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Weakly interacting massive particl€d/IMPs) can be captured by the Earth, where they eventually sink to
the core, annihilate, and produce, e.g., neutrinos that can be searched for with neutrino telescopes. The Earth
is believed to capture WIMPs not dominantly from the Milky Way halo directly, but instead from a distribution
of WIMPs that have diffused around in the solar system due to gravitational interactions with the planets in the
solar system. Recently, doubts have been raised about the lifetime of these WIMP orbits due to solar capture.
We investigate this issue here by detailed numerical simulations. Compared to earlier estimates, we find that
the WIMP velocity distribution is significantly suppressed below about 70 km/s, which results in a suppression
of the capture rates mainly for heavier WIMPabove ~100 GeV). At 1 TeV and above the reduction is
almost a factor of 10. We apply these results to the case where the WIMP is a supersymmetric neutralino and
find that, within the minimal supersymmetric standard model, the annihilation rates and thus the neutrino fluxes
are reduced even more than the capture rates. At high mgdsege~1 TeV), the suppression is almost two
orders of magnitude. This suppression will make the detection of neutrinos from heavy WIMP annihilations in
the Earth much harder compared to earlier estimates.
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[. INTRODUCTION since the Earth is in the gravitational potential of the Sun, all
WIMPs will have gained velocity when they reach the Earth
There is mounting evidence that a major fraction of theand hence capture of heavy WIMPs would be very small. In
matter in the Universe is dark. The Wilkinson Microwave that paper, he also analyzed the two possible forms of scat-
Anisotropy Probe(WMAP) experiment gives as a best fit tering:gravitational scatteringandweak scatteringGravita-
value that[1] Qcpyh?=0.113+0.009, whereQcpy is the tional scattering is elastic and can only change the direction
relic density of cold dark matter in units of the critical den- Of the orbit, whereas weak scattering is inelastic and can lead
sity and h is the Hubble parameter in units of 0 capture of WIMPs. Following the traditions ofpti [6],
100 km s Mpc~t. One of the main candidates for the dark equations for the time scales of the various scattering pro-

; : ; ; ; derived.
matter is a weakly interacting massive parti¢WIMP), of ~ C€SSES were _ _
which the supersymmetric neutralino is a favorite candidate, In 1991, GOUI.dU.] t0°k. these _|deas further and realized
There are many ongoing efforts trying to find these darkthat.due to.graV|tat|onaI interactions Wlth. th(_e othe_r planets
matter particles, either via direct detection or via indirect(malnly Jupiter, Venus, and EajtWIMPs will diffuse in the

. . ) N solar system both between different bound orbits, but also
detection by detecting their annlhllatlon.prijucts. between unbound and bound orbits. Gould showed that the
One O.f the proposed gearch strategies is to search forl"f‘et result of this is that the velocity distribution at the Earth
flux of high-energy neutrinos from the center of the Earthyi effectively be the same as if the Earth was in free space

[2]. This idea goes back to Press and Spergel in 1885 (this basically follows from Liouville’s theorejn This ap-
who calculated the capture rate of heavy particles by the Sumyroximation is widely used today where one further assumes
For the Earth, the idea is that WIMPs can scatter off ahat the halo velocity distribution is Gaussiaie., a
nucleus in the Earth, lose enough energy to be gravitationalljaxwell-Boltzmann distribution
trapped, eventually sink to the core due to subsequent scat- |n 1999, the calculations took an unexpected turn, when
ters, annihilate, and produce neutrinos. For purely kinematiGould and Alam[8] interpreted asteroid simulations of
cal reasons, the capture rate in the Earth depends strongly ¢farinellaet al. [9]. Farinellaet al. [9] made simulations of
the mass and the velocity distribution of the WIMPs. Theabout 50 near Earth asteroitSEAs) that had been ejected
heavier the WIMP is, the lower the velocity needs to be tofrom the asteroid belt. They found that about a third of these
facilitate capture. In 1987, Gould] refined the calculations have lifetimes of less than two million years. After that time
of Press and Spergel for the Earth and derived exact formulasey are either thrown into the sun or thrown out of the solar
for the capture rates. In 1998, Gould] pointed out that system. If this typical lifetime also applies to WIMPs, this
would significantly reduce the number of WIMPs bound in
the solar system, as this time scale is shorter than the typical
*Electronic address: johan@physto.se diffusion time scale$7]. This was pointed out by Gould and
TElectronic address: edsjo@physto.se Alam [8] where they concluded that this in turn would re-
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duce the expected capture and annihilation rates in the Earﬂﬂspersion. We will here use the standard value vof
and thus reduce the neutrino fluxes. Gould and Alam inves= 57q km/s corresponding tg, =220 km/s. The distribution
tigated two scenarios: aultraconservativescenario where
all bound WIMPs are depleted andcanservativescenario
where all bound WIMPs that do not have Jupiter-crossing

orbits are depleted. In the ultraconservative view solar deple- f f,(v)4mvidv=1. 2
tion is assumed to be so efficient that no bound WIMPs exist,
whereas in the conservative view, Jupiter is assumed to be

faster at diffusing WIMPs into the solar system than solarth T?e velocf|t)t/hd|stsr|buftlon canhbe GEI'IE;O transfordmed Into
depletion is at throwing them into the Sun. Both of these € frame of the Sunfy(s), wheres=v+vgy, an ;Usun
=220 km/s, and averaged over all angles. In this special

views significantly reduce the neutrino fluxes from the Earth faG ian distribution the t ; i b
for heavier WIMPs. In particular they found that in the con- case o Eli z(iju]:ss%r;] 'AS ”Gu Il(zjnh N r_ar:sdormta ;ﬁn canl €
servative and ultraconservative view, capture can only occugone In closed forma]. AS ould has pointed out, the angle

for WIMPs lighter than about 630 GeV and 325 GeV, respec. etween the rotation axis of the solar system and that of the
tively. The basic results of Farinellet al. were Iater, con- galaxy is about 60°, which makes the velocity distribution

firmed by Gladmaret al. [10] and Migliorini et al. [11]. very close to spherically symmetrid, one considers aver-

The question to ask, though, is if the results of Farinella29€S OVer a galactic year200 million years[S]. The dis-

et al. [9] can really be applied to all Earth-crossing WIMP tribution used is mirror symmetric in the galactic plane,

orbits. The orbits of asteroids ejected from the asteroid belﬁz:%hnrggzgs that the time of the average need only be 100

are, after all, rather special as they typically arise from reso- .
nances. It is thus not necessarily so that these results apply to The symbolF «(s) will be used to denote the phase space

all bound WIMPs. For WIMPs, the truth probably lies some-"Umber density

where between the conservative view and the usual “free-

space” approximation in Ref7]. The aim of this paper is to Fo(s)= ﬂf (s) 3)

investigate the effects of solar capture on the distribution of S M, =

WIMPs in the solar system and the implication this has on

expected neutrino fluxes from the Earth. We will do this bywhereM, is the WIMP mass, and, is the WIMP mass per

numerical simulations of WIMPs in the solar system and byunit volume in the halo. When the particles of this distribu-

reanalyzing the process of WIMP diffusion in the solar sys-tion pass through the solar system, the velocities are boosted

tem. Finally, we will apply our results to the case where theand focused by the gravitational potential. At the location of

WIMP is the neutralino, which arises naturally in minimal the Earth, the solar system escape velocity JEU@

supersymmetric extensions of the standard moEi&SM). ~42 km/s, where we have used the speed of the Eatth,
The layout of this paper is as follows. In Sec. Il we will =29.8 km/s. Therefore the velocity at the location of the

go through our assumed halo model and the role of diffusiorarth,w, is, according to conservation of energy,

in more detail. In Sec. Il we will go through the formalism

is normalized such that

for the diffusion caused by one planet and in Sec. IV we add w2=g2+ zvé ) (4)
the new ingredient, solar depletion. In Sec. V we present our

Sec. VI where our main results on the velocity distribution atine following statement hold]:

the Earth are presented. In the remaining sections we will
investigate how this affects the capture and annihilation rates Fo (W)dmw2dw F(s)4ms?ds
in the Earth and will present results on the expected X =23
neutrino-induced muon fluxes in MSSM models in Sec. VIII.
Finally, we will conclude in Sec. IX.

