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Hadronic electromagnetic properties at finite lattice spacing
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Electromagnetic properties of the octet mesons as well as the octet and decuplet baryons are augmented in
guenched and partially quenched chiral perturbation theory to in€l{d¢ corrections due to lattice discreti-
zation. We present the results for t8&J(3) flavor group in the isospin limit as well as the results $dy(2)
flavor with nondegenerate quarks. These corrections will be useful for extrapolation of lattice calculations
using Wilson valence and sea quarks, as well as calculations using Wilson sea quarks and Ginsparg-Wilson
valence quarks.
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[. INTRODUCTION the lattice spacing, which is not considerably smaller than
the relevant hadronic distance scale. To address the issue of
Lattice gauge theory can provide first principles calcula-finite lattice spacingyPT has been extendétbllowing the
tions in the strongly interacting regime of QCD, where earlier work of[25—-28) in the meson sector t0(a) for the
guarks and gluons are bound into color-neutral hadronidVilson action[29] and for mixed actiong30]. Corrections at
states. These calculations, however, are severely limited b®(a?) have also been pursug8il,32. Corrections to baryon
the available computing power, necessitating the use of lightbservables have only recently been investigd®®l. To
quark massesn, that are much larger than those in reality. consider finite lattice spacing corrections, one must formu-
Hence, one needs to extrapolate from the quark masses uskade the underlying lattice theory and match the new opera-
on the lattice to those of nature. tors that appear onto those in the chiral effective theory. This
A model independent way to do this extrapolation is tocan be done by utilizing a dual expansion in quark mass and
study QCD at hadronic scales through its low-energy effectattice spacing. Following31,33, we assume a hierarchy of
tive theory, chiral perturbation theory yPT). Since energy scales
XPT provides a systematic expansion in termsmf/A | ,
whereA  is the chiral symmetry breaking scale, one can, in
principle, understand how QCD observables behave as func-
tions of the quark mass. In order to address the quenched and
partially quenched approximations employed by lattice caland ignore finite volume effects. The small dimensionless
culations,xPT has been extended to quenched chiral perturexpansion parameters are
bation theory (QPT) [1-7] and partially quenched chiral

1
mq<AX<5 (1)

perturbation theory (P§PT) [8—16). mg/A

Recently, we considered the electromagnetic properties of 5 aA
the octet mesons and both the octet and decuplet baryons in €~ X 2
QxPT and PQPT [17-19. Owing in part to the charge pzlAf(,

neutrality of singlet fields, the quenched results are not more

singular in the chiral limit than their unquenched counter-wherep is an external momentum. Thus we have a system-
parts. We showed, however, that despite this similarity, thetic way to calculateD(a) corrections inyPT for the ob-
guenched results contain singlet contributions that have neervables of interest.

analogue inyPT. Moreover, quenching closed quark loops In this work we investigate th©(a) corrections to the
alters the contribution from chiral logarithms. For the de-electromagnetic properties of the meson and baryon octets,
cuplet baryon form factors, for example, quenching com-the baryon decuplet, and the decuplet to octet electromag-
pletely removes these chiral logarithms. Many others haveetic transitions in QPT and PQPT. We work up to next-
also observed that the behavior of meson loops near the chie-leading order in the chiral expansion and to leading order

ral limit is misrepresented in gPT; see for examplg20—  in the heavy baryon expansion. The paper is structured as
24]. On the other hand, P@PT results are devoid of such follows. First, in Sec. I, we review PLPT at finite lattice
complications and allow for a smooth limit to QCD. spacing with mixed actions. Since the setup for

