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The large scale anisotropies of Wilkinson Microwave Anisotropy PWBRIAP) data have attracted a lot of
attention and have been a source of controversy, with many favorite cosmological models being apparently
disfavored by the power spectrum estimates atfovll the existing analyses of theoretical models are based
on approximations for the likelihood function, which are likely to be inaccurate on large scales. Here we
present exact evaluations of the likelihood of the low multipoles by direct inversion of the theoretical covari-
ance matrix for low resolution WMAP maps. We project out the unwanted galactic contaminants using the
WMAP derived maps of these foregrounds. This improves over the template based foreground subtraction used
in the original analysis, which can remove some of the cosmological signal and may lead to a suppression of
power. As a result we find an increase in power at low multipoles. For the quadrupole the maximum likelihood
values are rather uncertain and vary between 140 angu&?0 On the other hand, the probability distribution
away from the peak is robust and, assuming a uniform prior between 0 and20%)0the probability of
having the true value above 12Q(K? (as predicted by the simplest cold dark matter model with a cosmo-
logical constantis 10%, a factor of 2.5 higher than predicted by the WMAP likelihood code. We do not find
the correlation function to be unusual beyond the low quadrupole value. We develop a fast likelihood evalu-
ation routine that can be used instead of WMAP routines for fovalues. We apply it to the Markov chain
Monte Carlo analysis to compare the cosmological parameters between the two cases. The new analysis of
WMAP either alone or jointly with the Sloan Digital Sky SurvéyDSS and the Very Small ArrayVSA) data
reduces the evidence for running to less than giving a=—0.022+0.033 for the combined case. The new
analysis prefers about asllower value of(),,, a consequence of an increased integrated Sachs-{18\i¢)
effect contribution required by the increase in the spectrum atfloWhese results suggest that the details of
foreground removal and full likelihood analysis are important for parameter estimation from the WMAP data.
They are robust in the sense that they do not change significantly with frequency, mask, or details of fore-
ground template marginalization. The marginalization approach presented here is the most conservative
method to remove the foregrounds and should be particularly useful in the analysis of polarization, where
foreground contamination may be much more severe.
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[. INTRODUCTION [4,5]. These perform satisfactorily for high values, where
the central limit theorem guarantees that a Gaussian distribu-
Data analysis of cosmic microwave background maps is #0n (in offset lognormal transformed variabjewill be a
challenging numerical problem. The question that we want t¢00d approximation. Unfortunately, these methods are much
answer is the probabilityior likelihood of a theoretical less reliable at low multipoles, where the distributions are

model given the data. In order to evaluate the exact likeli Nt Gaussian. The situation is complicated further by the

hood of a theoretical power spectrum of cosmic microwavemaSkS applied to the data to remove the galactic foreground

background(CMB) fluctuations given a sky map of these contamination and by the marginalization of unwanted com-
gre o g y - .ponents, all of which makes analytic approach unreliable. In
fluctuations, it is necessary to invert the theoretical covari

. ) . ; 6] it was suggested to use a hybrid approach using QML on
ance matrix. This operation scales@&N?®), whereN is the 16} 99 y iy 9Q

X o . degraded maps at low and PCL at higher multipoles.
length of the data vector and is currently limited by practi-  The issue of the exact values of multipole moments in

cally available computer technology tN=10" One is  WMAP data has attracted much attention since the original
hence forced to use approximate estimators when inferringnalysis by the WMAP tearfi7]. Several unusual features
the power spectrum from data such as those of the WilkinsoRave already been pointed out in the original analysis. One of
Microwave Anisotropy ProbéWMAP) satellite[1], which  these was the correlation function, which appears to almost
have 1-2 orders of magnitude more independent measurganish above 60°. Another was the low value of the quadru-
ments. The most popular methods are the pseudd@CL) pole. With the PCL analysis the value of the quadrupole was
method(see, e.g.[2]) and the quadratic maximum likelihood found to be~123 uK?, compared to the expected value of
(QML) estimator(see, e.g.[3]). Both of these methods pro- ~ 1200 xK? for the simplest cold dark matter model with a
duce as an intermediate step estimates of multipole moment®smological constantACDM mode). The probability for

C,, and approximate methods have been developed to déhis low value was estimated to be below 1%, depending on

scribe their probability distributions as accurately as possibléhe parameter space of the models. The discussion of the
statistical significance of the low values of the quadrupole
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and octopole in the WMAP dati8—11] has sparked a re- analysis, particularly the 408 MHz Haslam synchrotron ra-
newed interest in the so called estimator induced variancdiation map[14], are of poor quality. WMAP produced a
[12]—the error in the likelihood evaluation arising due to the better set of templates by applying the maximum entropy
use of an estimator rather than the exact expressiga2yit ~ Mmethod(MEM) to WMAP maps in several frequency chan-
was argued that the QML estimator performs significantly"€!S using templates as priors oriy]. In addition to the
better than the PCL estimator and that the true value of thE2Siam synchrotron map, they usgib] the Ha map as a

adrupole probably lies in the range around 170283 racer of free-free emission and the Schlegel-Finkbeiner-
quadrupole p y11es In € rahge aroun —R80. Davis (SFD) dust template based di6]. This process re-
However, only the maximum likelihood value was computed

= A -~ ~“sulted in three MEM derived foreground maps. These, how-
anq not the ful! likelihood d|s_tr|but|ons, so the statistical Sig- ever, were not used to infer the power spectrum. Instead, the
nificance of this result and its effect on the parameter estifficial power spectrum was determined from the integrated
mation remalned_ unclear. In addltlon, the role of foregrqund%ing|e frequency maps and the same temp|ates that were used
and monopole/dipole removal has not been explored in dess priors for the MEM map making procedure, ignoring the
tail. MEM derived maps.

