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Reconstructing the dark energy equation of state with varying alpha

N. J. Nunes and James E. Lidsey
Astronomy Unit, School of Mathematical Sciences, Queen Mary, University of London,

Mile End Road, London E1 4NS, United Kingdom
~Received 4 November 2003; published 11 June 2004!

The possibility of reconstructing the dark energy equation of state from variations in the fine structure
constant is investigated for a class of models where the quintessence field is nonminimally coupled to the
electromagnetic field. For given classes of couplings and quintessence interaction potentials, it is typically
found that variations in alpha would need to be measured to within an accuracy of at least 531027 to obtain
a reconstructed equation of state with less than a twenty percent deviation from the true equation of state
between redshifts 0 and 3. In this case, it is argued that the sign of the first derivative of the equation of state
can be uncovered from the reconstruction, thus providing unique information on how the Universe developed
into its present dark energy dominated phase independent of high redshift surveys. Such information would
complement future observations anticipated from the Supernova Acceleration Probe.
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I. INTRODUCTION

Some recent observations of a number of quasar abs
tion lines indicate that the fine structure constant,a
[e2/\c, was smaller than its present value byDa/a
521025 at redshifts in the rangez;1 –3 @1,2#. ~See, how-
ever, Refs.@3,4# for an independent analysis that does n
support such a large variation ina.! Since this redshift range
coincides with the epoch when the Universe underwen
transition from matter domination to dark energy dominat
@5,6#, it is of interest to consider the possibility that th
change in the effective fine structure constant arises a
direct result of a non-trivial gauge coupling between the d
energy and the electromagnetic field strength@7–19# ~see
also @20–28#!.

In this paper we consider classes of models where
dark energy in the Universe is identified as a slowly varyin
self-interacting, neutral scalar ‘‘quintessence’’ field@29–33#
~see also the reviews@34,35#! that is minimally coupled to
Einstein gravity but non-minimally coupled to the electr
magnetic field. The action is given by

S52
1

2k2E d4xA2gR1E d4xA2g~Lf1LM1LfF!,

~1!

whereR is the Ricci curvature scalar of the metricgmn , g
[detgmn , k2[8pmP

22 andmP is the Planck mass. The La
grangian density for the quintessence field is

Lf5
1

2
]mf]mf2V~f!, ~2!

where V(f) is the self-interaction potential of the scal
field, f. The interaction term between the scalar field and
electromagnetic field is determined by

LfF52
1

4
BF~f!FmnFmn, ~3!
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whereFmn is the electromagnetic field strength andBF(f)
represents the gauge kinetic function that parametrizes
coupling between the scalar and vector degrees of freed
LM represents the Lagrangian density for the ordinary ma
fields and we assume this sector to be dominated by a b
tropic pressureless fluid.

The action~1! is characterized in terms of two undete
mined functions—the gauge kinetic function and the se
interaction potential. In general, these would be determi
by the nature of the underlying particle physics theory. F
example, a generic exponential coupling of the type given
Eq. ~3! was introduced by Bekenstein@36#. Exponential cou-
plings between form fields and scalar fields also arise gen
cally in compactifications of string or M theory to four d
mensions, where the scalar field parametrizes the volum
the extra dimensions.~See, e.g., Ref.@37# for a recent review
on the theoretical motivation of varying fundamental co
stants.!

The gauge kinetic function specifies the value of the
fective fine structure constant such thata5a0 /BF(f),
where a subscript ‘‘0’’ denotes the present-day value. T
potential of the field is related to the dark energy equation
state,wf[pf /rf , where pf5ḟ2/22V(f) represents the
pressure of the field,rf5ḟ2/21V(f) is the energy density
and an overdot denotes differentiation with respect to cos
time.

A number of different approaches may be adopted wh
fitting models of the form~1! to the data. In principle, the
functions $V(f),BF(f)% would be determined within the
context of a unified theory of the fundamental interactio
such as string or M theory. In this case, a direct appro
would be to determine the region of parameter space con
tent with observations once these two functions have b
specified. This approach was effectively followed recently
Parkinson, Bassett and Barrow@15#, who calculated the bes
fit parameters of a model for which the exact form of t
gauge kinetic function and the dark energy equation of s
were assumeda priori.