Not only are lattice calculations limited to unphysically QxPT parallels that of PQPT, we will only highlight dif-
large quark masses; they are also severely restricted by twierences where appropriate. Next in Sec. Il we calculate
further parameters: the side of the lattice, which is not finite lattice spacing corrections to the charge radii of the
considerably larger than the system under investigation, andctet mesons t®(€?). This is followed by the calculation of

such corrections to the charge radii and magnetic moments
of the octet baryons; the charge radii, magnetic moments,
*Email address: arndt@phys.washington.edu and electric quadrupole moments of the decuplet baryons;
"Email address: bctiburz@phys.washington.edu and the decuplet to octet electromagnetic transition moments
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(Secs. IV=V). Corresponding results for the above electro- In addition to the SW term in E(3), the vector-current
magnetic observables in th8U(2) flavor group are pre- operator of PQQCD also receives correction®ga). There
sented in Appendix A. In Appendix B we determine the are three operator structures to considts]:
O(a) corrections in an alternative power counting scheme o
for coarser lattices where~aA, . A conclusion appears in 0§=aQcymgy*Q,
Sec. VILI. ~
O%=aQQc,(iD “)Q,
II. PQxPT AT FINITE LATTICE SPACING
In partially quenched QCOPQQCD [8-15 the quark 0O%5=aD,(QQc,0""Q), (10
part of the Symanzik Lagrangid@5,34,35 to O(a) is writ-

fen as whereD #=D “—D * andD* is the gauge covariant deriva-

tive. The form of the matricesy, ¢, andc, in PQQCD is
L=Q(il — mg)Q+aQo*'G,,cqoQ, )

where the second term, the Pauli term, breaks chiral symme- . s o
try in the same way as the quark mass term. Here, the nin@herecj and cj are the coefficients of the vector-current
quarks of PQQCD are in the fundamental representation dgorrection operato©;* for valence and sea quarks respec-
the graded groug U(6|3) [36—38 and appear in the vector tively. If the vector-current operator {3(a) improved in the
. valence(sea sector, thercj =0 (cf= 0). The operato©,
Q=(u,d,s,j,l,r,u,d,s), (4)  which corresponds to a renormalization of the vector current,
_ _ _ _ contains a factor ohmy, that renders iD(e*). Thus contri-
which obeys the graded equal-time commutation relation pytions to electromagnetic observables fraf are ne-
o . w " glected below. The equations of motion which follow from
QOO (Y) = (= D™ (YIQF () =& Béiiég(x_y);s Eq. (3) can be used to show that the operat®} is redun-
®) dant up toO(a?) corrections. Therefore, we need not con-

wherea and g are spin, and andj are flavor indices. The sider O%. For ease we define the matrix productg
remaining graded equal-time commutation relations can be QCs.

written analogously. The different statistics for fermionic and

bosonic quarks are incorporated in the grading factor A. Mesons

= di Vool el oS eSSl el
cj=diagcy,cj ,cj,cj,c},c, ¢ ,ci,c), (11)

1 for k=1.2.3.456 For massless quarks at zero lattice spacing, the Lagrang-
e (6) ian in Eqg. (3 exhibits a graded symmetnBU(6|3),
®SU(6|3)g®U(1)y that is assumed to be spontaneously
broken down taSU(6|3)y®U(1)y. The low-energy effec-
tive theory of PQQCD that results from expanding about the
mo=diagm,,my,ms,m; ,m;,m,,m,,mg,my), (7) physical vacuum state is B®T. The emerging 80 pseudo-
Goldstone mesons can be describe®é&?) by a Lagrang-
while the Sheikholeslami-Wohle(BW) [39] coefficient ma-  ian which accounts now for the two sources of explicit chiral
trix for mixed actions reads symmetry breaking25,29,30Q:

™10 for k=7,89.

The quark mass matrix is given by

—di U AU AU S AS S AU AU AU f2
co=diagc’,c’,c’,c%c’,c%c’,c’,c’). (8) r— gstr(D“ETDME)H\mstr(mQEJrmBET)
If the quarkQ; is a Wilson fermion[40], then Cq);=Cqy-
Alternately, if Q; is of the Ginsparg-Wilson variety41] +ah,sti(CoS +chS ) + adhDod, Do — ud®},
(e.g., Kaplan fermion$42] or overlap fermiong43]), then

