¹•v, ~7!

]B

]t
5¹3~v3B!, ~8!

DF54pGr, ~9!

where r,v,e,P,B,F are density, velocity, internal energ
pressure, magnetic field, gravitational potential, respectiv
We denote the Lagrangian derivative asd/dt. The ZEUS-2D
is a Eulerian code based on the finite-difference method
employs an artificial viscosity of von Neumann and Ric
myer to capture shocks. The time evolution of magnetic fi
is solved by the induction equation~8!. In so doing, the code
utilizes the so-called constrained transport~CT! method,
which ensures the divergence free (¹•B50) of the numeri-
cally evolved magnetic fields at all times. Furthermore,
12400
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method of characteristics~MOC! is implemented to propa
gate accurately all modes of MHD waves. The self-gravity
managed by solving the Poisson equation with the inco
plete Cholesky decomposition conjugate gradient method
all the computations, spherical coordinates are used and
quadrant of the meridian section is covered with 300(r )
350(u) mesh points. We made several major changes to
base code to include the microphysics. First, we added
equation for the electron fraction to treat electron captu
and neutrino transport by the so-called leakage scheme@29–
32#. The calculation of electron fraction is done separat
from the main hydrodynamic step in an operator-splitti
manner. Second, we implemented a relativistic EOS@23# or
Lattimer-Swesty EOS@18# instead of the ideal gas EOS a
sumed in the original code. For a more detailed descript
of the methods, see Kotakeet al. @33#.

C. Gravitational wave signal from the magnetized stellar cores

Applying the methods of Refs.@2,3,34#, we derive the
quadrupole formula in order to compute the gravitation
waveforms from the magnetized stellar cores. The dim
sionless gravitational wave amplitudehmn[gmn2hmn can
be calculated by the quadrupole formula as follows:

hi j
TT~R!5

2G

c4

1

R

d2

dt2
I i j

TTS t2
R

c D , ~10!

wherei , j run from 1 to 3,t is the time,R is the distance from
the source to the observer, the superscript ‘‘TT’’ means to
take the transverse traceless part, andI i j is the reduced quad
rupole defined as

I i j 5E r* ~x,t !S xixj2
1

3
x2d i j Dd3x, ~11!

wherer* represents the total energy density including t
contribution from the magnetic field,
4-3
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r* 5r1
B2

8pc2
. ~12!

Expanding the right-hand side of Eq.~10! in terms of the
pure-spin tensor harmonics assuming axial symmetry sh
that there is one nonvanishing quadrupole term, namelyA20

E2 .
Then one derives for the component ofhTT the following
formula:

huu
TT5

1

8 S 15

p D 1/2

sin2a
A20

E2

R
, ~13!

wherea is the angle between the symmetry axis and the
of the sight of the observer. HereA20

E2 is defined by the sec
ond time derivative of the mass quadrupole formula:

A20
E25

d2

dt2
M20

E2 , ~14!

where the mass quadrupole formula is given as

M20
E25

G

c4

32p3/2

A15
E

0

1

dmE
0

`

drr* S 3

2
m22

1

2D r 4, ~15!

wherem5cosu. By a straightforward, however, tedious, ca
culation to replace the time derivatives by the spatial deri
tives applying the continuity equation~5!, the equation of
motion ~6!, and the induction equation~8! noting the
divergence-free constraint (¹•B50), A20

E2 can be trans-
formed into the following form:

A20
E2[A20

E2
, quad1A20

E2
,Mag, ~16!

whereA20
E2

, quad is the contribution from the matter:

A20
E2

,quad5
G

c4

32p3/2

A15
S E

0

1

dmE
0

`

r 2drr@v r
2~3m221!1vu

2~2

23m2!2vf
2 26v rvumA12m22r ] rF~3m221!

13]uFmA12m2#1E
0

1

dmE
0

`

r 3dr@qr~3m221!

23qumA12m2# D , ~17!