®

w s
This can be understood as Liouville’s theorem for the spheri-

Il. THE GALACTIC HALO MODEL cally averaged phase space density, since

AND CUTOFF MASSES q
S

w
d—VV:§:>Fw(W)=Fs(S)- (6)

A. The galactic halo model

In order to make the calculations concrete, we use the

Maxwell-Boltzmann model12], where the local velocity Since the velocityw of the halo particles is always at least
distribution of WIMPs is Gaussian in the inertial frame of the equal to the escape velocity, there will be a hole in velocity

Galaxy. At the location of the Sun the distribution is space so that
—v2hy
fv(v)d3v =— 30d3U, (1) Fuw(W)=0 when w< \/§U® . (7)
r ZUO

This is important since capture by the Earth is very sensitive
wherev = \/gv_with v being the three-dimensional velocity to F,,(w) at low velocities.
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FIG. 1. The ecliptic ¢p=/2) slice of the particle velocity *5 L : -
spacen the frame of the EarthThe dotted curves show the velocity O | Ly m“'l Ly “m'l Ly l”“i "
relative to the Earth and the indicated anglés the angle of the 1010* 0P 10° 10° 10°
particle with respect to the direction of Earth’s motion. The arfjle Wimp mass (G eV)

determines in which angle we cut the velocity sphefe=0 is the

north pole of the solar system amt= 7/2 (as shown hepeis the

slice radially outward from the Earth. The region inside the solid FIG. 2. Cutoff velocityv ., against WIMP mas#!. Only com-
semicircle represents bound orbits. Its radius is the escape velocityinations ofM and v, to the left of the line are kinematically
from the Solar system at the location of the Earth, but in the frameallowed (in the sense that they can lead to capture by the Earth
of the Sun. In the same way, the region outside the dash-dotted line

(an almost perfect semicirglecorresponds to particles that may . L . .
reach Jupiter. By repeated close encounters with the Earth, particlé!ghereu is the speedat infinity) of the approaching particle

may diffuse along the dotted circléactually sphergsof constant  In the frame of the Earth anhl . is the highest allowed
velocity only, keepingi constant, but allowing changes énand¢, ~ Mass of the particle if it is to be captured by the Earth. The
as explained in the text. escape velocity varies from 11.2 km/s at the surface to 15.0

km/s at the center of the Eartlsee Sec. VII A for more
The distributionF,,(w) can now be used to calculate the information about the Earth model we Wsand capture is
distribution as seen from the moving Earth where the particlehus easiest at the center where the escape velocity is higher.
velocity isu=w-+vg,: Usingu ¢s=15.0 km/s, we plot in Fig. 2 the relation between
Ucyt and the cutoff masavi .
Fu(W)=Fu(W)=Fy(u=ve). ®) Cu\t/Vith Eq. (10), we can nX(’)f/L\J/t relate to the cutoff masses in
This means that théole is shifted, so that it is centered the conservative and ultraconservative views by Gould and
around—v,, . This is visualized by Fig. 1, which displays a Alam[8]. In the ultraconservative view, we assume that only
two dimensional slice of the three dimensional velocityunbound halo particles are captured. Halo particles cannot be

space. slower thanug,=(y2—-1)v,=12.3 km/s at, and in the
frame of, the Earththis is also seen in Fig.)1This gives a
B. Cutoff masses when low velocity WIMPs are missing cutoff mass of about 410 GeV over which capture by the

Earth is impossible. In the conservative view, we assume that

In the absence of WIMPs gravitationally bound to the . . . . . .
solar system, the capture by tr?e Earth is t())/tally Suppresseﬁjplter-crossmg orbits are filled. This means that all orbits

for WIMP masses larger than a critical value. A particle ap-outside the dot-dashed curve and the dashed curve in Fig. 1
proaching the Earth with velocity at infinity will need to be ~ &'€ filled. The lowest velocity WIMP at the Earth that is on a

scattered off an atom to a velocity less than the escape vdUPiter-crossing orbit is in the lower right-hand end of the
locity, vese, t0 be captured. Assuming iron to be the heaviesgdot-dashed curve and it has a velocity Ofic
relevant element of the Earth, this means that the particle v o[ V2/(1—r4/ry)—1]=8.8 km/s(and is moving in the
must have a velocity less than same direction as the Eajtlr, =5.2r, is the radius of the
Jupiter orbit. This value ofi. gives a cutoff mass of about
712 GeV. These cutoff masses agree roughly with the ones
VM, M. by Gould and Alam[8] (325 GeV and 630 GeV, respec-

uc”‘_zMX— MFeUesc © tively). The differences are due to different escape velocities
used and an approximation in their treatment of Jupiter-
to be capturable. Solving for the WIMP malsk, gives crossing orbitg31].
If, on the other hand, the solar system is full of gravita-
U2 20 o (Vouch W& tionally bound dark matter, th_e velocities can be much lower.
M. oi=Mp esc ” esc es (10) As the lowest allowed velocity of the WIMPRSs,,; tends to
e Tre u? ' zero, the mass limiM , ., goes to infinity.
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IIl. GRAVITATIONAL DIFFUSION IN %
THE ONE-PLANET CASE !

A particle in close encounter with a planet, for instance
the Earth, may get gravitationally scattered into a new direc-
tion and a new velocityas seen from the frame of the Sun
However, by conservation of energy, the spaetth respect
to the frame of the planas unchanged. This means that a
particle at a particular place in velocity space may, by re-
peated close encounters with the Earth, diffuse to any loca-
tion on the sphere of constant velocitwith respect to the
Earth, and nowhere else. FIG. 3. The angle of perihelion precessidv¢, as the orbit

The location of a partic'e at such a Sphere can be Speciﬁe@]ters and leaves the disk Of the Earth. In thIS example, the plane of
by the angles at which it passes the Earth. The adgie the orbit is nearly perpendicular to the ecliptic plane.
measured between the forward direction of the Earth and the
velocity vector of the particle, and is the angle of rotation EarthR. Since this happens four times during each perihe-
around the forward direction of the Earth, with=0 at the  lion revolution, the mean probability for such a WIMP to
north pole of the solar system. Figure 1 illustrates howintersect the ring of the Earth during each WIMP y&gris
sphereqand circle$ of constantu cross the limit of where
particles have bound and unbound orbits. This corresponds
to the possibility of gravitational capture and ejection from (pr )= 4A_§ (12)
the solar system. Pry= 27

A single planet can diffuse particles along spheres of con-
stant velocity only. In this section, we will investigate the The probability for the WIMP to come into close encounter
gravitational diffusion caused by one planet, and will takewith the Earth is therefore; times the cross section of

the Earth as an example. We will here develop tools foigch an event, divided by the area over which the Earth is

detailed investigation of the bound orbit phase space densityjisyrinyted. However, the length of the path that is inside the
taking the effects of solar depletion into account. We assume o+, ring during each encountersi$cos®,| %, where®, is

that when a patrticle is in Earth-crossing orfmerihelion less the angle between the axis of the ecliptic ani$ the veloc-

than the Earth orbit radiu®, and aphelion greater than ity of the WIMP as seen from Ear{s]. The probability for
Re), long range interactions with other planets are less im+ ' a4ction with cross sectian can now be calculated.
portant, and can be ignored. This is not a problem, as we in
Sec. VI add the effects of other planégpart from possible

resonancesWe will in this section closely follow Goulf7], p(o) 1 4

g
with some small modifications. T, = [cos®,] 2RI 27R

1
|tanl|T_1 (13)
X

A. The probability of planet collisions where we have divided by, to get the probability per unit

We are interested in calculating the rate at which WiMPstime. The WIMP year can be written in terms 06, ¢,u)
with Earth-crossing orbits come into close encounter with[5], the velocity of the particle in the frame of the Earth,
the Earth. This will be used to estimate how the Earth affects
the WIMP distribution. A close encounter is an event were o\ —32
the particle’s impact parameter is smaller than or equal to B u u
some value (). T,= 1_2@0059— oz To, (14)

Let’s imagine the Earth as being spread out on a flat ring @
of inner radiusR, outer radiusR+1, and thicknes$, as in . .
Fig. 3. Now consider a particle with perihelion less than theand@l(u) and®(u) can be expressed in ¢, and ¢:
planet orbit radiusk and aphelion greater tha Such par-
ticles will be said to have Earth-crossing orbits. This is mo-

. . - ~ ~ R-(utv
tivated by the fact that due to the precession of perihelion, all cosO = R.VXZM
such orbit ellipses will eventually intersect the Earth ring. Rju+ Vgl
The small angle the perihelion sweeps out, as the orbit el-
lipse enters and leaves the ring, is given by usingsing
(U402 +2up ,cosh) 2’
I (15
Aé~tanAé= §|tan®l|, (1)
®.=sing _u-(v@xR)

where® is the intersection angle between the WIMP ellipse cosB,=sinf cos¢= uvgR '
and the plane perpendicular to the location vector of the (16)
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u sin@sing
Vo [1+2(Ulv,)cosO+ (UHv2)(1—sirPg sirP) M2

cot®,=

17

By substituting and rearranging we conclude that the yearly reaction probability for an event with cross@séstiven by

p(o,u) 3 o ve .
T T2 mu (™, (18)

where

3 sirPg|sin¢ cose|(1—2ulv ,cosh—u?/v?) 32
2 [1+2(ulvg)cosf+ (u?/v2)(1—sirf o sir¢) Y2

y(u) (19

Equation(19) was first derived by Goulfb] in a very similar ~ as well as

way. Among other things, he used it to calculate the “typical

time scales” at which particles diffuse between different ve- o o

locity space regions in the absence of solar depletion. It is S(u',u)y=arccosu’ - u), (21
also used for calculating the probability of weak scattering of

WIMPs at the Earth. . .