(cg)i=0. Since one expects simulations to be performed (12
with valence quarks that are all of the same species as well
sea quarks all of the same species, we have labeled the SW
coefficients in Eq(8) by valence {) and seds) instead of 2id )
flavor. In the limitm;=m,, m=my, andm,=mg one re- 2=eXI{T) =& (13
covers QCD aD(a).
The light quark electric charge matri@® is not uniquely My
defined in PQQCD44]. By imposing the charge matri@ to o= ~ |, (14)
have vanishing supertrace, no new operators involving the X M
singlet component are introduced. This can be accomplished
by [45] f=132 MeV, and the gauge-covariant derivative D§LE
=d,2+ieA,[Q,X]. The stf) denotes a graded flavor trace.
o J2 11 The M, M, and y are matrices of pseudo-Goldstone bosons
Q_dla9<§’_ 3 3% 990 ) © and pseudo-Goldstone fermions; see, for exanjglg]. Ex-
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panding the Lagrangian in E¢12) one finds that to lowest
order mesons with quark conte@Q’ have mass

4
f—z[)\m(mQ+ Mg/ )+aka(Cotco)]. (19

2 _
Moq =

The flavor singlet field isby=str(®)//6. It is rendered
heavy by theU(1), anomaly and can be integrated out in
PQyPT, with its massu, taken on the order of the chiral
symmetry breaking scalg4o— A, . In this limit the propa-

gator of the flavor singlet field is independent of the coupling

« and deviates from a simple pole forfrh2,14]. In QxPT,
the singlet must be retained.

B. Baryons

PHYSICAL REVIEW D 69, 114503 (2004

(DHB)ij= " Bij+ (VA Byjie+ (=) 1 Imd (VI 0 By
+(_)(77i+77j)(77k+ ”n)(VM)knBijn . (18

The vectorS* is the covariant spin operat¢#7—49. The
parameter€ and’ entering in Eq(17) are identical to those
in QCD, while the parameterg and 8 can be related to the
familiar constantd andF of QCD:

5
~D+F.

b2k
“73 3

3 and B=-—

(19

In QQCD these identifications cannot be made.

IIl. OCTET MESON ELECTROMAGNETIC PROPERTIES

In PQQCD there are baryons with quark composition

QiQ;Qx that can contain all three types of quarks. The spin-

1/2 baryons are embedded in tRd0-dimensional super-
multiplet B;;., which contains the familiar octet baryons,
while the spin-3/2 baryons are embedded in thg8
dimensional super-multipleZf;, , which contains the famil-
iar decuplet baryonfg6,45].

The electromagnetic form fact@(q?) of an octet meson
¢ has the form

((p")|I* p(P))=G(q*)(p+p')~, (20)

At leading order in the heavy baryon expansion and awhere g#=(p’—p)*. At zero momentum transfeG(0)

O(a), the free Lagrangian for th&;; and 7fj fields is
given by[6,33

L=i(Bv-DB)+2ay(BBM,)+2By(BM.B)
+20(BB)SM_ )+ 2an(BBA. ) +2BA(BA.B)
+207(BB)St( A, ) —i(T#v-DT,) + A(T *T,)
+2ym(THM, T,) = 20 (THT,)St( M)

+2yA(TFALT,) =20 5(THT,)St( A, ), (16)

where M, =3(£'moé"+émgé) and A, =3a(¢'coé’
+£cpé). HereA is the mass splitting between t240 and
138in the chiral limit. The parenthesis notation used in Eq.
(16) is defined in[6] so that the contraction of flavor indices
maintains proper transformations under chiral rotations. No

=Q, whereQ is the charge of¢. The charge radius is
related to the slope dB(qg?) atq?=0, namely

<r2>=616(q2>| 2 (21)
dg? o

Recall, at one-loop order in the chiral expansion the charge
radii areO(€?).
There are two finitex terms in theD(e*) Lagrangiar{31]

— 8ak, stoes S TET
ﬁ—aAAf—zstr(DM D#Y) str(co +co2 ')

ah,
f2

+aps— st(D, 2D 3 (cS +ch3h) (22

tice that the presence of the chiral symmetry breaking SW

operator in Eq(3) has led to newD(a) operatorgand new
constantsas, Ba, 0a, Ya, ando,) in Eq. (16). The La-
grangian describing the interactions of #ig, and77; with

]
the pseudo-Goldstone mesons is

L=2a(BS"BA,)+2B(BS*A,B)+2H(T"S*A,T,)

+ \EC[(?VAVBH(EAVW)]. (17)