In this paper we take a different approach. We argue that The MEM derived maps are likely to be the most faithful
the actual value of the best fitted quadrup@ed other mul-  representation of the foregrounds. When used in power spec-
tipoles is not of major interest, since it can be quite sensitivetrum inference, however, they must be used with care due to
to the details of the foreground subtraction procedure, typ¢he complicated nature of their signal and noise correlations
of mask used, and numerical details of the analgisisact, [13]. Nevertheless, on the largest scales, where receiver
the various values proposed so far may even be statisticalljoise is negligible, they are probably the best available op-
indistinguishable if the likelihood function at the peak is very tion. We therefore use the integrated single channel maps and
broad. What is more important is the probability or likeli- the MEM derived foreground templates as a basis for our
hood of a model given the data, compared to another modd&york. Note that in the foreground marginalization procedure
that may, for example, fit the data better. This is encapsulatefP emplate is actually removed from the data and there is no

in the likelihood ratio between models, and within the Baye_danger of introducing noise correlat_ions that could signifiT
sian context is the only information we really need to asses§2ntY affect the power spectrum estimates. We perform this

the viability of cosmological models that belong to a certainPrOc€ss on foreground unsubtracted maps of the V and W

class. In this paper we perform the exact likelihood calcuIa-(:hannelS of the WMAP satellite. We use both KP2 and KPO

tion by a direct inversion of the covariance matrix for the mqsks and project out the remaining galactic contamination
. N ...~ using MEM inferred maps of dust, synchrotron, and free-free
low resolunon maps, th_us ehmmatm_g al! the ur.]certamt'esforegrounds. We use the likelihood evaluated in this way to
related to estimator variance approximations. Since we USgsses the statistical significance of departure from the con-
low resolution maps with less than 3000 pixels we can do theorgant model at low multipoles and to perform a statistical
inversions with brute force Imea_r algebra routines. _Th'sanalysis of cosmological models given the data.
means we cannot dO the ana|y5|5 on a” Of the mu|t|p0|e The WMAP team a|so produced the (o) Ca”ed interna'
moments, so we analyze low multipoles with the exactinear combinatior(ILC) map of the CMB emission, by us-
method and use PCL analysis for the higher multipolesing internal maps at various frequencies to decompose them
where the two methods agree with each other and where thiato CMB and foreground components. This approach is not
approximate variance estimates developed for PCL analysisased on any templates and so uses less information than is
are likely to be valid. available in principle. While visually these maps appear to be
The second issue we wish to address in this paper is theelatively free of contamination outside the galactic plane,
question of foreground subtraction. This is done in two stepsthere are still artifacts within the plane. This means that one
First, pixels with a high degree of contamination are com-must be careful when projecting out monopoles and dipoles:
pletely removed from the data. This results in the so calle®ne should not simply remove them from the all-sky map,
KP2 (less aggressive, 85% of the $kgnd KPO(more ag- ~ Since they could be contaminated by galactic emission at the
gressive, 75% of the skymasks[13]. There remains con- center and this would leave a residual offset outside the ga-
tamination even outside these masks in individual frequencictic plane, which could contaminate all the low multipoles.
channels. This contamination can be further reduced usinfN€ Must again apply marginalization over monopoles and
templates and/or frequency informatigta]. In the WMAP uadrupoles on the masked map to eliminate any contamina-

; : ion in the final result. A similar approach has been taken by
analysis the templates were fitted for and subtracted out j‘ﬂ] and [18], who produced their own versions of ILC

the WMAP data. Even with a perfect template there is maps. Since we argue that the best method is to use single

d_anger thaj this pro.cedure can qversubtract the_ fOregroun(.iﬁ‘equency maps together with correct templates and we use
since one is essentially subtracting out the maximum amphfhe ILC map for illustration and cross-check purposes only,

tude consistent with the template, which could include Som&e 4o not consider these alternative ILC solutions further.
of the signal. Instead, here we do not subtract out the tem-

plates, but marginalize over them by not using any informa- Il. METHOD

tion in the data that correlates with a given template. This

procedure has not been applied to the WMAP data in previ-

ous analyses. It guarantees that there is no statistical bias Given noiseless and independent measurements of the

caused by the foreground removal. CMB sky d, the theoretical covariance matrix for these mea-
Some of the templates that were subtracted in the WMARurements is given bj19]

A. Likelihood evaluation

123003-2



EXACT LIKELIHOOD EVALUATIONS AND FOREGROUND . ..

2¢+1
4

Ci'jzgz T

CgP((COSGi’J‘), (1)

whereC, is the power spectrun®, is the Legendre poly-
nomial of order, and ¢, ; is the angle between thi¢h and
jth points on the sky. We also define

_Ct(£+1)
o 2w ’

)

which is the quantity that is conventionally plottéxhd often
referred t9 as the power spectrum.
In addition to the covariance matrix in EQ.) we want to
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use this information to reduce the effective scale of the
smoothing beanfby the square root of this correctipim the
calculation of the covariance matrix, although we verified
that this does not affect any of the final results.

We have also attempted an exact calculation of the win-
dow function by treating each subpixel of a low resolution
HEALPIX map separately. Unfortunately, this is computation-
ally prohibitively expensive. Instead, we performed weighted
averaging within each low resolutioneALPIX pixel using
the effective HEALPIX window function provided with the
package and get compatible results. We chose not to adopt
this approach for the main analysis since the individual
HEALPIX pixel windows are anisotropic, depend on the mask,

project out linear components of the data vector that correanq are very slowly decreasing with increasibgFor our
spond to known contaminants in our data. Fortunately, there.qqution level the effective windowsvhich are valid only

exists a standard procedure for th29]: the covariance ma-
trix of the contaminant is calculated and added to the theo
retical covariance matrix with a very large variance. Here th

covariance matrix of the template is given by=CLL "),

where L is the template vector. Using this method, we
project out the map’s monopole and dipole and the kno
galactic contaminants, namely, dust, synchrotron, and fre
free emission. For completeness we add the diagonal noidd
component\;; = (riz, although this is not strictly required for
this analysis, because the noise power spectrum is belo@aP:

10 uK? on the scales of our interest.
Hence, the total covariance matrix can be written as

CtotaI: C+N+ )\(Cdust+ Csynch+ Cfree-freeC{:0+ C(f: 1) )
)

e

for full sky coverage are given only up td =64, and there

is still a lot of power beyond that.