We adopt an alternative approach in the present work
considering whether the quintessence potential or the ga
©2004 The American Physical Society11-1
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kinetic function can bereconstructeddirectly from observa-
tional data involving variations in the fine structure const
and the dark energy equation of state. For a givenw(z) and
Da/a[(a2a0)/a0, there always exists aBF(f) that
would fit the data. Thus, a sufficiently accurate empiri
determination of the equation of state, together with the e
lution of a, would allow the gauge kinetic function to b
reconstructed.

On the other hand, if the gauge kinetic function alone
specifieda priori ~through either theoretical or phenomen
logical considerations!, w(z) and Da/a may no longer be
viewed as independent variables, since they share a com
origin through the rolling of the quintessence field. In effe
a consistency relation exists between these two quant
and an observational determination of one would const
the other. This implies that the study of the absorption lin
in quasar spectra can in principle yield additional inform
tion on variations in the dark energy equation of state~and
the corresponding quintessence potential!. This is important,
given that a determination of the redshift dependence of
dark energy equation of state directly from the luminos
distance relations is difficult—the latter is determined by
double integral over the former and this can severely res
the available information on the equation of state that can
extracted from observations@38,39#.

In this paper, we consider a linear dependence of
gauge kinetic function on the scalar field:

BF~f!512zk~f2f0!, ~4!

wherez is a constant. This dependence may be viewed
arising from a Taylor expansion of a generic gauge kine
function and is expected to be valid for a wide class of m
els whenk(f2f0),1 is satisfied over the range of red
shifts relevant to observations,z'0 –4. It then follows that
the effective fine structure constant depends on the valu
the quintessence field such that@9,14,40#

Da

a
[

a2a0

a0
5zk~f2f0!. ~5!

Assuming that the mass of the scalar field effectively v
ishes, tests of the equivalence principle imply that the par
eter,z, is bounded byuzu,1023 @9#. Bounds on variations in
the fine structure constant arise from the Oklo natural nuc
reactor (uDa/au,1027 at redshiftz50.14 @41,42#!, and the
meteorite constraint (uDa/au,1026 at redshift1 z50.45
@43#!.

For consistency, neither the constraint arising from
Oklo natural nuclear reactor nor the meteorite constra
were considered in this work, although it is generally e
pected that significant variations should be observed up
redshift of order unity in quintessence models. However,
model in Fig. 3 below naturally satisfies the former bound

1However one should emphasize that the analysis performe
Ref. @55# for the Oklo natural reactor suggests a largera than
today’s withDa/a>4.531028.
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redshiftz50.14. As discussed in Ref.@40#, these bounds can
be evaded through the existence of a form factor in the c
pling z with respect to the photon momentum. Such a fo
factor can result in changes ina at the level of atomic phys-
ics without leading to observable effects on nuclear pheno
ena. Moreover, it has been shown for a particular mode
Ref. @25#, that if dark energy collapses along with dark ma
ter this would naturally lead to a significant difference b
tween the value of the fine structure constant in our gal
and the one in the background. For these reasons, we de
to explore also the models that do not satisfy the Oklo a
meteorites bounds at low redshifts.

II. RECONSTRUCTING THE EQUATION OF STATE:
IN PRINCIPLE

To proceed we consider a spatially homogeneous quin
sence field propagating in the spatially flat Friedman
Robertson-Walker universe. We assume that the contribu
of the electromagnetic degrees of freedom to the total ene
density of the Universe is negligible and consequently t
the cosmic dynamics is determined by the scalar field an
background pressureless fluid~corresponding to dark and
visible matter!. It then follows that the cosmic dynamics
determined by the Einstein equation

HH852
k2

2
~rM1H2f82!, ~6!

and scalar field equation

rf8 523H2f82, ~7!

subject to the Friedmann constraint

H25
k2

3
~rM1rf!, ~8!

where a prime denotes differentiation with respect toN

5 ln a, H[ȧ/a is the Hubble expansion parameter, the m
ter density is given byrM5r0VM0 /a3 and r0 denotes the
present value of the critical energy density. The te
(dBF(f)/df FmnFmn) containing the derivative of the
gauge kinetic function was neglected in Eq.~7! as its statis-
tical average over the present Hubble radius is zero for p
tons @9#.

Only two of the equations~6!–~8! are independent and th
cosmic dynamics is fully determined once the function
form of the quintessence potential,V(f), has been specified
The nature of the potential determines how the field evol
in time and the corresponding variations in the fine struct
constant are then determined by Eq.~5!. Moreover, the equa-
tion of state is defined in terms of the field’s kinetic an
potential energies:

w[
ḟ222V~f!