The equations above are derived under sdgeometri- where _the caret de.notes unit vectors. The scattering angle
cal) approximations with the aim of getting the correct scat-20ove is the one given by Rutherford scatterisge, e.g.,
tering probabilities on average. There are, however, a fefRef- [13]). Gould used an approximate forgnula when deriv-
pathological cases where the geometrical model used aboy@d the typical time scale$4]: &(b)=Rgvesd(bu?). The
breaks down. This happens whei=0, ¢=7/2, =0, and  two differ at very small impact parameters, and we use the
6=, in which case the probabilities above are unphysicalfull expression in our calculations. .
Since this only happens for these few special cases we will As mentioned before, scattering can only change the di-
artificially solve this by adding a small anglef about 1°) to ~ rection and not the velocity, and we are therefore dealing
6 and ¢ when close to these regions. Note that in principal,With random walk on spheres of constanThe directionz
the problems could be resolved, by makihg a function of ~ Of the scattering is evenly distributed, as seen in Fig. 4,
the full set of orbit parameters, but this is unnecessarily comwhere the scattering setup is shown. The arc length is fixed
plicated for our purposes. For the interested reader, we refd® (b), but the scatteringlirectionis evenly distributed.
to a detailed investigation of the mathematical properties of The cross section for scattering betwegand 5+dé is
y as presented in Ref§5] and[7]. To test our solution of do=2wbdb, so the yearly probability for scattering in this
adding a small angle in these pathological cases, we hav@nge islusing Eq.(18)]
investigated the effect of further increasing the small angle
added and conclude that the actual value chosen is not im-
portant for the final results. This is reasonable, since orbits in dp(u,b) _ E 2mb Vo (u)~1 22)
the vicinity of these critical regions are quickly deflected into dbT, 2 ;R2 U '
other orbits anyway.

B. Gravitational scattering on a planet This can be rewritten in terms of the scattering angle

Now that we have learned how to calculate the probability®(U’,1),
for particles to come into close encounter with a given
planet, it is time to apply this to gravitational diffusion. For o
the Earth, we were mainly interested in those particles cross-
ing the sphere of 1 A.U. during each revolution, since they
have a chance of hitting the EartAnd possibly be weakly
captured to it within each perihelion precession revolution.
The gravitational scattering probability is dependent on
the angular distance between the velocities before and after
scattering,u and u’, such that small deflections are more
common. The angle can be related to the impact pararhgter

FIG. 4. Scattering off the Earth in velocity space. A fixed impact

bu?
o(b)=m—2arcta MG’ (20 parameter fixed, but 7 is evenly distributed.
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- of particles scattered between two locations on a sphere of
§ - constant velocity in a given time must be an integral over the
>~ source cell and the destination cejl)
G e
S H dN,. d P(,B @)
K n(a).
8 ae(); EEQ
% 7
-é i In our case, the destination space is conveniently spanned by
o) the scattering angled and ». The density of bound orbits
g 5 scattered from celi to cell j evolves with time as
dnJI d» dp(u,d)
. . ' dQ d5 ————n(u), (26
FIG. 5. (Color onling. An example of the time scales of particle 27 déTg

scattering. The color bar indicates the time for which there is a 10%
probability of scattering an anglé= 7/2+ 7/64, depending on the
present location of the particle. In general, time scales are shorter ¥Yhere KJ Is defined to be the region id-, space corre-
lower velocities. By repeated close encounters with the Earth, parSpondIng to scattering from theo thej cell. The scattering
ticles may diffuse along the dotted circlexctually sphergsof con- prObab'“i[y to thef 6, _5+ As] bar_‘d 1S eve_”')/ d_'Str'bUted over
stant velocity only, keeping constant, but allowing for changes in all cells in that region. Numerically this is implemented as
¢ and . The figure shows the:=75° slice of the particle velocity loop overé as measured from the center of the source cell.

space only. The probability is then distributed over all discrete cells
whose centers are inside the current band.
Note that we here consider the movement of particle or-
dp(u,b(8 32 M,G)?2 . :
p(u,b(%)) __ 27 U@ u)” 1( ) bits, as opposed to the particles themselves. When we are
doTs 2 7R U interested in the actual particle densities, we have to convert

from orbit to particle densities.

% cog 5(u’,u)/2] 23) The equations derived above apply only to particles which
2 sirf[ s(U’,0)/2] are already gravitationally bound to the solar system. We
now turn to the calculation of thdound orbit density
since capture rate An;;/T, from the distribution of free
particles. We will use the local phase space density
MG & db MG 1 F¢(u)[ particles/ (ni m/s)].
b= 12 coty, G5~ w2 2sif(2) (24) Consider the distribution of particleB(u) passing the

Earth with impact parametér The number of particles scat-
The right-hand side of Eq(23) may look like a negative tered an angled(b*db/2) in a given period of timd is
probability density, but this is artificial since integration

should be done for decreasingjs. We integrate Eq(23) Tu2mwbdb F;(u). (27)
analytically and use that expression whenever numerical val- dv

ues of the scattering probability #®+ A § are needed. According to Eq.(20) they are scattered at an angiéb).

To get a feeling for the significance of the diffusion, we Using the relationg24) we conclude that théound orbit
solve EQq.(23) to obtain the typical time scales for scattering densityat the cellj will evolve with time as

a given angle to occur. As an example, we look at the time
scales for which the probability of scattering with= 7/2

+ /64 is 10%. This is illustrated in Fig. 5. dan J' f dﬂf f db‘—
eree

C. The bound orbit density and orbit capture from the halo
(MzG)? cog6/2)
—27u 2 Fiu)|, (28

Let us now definghe bound orbit density (u) to be the X -
u 2 sirt(8/2)

number of bound particl®rbits per infinitesimal velocity
and solid angle on the velocity sphere. The orbit density is
thus free from information about the particle location alongcaused by gravitational scattering from the halo. We now
its elliptical orbit. The total number of bound particle orbits have equations for gravitational diffusion as well as capture
in a thin shell of radiugi is to the solar system.

dN=duu2j f ~dQn(u). (25 D. Relating the phase space densiti (u)
(2 =bound orbits and the bound orbit density n(u)

We will now divide each velocity sphere into cellhat can The ideas of the preceding section can be used to write
at this point be viewed as infinitesimally smalrThe number down an expression for the phase space density, which we
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need for the weak capture calculations. The relation betweelooking at some test orbits, we found that the symplectic
the phase space densi®(u) and thebound orbit density  algorithms(at least as implemented in théERCURY pack-
n(u) is derived as follows. age were slower and less accurate for our setup. The tested
For a given orbit in the population of bound orbits, we usesymplectic algorithms were “MVS: mixed-variable symplec-
Eq. (18 to calculate the number of orbits that will pass tic” [17] as well as “hybrid symplectic/Bulirsch-Stoef14].
trough an arear each year. We now consider a volumé ich The calculations included the test particles, the Sun, the
space with base areaand heighth such thath is parallel to  Earth, Jupiter, and Venus. Other planets were not included as
u. A particle passing through the area will spend a time  they are believed to be subdominant. The Bulirsch-Stoer al-
in the volume. This means that the fraction of the WIMP yeargqrithm was used to calculate the orbits of all test particles,
spent in the volume in case of an encounter is as well as the planets, during a time of 49 million years. This
h took about 35 000 CPU hours, on a variety of Linux and
e Alpha machines. A wide range of different accuracy param-
uTy eters was used, from 16*to 1078, to evaluate the role this
The fraction of orbits passing througheach WIMP year is plays. The ngmericgl representation of the r_eal numbers lim-
its the benefit of going past about 1. The final choice of
p(o,u) 10" %is a balance between time and accuracy. A recent pub-
T Ty lication [18] in the subject of numerical simulations of a
special set of Jupiter-crossing asteroids came to a similar
Therefore, sinc& (u) is the number of particles perudV, conclusion. When using the Bulirsch-Stoer algorithm for

the relation betweefR (u) andn(u) is their calculations, Ipatov and Mather found accuracy param-
eters in the range 10-108 to give statistically similar
F(u)dV=n(u)L p(‘T’U)T (29) results as 10'2 In the comparisons carried out, this gave
uT, To X results very similar to those with higher accuracy parameters.

The comparison with the Radao algorithm gave qualitatively
similar, however, not identical results with a similar calcula-
tion speed. In some occasions, however, the Radao algorithm
F(u)dV:n(u)hp(U'u) :n(u)§d_VU_@7( )L, gave a highgr solar depletion for particles V\_/ith_ very high
uTg 2 7R? y? velocity (relative to the Earth u=50 km/s. This is not of
(30) much concern for our purposes though as we are mainly
interested in much lower velocities for Earth capture to be
IV. SOLAR DEPLETION OF BOUND ORBITS efficient. . . . :
For ordinary asteroid calculations, a point mass approxi-
In the preceding section, we investigated the evolution ofmation combined with collision detection is sufficient. Our
the bound orbit densities due to scatterings from other boundase is a little more delicate since WIMPs may pass through
orbits and from free orbits. One main piece remains to behe planets. To handle this, the gravitational routines were
studied, and that is the effects of solar depletion, i.e., hownodified to use the real gravitational potentials inside the
much of the bound WIMPs are actually captured by the Sunplanets.
thus reducing their density in the solar system. For Jupiter and Earth, we used “true” mass distributions
We have done this by numerically calculating the actual19,20. For Venus we rescaled the mass distribution of the
motion for different WIMP orbits in the solar system over 49 Earth and removed the liquid iron cof82]. Other planets
million years. As a measure of the quality of the numericalincluded in tests where assumed to be homogeneous. The
methods, we have also calculated the fates of the 47 asteroiitaprovement allows the particles to pass through the planets
studied by Farinell&t al. [9], as presented in the Appendix. without being infinitely scattered by a point mass, making
the calculations more realistic and numerically stable. For
A. The numerical methods and conditions completeness, it would be interesting to add more planets to
the simulations, but it is unfeasible to do as it slows down the