The Gaussian smoothing procedure was used on WMAP
integrated maps for the V and W channels and for the MEM

(j'naps for the three major foregrounds: dust, synchrotron, and

ree-free emission. In all cases, the low resolution maps were
oduced for the KP2 mask and for the more conservative
KPO mask. We also applied the same procedure to the ILC
except that in this case we smoothed over the whole
map and so did not need to upscale the pixel values by the
effect of the mask. By changing various parameters of the
inversion process we got consistent likelihoods, and we esti-
mate the uncertainty in likelihood evaluation to be about 0.2
in logarithm of the likelihood.

The value of\ in the above equation must be large enough
so that unwanted components are projected out. If it is t00|||. MULTIPOLE MOMENTS AND THEIR STATISTICAL

large, however, the numerical errors start to affect the results.

The logarithm of the likelihood of give,’s can then be
written as

1 1
logL=— EdT(Ct0t35‘1d— E(|og|c| +Nlog2m), (4)

whered is the data vector. To evaluate the likelihood of a
given theoretical model we simply evaluate this expression? "~ <~
computing the covariance matrix using the theoretical modefCt likelinood analysis

spectrumC, in Eq. (1).

B. Choice and preparation of maps

SIGNIFICANCE

In Fig. 1 we show the maximum likelihoo@vL) values
of the multipoles up td =18 for several of our basic cases.
One can see from this figure that most of the estimates up to
€~10 are above the PCL values given by the WMAP team,
while at higher multipoles the two agree wefl€ 11 appears
anomalous and PCL gives a much higher value than the ex-
Some of the differences are due to
random fluctuations: KP2 mask contains 85% of the sky
compared to 75% for KPO and this can lead to differences in
the two estimates. Similarly, projecting out the foreground
templates reduces the amount of information, so there can be

As mentioned in the Introduction, the procedure describedtatistical differences between our analysis and one without
above can realistically be performed only on modestly sizednarginalization. While the differences between KPO and
maps. We decrease the resolution of a given map using th€P2 masks are likely to be within the allowed range of sta-
following procedure. First, the full resolution source map ististical fluctuations, this is less likely for the differences be-
multiplied by the mask, whereby every masked pixel is zetween WMAP PCL and our analysis of V with the KP2
roed, while unmasked pixels remain the same. The map imask, since the same mask and channel were used by
then smoothed by the 5° full width at half maximum Gauss-WMAP. The difference is partly due to the use of the exact

ian beam and resampled at a low&ALPIX [21] resolution

likelihood analysis and partly due to the foreground margin-

(NsIDE=16), giving 3072 roughly independent pixels on a alization. While the WMAP team marginalized over mono-

full-sky map. The mask itself is smoothed in the same manpoles and dipoles, they subtracted out the foregrounds with
ner, and this tells us by how much the smoothed pixels thathe maximal amplitude, which may have removed some of
were affected by the mask need to be upscaled. We do ndhe true cosmological signal and pushed the values lower. To
use pixels whose smoothed mask value drops below 0.7. Weliminate the bias that can arise from this procedure, it is best
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V channel, KP2 mask
————— W channel, KP2 mask
Ty — V channel, KPO mask
sy N e W channel, KPO mask
o St aimsiia siems WMAP likelihood code 1
FIG. 1. This figure shows the
Yo maximum likelihood power spec-
G . .
3 or trum for several combinations of
© frequencies and masks. Note that
all spectra agree reasonably well
F beyond¢=11.
o
SL
0
o L L | l | | 1 1

to exclude the information in the signal that correlates withpixels of the low resolution map were only weighted aver-
templates and with monopoles or dipoles. This reduces thages of all corresponding pixels in the high resolution map
statistical power but is guaranteed to be unbiased. indicating that our results are robust with respect to the
To investigate further the robustness of our results, Fig. Zhoice of window function and smoothing procedure. The
shows the most likely values of power spectsp to multi-  differences between the various cases are small compared to
pole ¢ =10) for various combinations of template choice for the difference between exact evaluations and WMAP values.
the W channel data and for the ILC map. This realistically\WWe emphasize that the ML values are the least robust part of
indicates potential systematic differences arising due to théne analysis, and it is much more important that the probabil-
choice of templates. On the same graphs we also show thgy distributions away from the peak are consistent. For the
reduction performed witREeALPIX window functions(where  quadrupole we discuss this below, while the overall impact

o
5] [ 1
o~
o
o L
= FIG. 2. This figure shows the
maximum likelihood power spec-
trum up to¢ =10 for several test
cases. The derived features in the
8 s most likely values of power spec-
= % i trum are robust with respect to
© choice of window function
(Gaussian VersusieALPIX), tem-
F plates(MEM versus external, dust
o TR T t‘ only versus standard three tem-
o Wi empilates .
ar I —====—- W KP2 with default tepmp\otes I plates in W, and mapsW versus
F'-—mmmm W KP2 with FF sub., Dust marg. 1 ILC).
// ------------------- W KP2 using healpix w.f.
// ILC KP2 using MEM templates
————— ILC KP2 no templates
[ ] ILC K‘PZ with default temelotes
& :

2 4 6 8 10
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ILC, no monopole / dipole projection
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FIG. 3. This figure shows the
probability distributions for the