ḟ212V~f!
~9!

in
1-2
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and its dependence on redshift also follows given the form
the potential.

The principle idea of the inversion procedure is that var
tions in the fine structure constant may be employed wit
the context of this class of models to deduce changes in
kinetic energy of the scalar field at higher redshifts. Eq
tions ~6!, ~7! may then be employed to determine the cor
sponding changes in the field’s energy density, or equ
lently, its potential, and hence the equation of state from
~9!. This procedure is analogous to that employed in ana
ing the classical dynamics of a particle,x, moving in a one-
dimensional potential well. The form of the well determin
the particle’s motion, and this can be represented as a tra
tory in the phase space parametrized by$x,ẋ%. Equivalently,
the corresponding potential can be reconstructed once
appropriate trajectory has been specified.

We now develop the inversion procedure. Substituting
~8! into Eq. ~7! yields a differential equation for the evolu
tion of the energy density of the scalar field:

s852~kf8!2~s1a23!, ~10!

where we have defineds5rf /r0VM0. The general solution
to Eq. ~10! can be expressed in terms of quadratures w
respect to the kinetic energy of the quintessence field:

s~N!5exp2S E
0

N

dN~kf8!2D Fs02E
0

N

dN~kf8!2

3exp2S 3N1E
0

N

dN~kf8!2D G , ~11!

where the integration constants0 is defined such thats(N
50)[s05Vf0 /VM0.

The dark energy equation of state is given in general
w5212(ln s)8/3 and substitution of Eq.~10! implies that

w~N!5211
~kf8!2

3 S 11
1

sa3D . ~12!

Hence, the equation of state can be reconstructed once
redshift dependence of the first derivative of the field h
been determined. It is important to emphasize that only
first derivative needs to be measured. If the gauge kin
function is known, this dependence can be inferred dire
from variations in the fine structure constant.

It follows from the definitionḟ25rf1pf that the equa-
tion of state~12! can also be expressed in the form

w5211
~kf8!2

3Vf
, ~13!

whereVf[k2rf /(3H2). Differentiating Eq.~13! with re-
spect to scale and substituting Eqs.~6!, ~7! and ~8! then im-
plies that the first derivative~running! of the equation of
state can be expressed directly in terms of first two der
tives of the scalar field:
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w852~11w!
f9

f8
13wS 11w2

~kf8!2

3 D , ~14!

where w852(dw/dz)/a. An infinite hierarchy of expres-
sions relating thenth derivative of the equation of state to th
(n11)th derivative of the field could be derived. Each re
resents a consistency relation between the equation of
and variations in the fine structure constant once the ga
kinetic function has been specified.

We now illustrate the above reconstruction procedure w
a specific example wherek(f2f0)5lN for some constant
l. In this case, the integrals in Eq.~11! can be evaluated
analytically:

s5S Vf0

VM0
1

l2

l223
D e2l2N2S l2

l223
D e23N, ~15!

wherel253Vf0(11w0). The equation of state is then de
duced by substituting Eq.~15! into Eq. ~12!:

w~N!5~l223!F32
l2

w0

VM0

Vf0
exp@~l223!N#G21

.

~16!

Finally, the quintessence potential can be reconstructed
noting thatV(N)5VM0r0s2f82H2/2 and employing the
Friedmann equation~8!. We find that

V5Ae23kf/l2Be2lkf, ~17!

where the mass scalesA andB are positive definite and given
by

A5
1

2

l2

32l2
r0VM0e3kf0 /l, ~18!

B5
1

2

62l2

32l2
r0Vf0w0elkf0, ~19!

respectively. In the above example, it was assumed implic
that the gauge kinetic function was such that the cosmolo
cal variation of Da/a corresponded to a variation in th
scalar field of the formf}N. The form ofBF(f) was not
specified.