We have numerically integrated the orbits of about 2000calculations too much. We also believe that we have included

particles in typical Earth-crossing orbits in order to estimat he most important planets in our simulations
the solar depletion. The particles were spread out on the '

bound velocity space with random initial positions on the
Earth’s orbit. We have mainly used thdERCURY package
[14] by Chambers for the integration. It has the most impor- The solar depletion was mainly calculated for particles in
tant numerical algorithms, such as Everhart's 15th ordeeight planes ofi space, with thep values 0, 15, 30, 45, 60,
Radao[15] algorithm with Gauss-Radao spacings, and the75, 90, and— 30 degreesthe ¢= —30° plane was used to
equally well-known Bulirsch-Stodrl6] algorithm. Both are investigate the expected radial mirror symmetry of the re-
variable step size algorithms dedicated to many body probsults. Our solar depletion results are not as bad as Gould
lems, and are commonly used in asteroid research for prolfeared[8]; Most of the particles survived two million years.
lems similar to ours. The package also includes a set of syniNevertheless, solar capture is too large to be ignored. Figure
plectic algorithms, which have been used for some tests. B show the¢=75° plane, and the times after which the

or

B. The results of the numerical simulations

123505-7



JOHAN LUNDBERG AND JOAKIM EDSJO PHYSICAL REVIEW D 69, 123505 (2004

¢ =T5°

» uz [km/s]

50 - 108
108

Time (years) 103

o

at the Earth

b

speed

Typical depletion time (logio of 1/ fsun), Years

FIG. 6. (Color online. The time for ejectionblue/dark gray
and capture in the Sufyellow/light gray) of a set of test particles. FIG. 7. (Color online. The solar depletion at the=40 km/s
Each bin represents only one particle, so the statistical error is higlsphere. The color bar indicates the logarithm of the typical deple-
However, this figure is typical for all angles, except that the plateauion time 1fg,,. The region to the right are the free orbits, for
of fast solar depletion at large “backward” velocities are raisedwhich the solar depletion is irrelevant. At a “backward” velocity of
when ¢ approaches 90°. Some particles survived in the solar sys30 km/s, the Sun depletion is greater, in agreement with the previ-
tem for the whole of the simulation. Those particles are markecbus figures of this section. In understanding this figure, it may help
with black dots. It is easy to see that there is a small region atto take a look at thei=40 km/s line of Fig. 1, which corresponds
—30 km/s where the solar depletion occurs directly. This is notto the central horizontalg=90°) plane of this figure.
surprising, since this region corresponds to particles with very low

velocity in the frame of the SuThe plateau of direct solar capture 1
extends further in the special case & 90° (not shown which fourm=—" (31
allows extremely elliptic, or radial orbit§The plane of start posi- Tsun

tions is then parallel to the ecliptic plane.
Figure 7 shows the logarithm of f1/ interpolated onto a

particles hit the Sun. We note that ejection is much moresphere of constant, namelyu= 40 km/s.

common at Jupiter-crossing orbits. This is in compliance

with the fact thqt_, according to the scatterin_g _mO(_jeI used V. THE EVOLUTION EQUATIONS FOR ONE PLANET

here, the probability of scattering for such orbits is high. The

fact that there is a large region at50 km/s where there are In the previous sections we have presented the analytic

no ejections or Sun captures, is in agreement with the qualiexpressions for the scattering of bound orbits to other bound

tative results by Gould, presented in his 1991 pd@éfsee orbits, Eq.(26), as well as capture from free to bound orbits,

his Fig. 3, where he assumes that the filling times are aboug. (28). We have also, by numerical simulations, estimated

the same as the time of ejectjoApart from the calculations the rate at which orbits are sent into the Sun and thus cap-

shown here, some extra calculations were carried out fotured. We are primarily interested in how the bound orbit

relative velocities lower than 15 km/s. The results of thosedensity evolves with time, and will here write down the dy-

calculations were incorporated and used in the same way ammic equations in a form suitable for numerical work.

the others.

Another important, however, simple result is that there
seems to exist a mirror symmetry in the in-out directions. ] ) o ]
This is expected, since particles may hit the Earth both on its 1he bound orbit density develops in time in the following
way out and on the way back on its perihelion revolution.Way-
Considering Fig. 3, it is evident that this is equivalent to a

A. The dynamic equations of the bound orbit density

symmetry in the sign of claimed by Gould, that the) and du uzﬂzdu @D (ﬂ _ ﬂ)
— ¢ cases are identical. dt icbound| dt  dt

The particle orbits were evenly distributed in velocity dni.  dne)  dn.
space, but we solve the diffusion equations on spheres of + ( it 2 s (32)
constantu; hence we interpolate our results. From our nu- fednbound| dt dt dt |’

merical simulations we then extract the depletion frequency,

i.e., the expected depletion probability per given time. Sincevheren; is the number of orbits in the small c¢83] j of the

the form of the actual distribution, of which the results of thesphere. The sum overis the flow from and to the other
numerical calculations are samples, is unknown, the mosdtound cells. Thenj; andng; terms are representing capture
reasonable way to estimate the depletion probability per unitrom unbound orbits and capture of bound orbits by the Sun,
time is while theny; term represents the ejection of bound particles.
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first choice, but it has a large spread in shape and area of the
cells, which means that valuable memory and calculation
time is wasted. Therefore, we have used cells with the shape
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!mmsﬂl‘»' OO, v 3 of spherical triangles, built from icosahedrons or octahe-
ONEN TG ATAVAVATAT S 2 N =
N7 “gt‘g;%%gﬁ%g KRR drons, as shown in Fig. 8. The cells of the body were suc-
N \ b .

cessively divided in four nearly identical spherical triangles,
until the right number of cells were reached. The velocity
pace of each planet was built up of about 65 spheres, usu-
lly with 2048 cells each, which means a total of about
30 000 discrete cells for each planet.

If the octahedron is used as a starting object, it is possible

We will now reformulate Eq(32) in matrix form suitable to rotate the sphere to ohtain mirrar symmetry in t_he in-out
for numerical calculations. Let us first define our state vec-(rad'al in the solar systenand up-down directions. Since the

. . . . S
FIG. 8. The discretization of space was made using triangles
The number of cells on the displayed triangles are 512, 1280, an
2048, of which the last one was used in our final calculations.

tors problems to solve possess the same symmetries, this reduces
' the size of the state vectors by a factor of four, and the time
N evolution operators by a factor of 16.
Great efforts have been put in verifying the consistency of
x={ M|, (33)  the time evolution operator. As a simple example, the prob-
F ability for a particle to end upnywherds unity. Making use

of the mirror symmetry of the equations, it has been possible
whereN_ is the number of particles captured by the Sy, [0 calculate and diagonalizé’s with up to some 1D ele-
is the bound orbit density, anBl; is the velocity number ments. We have also ch(_acked the robustness of our results as
density of free(unbound orbits. We can then write the evo- the number of cells varies. If one uses too few cells, one
lution of the state vector during a time St&p as would expect that the effect of diffusion is und_erestlmated as
small-angle deflectiongsmaller than the cell sizeare then
artificially suppressed. At velocities above 8 km/s, our results
do not change significantly when going from 1024 to 2048
cells. Below 8 km/s, however, the resulting WIMP density is
with somewhat larger in our simulation with 2048 cells than in
our simulation with 1024 cells. This would indicate that the
1 pse 0 density at these low velocities could go up somewhat if we
_| 0 1+PM1—pPs—psc pof used even more cells. However, it is not possible to increase
T(A)= g (34 the number of cells further, as it is only feasible to perform
0 0 1 these simulations when the full velocity space can be main-
tained in the computer memory simultaneously. It is also not
where the matriceB can be regarded as transition probabili- reasonable to perform this part of the calculation more accu-
ties (for the given time intervalAt). PS¢ contains the prob- rately than other parts, like the solar capture discussed in the
ability of solar capture, extracted from the numerical simu-preceding section.
lations in Sec. IV, wherea®®™ and PP describes the We have now set up a framework for diffusion from one
development of bound orbits and the capture of free orbitsplanet. We have done this following the scheme set up by
respectively. The relevant quantities for the latter are read of6ould[7], with some small modifications and improvements.
from Egs.(26) and (28). The last row is a little bit special. Our main goal has been to make it possible to include the
One may propose that bound WIMPs scattered to unboungffects of solar depletion, and hence we have formulated the
orbits should give a contribution in the second column. How-diffusion problem in a form suitable for numerical work,
ever, such particles will not meet the Earth again, so thavhere the inclusion of solar capture is easily done.
lowest part of the matrix should only do the job of keeping
the unbound phase space density constant.