‘g : N mEiieawm ILC, no foreground projection value of C, as inferred for the
‘?: X i /40 — WMAP likelihood code various combinations of the
3 : ] monopole and dipole and the fore-
2 ground marginalization.  Also
3 shown is the official WMAP like-
° lihood code output. Note that,

. in V without the monopole and di-
o

pole or the foreground marginal-
ization is heavily contaminated
and gives very high ML values,
while all the other cases have very
similar probability distributions

(except the WMAP code

10

on the cosmological parameter estimation is discussed in thesed, but since the templates are correldtesing all domi-
next section. nated by our galaXythe information loss from large scale
The marginalization procedure is guaranteed to give unmodes is likely to be less than three. It is also not clear how
biased results independent of the form of the template or itthe templates couple to different multipoles. To test these
non-Gaussian properties. The only assumption is that theffects we perform the analysis in the W channel, where
template is not correlated with the true CMB, which could foreground contamination is dominated by dust. We use mar-
happen if the templates were produced from the CMB datginalization only over the SFD dust templdgeibtracting out
themselves and were affected by noise, calibration, or beanhe free-free component and doing nothing for the synchro-
uncertainties. It is unlikely that this would happen on largetron). We find that this has very little effect on the maximum
scales. We have tested this hypothesis by using the externiiitelihood values of multipoles, as shown in Fig. 2. Hor
templates instead of the MEM templates, without finding=2 we find the ML value at 22@.K?, slightly higher than
much difference in the resulFig. 2). in other casegFig. 4), but the overall probability distribution
Figure 3 shows the probability distribution for the value is very similar to other cases. The effect of this procedure on
of C, for several cases, assuming the beshf@DM model the parameter estimation is explored in the next section.
for otherC,’s. The particular choice of oth&Z,’s affects the It is interesting to assess the statistical significance of the
inferred curves, although at a level below the variance bedeparture of the lowest multipoles from the concordant
tween various curves. It has several interesting featuresnodel. Our focus is not on the actual statistical procedure of
First, when all marginalizations are used, the V channel, Wassessing this departu(eee, e.9.[8]), but on the effect of
(not shown, and ILC give very consistent results. In the estimator induced variance. We consider five cases: all pos-
absence of marginalization and foreground subtraction the gible combinations of the choice of magkP2 or KPQ and
and W channel maps are very affected by the foregroundsequency(V channel or W channghlnd the official WMAP
and the ML values reach up to 5QK?. The ILC map could likelihood code[5,22]. The inferred maximum likelihood
be affected by the foreground marginalization; its valuevalues(Fig. 4) lie in the range 14QuK2-220 uK?, but the
drops from~ 220 wK? (consistent wit12]) to ~170 uK? likelihood function is broad at the peak and the exact value
when projection is included in the analysis. The ILC mapof the maximum likelihood estimate is driven by small de-
may suffer even more from the residual monopole/dipoletails in the analysis: in all of our basic cases the likelihood is
contamination, which pushes the quadrupole value up. within 10-20% of the peak value over the range
While our procedure of marginalizing over three tem-120—-250uK2. Thus our results are consistent with both the
plates is the most conservative, one may worry that it isoriginal WMAP value (123wK?) and the values ifil2] and
unnecessary. Some of the channels are not really strongthere is no “correct” value given the level of foreground
contaminated by all three components and if frequency scakontamination.
ing is known then multifrequency information can be used to As we argued in the Introduction, the precise value of the
constrain a given component in a given channel. While therenaximum likelihood estimator is not of primary interest,
is nothing wrong with our procedure one could argue that itgiven that it can be strongly affected by the details of the
reduces the amount of information. The number of elimi-analysis. Much more important for the question of parameter
nated modes is roughly given by the number of templategstimation is the shape of the likelihood function. Figures 3
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V channel, KP2 mask
— — — W channel, KP2 mask
»»»»»»» V channel, KPO mask
........ W channel, KPO mask
------ W KP2 with FF sub., Dust marg.
------ — WMAP likelihood code
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V channel, KP2 mask
— — — W channel, KP2 mask
————— V channel, KPO mask
--------- W channel, KPO mask
------ W KP2 with FF sub., Dust marg.
------ — WMAP likelihood code

FIG. 4. This figure shows the probability distributions for the valu€gts inferred for the various combinations of the selected channel
and mask and the official WMAP likelihood code. The upper panel shows the normalized probability distribution, while the lower panel

=

)

[oR

B

2

8 0

E X

L

2 Sy

N K

= I4e

5 [

EEERE B

2

5 =

S g

& '-: i .\“\
L. i ;
' "
i &)

5 :. | | L L L s 1 L \‘~ L L
©0 500 1000 1500 2000

C, [F‘KZ]

shows the probability relative to the most likely point. Note that the lower panel’s vertical axis is logarithmic. Values & cgheere set

to those of the best fik CDM model.

and 4 show that, while the maximum likelihood value of theihood of the concordant modél, (~1200 xK?) is roughly

quadrupole is quite uncertain, all our cases give very similaR.5 times too low with respect to the most likely point when
shapes of the likelihood function. This likelihood distribution compared to our likelihood values. This change in the shape
is not consistent with the likelihood provided by the WMAP of the likelihood function affects the parameter estimation,
team, which appears to underestimate the errors associatpdrticularly the running of the spectral index, as shown in
with the galactic cut and marginalizations. The WMAP like- Sec. IV. We note here that not performing the marginaliza-
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N V channel, KP2 mask
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° as a function of the true value of
£ the quadrupole(integrated from
Z large values downward assuming
f 0<C,<2000 uK?).
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tion over foregrounds and/or the monopole and dipole wouldmportant effect given the skewed nature of the probability
lead to an even higher probability of the concordance modetiistributions: if an error estimate of 50K?> on C, were
compared to lowC, models(see the corresponding probabil- added to the measured value, it would lead to an increased
ity distributions in Fig. 3, but these are more likely to be probability of the concordance model. In order to truly de-
contaminated and should not be used in the likelihood analycouple the cosmic variance uncertainty for the errors arising
SIS. _ o from the galactic cut and foregrounds one would need to
Figure 5 shows the integrated probability as a function ofinfer the probability distribution for a particular realization
the true value of the quadrupdiiategrated from large values ot o/ 5 For a full-sky CMB observation with no galactic
downward, under the assumption that the prior distribution contamination, this would be a delta function; the galactic