A20
E2

Mag[A20
E2

j 3B1A20
E2

rm
is the contribution from the mag

netic field:

A20
E2

j 3B5
G

c4

32p3/2

A15
E

0

1

dmE
0

`

r 3drS ~3m221!
1

c
~ j3B!r

23mA12m2
1

c
~ j3B!uD , ~18!
12400
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A20
E2

rm
5

G

c4

32p3/2

A15
E

0

1

dmE
0

`

dr
1

8pc

d

dt S ]

]u
@Brr

3~3m221!#

3Ef2
]

]r
@Bur 3~3m221!#

3rEf1
]

]r
@Bfr 3~3m221!#

3rEu2
1

sinu

]

]u
@Bfsinur 3~3m221!#Er D . ~19!

A20
E2

j 3B ,A20
E2

rm
represent the contribution from thej 3B part

and from the time derivatives of the energy density of el
tromagnetic fields, respectively. We take the first time deri
tive of the magnetic fields, because this is the leading or
and the numerical treatments of the second time derivat
are formidable. Here, we write the gravitational amplitude
follows for later convenience:

hTT5hquad
TT 1hj 3B

TT 1hrm

TT , ~20!

where the quantities of the right hand of the equation
defined by Eqs.~13!, ~17!, ~18!, and~19!. It is noted that we
take into account the terms related to the artificial viscos
@see Eq.~17!, e.g., Ref.@2##. As mentioned, we employ an
artificial viscosity of von Neumann and Richtmyer. The co
crete form ofqi is

qi5¹i@ l 2r~¹•v !2#, ~21!

where i 5r ,u with l defining the dissipation length. In th
following computations, we assume that the observer is
cated in the equatorial plane since the gravitational w
radiates most in the plane@a5p/2 in Eq. ~13!#, and that the
source is assumed to be located at our galactic centeR
510 kpc).

III. NUMERICAL RESULTS

A. Effects of the magnetic fields

We will first show the effect of the magnetic fields on th
amplitude of the gravitational wave. For later convenien
the values of several important quantities are summarize
Tables II and III. We find that the amplitude is affected in t
strongly magnetized models whose initialEm/uWu is greater
than 0.1%. It is natural because the amplitude contribu
from the magnetic fields should be an order ofRmag in com-
parison with the mass quadrupole moment component@see
Eq. ~12!#, where

Rmag5

Bc
2

8pc2

rc
;10%S Bc

several31017 G
D 2S rc

1013 g cm23D 21

,

~22!

with Bc ,rc being the central magnetic field and the cent
density. Thus strongly magnetized models, whose cen
4-4
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TABLE II. Summary of important quantities for all models.tb is the time of bounce,rmax b is the
maximum density at bounce,M i.c b is the mass of inner core at bounce,T/uWufinal ,Em /uWufinal is the final ratio
of rotational and magnetic energies to the gravitational energy of the core, respectively.Dt is the duration
time full width at half maximum of the first burst, anduhTTumax is the maximum amplitude, including th
contributions from the electromagnetic fields. Note that we speak of the inner core, where the matt
subsonically, which corresponds to the unshocked region after core bounce.

Model tb rmax b M i.c b T/uWufinal Em /uWufinal Dt uhTTumax

~ms! (1014 g cm23) (M () ~%! ~%! ~ms! (10220)

SSL7 214.6 2.97 0.61 1.031022 3.531028 0.75 3.531023

MSL4 242.8 2.61 0.83 8.7 4.331025 0.74 1.66
MSL2 242.9 2.66 0.83 8.6 4.231023 0.73 1.66
MSL1 242.7 2.65 0.83 8.6 3.931022 0.73 1.65
MSS4 241.8 1.72 0.87 9.0 2.931024 0.58 1.78
MSS2 242.0 1.71 0.87 9.0 2.931022 0.58 1.80
MSS1 242.1 2.10 0.87 9.1 2.431021 0.58 1.87
MCS4 245.1 1.45 0.91 9.9 3.031024 0.53 2.54
MCS2 244.1 1.55 0.91 10.0 2.731022 0.53 2.58
MCS1 244.2 1.88 0.91 10.1 1.831021 0.53 2.63
MCS0.3 245.3 2.25 0.91 10.0 5.831021 0.53 2.34
RCS1 302.2 0.17 1.11 12.2 3.131021 2.03 0.90
RCS0.3 320.5 0.84 1.14 12.2 8.031021 1.76 1.14