X(to+At)=T(At)X(tp),

VI. THE VELOCITY DISTRIBUTION AT THE EARTH:
COMBINING THE EFFECTS OF JUPITER, VENUS,

B. The bound orbit density at arbitrary times AND THE EARTH

Equation(34) describes the evolution of the state vector . e

during a time stepAt. We can write the time development We have_so far considered the diffusion caused by one
operator that takes us to any tirhas planet at atime and the effect of solar capture. We are now
ready to include more than one planet in our treatment. In
U =[T(AD) VAL X(to+1t)=U(t)X(te). (35) Sec. Ill, where we investigated the diffusion effects caused
by one planet, we saw that one planet can only change the

The exponentiation of can be done either by diagonalizing direction and not the velocity of a WIMP. However, WIMPs
T, or (for applicable timeg) by repeatingly quadrating. that have different directions but the same velocity at one

We have calculated and diagonaliz&€& with a variety of  planet will not only have different directions, but also differ-
different cell configurations. A simple polar grid is a good ent velocities at another planet. Hence, the main effect of
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including more planets in the diffusion is to diffuse particles %
also to different velocities. We thus have a mechanism to £
populate a larger part of the phase space at Earth, and this &
process is hence very important, especially for heavier
WIMPs. We will here include the diffusion effects of Venus,
the Earth, and Jupiter as these are the planets dominating the
diffusion mechanisnh7].

(

A. Transformation of coordinates and bound orbit density
when changing planets

Speed at the Earth

The velocity and angles in a planet-based coordinate sys- o 1épc:—:ecioaam the Earth (krsn/s)
tem at a planet with orbit radiua and velocityv can be ) ) )
converted to the coordinates of another planet via the energy, FIG- 9- The¢=75° slice of the particle velocity space at the
angular momentum, and inclination. This is not enough fo rame of the_ Earth. Th_e solid arcs repr_esent pgrtlcles in Venus-
the specification of the exact location of the particles, but We\clross'ng orbits, and their speadthe location and in the frame of

- - - . e enus Since the arcs are part of spheres of constant velocity at
are only interested in the shape and orientation o S Venus, they show the possible directions of diffusion caused by

Venus. The region outside the solid=9 km/s line is populated by

10 15 20

E— 10, 2 2 ZMQG 36 the combined effect of Jupiter and the Earth. The diffusion effect of
2 u®+2uv cosf+v° - ' (36) Venus is needed for particles to reach the region between the 9 km/s
and 2.5 km/s lines.
L=a(v+ucoséh), (37
2
Ve [ Rolg Yeo(Ue)

_usingcose JoelUo= o ( R@u@wg)) yolpuen

tani= —— . (38
v+ucosd

is the Jacobian.

The inverse transformation is Using these transformations, it is possible to investigate
how a sphere of constant velocity at a specific planet will
look when the particles pass the Earth. Figure 9 is an ex-

(39) ample of this.

The arcs of constant velocityn the frame of Venusre
shown to indicate the directions of diffusion caused by that

1/L planet. Since the lines of constant velocity at Venus cross the
cosf=—|~—v]|, (40 u,=12.3 km/s line, Venus may diffuse particles into the im-
portantu,<<12.3 km/s region.
4 L tani 1)
COSp= ————. , N
aum B. Solving the many body diffusion problem

Consider a point in velocity space, in the frame of the
. Earth, and in the Jupiter-crossing orbitAt this point, the

As an example, we will fransform the various (_jensines,_ 4$ound orbit density(u) takes on a value, at a given time
seen in the frame of the Earth to the corresponding quantmetso_ Call this density, transformed into a specific point in the

at venus. . . reference frame of Jupiterg. Now, after a short period of

. The change of fraf“e consists of tWO. Gah[eo transformg-ime' from now on calledstep sizethe Earth may have in-

foroe of he Sum. Since the st is Juet & change of origin int/easedor decreasedny by an amounting, and Jupier

the six—dimensioﬁal phase space, the change of frame obeyeY have increase@r decreasehg by dng . SmcgnA and

Liouville’s theorem ' g are really a m(_aasurement of_ the same density, and there
’ are two processe@nteractions with the two planetaffect-

ing the differences, the orbit densities after the time step are

Fo(ug)=Fe(ug). (42)  given by

. . -, . nA—>nA:nA+dnA+\]dnB,
Using Eg.(30), the orbit densities at the two locations can

now be related as
Ng—nNg=ng+dng+J tdn,, (45)
No(Ug)=nNg(Ug(Ug))dse(Ue), (43

wherelJ is the Jacobian for the transformation. Note that the
where step size introduced above is the step size after which trans-
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fer of densities between planets occur. For the diffusion efinvestigated the total mass transferred to and from each
fects of the individual planets during this step size, we uselanet and used this to renormalize the mass transferred to
much smaller time steps. ensure mass conservation. In equilibrium, the correction is
In order to transfer the orbit densities from one planet toquite small; under one percent, but when a distribution is
another in a numerically reasonable way, all cells at eaclyilt up, the error can be larger than that.
planet are matched to the correct cells on the other planet. The results are also well behaved with respect to step size
Since there is not a one to one correspondence between thg well as shape of the velocity space and frequency of av-
cells of different planets, we need to interpolate betweereraging. This indicates that our numerical implementation,
cells. We use a linear interpolation, but have also checkedlith the stability measures outlined above, is stable and that
that a simpler nearest neighbor interpolation gives similathe possible errors are under control. The resulting figures of

(but more no_is)/ results. ) the preceding section show the results of a small step size: 16
The velocity spaces of all pairs of involved planets werethousand years.

tessellated in order to create the matrix of linear interpola-
tion. This means that each cell was identified to constitute
the corners of to up to six octahedrons. All transformed i ] ) o
points were identified to belong to a single octahedron, and It turns out that the density of Jupiter-crossing orbits is
the location of the transformed point was given as a lineathdependent of the diffusion effects of the Earth as well as
combination of the octahedron corners. This linear combinathose of Venus. This is expected, since the mass of Jupiter is

tion was then used as interpolation for the densities. so much larger, and the scattering probability increases with
the planet mass squargskee Eq.(23)].
To investigate this, we have numerically solved the Earth-
C. Numerical issues Jupiter diffusion system in two ways: calculating the evolu-
In the preceding section, our scheme for taking care of th tior_l with Jupiter glone, as well as solving the two-body -dif_
e ’ : fusion problem with the methods described above. In either
diffusion effects of more than one planet was outlined. We

X . case, it takes only a couple of milli iter’
will here discuss the measures we have taken to make SL(J)EE Y P on years for Jupiter's

D. Investigation of Jupiter-crossing orbits

that our numerical implementation is stable and does n arth—cros§ing orbits to come into eqL_JiIibrium \.Nith thg un-
introduce numerical artifacts ound orbits. This means thgt for Jupiter-crossing orbits we

In order to further imprové the stability of the interpola- can safely .negllect the d'm.]smn effects of the other planets
. : - and let Jupiter fill these orbits alone. It also turns out that the
tion between the planet cells, the orbit densitieare never

internolated directly. Instead. all int lati q b diffusion of Jupiter-crossing orbits is so much faster than
P rectly. instead, afl Interpolations are done beg, depletion, and we can thus ignore solar depletion for
tween phase space densities and then converted to the these kind of orbits

n-space of the respective planets. The phase space density We can then already now see that the ultraconservative

is a slowly changing function, whilgis not. This_ is_ so since view in Gould and Alam[8] is too pessimistic and that at
among other things, the roughness)ofeq. (19), is included least as many bound WIMPs as in the conservative view

in n, but re_moved agam_v_vhelﬁ is calculated. remains in the solar system. We will next see what the fate is
At any time, the densities at the two planets must be CONE L bound orbits further inside the solar system

sistent with each other so that a density at a particular point
in one frame matches that of the point transformed to the
other planet, as described by E¢4.3). Small interpolation
errors can build up with time, though, and we need to take Inspired by the preceding section, we will from now on
care of this potential problem. To force the densities at thekeep the density of Jupiter-crossing orbits constant and focus
two planetsp, andng, to be consistent, they were regularly on the combined diffusion effects caused by Venus and the
averaged, taking the Jacobians into account. Earth. The locking of the Jupiter-crossing orbits is done in

From an analytical point of view, this is not needed, but itthe same way as for the free orbjtsee Eq.(34)], with the
turns out to be a good way of making the algorithm moreforced insertion of an identity matrix in the time evolution
numerically robust. We have verified that in the limit of very operator. As mentioned above, this is justified by the fact that
small step sizes, the unaveraged results approach the ondifusion of Jupiter-crossing orbits is so fast that we can view
with averaging even in this region, but averaging allows ughese orbits as constantly being filled from the halo. We also
to get better accuracy and stability even with longer steghange the interpolations between the Earth and Venus so
sizes. In the steep region below=7 km/s, averaging is that Jupiter-crossing orbits are excluded they are filled by
needed though to keep the stability. Jupitey.

A related issue is that even though the Jacobian determi- Before going through the results, let us spend some time
nant of Eq.(44) is mathematically valid, linear interpolations going through the diffusion processes in the low velocity
do not ensure conservation of mass. This means that wheregion (as seen from the EanthFigure 9 is a close view of
repeatingly transferring density information between a paitthe space of low-velocity orbits. If we ignore the filling ef-
of planets, one cannot be sure that the interpolation does ndgcts of Jupiter, the Earth would have to diffuse WIMPs alll
in error, introduce or remove mass from the system. Thesthe way from the unbound orbits, starting at the
artificial “sources” or “sinks” need to be removed. While it =12.3 km/s sphere. They could eventually reach the Venus-
is not possible to do this on a cell by cell basis, we havecrossing orbits to the left of the figure. Venus could then act

E. Investigation of the Earth-Venus-Jupiter system
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to diffuse the particles alonigs spheres of constant velocity.