$Lgua(rji$pizlea(\jlglut:3 Ijugnlg)rtr;]]ebl‘ez;(\;\t/et?\gtotr?gdcc?nwcmo:r(.jancCUt and large scale contamination would spread the probabil-
P b fty over a finite region. This distribution, marginalized to

value of the quadrupole is 1000 uK? (see, e.g.[8]). This .
gives the probability of the true value exceedifig assum- producep((azy,)m), would be the correct quantity that must

ing this prior. We find that this probability is around 10%, as P& compared to the concordant value and the corresponding
opposed to 4% by the WMAP likelihood analysis. Thus with COSMIC variance. Wor!< on this front is currently in progress.
a uniform prior on values o€, the probability of the true ~ While the frequentist approach does allow one to test a
quadrupole to be above that predicted by the concordand@odel(or a class of modeldndependent of other models, it
model is not particularly small. It becomes even larger if theis still not free of assumptions. Testing the quadrupole on its
upper limit at 2000uK? is removed, in which case we find own makes sense only if we believe that there is something
18% probability of the true value exceeding the concordancépecial about it, for example, because it is sensitive to the
value. physics on the largest scales, which may not be probed by
Note that the WMAP team chose to give the statisticallower multipoles. If it is not viewed as special, but only one
significance of the low quadrupole in terms of the number ofof the many estimated multipoles, then the probability of one
random realizations of theoretical models in Monte Carloof them being this low is significantly higher. This is tested
Markov chains(MCMCs) for which the extracted quadru- in the frequentist approach with the goodness of fif)(
pole is lower than the observed value of 1282. Thisisa Wwhich for the WMAP data does not reveal any particular
frequentist statistic which cannot be directly compared to thenomalies. Unfortunately, there is no hope of resolving these
one we defined here in the context of Bayesian statistics. Thetatistical questions completely with only one observed sky.
frequentist approach leads to lower numbg@ess than 1%, In Fig. 6 we plot the contour plots of parameters on the
compared to 4% aboydor the specific value of the quadru- C,-C; plane for the considered models. This shows that the
pole obtained by WMAP, but the probability is likely to be likelihoods betweerC, and C; are only weakly correlated,
higher if our analysis procedure is applied to the data, giverboth for the exact likelihood evaluation as well as for the
our broader likelihoods and higher values of the best fitted®CL approximation. In the original analysis there was some
guadrupole. The WMAP analysis does not include the uncerevidence for bothC, and C; being low, so that the overall
tainties in the foreground subtractions, which should have asignificance was betweers2and 3 (Fig. 6). The evidence
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FIG. 6. In this figure we show
the probability distribution func-
tion on the C,-C; plane for all
considered possibilities and the
original WMAP likelihood code.
Contours correspond to theol
20, 30, and 4 assuming
top-hat priors on the plotted lim-
its (0<C,<1500uK?, 300<C,
<1800uK?). The dashed circles
correspond to the approximate
values of the concordant model.
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1500
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for discrepancy weakens belowr2with our analysis and is to the correlated nature of the values at different angles, so
consistent among the four cases. one must be careful not to overinterpret such results. In Fig.
The WMAP team presented further evidence of the un-7 we show the correlation function analysis for these cases,
usual nature of large scale correlations using the correlationompared to the original WMAP analysis and to theoretical
function, which appears to vanish at angles above [6)° predictions of theA CDM model. We also show the result for
Correlation functions are notoriously difficult to interpret due the ACDM model whereC, has been lowered to 150K?,
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FIG. 7. This figure shows the
autocorrelation function for all
considered cases, the\CDM
model favored by the WMAP
data, and the same model wit
set to 150uK?.
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keeping the other multipoles unchanged. Several features ates for the multipole¥ >12 in the exact likelihood code
apparent from this figure. First, theoretical predictions for thewere kept at the WMAP PCL most likely model when cal-
large scale correlation function are largely driven by theculating the covariance matrix: this ensures that the likeli-
quadrupole, and lowering its value to 1%K? brings the hood is not “accounted for” twice. We also neglect the an-
correlation function into a significantly better agreement withticorrelation between thé =12 and =13 modes at the

the observations than the unmodifi*k€ DM model. Second, boundary. The evaluation of the exact likelihood typically
our results significantly modify the predicted correlationtakes around a few seconds on a modern workstation, and
function and the deviations from zero at large angles are nowhis is less than the time it takes to evaluate a theoretical
much more evident, both in the positive direction and in theCMB power spectrum wititmMBFAST [23]. Therefore, using
negative direction at very large angles. To investigate it furthe exact likelihood code does not slow down the MCMC
ther the WMAP team introduced a statisticS parameter estimation significantly. Each of the chains de-
=f9'i[C(0)]2d cosé. This is a posterior statistic that was scribed below contains 100000—200000 chain elements, the
designed to maximize the effect, so its statistical significancéuccess rate was of order 30—-60 %, correlation length 10—
is difficult to evaluate. We find that its value increases from30, and effective chain length of order 5000-15000. We use
1691 for WMAP analysis to 4198 KPO0), 5423(V KP0),  8-24 chains and in terms of Gelman and RuRistatistics
9086(V KP2), 7698(W KP2), and 5832AW KP2, dust mar-  [24] we find the chains are sufficiently converged and mixed

ginalization only. While its value for the standard CDM  \yith R<1.01, compared to the recommended vaRie1.2

model is 49625, reducing the quadrupole to 1862 . -
changes this to 8178, below the value we find in the case q(% the more conservative valuR<1.1 adopted by the
MAP team[5].