The axial-vector and vector meson field¢' and V# are
defined by A“=(i/2)(£o"¢T—£T94€) and VE=3(goréT
+£T9r€). The latter appears in Eq16) for the covariant
derivatives ofB3;; and7;j,, which both have the form

that contribute to meson form factors at the tree level. The
new parametersvy 4 and ap 5 in Eq. (22) are finite lattice
spacing analogues of the dimensionless Gasser-Leutwyler
coefficientsa, and a5 of yPT [50]. The above terms con-
tribute to meson form factors &t(e?) but their contributions
are independent aj? and annihilated by the corresponding
wave function renormalization, thus ensuring charge non-
renormalization.

The SW term can potentially contribute @{e?) when
A, is inserted into the kinetic term of the leading-ordein
Eqg. (12). Contributions to form factors from such terms van-
ish by charge non-renormalization. Insertions4f into the
ag term of the Gasser-Leutwyler Lagrangian produces the
O(€®) terms
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L=imA F,, st({Q, A, }D*3D"S"+{Q, A, }D*3'D")

+imyA F,,st(Q,D*S A, D3+ Q,D*3T4,D"3)
+imsA F,,st(Q.D*3D ST+ 0, DD "S)st( A, ), (23

where we have define@, =3(£7Q&™+ £0¢). These terms  IV. OCTET BARYON ELECTROMAGNETIC PROPERTIES
contribute atO(e*) to the charge radii and can be ignored

; . . : : Baryon matrix elements of the electromagnetic curgnt
(see Appendix B for a discussion relating to larger lattice aryon matrix elements of the electromagnetic curcéh

can be parametrized in terms of the Dirac and Pauli form

spacings factorsF,; andF,, respectively, as
Additionally we must consider the contribution from the ! 2, fesp ¥,

vector-current correction operat6é¥; in Eq. (10). In the me- (B(p")|3#[B(p))

son sector, the leading operata®4 in the effective theory o [S4,5]

can be ascertained by insertiag ,c ¢ in place ofQ in the =u(p’){ v F1(q?)+ M a,F2(g%) fu(p)
operators that contribute to form factors. The effective field B

theory operators must also preserve the charge of the meson (26)

¢. Itis easiest to embed thg °pefat(”$ na Lagranglan SO with g=p’—p andMy is the degenerate octet baryon mass.
that electromagnetic gauge invariance is manifest. To leadinghe Dirac form factor is normalized at zero momentum

order, the contribution fron@7" is contained in the term transfer to the baryon charge;(0)= Q. The electric charge
radius(r2) and magnetic moment can be defined in terms
L=iapgaA F,,stMcy 00" Sd"S ¢y 00"310"S). of these form factors by
24
@9 ) dFy(0) 3
(rg)=6———+_-—F5(0) (27)
Thus the correction to meson form factors frafif is at dq 2Mg

O(eh.

and
The charge radius of the mesgnto O(€?) then reads
’ anto Oty n=F5(0), (28)
24Q 1 mk Recall, that the one-loop contributions in the chiral expan-
2 J— )
(r)=ao 2 T len2r2 EX: Axlog?, (25 sjon to the charge radii a®(€?), while those to the mag-

netic moments ar®(e).

There are no finitex operators in Eq(16) that contribute
where X corresponds to loop mesons having masg[the  to octet baryon form factors. As in the meson sector, how-
masses implicitly include the finite lattice spacing correc-ever, the SW term could contribute wheh is inserted into
tions given in Eq(15); otherwise the expression is identical the Lagrangian. Here and henceforth we do not consider
to thea=0 resulf. The coefficient#\y in PQYPT appear in these insertions into the kinetic terms in HE46) because
Ref.[17]. In the case of QPT, the coefficienté\y=0 forall  their contributions alter the baryon charges and will be can-
loop mesons and there are no additional contributions froneeled by the appropriate wave function renormalization.
the singlet field at this order. Thus there is neither quark mass The SW term, however, does contribute whdn is in-
dependence nor lattice spacing dependence in the quenchselrted into the charge radius and magnetic moment terms.
meson charge radii at this order. For the charge radius, we then have ) terms