It is evident from the figure that the combined effect of the
Earth and Venus could possibly populate all orbits outside
theu=2.5 km/s line. By numerical simulation of the Earth-
Venus system alone, it turns out that solar depletion is so
strong that gravitational diffusion can only make a small
contribution to the particle density below 12.3 km/s. This is
no big surprise, since comparing the scattering times in Fig.
5 and the solar depletion times of Fig. 6, we see that solar
depletion is indeed very strong.

If we instead use the knowledge about the density of Ju-
piter crossing orbits, the situation is very different. The Earth
can scatter particles directly from the bound Jupiter crossing
orbits, starting ati~8.8 km/s, as opposed to 12.3 km/s for
free orbits. Furthermore the time scale of scattering, as well
as the angular path the WIMPs have to travel is much
shorter, especially in the low velocity region. Hence, solar
depletion will not be as effective when we include Jupiter, as FIG. 10. (Color onling. The final phase space distribution at the
the time scales for diffusion are more comparable to the solan=30 km/s sphere. In understanding this figure, it may help to take
depletion time scales. a look at theu=30 km/s line of Fig. 1, which corresponds to the

In our full calculations, we will(as mentioned aboye central horizontal plane of this figure. The large red region to the
keep Jupiter-crossing orbits fixed and include Venus and théght corresponds to unbound orbits. To the léflackwards 30
Earth in the diffusion process. The calculations start with &km/s the phase space density is very low, as expected from the
solar system empty of dark matter, five billion years ago. Theesults of the solar depletion calculations. The leftmost part of the
step sizdthat is, how often the diffusion effects are added tolarge red area corre§ponds to Jupiter crossing orbits, which are filled
the other plangtwas usually some hundred thousand yearsith the same density as the unbound orbits.

The first ten million years were typically calculated using

smaller step sizes, such as 10 thousand years. The densit@@l argument above that the time scales of solar depletion
converge to their final values within a time of 500 million and diffusion are not too different and that some WIMPs
years. An example of the resulting phase space density atshould remain thus turns out to be valid. Hence, solar deple-
sphere of constant velocity is given in Fig. 10. It is importanttion kills some of the WIMPs at low velocities, but not as
to remember that the free distribution was averaged over any as one could have feared. Also shown in the figure is
period of 100 million years. After such a time, the boundour best estimate of the velocity distribution, which is the
densities take on their final values within about 25%, whichsame as our raw numerical result, but modified at low ve-
is an indication that the results might vary slightly during the
galactic(half) year. In practice, this has little effect, since the
typical time scales for equilibriurtsee Sec. VII B between
capture and annihilation in the Earth are much longer than
that and will average out these small variations over the ga-
lactic (half) year.

The resulting velocity distributions for the slowly moving
particles are shown in Fig. 11. The ultraconservative and
conservative curves represent the contributions from un-
bound and unbound plus Jupiter-crossing orbits, respectively.
For these, we again see the cutoff velocities of 12.3 km/s and
8.8 km/s as explained in Sec. Il B. The result of our full
simulation, but ignoring solar depletion altogether, is also
shown. It follows the Gaussian down to about 2.5 km/s
where it drops to zero. This is in perfect agreement with the
results of Gould 7], and we can see this agreement as a test
that our numerical routines are performing as they should.
Our full numerical routines without solar depletion is a nu- FIG. 11. (Color onling. The radial velocity distribution of Earth

merical implementation of Gould's analytical arguments: ossing dark matter at the Earth. The curves labetatservative
about diffusion in the solar system and our results shoulging uitraconservativeare the contributions from unbound, as well
thus (as they do agree in this case. We also show our rawas unbound plus Jupiter crossing orbits, respectively. The dash-
numerical result, which is the outcome of our full simulation dgotted curve displays the result of ignoring solar depletion. The blue
with solar depletion included. It is significantly lower than solid line represents our best estimate, including the effect of the
the Gaussian estimate in this low-velocity region, but not agccentricity of the Earth’s orbit. The thin line is the raw result from
low as the conservativ@r ultraconservativeview. The gen-  the numerical routines.
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locities (below 2.5 km/$ to include the effect of the eccen- x 107
tricity of the Earth’s orbit, which will be explained now. 5 T

The diffusion effects included so far does not provide = (o
means of filling the extremely slowu& 2.5 km/s) orbits. E 6r Tz
Such processes arise when the eccentricity of the Earth’s = 5l
orbit is taken into account. This could be done in a way §
similar to ordinary diffusion, but since would no longer be §>< 4l
fixed even in the one-planet case, the block diagonal one- ]
planet time evolution operator would be polluted with new, v 3
off-diagonal blocks, making the diffusion problem much
more complicated. However, the eccentricity of the Earth’s _§ 2r ; Gaussian
orbit will mean that the Earth diffuses slightly differently in 2 / — Best estimate
different parts of its orbit. This will cause a mixing of g 1F ! — Raw numerical
spheres of differem and thus cause an effective diffusion in ; NED ,Il == Conservative
theu direction. The size of this effect can be estimated using Qéj 0 510 20 30 40 50 60 70

Eqg. (2.10 of Gould's papef21]. Evaluation shows that for WIMP velocity u at the Earth (km/s)

extremely slow particle orbits, the time scales can be as fast

as one-tenth of those of the ordinary diffusion, while in most ~ FIG. 12. (Color onling. The phase space densifu) at low
other cases they are far slower. It is therefore quite reasoryelocities. The upper curve is the Gaussian distribution. The thin
able to ignore these effects in our diffusion treatment afsolid curve is the outcome of our numerical simulations. The thick
higher velocities. For the<5 km/s region the time scales S°lid blue curve is our best estimate, where a population at low
of u diffusion is comparable to the time scales of solar depleYelocities(below 2.5 km/s has been added due to the eccentricity
tion, which makes it reasonable to assume that the phasO the Earths _orbl_t(se_e text The das_,hed_llne, for comparison,
space density is a slowly changing function with respect, to shows th_e dlstrlbu.tlon in t_he con;ervatlve view where only unbound
which means that the sharp cutoff at=2.5 km/s is not plus Jupiter-crossing orbits are included.

physical. To estimate the phase space density at these very o o .
low velocities, the mean density in thes[2.5,5] km/s re- outline how the calculation is done. We divide the Earth into

gion is calculated and used as a minimum density in théhells, where the capture from elemeénn each shellper
whole ue[0,5] km/s region. Another approach could have Unit shell volume is given by[4] [Eq. (2.8)]

been to relocate the already existing mass to fill up uhe ~

<5 km/s region evenly. However, this would underestimate E: f”maxduwwg—,(w) (46)
the density in theu>2.5 km/s region. Figure 12 compares dv Jo u e

the raw result of the full numerical simulations, with this

new best estimate and the Gaussian. The conservative view

is also shown for reference. wheref(u) is the velocity distributioinormalized such that
f§7(u)=nx, wheren, is the number density of WIMPs
VIl. CAPTURE AND ANNIHILATION RATES [34]]. The expression) ;(w) is related to the probability

h di : h h that we scatter to orbits below the escape veloeitys the
In the preceding section, we have seen that our New estizy| ity at the given shell and it is related to the velocity at

mate of the WIMP velocity distribution is, especially at low ; . . . _
o : A infinity u and the escape velocity by w=\u?+v2. The
velocities, considerably lower than earlier estimates based o y P ty by v

) L : . ) Lr}pper limit of integration,u,,,y, IS set to the kinematical
the Ga_u53|an apprquz_atlo_[r'ﬁ]._We will her_e investigate limit for capture to be possible. We refer the interested reader
how this new velocity distribution affects first the capture

rates of WIMPs in the Earth and second the annihilation rate'fc,0 Appendix A of Ref[4] for details. Included i}, (W) is

of WIMPs in the center of the Earth. In this section, we will a dep(_endence on the scatter?ng Cross section off element
keep the discussion general and in Sec. VIII we will inves-for which we use the expression in R¢f2] [Egs. (925

tigate the effects for the neutralino as a WIMP dark matter
candidate. 5 (mm)? (my+mp)?