MSL4-LS 215.4 3.20 0.69 8.2 3.431025 0.63 1.62
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magnetic fields at the core bounce become as high
;1017 G, can affect the amplitude. As for the waveform
we find that the contribution from thej 3B part dominates
over the one from the time derivatives of the energy den
of the electromagnetic fields~see the left panel of Fig. 1!.
Furthermore, it is found that thej 3B part changes at the
opposite phase of the matter quadrupole components~see the
right panel of Fig. 1!. As a result, the negative parts of th
amplitudes become less negative, while the positive p
become more positive. This lowers the peak amplitude
core bounce by an order of 10%~see Table III!. If the initial
strength of the magnetic field is the same, the effect of
magnetic fields on the amplitude becomes more promin
for the fast rotation models~compare the values of the rati
of MCS1 with RCS1, and MCS0.3 with RCS0.3 in Tab
III !. This is because the central density at the core bounc
lowered by the faster rotation@see Table II and Eq.~22!#.

For the models, whose initialEm/uWu ’s are less than
0.1%, the maximum amplitude is found to be determined

TABLE III. Effects of the strong magnetic fields on the max
mum amplitudes. Note that all the values of the amplitudes of
gravitational wave are given in units of 10220 in this table.

Model hquad
TT hj 3B

TT hrm

TT uhj 3B
TT /hquad

TT u(%)

MSL1 21.65 2.4031022 28.5631024 1.5
MSS1 22.16 2.9531021 21.0431023 13.8
MCS1 22.69 6.4631022 21.0131023 2.4
MCS0.3 22.55 2.1331021 24.6331023 8.3
RCS1 21.01 1.1131021 22.4531023 10.9
RCS0.3 21.53 3.8331021 21.9231023 25.0
12400
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rotation as seen from Table II. We compare the wavefor
for the MSL4 model~left panel! and the MCS4 model~right
panel! in Fig. 2. If we follow the commonly used categorie
of the waveforms@2,4#, the left panel shows type-I behavio
~relatively shorter intervals of the spikes! and the right panel
type-II behavior~longer intervals of the spikes!. What deter-
mines the difference is the initial rotation rate and degree
differential rotation. It is found that type II occurs for th
models with the strong differential rotation with a cylindric
rotation law as in the pure rotation case by Kotakeet al. @35#
and Ottet al. @11#. Furthermore, the sign of the values of th
second peaks is found to be negative for the strongly dif
entially rotating models with a cylindrical rotation law, an
positive for the other models~see Table IV!. Note that by the
‘‘second peak’’ we mean where the absolute amplitude
second largest. Due to thej 3B part, the second peaks wit
the positive values become more positive, while those w
the negative values become generally less negative~see
Table IV!.

B. Effects of the equation of states

We compare the MSL4 model with the MSL4-LS mod
in this section. We repeat that these models differ from
employed EOS’s. Other than this, any conditions, such
rotation, magnetic field, and the employed microphysics,
the same. Therefore the differences in the following pur
reflect the influences of the employed EOS’s. The most
portant difference of the two EOS’s is the stiffness of t
EOS’s at nuclear matter density. In fact, the value of
incompressibility of the relativistic EOS (K5281 MeV) is
larger than that of the Lattimer-Swesty EOS (K
5180 MeV). This means that the Lattimer-Swesty EOS

e

4-5
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FIG. 1. ~Color! Waveforms for models MSL1~left panel! and RCS1~right panel!. In the left panel, ‘‘quad,’’ ‘‘j 3B, ’’ and ‘‘rhom’’ ( rm)
represent the contribution from the mass quadrupole moment, thej 3B part, and the time derivatives of the magnetic energy densityrm

part!, respectively. The amplitudes are artificially multiplied by 101 for the j 3B part and 53103 for the rm part to make their waveforms
clear. From the panel, thej 3B part is found to dominate over therm part. In the right panel, ‘‘tot’’ indicates the amplitude including the to
contributions. From the panel, it is found that thej 3B part changes at the opposite phase of the mass quadrupole moment. Note t
source is assumed to be located at the distance of 10 kpc.
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softer than the relativistic EOS. We note that there are th
choices with different values (K5180, 220, 375 MeV! in the
Lattimer-Swesty EOS. We take the softest one in this ca
lation. This is because the value has been often employe
core collapse supernova studies.