V KP2. We conclude that there is no obvious anomaly in the The likelihood also uses the information contained in the

correlation function beyond the fact that the quadrupole 's[emperature-polarizatiohTE) cross-correlation power spec-

low, and there is no evidence of the correlation function van—trum using the official WMAP likelihood code, which uses

similar approximations as the temperature power spectrum
and completely ignores correlations between the TT and TE
power spectra. We cannot yet use the exact evaluations since
the polarization maps are not publicly available at this time.

In order to assess the effect of the exact likelihood evalu-: )
ations on the inferred cosmological parameters we have run e ran several MCMCs using a custom developed soft-
are described i25]. We consider only flat models. We

the Markov chain Monte Carlo parameter estimations usin - o . !
the original WMAP likelihood code and the code modified to P€9in with the simplest five-parameter models
use the exact calculations at lowest multipoles. The total

likelihood was calculated by evaluating the likelihood for the pP=(7,0p,wcpm, R, Q). )

€=12 multipoles using the exact matrix inversion and add-

ing the likelihood evaluated from the remaining multipoleswherer is the optical depthp,=Qyh? is proportional to the
using the WMAP likelihood code. The power spectrum val-baryon to photon density ratiagycpy=Qcpuh? is propor-

ishing at large angles.

IV. PARAMETER ESTIMATION
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TABLE |. Median value and & and 20 constraints on cosmological parameters for various MCMCs
based on WMAP data alone. “5p” denotes varying five basic cosmological parameters in MCMCs, while
“8p” stands for eight-parameter chains. “Old” stands for the evaluation of the WMAP likelihood using the
current WMAP provided software, VKP2 is our new exact likelihood evaluation analysis of V maps using

KP2 mask, and VKPO is the same for KPO mask.

5p old 5p VKP2 5p VKPO 8p old 8p VKP2
1Poy 240008 035 2387507 1013 239008 101§ 23701 0% 2490017 163
O, 0.29°G58 "6 0.24°055 “015 026700 “o1p  0.20°Go 010 0157003 “og7
ocow 012587 1665 0GR 105 015 0% 010°5H7 156 0.09°85:E 158
T 0.17°55: “60s  0.21'004 “oos  0.19°00s ‘oos 0280 016 0247058 “017
g 0.94°555 "0 0.90°0%% 1638 092G 1035 081533 10R  0.75°035 0%
h 0.72°505 “Gog 0757003 “gos 073003 “oos 0787557 ‘013 0.87.G5g 013
TIS 0 0 0 <076(95%  <0.81(95%
n 1 1 1 0.95°557 “o1s  1.02°057 1613
as 0 0 0 —0.08°558 1015 —0.0455 1§38

tional to the cold dark matter to photon density ratd,, A. Matter density

=Qcput Qp=1-Q, is the matter density today, arfd is
the amplitude of curvature perturbationskat 0.05/Mpc(we
replace this parameter wittrg in Table ). To reduce the
degeneracies we use,, wcpy, the angular diameter dis-

In five-parameter chainQ ,, is the parameter that changes
most by the new analysis. Its probability distribution from
various MCMCs is shown in Fig. 8. This parameter is not
well determined from the CMB data, since it only weakly
affects the positions of acoustic peaks in a flat universe. This

tance®g, InR and INR— 7—0.5log(wp+ wcpy) instead of |
the parameters in E@5), adopting broad flat priors on them. !eaves the integrated Sachs-WoIfe effe_ct on large scales as an
mportant way to constraif),,: reducing{},, leads to a

Most of these priors are not important because the pararﬂ . L . . 9%
. S . decay in the gravitational potential, which increases the con-
eters are well determined. The exception is optical depth, fo,

. . fribution to the large scale anisotropies from the line of sight
which we additionally applyr<0.3 on some of the MCMCs  jntegration of the time derivative of gravitational potential.
following the WMAP team.

The increase of the low multipoles by our analyétsg. 8

The simple five-parameter model is sufficient to obtain athus requires a lower value 6¥,, to fit the data. This is more
good fit to the WMAP data. We add CBIACBAR to the  prominent for KP2, where the best fit value Q,,
WMAP data[26,27] and follow the WMAP team in denoting =0.24"557, than for KPO which gives),,=0.26"33;, but
this data set as WMAPext. The second set of MCMCs we raithe latter contains less area and its error distribution is
was also based on the WMAPext data, but with an expandeslightly broader. Lowel),, values are also preferred in the
set of parameters which include the primordial sloge its ~ joint WMAPext+ SDSS analysis, but here the SDSS data
running as=dng/dInk, and tensorsparametrized withr  tend to push the overall value up €,=0.27"333. In these
=T/S), adopting flat priors on these parameters. Addingeight-parameter chains the WMAP is higher by about 5
these three parameters improwgsonly by 5, so they are not compared to the WMAP without SDSS. Thus there is a bit of
really needed to improve the fit to the data. Because of thia tension between the SDSS data, favoring Highand the
we find significant degeneracies among many of the paramWMAP data favoring low values of this parameter, although
eters. The best fitted values are not necessarily very meathe statistical significance of this tension is low. For low
ingful and they could be significantly influenced by the as-Q,,=0.24 the Hubble parameter is=0.75, still in agree-
sumed priors, but we can still compare the changes betweenent with the Hubble Space Telesco@4ST) key project
the new and original analysis. A third set of MCMCs wasvalue of h=0.72+0.08 [30]. If we eliminate tensors from
based on the combined WMAPex8DSS analysig28], the analysis then we find),=0.30"55¢ for a WMAP
which breaks some of these degeneracies. The last set efSDSS+VSA combination of the data. The overall conclu-
MCMCs was based on WMAPVSA [29], both with and  sion is that values of),,, between 0.2 and 0.4 remain accept-
without SDSS. We remove the<<0.3 constraint for this able by the data and that the actual value depends strongly on
case. The results are shown in Tables | and II. the choice of parameter space.
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TABLE Il. Same as Table | for WMAR SDSS[eight-parameter MCMCs with reguléosld) or correctedexact likelihood analysig. The
new analysis uses V KP2 with full marginalization and W KP2 with dust marginalization only. We also give WRBBS+VSA
(seven-parametersFor the latter case we do not impose0.3.