Oi= Oph 2 2
A. A new estimate of the capture rats . . . (m+mp)* (m,mp)

(47)

Given the velocity distribution derived in the preceding
section, we can now calculate the capture rate in the Earthere A; is the atomic number of the elememn, is the
with this velocity distribution. We will use the full expres- proton mass, and, is the scattering cross section on pro-
sions for the capture rate as derived by Gould in R&f.but  tons.

will also compare with the usual Gaussian approximatas We now have what we need to calculate the capture rate.
derived in Ref[7]), as that is what most people use to cal-In Eq. (46) we integrate over the velocity for our chosen
culate the capture rates. velocity distribution. We then integrate this equation over the

The calculation of the capture rates for an arbitrary veloc+adius of the Earth and sum over all the different elements in
ity distribution is given in Ref[4], we will here only briefly  the Earth,
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TABLE I. The composition of the Earth’s core and mantle. The ! I
core mass fractions are from Table 4 in Rgf2] and the mantle 0 I gzsn::;ijt: I
mass fractions are from Table 2 in RE22)]. . Ultra conservative

0.8 B SR

Atomic Mass fraction % :
Element number Core Mantle §0.7
Oxygen, O 16 0.0 0.440 | SSRGS N 5 11 D
Silicon, Si 28 0.06 0.210 §os
Magnesium, Mg 24 0.0 0.228 § s
Iron, Fe 56 0.855 0.0626 g
Calcium, Ca 40 0.0 0.0253 g os
Phosphor, P 30 0.002 0.00009 £,
Sodium, Na 23 0.0 0.0027 § : N
sulfur, S 32 0.019 0.00025 e e e W 1] T A ]
Nickel, Ni 5o 0.052 0.00196 s B 56 51 % E 11 Hea
Aluminum, Al 27 0.0 0.0235 ° WIMP mes (CeV) %000
Chromium, Cr 52 0.009 0.0026

FIG. 14. The ratio between the capture in various models and
that of a Gaussian distribution in free space. The figure displays the
Re dc quotient of the weak WIMP capture rates in the Earth in various
C=f drz W47Tr2' (48) models, and the capture given in the case of the commonly used
0 ' Gaussian distribution.

The capture rates depend on the mass and distribution of

the elements in the Earth. The most important elements are Figure 13 shows the calculated capture rates, to be com-

iron, silicon, magnesium, and oxygen, of which iron is by farpared with that of a Gaussian distribution, with the Earth in

most important for WIMP masses over 100 GeV. We use théree space. The Gaussian distribution is the one of(&qn

Earth density profile as given in RgR0] and for the ele- Sec. Il A. The scattering cross section between the nucleons

ment distribution within the Earth we use the values given inand the WIMPs determines the normalization only, and was

Table 2 for the mantle and Table 4 for the core from Ref.taken to be 10%% cn? in Fig. 13. We also show the resulting

[22]. These values are listed in Table I. capture rates in the conservative and ultraconservative view,
where the cutoffs at about 710 GeV and 410 GeV are clearly

seen. These cutoff masses are higher than those given by

10" T T T T T T T 11T T

T (B;aussmf} Gould and Alan{ 8] as we have used the full integration over
il 7 | T ij;:::gjt: a the Earth and not the average properties as in ff(see
: Sec. Il B for a discussion of these cutoff magses

Ultra conservative

It is of course interesting to compare the calculated cap-
ture rate with that given by the commonly used Gaussian
distribution. This is done in Fig. 14, where we divide by the
capture rate in the Gaussian approximation. We clearly see
that below 100 GeV, the different calculations agree to
within about a factor of two. At higher masses the suppres-
sion is almost an order of magnitude, but not as bad as the
feared conservative or ultraconservative views.

Capture rate [s7]

B. ... and theannihilation rates

1
i
; j : g “ EE ;
Ln 0 20 a0 500 1000 5000 We have seen that our new estimate of the capture rate in
WHATVAR? aaes: (GielV} the Earth is, especially at higher masses, considerably lower
FIG. 13. The capture rate of dark matter. This figure shows thigansthe USL;]aI estlm_ate _b%sed ((j)n the Gaussm:jn appr(:j)flma'lclon
rate at which dark matter particles are captured to the interior of th I Since the neutrino-induce ”_‘”0“ rates do not .Ir.eCt.y
Earth, for a scattering cross section of=10%2cn?. The depend on the capture rate, but instead on th_e annihilation
Gaussian—no solar depletion model gives the highest capture. TH&t€, We will here investigate how the annihilation rates are

curves labelediltraconservativeand conservativeare the contribu- ~ affected. . . .
tions from unbound, as well as unbound plus Jupiter-crossing orbits, 1h€ evolution equation for the number of WIMRS, in

respectively. For masses above 150 GeV, our new capture estimat@€ Earth is given by

\
i
!
1

is considerably lower than that of the Gaussian model. The peaks at
low WIMP mass correspond to the masses of the included elements. d_N =C—C.N2—CcN (49)
A dark matter halo density gfy=0.3 GeV/cni is assumed. dt A S
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where the first term is the WIMP capture, the second term idightest neutralino, which arises as a natural dark matter can-
twice the annihilation rat& ,=2C,N?, and the last term is didate in supersymmetric extensions of the standard model.
WIMP evaporation. The evaporation term can be neglecteth the following section, we will briefly go through the su-
for WIMPs heavier than about 5-10 G¢g¥] and since we persymmetric model we work in and will then continue to
are not interested in these low-mass WIMPs we can safelinvestigate the effects of our new velocity distribution on the
drop the last term in Eq49). If we solve EQq.(49) for the  annihilation rates and the neutrino-induced muon fluxes.
annihilation ratel”, we get

1 A. The neutralino as a dark matter candidate
, 50 . : : Lo
JCC, 0 We will assume that the WIMP is the lightest neutralino in

the MSSM, i.e., the lightest neutralin}ég, is defined as the
where 7 is the time scale for capture and annihilation equi_lightest mass eigenstate obtained from the superloosition of
librium to occur. In the Sun, equilibrium will for many four spin-1/2 fields, th&-ino andW-ino gauge fieldsB and
WIMP models have occurred and the annihilation rate is afA®, and two neutraCP-even HiggsinosH? andH9. For a
“full strength,” T',=3C. In this case the annihilation rate is recent review of the MSSM and the neutralino as a dark
directly proportional to the capture rate. However, in thematter candidate, see R¢23]. The parameters of our phe-
Earth, equilibrium has often not occurred, and we will havenomenologically inspired MSSM model are the Higgsino
the more complex relation between the capture and annihilanass parameter, the gaugino mass paramelds, the ratio
tion rate, Eq.(50). In the next section, we will show this for of the Higgs vacuum expectation values @nthe sfermion
an explicit example, the neutralino in the minimal supersym-mass scalé;, the mass of th€P-odd Higgs bosorm,,
metric standard mod¢MSSM). Before looking at specific  and the trilinear couplings for the third generation squa¥ks
MSSM models, let us analyze EG0) to see the general andA,. We have made extensive scans of these parameters

trends. Let us denote the capture and annihilation rates in thgnd have currently about a couple of hundred thousand mod-
usual Gaussian approximation Bf and re, respectively, els in our model database.

1

FA=2

t
Ctantf—, 7=
T

whereas our new estimates are dend@ezhdlI . Using the For our actual calculations we use the DarkSUSY package
fact that the constart, is the same in both scenarios, we [24]. We only select those models that do not violate present
can then write accelerator bounds. The neutralino naturally has a relic den-
sity in the right range, and we will further restrict this range
Ct c by selecting only models with a relic density in the range
tanrel [ = © —, to>7 O.OSsQXh2< 0.2. This range is a bit larger than the current
Ia cér c© best estimatefl], but to be conservative we choose to work
e = ce to c\2 with this larger range. When calculating the relic density, we
A tantt| — _) to<T. have included coannihilations between neutralinos and
T ce/’ charginoscoannihilations also with sfermions in the MSSM
(52 is the subject of a future publicatipn
Hence, if equilibrium has occurred, the annihilation ri@ed B. Neutralino capture and annihilation

thus the neutrino-induced muon fluxesre suppressed with  \we will investigate here how the annihilation rates are
the same factor as the capture rates, but if equilibrium haggected for specific MSSM models. For our large set of
not occurred, the annihilation rate is suppressed with th@jssM models, the typical equilibrium time scales

square of the capture rate suppression factor, i.e., the sup-1gl7_1®3s je. longer or much longer than the age of the

pression is amplified. solar systemto=4.5x10° years. Hence, equilibrium be-
tween capture and annihilation has often not occurred in the
VIIl. APPLICATION TO THE SUPERSYMMETRIC Earth. As equilibrium has not occurred in the Earth, we can
NEUTRALINO use Eq.(50) to see how the decrease Gwill affect I', .

So far, we have discussed the effects of our new estimatgnm Fig. 15 we show, for a set of MSSM models, how the

of the velocity distribution in general terms. We have seert nihilation rates are decreased. We also show the limiting
1ty general terms. Ve hav cases foto> 7 andto<7. We can clearly see that for most
that our estimate of the velocity distribution is significantly

. X i - models, as equilibrium has not occurred, we are close to the
different from previous estimates at low velocities. We have G2 . L
/C*)“ suppression of the annihilation rates.

also seen that the capture rates, especially at higher WIME’C
masses, are significantly reduced with a fa@b€®. Hence,

the annihilation rateg§and the expected neutrino-induced
muon fluxe$ are reduced by a factor that lies between So, given our calculated suppression of the annihilation
(CIC®)? and C/C®. We now want to investigate this sup- rates, the neutrino-induced muon fluxes will also be sup-
pression factor further and analyze the effects on theressed by the same amount. We now ask ourselves if this
neutrino-induced muon fluxes. For this we need an explicisuppression is too big to make the neutrino-induced muon
WIMP candidate. We will here assume that the WIMP is thefluxes too low to be observable in the MSSM. In Fig. 16 we

C. Neutrino-induced muon fluxes from the Earth
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——— e n. ook, 2008 that the IceCube limit shown here is a probably too optimis-

tic, but we show it as limiting case beyond which a 13km

i neutrino telescope will not reach. For comparison, we also

indicate the current direct detection limit by the Edelweiss

experimen{25]. Models that are excluded by Edelweiss are

indicated by green circles, whereas models that are not ex-

t o . cluded are indicated with blue crosses.