b — p b, . .
L= A_l(_)(ni+7;j)(77k+nkf)Bku{QJr AL YK ik v, 3, FH+ A_Zlngl{Q+ AR kaﬂo—.yp,uu
X X

b —i il ANy b i ~ii! ANy
+A—i(—)’?i'(’7ﬁﬂi’)6k“gi AV B Ry g R A—i(—)’?i(’?ﬁﬂj')Bk“QQ AL BT R 9, Frr

bs imir+13kiic ol i’ L Al ot yRiik 1 B 2y
+A—(—)’71’71’ BYY(QY AL+ AL QB v 0, Fr+ A—[bG(BBQ+)+b7(BQ+B)]vMaVF“VStr(A+)
X X

by —
+ 1 (BB)v,,0,FH'sti{ Q, A, (29
X

which contribute atO(€e*) to the charge radii and are thus neglected. Insertionsl ofinto the magnetic moment terms
produce
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L=iby(—) MO nIBKIS, S, Q. A YK BIFA +ibyBNI[S, S, 1{Q, A B IKFR
+ibé(-)’]i'(ﬂj*ﬂj’)gk]—i[slu,SV]Q:[!ALJ;’Bi’]"kFMV+ibi(_)?]i(ﬂj#»ﬂjr)gkji[sﬂ,SV]QulAirBi!jrkFMV
+ibg(=) B, 8,1(Q) AL + AL QL) BT KR i by(B[S, ,S,15Q.)
+by(BS,,S,1Q4 B)IF#'St(A,) +iby(BLS, S, 1B)F#sti( Q. A,), (30

which areO(€?) corrections to the magnetic moments andhowever, receive additional contributions from singlet loops.

can be discardefB3]. The relevant formulas d22] are not duplicated here in the
Finally we assess the contribution from the operafdt  interests of space but only need trivial modification by taking

in Eg. (10). As in the meson sector, the charge preservingnto account thea dependence of meson masses.

operators can be constructed by the replacemént

—aA C; g in leading-order terms. Again it is easier to em- V. DECUPLET BARYON ELECTROMAGNETIC

bed these operators it so that gauge invariance is transpar- PROPERTIES

ent. For the charge radius, the leading vector-current correc-

tion operator is contained in the term Decuplet matrix elements of the electromagnetic current

JP can be parametrized %8|
a — — J— —
L= A_X[CA,a(BBCLQ)"‘CA,,(J(BCLQB)]U,L@VFW, (31 (T(PHII?|T(P))=—u,(p")O*"u,(p), (35)

where u,(p) is a Rarita-Schwinger spinor for an on-shell
heavy baryon. The tens@#*” can be parametrized in terms
of four independent, Lorentz invariant form factors:

which leads taO(€*) corrections. For the magnetic moment
operator, such a replacement leads to

ia — — ,
£= 5[ uaaBLS, S, )Be1o) + pap(BIS, S,]e1 oB) IF# @Mpuzgw[ ,,pFl(qz)JS:i ]qTFZ(qz)]
(32

[$,S7]

yIreed
and corrections that are of higher order than the one-loop + a9 [UPGl(qz)+ Y qTGZ(qz)],
B

results[33]. See Appendix B for results in an alternate power (2Mp)?
counting scheme.
To O(€?) the baryon charge radii are thus

(36)

where the momentum transfer=p’—p. The form factor

5 6 3 F1(g?) is normalized to the decuplet charge in units eof
(re)=-— P(QC— +apCy) +_2MZB(QMF+ @pip) such that=;(0)=Q.

X The conversion from the covariant vertex functions used

mi mi above to multipole form factors for spin-3/2 particles is ex-
— > | Axlog— — 58y log— plicated in[51]. For our calculations, the charge radius
16m2f2 X u? u?
(12)=6/ T 50— 3F,0)-G,(0)]
re)= - - - ,
+1084G(my A, 1) (33) E dg@  12M2 2 '
(37)
and the magnetic moments @ ¢) read the magnetic moment
Mg , n=F5(0), (38)
1= (Que+ appp) + —— 2, [ BxMy+ BxFmy,A,u)].
4wt X 34) and the electric quadrupole moment
1
Thea dependence is treated as implicit in the meson masses. Q=— 561(0)- (39