III. RECONSTRUCTING THE EQUATION OF STATE:
IN PRACTICE

In this section we consider the reconstruction of thr
dark energy equations of state by employing the method
lined in the previous section for a gauge kinetic functi
given by Eq.~4!. The scalar field potentials have been inve
tigated previously within the context of viable quintessen
models@14,44–46#. The reconstructions are shown in Fig
1–3. These examples correspond to three different poss
evolutions forw(z), namely, those cases where it increas
decreases or oscillates with increasing redshift. The sec
and third examples are particularly important as they can
1-3



e
in

i
-
ib

y

in-
ua-
th
tter

n
bars,
ifi-
nge
d

er-

in

ding
ng

ing
or
no-

the
ing
f the
uc-

the

en

3
o

the

dif

f
ar

he

-
the

nts

N. J. NUNES AND J. E. LIDSEY PHYSICAL REVIEW D69, 123511 ~2004!
be reproduced with the parametrization employed in R
@15#, since in that work the equation of state is always
creasing with increasing redshift. For the models studied
the present work, we have verified thatk(f2f0),1 over
the appropriate range of redshifts, and this is consistent w
the interpretation of Eq.~4! as a lowest-order Taylor expan
sion of a generic gauge kinetic function. Let us now descr
the reconstruction process.

A. Generating simulated data

In testing the reconstruction procedure, it is necessar
first generate simulated data sets for the variations ina. This

FIG. 1. Dashed line: evolution of the equation of state of
scalar field f with potential V(f)5V0exp@(kf)2/2#/f11 deter-
mined from numerical integration of the field equations@44#. Solid
lines: evolution of the reconstructed equation of state for differ
possible values of the present-day equation of state~see the text for
details!. The functiong(N) was fitted as a polynomial of degree
to a set of points normally distributed with a standard deviation
131027.

FIG. 2. Dashed line: evolution of the equation of state of
scalar fieldf with potentialV(f)5V0@exp(50kf)1exp(0.8kf)#
determined from numerical integration of the field equations@45#.
Solid lines: evolution of the reconstructed equation of state for
ferent possible values of the present-day equation of state~see the
text for details!. The functiong(N) was fitted as a polynomial o
degree 3 to a set of points normally distributed with a stand
deviation of 531027.
12351
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was achieved by specifying the functional form of the qu
tessence potential and numerically integrating the field eq
tions ~6!–~8! to determine the redshift dependence of bo
the equation of state and the quintessence field. The la
determines the corresponding variations ina from Eq. ~5!
once the coupling parameter,z, has been specified. We the
generated the simulated data set, with associated error
for Da/a based on the exact numerical solution. Spec
cally, the data points are equally spaced in the redshift ra
zP@0.2,4# at intervals of 0.2 and are normally distribute
with meanzk(f2f0). In each example, the value ofz was
chosen so that the variations inzk(f2f0) resulted in
changes in the fine structure constant of the orderDa/a
'1025, as observed in the present quasi stellar object~QSO!
data@2#.

B. Fitting the data

The reconstruction can then proceed by fitting the gen
ated data points to a polynomial function

g~N!5
Da

a
5g1N1g2N21•••, ~20!

wheregi are constants. The result of these fits is shown
Fig. 4. Equations~5! and ~20! map the variations ina as
measured by QSO observations onto the correspon
variations in the scalar field for a given value of the coupli
constant,z. The degree of the polynomial~20! employed in
the fitting differs for the three cases because the underly
equations of state exhibit different levels of complexity. F
the class of models we have studied we found that a poly
mial of degree three provides generally a good fit to
generated data. However, for models with an oscillat
equation of state, one needs to increase the degree o
polynomial in order to obtain both a successful reconstr
tion and a reducedx2 of order unity.

t

f

-

d

FIG. 3. Dashed line: evolution of the equation of state of t
scalar fieldf with potentialV5k24e2Akf@(kf2C)21B# deter-
mined from numerical integration of the field equations, whereA
58.5 andB50.93/A2 @14,46#. Solid lines: evolution of the recon
structed equation of state for different possible values of
present-day equation of state~see the text for details!. The function
g(N) was fitted as a polynomial of degree 5 to a set of poi
normally distributed with a standard deviation of 531027.
1-4
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C. Estimating z

The first and second derivatives of the field are related
g such thatf85g8/zk and f95g9/zk, respectively. In
practice, therefore, the numerical value of the coupling
rameter must be estimated empirically since the reconst
tion via Eqs.~11! and ~12! requires the scale dependence
the quintessence field to be known. Substituting Eq.~20! into
Eq. ~13! implies that

z25
1

3

g82

Vf~11w!
, ~21!

and it follows from Eq.~21! that a numerical estimate for th
coupling may be deduced given the present-day values o
quintessence field’s energy density and the equation of s
w0, together with the variation,g08 , in the fine structure con
stant, as determined from QSO observations. For exam
given the typical valuesVf0;0.7, 2w0;0.6–0.99, and
g08;1027–1025, we find thatz;1027–1024, in accordance
with the values obtained in Ref.@40#, where specific quintes
sence models were studied. This range of values ofz is com-
patible with bounds arising from tests of the equivalen
principle which demanduzu,1023 @9#.