8p SDSS-old 8p SDSS VKP2 8p SDSS WKP2 7p SDSS VSA+ VKP2

10wy 2.40°518 1036 2.48'518 “o31 2.47:518 “030 2.34515 “038

a, 03138 “5 02735 “3% 02855 “33} 03038 “313
wcom 0.128°5:505 “0.16 0.121°5657 0,614 0.123°5067 0,614 0.123°5:665 0,018

. 02003 “43% 02013 “333 0.20°5 *31% 019783 “33s

og 09848 “518 09755 838 09758 438 09353 43

h 0.70°00¢ “009 0.73°3%4 185 0.7358: 266 0.70°38 “5:58
T/S <0.46(95%) <0.46 (95% <0.47(95%) 0

N 0.97:50¢ ~0.12 1.01G08 011 1.02508 511 0.97:50¢ ~011

o OOBUSEEGN:  ooIsgEEUlE  —ooszgRsog: ~0022 55 43

B. Running the adopted prior om. In fact, when the prior orr is re-

Running has attracted a lot of attention ever since thé{;\xed, the one-dimensional margina_lized probability distribu-
WMAP team argued for a@ evidence of negative running. tion seems to prefer models with high valuesroénd large
When analyzing the CMB data alone one finds that runnin@egative running. However, we note that this is the result of
is strongly correlated with the optical depth Figure 10 the large posterior probability volume in this region, rather
shows an example of this in WMAPVSA MCMCs. We see than a better fit to the data. Moreover, such high values of
that this particular combination of data prefers-0.3 and optical depth are difficult to reconcile with the hierarchical
that such a high value of optical depth requires large negativenodels of structure formation and would require a lot of
running. A similar effect has been noticed in WMARBI small scale power, contrary to the effect of a negative run-
analysis[31] and WMAP+VSA analysis[32]. We find that  ning. Even more importantly, a high optical depth would lead
the statistical significance of running is strongly affected byto a large signal in the WMAIEE polarization spectrum. To

1 [WMAPnew + SDSS —— ' ' -
WMAPoOId + SDSS w7 T
0.8 | - FIG. 8. Probability distribution
. p(Q,) and its cumulative value
o 06f ] T [9mp(QrydQ;),  for  five-
ey : " parameter MCMCs of WMAPext
0.4 H A N 7 data (bottom and for eight-
’ parameter MCMCs of WMAPext
0.2 - ] + SDSS dat&top). We present V
L e ; frequency map and both KPO and
(1) i ' ' ' ' o i KP2 mask results for the full like-
------ lihood analysis of five-parameter
0.8 | - WMAP V KPO MCMCs of WMAPext data and V
T o6l “.. WMAP VKP2 wuemeer | KP2 for full likelihood analysis of
a . ... WMAP regular s eight-parameter MCMCs  of
S 04 WMAPext+ SDSS ~ data.  Also
shown for comparison are the re-
0.2 sults using the regular(old)
o el . WMAP analysis routine.
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Qm
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0.8 T T T
R
0.6 - e 1
04 .
02 - FIG. 9. Probability distribution
p(as) and its cumulative value
0.0 % p(al)del for old and new
400 F | MCMCs using WMAPext
’ + SDSS data. We use V frequency
30.0 F o map and KP2 mask in the full
& likelihood analysis.
™ 200 F i
100 -  WMAPc+VSA+SDSS — 7
WMAPc+VSA ===
OO | | | 1 1 |
-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1
Os

eliminate this region of parameter space the WMAP teanbution for quadrupoles to allow a higher likelihood for mod-
adopted a priorr<0.3 and we follow that for most of our els with less negative running. Figure 9 shows the MCMC
MCMCs. However, one can also eliminate this region ofgenerated probability distributions for runnings using
parameter space by adding the SDSS data, which do n@/MAPext+SDSS in eight-parameter models. Note that
favor the high optical depth valu€Big. 10, and we give an there is a strong correlation between running and tensors in
example of this in Table II. such a way that for no tensors there is less evidence for
In this paper we are more interested in how runningrunning [25]. So some of the evidence for running in the
changes if we use the exact likelihood routine as opposed teight-parameter analysfand in[33)]) is driven simply by the
the approximate one. The resulting values of the running fotarge parameter space of>0 models and should not be
various cases are given in Tables | and Il. They are signifitaken as evidence of running on its own. Even so we find that
cantly affected by the exact likelihood calculations. This isthe evidence for running, marginally suggested by the old
expected from the analysis presented in the previous sectioanalysis, largely goes away in the new analysis and the value
where we showed that the exact likelihood analysis withof running changes from-0.060 to —0.015 (V KP2, full
foreground marginalization leads to an enhancement of lownarginalization or —0.032 (W KP2, dust marginalization
¢ multipoles and broadens the shape of the likelihood distrionly), with an error of 0.035. This confirms that the sug-