A core bounce occurs when the central density reache
peak of 3.231014 g cm23 and 2.631014 g cm23 at tb5215
and 243 ms for the MSL4-LS and MSL4 models, resp
tively. The earlier core bounce with the higher central dens
for the MSL4-LS model is due to the softness of the EO
The softness of the Lattimer-Swesty EOS can be seen f
Fig. 3. The soft EOS results in the smaller inner core
M ic50.69M ( more than that ofM ic50.83M ( by the rela-
tivistic EOS ~see Table II!. This result can be understood a
follows. The mass of the inner core at the core bounce
proportional to the square of the lepton fractionYl . The
electron capture with the neutrino emission proceeds fur
for the soft EOS because the core can contract more c
pactly. As a result, the lepton fraction at the core boun
12400
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becomes smaller, which results in the smaller mass of
inner core.

In the left panel of Fig. 4, the gravitational waveforms f
the models are presented. Shorter burst intervals for
MSL4-LS model are also due to the softness of the EOS.
duration of the bursts are related to the typical dynami
time scaletdyn;1/AGrc, where rc is the central density.
Since the values ofrc at the core bounce and the subsequ
oscillations are larger for the soft EOS~see the right panel o
Fig. 4!, the intervals of the burst become short. Although t
collapse dynamics is changed by the differences of
EOS’s, it is found that the values of the maximum amp
tudes for the two models do not differ significantly~see
Table II!. This can be understood as follows. The amplitu
of a gravitational wave is roughly proportional to the inver
square of the typical dynamical time scale@see Eq.~10!#.
Since tdyn is proportional to the inverse root of the centr
density, the amplitude becomes larger for the soft EOS
this factor. On the other hand, the amplitude is proportio
ance
FIG. 2. Waveforms for models MSL4~left panel! and MCS4~right panel!. Note that the source is assumed to be located at the dist
of 10 kpc.
4-6



h
e

s
ti

th
ur

st

se
n-
ion

ces

ng
ak

e or-
ime
le

es
ts are
ide
se

nal
the
he
ns

in

en
is
ve
ced
us

es

for
the
al

he
ith

. As
O
lute
etic
e
ill

he
, if
ita-
n

m
i

t-
he
l

tiv
S
ro
the
re

GRAVITATIONAL RADIATION FROM ROTATIONA L . . . PHYSICAL REVIEW D 69, 124004 ~2004!
to the value of the quadrupole moment, which becomes
turn small for the soft EOS due to the smaller inner core. T
maximum amplitude is determined by the competition b
tween these factors. As a result, the amplitude become
most the same for the Lattimer-Swesty EOS and the rela
istic EOS.

In our calculations, we note that there are no models
correspond to the so-called type-III waveform, which occ
only when an EOS is very soft before the core bounce@4#.
This is because the relativistic EOS and Lattimer-Swe
EOS is not so soft in the corresponding regime.

TABLE IV. Some characteristic quantities for the wave-for
analysis. The names of the models whose initial rotation law
cylindrical with strong differential rotation are written in bold le
ters.Tosc

I andTosc
II are the first and second oscillation periods of t

inner core, respectively.hsecond
TT is the amplitude of the gravitationa

wave at the second peak.

Model Tosc
I Tosc

II hsecond
TT

@ms# @ms# @10220#

MSL4 1.9 1.3 0.93
MSL2 1.9 1.1 0.93
MSL1 2.0 1.2 1.02
MSS4 2.4 2.8 0.87
MSS2 2.5 2.7 0.88
MSS1 2.5 2.8 1.03
MCS4 3.1 2.7 20.62
MCS2 3.1 2.7 20.61
MCS1 3.1 2.7 20.63
MCS0.3 3.2 2.7 20.57
RCS1 11.2 9.1 20.47
RCS0.3 11.4 9.2 20.53