The PQYPT coefficientsAy, Bx, and 8y can be found in
[17,49 along with the functions Z:(mleA,M) ~and  The charge radii ar®(e2) at next-to-leading ordeiNLO) in
G(mx,A,w). The quenched charge radii@(e”) are similar 6 chiral expansion, while the magnetic momentsQte)

in form (althoughAx=0 in QxPT) due to the lack of singlet 54 the electric quadrupole moments &&°). At one-loop
contributions at this order. The \@T coefficientsg? and  order in the chiral expansion, the magnetic octupole moment
,33 appear in[17,22. The quenched magnetic moments, is zero.

114503-5



D. ARNDT AND B. C. TIBURZI

There are no finitex operators in Eq(16) that contribute
to decuplet baryon form factors. The SW term can poten- £=
tially contribute whenA, is inserted into the Lagrangian.
There are three such terms: the charge radius, magnetic mo-

ment, and electric quadrupole terms. Insertions4of into
the charge radius term produces

L= ﬂ?u,kji{g A }ii’Ti'JkU 9. E®Y
A + o YuY%y
d, nir(nj+ ) okiioii” gii" 1"’k 7
+A—X(—) TN AL T, T a0, F

ds —
+—(T7Q, T,)v,0

A)( VF#VSU(A+)
d, —
+ 1 (T7T)0,0,FH st Q. AL). (40)

X

These contribute to decuplet charge radiDgE®). As in the

octet sector, insertions afl, into the magnetic moment

term, namely

L=id] T Q, AT, Kpmr
+ |dé(_ )ni/(ﬂj+nj/)?I:LinU—’AH/TLIJ/kF,uV
+id4(7,9, T, FA'sti A, )
+idy(T,T,)F'st( Q. A,), (42)

produceO(€?) corrections. Likewise, insertions of. into
the electric quadrupole term have the form

n

dj— -, .
L= A_:;']‘{,u,kjl{g+ ALY T vhi ]kvaaMFm

n

d — T AT Y
+A_Z(_)ni'(vjﬂlj')ff{mkl'g'jr Al T kv”‘ﬁMF,,a
X

n

d;
+A—i(7’{#Q+T”} 00,F o SICAL)

n

)
+A—4(T{“TV})U“&MFW St Q4 A,), (42
X

and produceD(€?) corrections. All of these corrections are us— (q- Sg“P— S+qP)

of higher order than the one-loop results.
Finally we assess the contribution from the operafdr

in Eq. (10). The effective operators can be constructed by
replacing@ by aA,c, g in leading-order terms. Embedding

these terms in a Lagrangian, we have

The action of{- -
traceless part of the tensor, vi2!“"=0#"+ O —3grr 0, .

PHYSICAL REVIEW D 69, 114503 (2004

3acy ¢

(T7C10T)v 0, F*"+ Biapp o(T,C1, 07T, F*"

3a‘~()A' —
A, S(THe1 T v d,F g (43)

Each of these terms leads to corrections of higher order than
the one-loop results and can be dropped. Thus at this order
the only finite lattice spacing corrections to decuplet electro-
magnetic properties appear in the meson masses. For refer-
ence, the expressions are

2ue—1 O.+6c.| 19+5C? m3
(r)=Q| —5 -3 > Ay log—
M3 A2 3 167%f2 X 2
25 H?
27 16 2f2 E AXg(mX1 !/-L) (44)
n=2uQ- 7 fz E AxF(my, A, )
CZMB
- 2 Axmy, (45)
and
2M3\  M3C? m2
=-2 +Q—- |+ Ay log—
Q Ql mct Qe A2 ol 2f22 X g
M3H?2
a2 MM ). (46)

The coefficientsAy are tabulated if18]. Extending the re-
sult to QyPT, whereAy=0, one must include additional
contributions from singlet loops. With finite lattice spacing
corrections, the expressions are identical to thodd &hex-
cept with masses given by E@L5). Thus for brevity we do
not reproduce them here.