2. Comparing the left and the right figures, we clearly see
P that there is a significant suppression of the rates above about

0.05 < Qh?<0.2

o
|
N
35
.
ot
5
44
+”}

o

P e
<

g

=

-1 #e 100 GeV, and above about 2000 GeV, the fluxes are too low
10 : E to be observable even with future detectors. In the range
s2e ] between 100 GeV and 2000 GeV, where future neutrino tele-

i scopes still have a chance to detect a signal from the Earth,
L | o @ oa> 10 km yr essnge i the prospects for doing so are clearly diminished with our
+ @ od<10km? yr’ Ther new estimate of the fluxes, especially if one considers that all
) i of the observable models in that range are already excluded
2 by direct detection experiments. Note, however, that the
10 ot 3 e 3 B comparison between direct detection and neutrino telescopes
10 10 10 10 that we have done here is for a Maxwell-Boltzmann velocity
Neutralino Mass (GeV) distribution. As direct detection experiments are primarily
_ o sensitive to the high velocity tail of the distribution, whereas

FIG. 15. Ts/T'y versus the neutralino mass, . The limiing  neytrino telescopes are sensitive to the low velocity tail, the
cases fotto> 7 andte <7 are indicated in the figure. Most models ., relation between the two signals need not be as large as
have annihilation rate suppressions close to the lower curve sinGeqicated in Fig. 16 for a more realistic distribution. Below
equilibrium has most often not occurred in the Earth. 100 GeV, the neutrino signal from the Earth is not reduced

much with our new velocity distribution. In this range, neu-

show in the left panel the neutrino-induced muon fluxes withiring telescopes are also in general more sensitive than direct
the old Gaussian approximation. In the right panel, we showjetection experiments.

the neutrino-induced fluxes with our new estimate of the
WIMP velocity distribution. We also indicate current limits
from neutrino telescope®aksan[26], Macro[27], Amanda
[28], and Super-Kamiokand®9]) and anticipated sensitivi- We have made a new estimate of the velocity distribution
ties for future neutrino telescopes like IceCU39]. Note  of WIMPs at the Earth due to diffusion in the solar system.

Suppression of annihilation rate
aee
g
3

IX. CONCLUSIONS

6 J. Lundberg and J. Edsj6, 2003 6 J. Lundberg and J. Edsj6, 2003
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FIG. 16. (Color onling. In the left panel we show the neutrino-induced muon fluxes in the standard Gaussian approximation, whereas in
the right panel we show the fluxes based on our new estimate of the WIMP diffusion in the solar system. We also show the current limits
of a few neutrino telescopes and an optimistic estimate for the future IceCube sensitivity. The current direct detection limit by the Edelweiss
experimen{25] is also shown. Models that are excluded by Edelweiss are indicated by green circles, whereas models that are not excluded
are indicated with blue crosses.
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We have included gravitational diffusion due to the Earth, TABLE Il. The asteroids integrated by Farineidal. The num-
Venus, and Jupiter and depletion due to solar capture. Conkers given are the times at which the asteroid collided with the Sun,
pared to the standard approximati6ire., that the solar dif- ©f was ejected, in thousands of years. The asterisks mark asteroids
fusion can be approximated by the Earth being in free spac\‘-‘!e have not calculated. The following asteroids survived the full
and seeing the unperturbed Gaussian halo velocity distribd?/® Million year period, according to Farinelé al. and our cal-

tion), our estimate is significantly lower at low velocities culation (and are not included in the tabie1972 RB, 1981 QB,
’ 9 Y 1981 QN1, 1982 TA, 1984 KB**, 1990 OA, 1990 SM, 1991 EE,

(below about 70 kmjs The main reason for this is that solar 1991 VC, 1992 EU, 1992 RD, 1992 SY, 1992 SZ, 1998 CC1, 1998

capture diminishes the WIMP population at these low veloci-pa, geitrovata, Dionysus, Dorchester, Grieve, Hiltner, Krok, Oljato,
ties. If it were not for solar capture, our results would con-pgseidon, Taurinensis, Verbano, Verenia, Wisdom, Zeus.

firm the results of Gould7], i.e., that the velocity distribu-
tion as seen at the Earth is close to the one in free space. The MERCURY pack Farinellaet al.
diffusion effects of Jupiter, Earth, and Venus would make the -
distribution look Gaussian, apart from a hole in the distribu—1971 SC sun 1400
tion below 2.5 km/s. This hole would, however, be filled due1983 LC Sun 42 Sun 810
to the eccentricity of the Earth’s orbit. However, solar cap—1988 NE Sun 1062 sun 950
ture suppresses the velocity distribution by about an order oJf988 VR - Sun 1470

1989 DA Sun 369

magnitude at low velocities and this suppression propagates

into a suppression of the same order of magnitude in théL990 HA Sun 1985 Eject 450

capture rate. 1990 TG, Eject 362 Eject 420
Since the annihilation rates depend on the capture rates> 0 1R Elect 1449

the annihilation rates are also suppressed. The amount 3?91 AQ Sun 456

suppression, however, depends on whether capture and anf'i?—gl BA Sun 120

hilation are in equilibrium or not. If they are in equilibrium 1991 GO Sun 600

the annihilation rate suppression is the same as the captu}ggl Sz Sun 1860

rate suppression, but if we are not in equilibrium, the anni-- 9L TB, Sun 625 Sun 30

*%
hilation rate suppression is equal to the capture rate suppre%gg; \8/$5 s 1509 Sun 570
sion squared. un

For one of the prime WIMP dark matter candidates, the6344 P-L Eject 362

neutralino in the MSSM, it turns out that these are typicaIIy'(A‘:donls zun i;j sunt 228
not in equilibrium, and thus the annihilation rate suppression unl? un SJeC 90
is equal to the capture rate suppression squared. The n%f'c © un

result is that the annihilation rates will start being suppresse'&'el[)h"leStos sun 143 Sun 110

above about 100 GeV, and reaches a maximal suppression gftr:ra 2u: égz SSur; 13?5%
about 102 at around 1 TeV. Above about 2 TeV, the ex- Jatoti E'u ‘ 29 E'u ‘ 640
pected fluxes are so low that future neutrino telescopes wiITOu ans lec 1ec
not have enough sensitivity to see these.

Finally, a word of caution should be applied to the inter- ACKNOWLEDGMENT

pretation of these new results. Even if we have done what we
can to make sure that our new estimate is correct, there are We thank A. Gould for comments. J.E. thanks the Swed-
still approximations done and numerical uncertainties thatsh Research Council for support.

need to be considered. For example, in principle one would

like to do a full numerical simulation of the full diffusion

process with an arbitrary halo distribution as input. That is APPENDIX: COMPARISON WITH FARINELLA'S

not numerically feasible to do so; instead we have relied on CALCULATION OF NEAR EARTH ASTEROIDS

numerical simulations for the solar capture and on analytical This appendix considers the 47 asteroidsostly near

calculations and arguments for the diffusion process. TheSEarth asteroids, NEAs whose fates were investigated by
analytical calculations are approximations with the aim tofa inelia et al. [9]. As a test of theMERCURY integration

describe the diffusion processes correctly on average. Wgackage[14], we have repeated the calculations of Farinella
think that these approximations are reasonable, but ongt 1. using both the Bulirsch-Stoer algorithifi6] and
should keep in mind that there are uncertainties involved ifjfteenth-order Radao algorithf15].

these approximations. At higher masses, above about 1 TeV, The actual fates of specific asteroids is of course depen-
we are very sensitive to the very details of the velocity dis-dent of the method used, and the accuracy parameters of the
tribution at very low velocitiega few km/$. We have as- calculation. Even with very high accuracy, convergence can-
sumed that the eccentricity of the Earth’s orbit fills the holenot be expected since numerical errors propagate exponen-
below 2.5 km/s. If this would not be the case, the supprestially in chaotic systems. The initial conditions of our calcu-
sion for high masses would be even larger than depictethtions are those of the online asteroid database at U.S. Naval
here. Observatory, epoch 11-22-2002. In addition to the time

123505-17



JOHAN LUNDBERG AND JOAKIM EDSJO PHYSICAL REVIEW D 69, 123505 (2004

passed, some asteroids have been observed many times sisgstem and twelve were captured by the Sun in our calcula-

1994. However, one can still hope to imitate the generations, whereas four were ejected and 14 were captured by the

behavior by looking at a large set of initial values, regardlessSun in the Farinellat al. calculations. We cannot expect to

of what they represent; asteroids or WIMPs. get exactly the same results on an individual basis, but are
The results for the Bulirsch-Stoer method are presented isatisfied to see that we get roughly the same behavior as

Table II. Of the 47 objects, four were ejected from the solarFarinellaet al.
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