MSL4-LS 1.5 1.1 1.00

FIG. 3. Relation between the central density and the effec
adiabatic indexg at the near core bounce. Relativistic EOS, L
EOS in the figure represents the relation taken from the values f
the MSL4 and MSL4-LS models, respectively. The swirls at
density of;1014.4 g cm23 are due to the reexpansion of the co
after the core bounce.
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C. Gravitational wave properties in the weakly magnetized
and slowly rotating model

We show the properties of the waveform with collap
dynamics in the SSL7 model. It is noted that the initial co
dition for the model is based on the recent stellar evolut
calculation@13#. We repeat that the initialT/uWu andEm/uWu
are much smaller than the other models. The model boun
at t5215 msec at a central density of 3.031014 g cm23. It
occurs not by rotation or magnetic fields but by the stiffeni
of the equation of state. After the core bounce, very we
signals are lasting~see Fig. 5!. The gravitational amplitudes
from the bounce and later reexpansion phases are thre
ders of magnitude smaller than the other models. The t
scale of the spikes (;msec) is determined by the small sca
nonradial motions behind the shock wave.

D. Maximum amplitude and second peak

In Fig. 6, the absolute values of the maximum amplitud
and second peaks are presented. Note that the data poin
confined to small regions although we explore the w
range of the initial magnetic-field strength. This is becau
the magnetic fields lower the peak amplitudes by;10% but
do not change the typical frequencies of the gravitatio
waves significantly. Thus the maximum amplitudes and
typical frequencies are mainly determined by rotation. T
maximum amplitudes are mainly clustered in the two regio
~see the open squares in Fig. 6!. One is around;100 Hz for
the models whose names begin with ‘‘R’’~rapidly rotating
models! and another is around from;300 to ;500 Hz for
the models whose names begin with ‘‘M’’~moderately rotat-
ing models!. The values of the maximum amplitudes are
the range of 3.5310223<hTT<2.6310220. The smallest
value is from the SSL7 model, whose initial model is tak
from the recent stellar evolution calculation. If the model
correct, it should be difficult to detect the gravitational wa
even for the next generation detectors such as advan
LIGO and LCGT unless a supernova occurs very close to
~see Fig. 6!. When we compare the maximum amplitud
from the MSL4 model~relativistic EOS! with that from the
MSL4-LS model@Lattimer-Swesty~LS! EOS#, no significant
differences are found, except that the typical frequency
LS EOS becomes slightly higher due to the softness of
EOS ~see Fig. 6!. Therefore the features of the gravitation
wave are almost independent of the realistic EOS’s.

As pointed out earlier, we found that the signs of t
values of the second peaks are negative for models w
strongly differential rotation with a cylindrical rotation law
and positive for the others~see Table III!. The absolute am-
plitudes of the second peak are also presented in Fig. 6
shown, they are within the detection limit of the first LIG
for a source at a distance of 10 kpc, although the abso
values of the negative values are reduced by the magn
fields. In addition, it is quite likely that the detectors in th
next generation, such as advanced LIGO and LCGT, w
detect the difference. We will obtain information about t
angular momentum distribution of evolved massive stars
we can detect the differences by observations of the grav
tional wave. However, it seems difficult to get informatio
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FIG. 4. Waveforms~left panel! and the time evolution of the central density~right panel! for models MSL4~left panel! and MSL4-LS
~right panel!. All times are relative to the time of bounce (tb) in this figure. Note that the source is assumed to be located at the distan
10 kpc.
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about the distributions of the magnetic fields only by t
gravitational wave from the magnetorotational core collap
We note that the effects of the magnetic fields on the sign
may become important after the formation of the stron
magnetized star. As pointed out in Refs.@40,41#, the gravita-
tional waves, which are detectable for interferometers s
as LIGO, may be emitted by the global rearrangement of
strongly magnetic fields (B.1016G) in the core.