1

WMAP correct + SDSS —— ™, ' '
WMAP regular + SDSS »ereeee
0.8 | 1
0.6 | ; : .
-, FIG. 10. Two-dimensional
3 2 contours of 68% and 95% prob-
o ability in (as,7) and (as,z;)
0.4 - T planes from WMAP-VSA and
i ] E WMAP+VSA+ SDSS data.
0.2 .
O FRTTLLL PP Ll i L L ‘."'-l-.
-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1
O(’S
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0.1
0.05 - _
0 b -
FIG. 11. Two-dimensional
- contours of 68% and 95% prob-
S -0.05 7 ability in (as,ns) plane for old
and new MCMCs using
WMAPext+ SDSS data. We use V
-0.1 7 frequency map and KP2 mask in
the full likelihood analysis.
=08 SeememmT WMAP corrected + SDSS == |
WMAP regular + SDSS = = =
_0 2 | 1 | 1 | 1 1
0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2

gested evidence for running relies crucially on a low quadd+icular, we find consistent results if we marginalize only over
rupole and octupol¢34], for which the statistical analysis dust in the W channel as opposed to all three foreground
and foreground removal are least reliable. templates, if we use templates external to WMAP instead of
This point was also noted in the recent analysis ofthe WMAP MEM templates, if we use the KPO instead of the
WMAP+VSA data[32], where the WMAP likelihood code KpP2 mask, if we use ILC maps instead of individual V or W
was used and evidence in excess af for running was  frequencies, or if we useeALPIX windows instead of Gauss-
found, while removingf <10 information reduced this evi- jan smoothing. The two most important features of our pro-
dence to less thandl. While one should not simply remove cedure are thus marginalization over dust and exact likeli-
the entiref <10 information one should use the exact calcu-pooq analysis.
lations instead of approximate ones if the answer depends on Important differences exist between our results and previ-

it. Our results for a WMAR-SDSS+VSA analysis for .5 \work. We find higher values of the lowest multipoles,

seven-parameter models without tensors given in Table lypich is partly a consequence of the template subtraction

show that runnm% (|)§4strongly ;uppressed W'th the new alr]alyl‘nethod used in the WMAP analysis. This procedure would
sis, ag=—0.022 3935, even without adopting any prior on

. certainly remove some of the real power, although it is dif-
theAc;pst,lrfc?\ivﬂeiﬁt‘rlléble | the best fitted value of the primordial ficult to estimate how much, and the differences could also
slope n, increases appreciably as well although this isbe just a statistical fluctuation. For the maximum likelihood

s Lo = o value of the quadrupole we find values between the original
mostly a consequence of the change in running. This is Clar\_NMAP analysis and subsequent reanalysi§ g}, The dif-

fied in Fig. 11, which shows old and new contours in the e .
(n.,ay) plane. There is some degeneracy between the twgerences are within the estimated error of the foreground
S ™ts, "

parameters, so that models with low values of running als§ontamination, and we argue that the actual value is not very
require low slope. Since low values of running are excluded€!iable given how broad the likelihood is at the peak. More
by the new analysis, this implies that low values of the pri-important is the shape of the likelihood function, which we

mordial slope are also excluded, pushing the average slogéd to be broader than in the likelihood evaluation, provided
up. by the WMAP team which underestimates the errors com-

pared to our analysis. This lowers the statistical significance
of the departure of the data from the concordant model.
Within a Bayesian context and assuming a flat prior on the
In this paper we have developed routines to calculate thdistribution of quadrupoles, we find the probability that a
exact likelihood of the low resolution WMAP data. We have model exceeds the concordance model predicted quadrupole
projected out unwanted foreground components by addingp be 10%. We also do not find anything particularly unusual
the foreground templates to our covariance matrix with largen the correlation function and in the joint quadrupole-
variance. Neither of these methods has been applied toctopole analysis.
WMAP data before and should improve upon the existing We combine the full likelihood calculation with fore-
analyses. We have tested the robustness of our results lgyound marginalization at low with the original WMAP
applying the method to many different combinations of ob-PCL analysis at high to generate Monte Carlo Markov
serving frequency, mask, smoothing, and templates andhains, whose distribution converges to the probability dis-
found consistent results among these various cases. In paribution of theoretical models given the data and assumed

V. CONCLUSIONS
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priors. The main effect of the new analysis is on the runninghe maximum amount of information. The current analysis of
of the spectral index, for which the marginak2vidence for temperature-polarization data is rather unsatisfactory, since it
as<0 present in the original analysis and in the recentis based on the cross-spectrum information alone. Without
analysis of WMAP+VSA [32] (see alsd31]) is reduced to  having access to the full polarization maps we cannot im-
below 1o. Using the exact WMAP likelihood analysis will prove upon it here. Thus the results shown in Tables | and Il
be essential for attempts to determine the running of thehould still be viewed as preliminary regarding the optical
spectral index by combining WMAP with either the small depth, which is essentially determined by the polarization
scale CMB data or the upcoming Ly-forest analysis from data. The upcoming WMAP two-year analysis and release of
SDSS. In all of these cases the exact method increases tpelarization data should elucidate the current situation. The
value of the running by pushing up the CMB spectrum atcode developed here will be made available to the commu-
large scales. Another parameter that is significantly affectedity at cosmas.org.
is the matter densitfl,, or, equivalently, the dark energy
densityQ , . We findQ, to be reduced by the new analysis
because of the added power at low multipoles, which is most
easily accounted for by an increase in the ISW contribution. We thank WMAP for the wonderful data they produced
We have shown that the effects of the improved likelihoodand made available through the LAMBDA web site. Our
analysis presented here can be significant for the determin8BCMC simulations were run on a Beowulf cluster at Princ-
tion of cosmological parameters. We expect the methods agton University, supported in part by NSF Grant No. AST-
plied here will be equally important for the analysis of po- 0216105. U.S. thanks O. Dore, C. Hirata, P. McDonald, and
larization data in WMAP, where the foregrounds play a muchD. Spergel for useful discussions. U.S. is supported by the
more important role and where a full likelihood analysis of Packard Foundation, Sloan Foundation, NASA Grant No.
joint temperature and polarization data is necessary to extrabtAG5-1993, and NSF Grant No. CAREER-0132953.
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