VI. DECUPLET TO OCTET ELECTROMAGNETIC
TRANSITIONS

The decuplet to octet matrix elements of the electromag-
netic current)* appear a$19]

(B(p)|3#[T(p"))=u(p)O*Pug(p"), (47)

where the tenso® ## can be parametrized in terms of three
independent, Lorentz invariant form factors:

2
1(q )+(q -
Ga(q) Gs(q®)
—uv*0gP)g- S——— + (g2g#P— g~agP)S. ,
v qP) 2My)? (9°g"*—g"a”) q4MéA
(48)

where the photon momentum=p’ —p. At next-to-leading

-} on Lorentz indices produces the symmetric order in the chiral expansion, we recall tf@f(g?) is O(e)

while G,(g?) and G3(g?) are O(€°). The conversion of
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these vertex covariant functions to multipole form factors is it o
detailed in[52]. The multipole moments up t9(e) are L= A—;Bk”SMQ'lA'L'T'V"ka“&“F”a
X
2 A A itg_kji il Ali’ ik ga qup v

X
Y

T2 (—ymnr ) Brilg, QA T kgegerr,

A
Ge2(0)= gy Ga(0) + 15-Gal0), (50 A
+—2(—ym I gkiig Al Qi i kgagupy
1, A 1 A A : ’
Gea(0)=| 5+ 6Mg GO+ 5 6MBG(0) "
| _
. + -5 (B8,Q. T)0"0HF"  S(A, ), (54)
+gG3(O). (51 X

for the Coulomb quadrupole transition.
Similarly, constructing®4 in the effective theory by re-
There are no new finita-operators in Eq(16) that con-  placing @ with aA,c, ¢ in the transition operators leads to
tribute to decuplet to octet transition form factors. Insertionterms of at IeasO(ez) which are contained in the terms
of A, into leading-order transition terms leads to corrections
of O(€?) or smaller. For completeness the terms are

3
L=iapaT \/;(BS;LC].,Q?-V) Fr

L=it,B84's, Q! A TV IkEer it BRIiS, AT QN T IkER +%\E(ES{MCMTV})U% Fo
+it3(—)”i’(”ﬁ”i’)Ek”SMQTAH’TL’j’ka“’
_ o iacat /3 — o
+ity(—)mmtmogkis AL QT ) Kpnr + A)z( \/;(BS“CLQT )30, F g - (55
+its(BS, Q. T,) FA st A,), (52

All of these corrections from effectiv®/ operators are of
higher order than the one-loop results. Thus, at this order, the

for the magnetic dipole transition, and only finite lattice spacing corrections to the transition mo-
ments appear in the meson masses. For reference the expres-
sions are
t; — G
L= _Bk“S{MQII A|I TV},l ]kvaﬁ Fva uwr
Ay o g Gy(0)= 5 ag
t)— S
+ 5 BSHAL QL T e, F, Mg < o (1 X
X —47THCP E ,BXJ dx 1—§ F(my XA, 1)
, X 0
X
+ /tx_s(_)r;ir(nj+qu)EkjiS{MQijrrALerV}‘ifjrkvaaﬂlzya
X

Mo g [
) +4mC(D—F)~2>, ﬁxf dX(1—X) F(my, — XA, 1),
(=) B AL QU T g, Ayx o

y wove (56)
té F2c¢ v}, @ M2
+ A_(BS{#Q+T )U aMFVD[ Str(A+)! (53) GZ(O) = —2 4(91-6{-'-
X X
for the quadrupole transition. Finally, insertion &f, into +16’HCZ /3xJ dx )Q(mx,XA,,U«)
the PQyPT term proportional to(B8S#Q7")d“d,,F,, leads
to L
—16C(D—F) >, ﬁﬁf dxx(l—x)g(mx,—xA,m},
X 0
’Here, we coune~A/Mg. (57)
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APPENDIX A: HADRONIC ELECTROMAGNETIC
(58 PROPERTIES IN SU(2) FLAVOR WITH
NONDEGENERATE QUARKS AT FINITE

o _ _ LATTICE SPACING
The coefficientsBg and B are tabulated in19] along with

the functionR(x). Extending the result to @PT, where the In this appendix, we consider the case3(2) flavor

coefficients are replaced with their quenched counterpartQQQCﬁl and summarize the changes needed to determine
B3 and B9, one must include additional contributions from finite lattice spacing corrections to the electromagnetic prop-
singlet loops. With finite lattice spacing corrections the ex-€rties of hadrons considered above. For the two flavor case,
pressions are identical to those [ih9] except with masses We keep the up and down valence quark masses non-

given by Eq.(15). Thus for brevity we do not reproduce degenerate and similarly for the sea quarks. Thus the quark
them here. mass matrix reads

mgu(2)= diagmy,mg,m;,m;,my,my), (A1)