IV. CONCLUSION

We have done a series of two-dimensional magnetohy
dynamic simulations of the rotational collapse of a sup
nova core and calculated gravitational waveforms. We h
modified the conventional quadrupole formula in order
include the contributions from the electromagnetic fiel
Recent stellar evolution calculations imply that the magne
field of the toroidal component is much stronger than tha
the poloidal ones at the presupernova stage. In this study
systematically investigate the effects of the toroidal magn

FIG. 5. Waveform for the SSL7 model, which is based on
recent stellar evolution calculation. The amplitudes are about th
orders of magnitude smaller than the other models. Note that
source is assumed to be located at the distance of 10 kpc.
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fields on the gravitational waveforms. We have employed
two kinds of realistic equations of state, which are often us
in supernova simulations. By so doing, we have investiga
the effects of the equations of state on the gravitational
nals. As for the microphysics, we took into account electr
capture and neutrino transport in an approximate method.
found the following.

~i! Effects of the magnetic field on the amplitude and t
waveform of the gravitational waves appear for the stron
magnetized models, whose initialEm/uWu ’s are greater than
0.1%. As for the contributions from the magnetic field, t

e
e

FIG. 6. Detection limits of TAMA@36#, first LIGO @37#, ad-
vanced LIGO@38#, and large-scale cryogenic gravitational wa
telescope~LCGT! @39# with the expected amplitudes from numer
cal simulations. The open squares represent the maximum am
tudes for all the models, except for models MSL4~closed triangle!
and MSL4-LS~closed circle!. On the other hand, the pluses and t
closed squares represent the amplitudes of second peaks for m
with strong differential rotation with a cylindrical rotation law an
for the other models, respectively. The open triangle represents
maximum amplitude for the SSL7 model. We estimate the cha
teristic frequencies by the inverse of duration periods of the co
sponding peaks. Note that the source is assumed to be located
distance of 10 kpc.
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GRAVITATIONAL RADIATION FROM ROTATIONA L . . . PHYSICAL REVIEW D 69, 124004 ~2004!
j 3B part is found to dominate over the time derivatives
the magnetic energy. Since thej 3B part changes with the
opposite phase in comparison with the mass quadrupole
ment components, the maximum amplitudes are lowered
an order of 10% for the strongly magnetized models. Ho
ever, the maximum amplitudes are mostly within the det
tion limits of the detectors of TAMA and first LIGO if a
source is located at a distance of 10 kpc.

~ii ! The maximum amplitudes do not change significan
if we employ the two realistic equations of state commo
used in the supernova simulations. Since the Lattim
Swesty EOS is softer than the relativistic EOS, the mas
the inner core for the Lattimer-Swesty EOS becomes sm
which reduces the mass quadrupole moments at core bou
On the other hand, the softness allows the core to cont
deeply, which makes the central density larger at the c
bounce. By the competition of these factors, the maxim
amplitude remains almost the same between the two rea
EOS’s. We note the difference that the typical frequencies
the gravitational waves for the Lattimer-Swesty EOS beco
higher due to the softness of the EOS. These effects of
EOS’s on the gravitational waves are found to be indep
dent of those of the magnetic fields, since the strong m
netic fields change the maximum amplitudes and do
change the typical frequencies of the gravitational waves

~iii ! For the weakly magnetized models, whose init
Em/uWu ’s are smaller than 0.1%, the gravitational wave a
plitude and the waveform are determined by rotation as
the pure rotation case@35#. The waveforms are categorize
into the conventional criteria@4#. The maximum amplitudes
are within the detection limits for the detectors of TAMA an
the first LIGO for a supernova at a distance of 10 kpc. Fr
the model based on the recent stellar evolution calculatio
seems difficult to detect the gravitational wave unless a
pernova occurs very close to us. Type III does not occu
the two realistic EOS’s are employed.

~iv! The signs of the values of the second peaks are fo
to be negative for the strongly differentially rotating mode
with a cylindrical rotation law, and positive for the othe
models. Due to thej 3B part of the electromagnetic contr
butions, the positive values of the second peak become m
positive, while the negative values become less nega
However, the absolute values of the second peaks are w
the detection limit of the first LIGO for a supernova at
distance of 10 kpc. It means that it will give us informatio
about the angular momentum distribution of a mass
evolved star if a supernova occurs at our galactic center.
the other hand, it seems difficult to extract the informati
about the magnetic field only by the gravitational wave fro
a magnetorotational collapse of a supernova. By the lac
the significant features by the magnetic fields in the grav
tional signals in addition to those by rotation, a weak up
limit of the initial magnetic-field strength of;1014 G in the
central core prior to gravitational collapse may be set.