However, one source of uncertainty in the reconstruct
procedure is the uncertainty in the present-day value of
equation of state,w0. The latest measurements constrain t
parameter within the range21.38,w0,20.82 at the 95%
confidence level, assuming a constant equation of state@47#.
This uncertainty generates an uncertainty in the value of
couplingz and, in view of this, we allowed the equation

FIG. 4. Evolution ofDa/a for the three quintessence mode
studied in this work. The error bars represent the maximum un
tainty allowed in order to obtain a reliable reconstruction of t
equation of state with no more than 20% deviation from that
duced from the numerical integration. ~a! V(f)
5V0exp@(kf)2/2#/f11 @44#; ~b! V(f)5V0@exp(50kf)
1exp(0.8kf)# @45#; ~c! V5k24e2Akf@(kf2C)21B#, whereA
58.5 andB50.93/A2 @14,46#. The large error bar in the figure
represent a typical current uncertainty onDa/a from QSO obser-
vations ofd(Da/a)'3.531026.
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state to take a range of possible values,w̃0. More specifi-
cally, in Figs. 1 and 2, the present value of the equation
state was chosen to bew̃05w01(20.1,0,0.1) wherew0 rep-
resents the correct value as deduced from the numerica
tegration. In Fig. 3, on the other hand, the present value
chosen to bew̃05w01(11w0)(0.9,0,20.95), respectively,
when moving downward in the figure.

It follows from Eq. ~21! that, whenw'21, a small un-
certainty in the value ofw̃0 can lead to a large uncertainty i
the value of the coupling constantz and consequently to
distinct possible evolutions for the corresponding equation
state. A typical case ofw'21 arises when the scalar fiel
undergoes oscillations about the minimum of its potent
On the other hand, an expression equivalent to Eq.~14! for
the form ofBF(f) adopted in this paper is given by

z25
g82

w8

VM

Vf
S w1

2

3

1

VM

g9

g8
D . ~22!

It follows, therefore, that in such cases a more accurate e
mate of the magnitude ofz can be made if information on
the present-day value of the first derivative of the equation
state is also available. We note that the quantitydw/dz is an
observable parameter believed to be within reach of fut
SnIa observations from the Supernova Acceleration Pr
~SNAP! @48#.

We must note, however, that ifz was known on funda-
mental particle physics grounds, the full reconstruction of
equation of state could be achieved without any need to n
malize it to an independent result.

D. Reconstruction results

The results of the reconstructions are illustrated in Fi
1–3, where Eq.~21! has been employed to estimate the va
of the couplingz for the different choices ofw̃0 by substi-
tuting w→w̃0 andg8→g1. In each case, the dashed line
the figures represents the exact numerical solution of
equations of motion whenVf050.7. The corresponding
solid lines illustrate the reconstructed evolution for the d
ferent values ofw̃0 considered. An uncertainty in the prese
value of the equation of state ofdw0'0.1 is expected from
the SNAP data. Hence, the lines withw̃05w060.1 ~in Figs.
1 and 2! define the error band on the evolution ofw arising
from the uncertainty we will have onw0. It is worth empha-
sizing that SNAP will provide data within the range of re
shifts between 0 and 1.7, whereas the QSO data can~in prin-
ciple! provide us with information on the equation of sta
out to a redshift as high asz54.

When investigating the sensitivity of the reconstructi
procedure on errors in the variations ofa, we typically
found that in order to obtain a reconstruction,w̃(z), with no
more than a 20% deviation from the true equation of sta
w(z), i.e.,

w̃~z!2w~z!

w~z!
,0.2 ~23!
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N. J. NUNES AND J. E. LIDSEY PHYSICAL REVIEW D69, 123511 ~2004!
~for w̃05w0), one requires an observational determination
Da/a to within an accuracy ofat least;531027 between
redshifts 0 and 3. Figure 4 shows how small the error bars
data points should be in order to obtain a reliable reconst
tion at this order. This is an order of magnitude smaller th
the expected sensitivity of the High Accuracy Radial Velo
ity Planet Searcher spectrographd(Da/a)'1026 @49#.