Finally, we state some discussions based on the resul
this study. In all the models, the final rotation rates are wit
the critical value where Maclourion spheroids become se
larly unstable against triaxial perturbations (T/uWufinal
,13.75%). Therefore the axial symmetry assumed in
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study may be justified. It is also noted that Ramppet al. @5#,
who performed the three-dimensional~3D! rotational core-
collapse simulations, suggest that the features of the gra
tional signals do not differ significantly from those by th
two-dimensional simulations. However, it is necessary
perform the 3D simulations for the more realistic estimati
of the gravitational wave signals. As for the magnetic-fie
contributions, the entanglement of the field lines in the a
muthal direction may suppress the gravitational radiation
a given rotation rate. Furthermore, it is noted that the n
axisymmetric motions of the matter produce the cross mo
of the gravitational waves, which vanish in the case of ax
symmetry@43,44#. From the recent results by Fryer and Wa
ren @44#, who did 3D rotational core-collapse simulation
the maximum amplitude of the cross modes was presente
be;10222 at several 100 Hz for a supernova in our galac
center. Although this value is smaller than that of the p
modes, the value seems to be within the detection limits
the gravitational wave detectors in the next generation, s
as advanced LIGO and LCGT. If the characteristics of
waveforms between the plus and cross modes are dete
we think that it may be a good tool to extract information n
only about rotation but also about magnetic fields in t
evolved massive star. In order to investigate this, we
currently preparing for the 3D MHD simulations~H. Sawai
et al. @57#!.

Recent observations imply that gamma-ray bur
~GRB’s! are associated with core-collapse superno
@45,46#. Although the failed supernova or the so-called c
lapsar model are supposed to be probable@47,48#, it is still
controversial what powers GRB’s. As the energy source
fireballs, the energy deposition by neutrinos emitted from
accretion disk or by the MHD process which extracts t
angular momentum of the rotating black hole are conside
to be important. MacFadyenet al. @49# reported that matter
with the mass of;0.1–5M ( falls into the central black hole
during minutes to hours, which suggests the duration for
activity of GRB’s. It is noted that no magnetic fields a
considered in their calculations. When we boldly extrapol
the central magnetic fields in our strongest magnetized m
els, which become as high as;1017 G in the central region,
to the model of GRB’s, it may not seem so unnatural
imagine the infall of the strongly magnetized material in
the black hole. If the magnetized matter falls into the bla
hole anisotropically, we expect the emission of the grav
tional waves. In order to calculate the amplitudes, the f
mula, which we derived in this paper, will be useful. Here
should be noted that the fully general relativistic magneto
drodynamic simulations with the multidimensional neutri
transport are required for the reliable estimation to determ
the masses of the black hole and the accretion disk. Th
fore further advancements in the numerical simulations
necessary for the quantitative discussions.

Recently, one group claims the detection of linear pol
ization of ;80% in a GRB@50#, however, the other group
claims that the polarization is less than;4% @51#. The dis-
crepancy may come from the difference in the way of d
analysis. If the former is correct, it may seem consistent w
our results, which predict rather coherent magnetic fields
4-9
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the vicinity of the central core.
As stated earlier, Mu¨ller et al. @12# recently reported tha

the maximum amplitude is not obtained at the core bou
but at the later phases when the anisotropic neutrino ra
tion becomes active~see, also, Refs.@42,43#!. If the degree
of the anisotropy of neutrino radiation could be observ
from the gravitational radiation, it will help to understand t
explosion mechanism itself. This is because anisotropic n
trino radiation induced by rotation is likely to produce a
asymmetric explosion@33,44,52# as suggested by the obse
vation of SN 1987 A@53–56#. Unfortunately, this is beyond
our scope now to estimate the effects of anisotropic neut
radiation on the gravitational signals by our crude treatm
of the neutrino transport. For the purpose, we are now de
oping a two-dimensional neutrino transport code, which
J.
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oc
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cl.
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indispensable for the estimation of the gravitational wa
from the anisotropic neutrino radiation.
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