IV. DISCUSSION

Cosmological observations including high redshift s
veys of type Ia supernovae and the anisotropy power s
trum of the cosmic microwave background indicate that
present-day value of the dark energy equation of stat
bounded by21.38,w0,20.82 at the 95% confidenc
level, assuming a constant equation of state@47#. Such
bounds would be weakened for a wider class of mod
where the equation of state is allowed to vary, but at pres
there are only very weak observational constraints on
‘‘running’’ of the equation of state,dw/dz52aw8 @50#, and
it is not yet possible to distinguish such models from a c
mological constant. In this paper, we have investigated
possibility that further information on the redshift depe
dence of the equation of state can be deduced independ
of high redshift surveys through observed variations in
fine structure constant. In principle, the reconstruction of
equation of state is possible if the form of the gauge kine
function that couples the scalar and electromagnetic field
known. The advantage of a reconstruction of this type is t
it yields information on the equation of state at redsh
significantly higher than the limited range accessible
SNAP ~corresponding toz<1.7).

The primary question addressed in the present pape
how much information one could acquire onw(z) from
variations in the fine structure constant alone. In a full rec
struction, one would employ all the data available, from b
supernovae surveys and measurements ofDa/a, and per-
form a full cross analysis between the different data s
However, one must also establish what can be learned f
each data set independently. Indeed, this is a necessary
crucial step in the program we have outlined, precisely
causew(z) and Da/a are not independent as they share
common origin through the quintessence potential. As a
sult, information on variations in the equation of state de
mined separately from supernova surveys~see, e.g.@51–54#!
and quasar surveys~as presented above! should be consis-
tent. Establishing an inconsistency would indicate that a
liable reconstruction could not be achieved and, furtherm
would immediately rule out this class of models, namely
form of BF(f), as a mechanism for correlating dark ener
and variations ina.

Figures 1–3 indicate that the reconstructions do yield
formation on whether the running of the equation of state
positive or negative, at least out to a redshiftz'3. Although
the error in the normalization ofw0 implies that the uncer-
tainties in the magnitude of the reconstructed first deriva
may be large, the qualitative shape of the equation of s
can be deduced, provided variations ina are determined to
within an accuracy of 531027 or better. We have performe
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equivalent analyses for the potentials considered in Sec
over different regions of parameter space, as well as for o
quintessence potentials, and have arrived at similar con
sions.

Any information that can be extracted directly from o
servations on whether the equation of state increases or
creases with redshift is of importance. For example, if
equation of state increases with redshift~i.e. w moves away
from 21), this implies that the field is slowing down as w
approach the present day. On the other hand, the kinetic
ergy of the field is growing as the universe expands ifw
decreases with increasing redshift. This latter behavior co
correspond, for example, to a creeping quintessence sce
@33#, where the field has overshot the attractor value and
started to move only very recently. Thus, information on t
first derivative of the equation of state provides us w
unique insight into how the universe underwent the transit
from matter domination to dark energy domination.

For the general class of models defined by Eqs.~1! and
~5!, the qualitative behavior of the equation of state can
deduced directly from Eq.~21! without the need to solve Eq
~10! if it is observed thatg82 increases with redshift. Sinc
Eq. ~21! is valid over all scales andVf is a decreasing func
tion of redshift, it necessarily follows that the equation
state must have been larger in the past and this case w
therefore rule out the possibility of a creeping quintesse
scenario. On the other hand, for the case whereg82 is a
decreasing variable, we must proceed to solve Eq.~10! di-
rectly in order to gain further insight.

Finally, we outline a complementary approach that m
allow the equation of state and its derivatives to be dedu
at a specific redshift. This approach corresponds to a pe
bative reconstruction of the equation of state. It follows fro
Eqs. ~14! and ~5! that the first derivative of the equation o
state at a given redshift can be directly determined if
corresponding values of$w,g8,g9% are known. Higher de-
rivatives can also be constrained if sufficient information
the corresponding derivatives of the fitting functiong(N) is
available. Assuming that the necessary constraints on the
rivatives could be determined from QSO observations,
one remaining free parameter would be the equation of st
or equivalently from Eq.~13!, the density of the dark energy
This parameter could in turn be deduced from the Friedm
equation~8! if the Hubble parameter,H(z), were known and
this could be found from the luminosity distance,dL :

H21~z!5
d

dzS dL

11zD . ~24!

It would be interesting to explore this possibility further.
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