VII. CONCLUSIONS _ o
o _ ) while the SW matrix is
Above we have calculated the finite lattice spacing cor-

rections to hadronic electromagnetic observables in both cgU(Z)zdiag(c”,c”,cs,cs,c“,c”). (A2)
QxPT and PQPT for theSU(3) flavor group in the isos-

pin limit and theSU(2) group with nondegenerate quarks. I pefining ghost and sea quark charges is constrained only
the power counting scheme ¢81,33, O(a) corrections  py the restriction that QCD be recovered in the limit of ap-

contribute to electromagnetic observables at higher ordegropriately degenerate quark masses. Thus the most general
than the one-loop chiral corrections. Thus finite lattice spacform of the charge matrix is

ing manifests itself only in the meson masses at this order.
In practice one should not adhere rigidly to a particular 2
power-counting scheme. Each observable should be treated QSU(2)=dia§<§,—§,qj 291,90 |, (A3)
on a case by case basis. The actual size arid additionally
the size of cour_lterterms are ne_eded to addres_s the relevar\ﬁﬁich is not supertraceless. Analogous to the three flavor
gf O(a) corrections for real_lattl_ce data. For this reason Wecase. the vector current wil recei@(a) corrections from
ave prese_nted an exhaustlye list@fa) operators relevant the operators in Eq.10) of which only the operato©¥ is
for hadronic_electromagnetic properties. In an altematerelevant The coefficient matrix associated with this operator
power counting for a coarser latti¢as explained in Appen- i '
dix B), some of the operators listed above contribute at the
same order as the one-loop results in the chiral expansion.
The corrections detailed in Appendix B in the baryon sec-
tor may also be necessary if one goes beyond the heavy
baryon limit (that is, including g correction$. For ex-
ample, in the case of the octet baryon magnetic morsas
Eqg.(34)] at NLO in the heavy baryon expansignwould be
known toO(€?). ThusO(a) corrections in the power count-
ing of Eq.(2) are needed since they are af3¢e?).
Knowledge of the low-energy behavior of PQQCD at fi-
nite lattice spacing is crucial to extrapolate lattice calcula- 1. Octet mesons
tions from the quark masses used on a finite lattice to the | the meson sector, one has the additional term
physical world. The formal behavior of the PQQCD electro-

U@ =diagcy,cy,cs,c5,cl,ch). (A4)

The O(a) operators listed above in Secs. IlI-VI are the
same for theSU(2) flavor group; however, the coefficients

have different numerical values. Additionally there are op-
erators involving strQSY?)). These are listed for each elec-

tromagnetic observable below.

magnetic observables in the chiral limit has the same form as L=imy4AF,, st A,D*3D"ST
in QCD. Moreover, there is a well-defined connection to e SU2)
QCD and one can reliably extrapolate lattice results down to + A, D¥ETD"2)st( Q3 ). (AS5)

the quark masses of reality. For simulations using unim-

proved lattice actiongwith Wilson quarks or mixed quarks

our results will aid in the continuum extrapolation and will 3For brevity we refer t&U(4|2) PQQCD assU(2). Thedistinc-
help lattice simulations make contact with real-world data. tion will always be clear.
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2. Octet baryons

PHYSICAL REVIEW D 69, 114503 (2004

4. Baryon transitions

In the octet baryon sector, there are terms which originate Finally for the transitions, there are only new, inser-

from A, insertions,

_ 1 127 73 wv SU(2)
E—A—X[bg(BBA+)+blo(BA+B)]Uﬂ(9VF st(Q3)

b1 —
+ A—M(BB)vMa,,F“” st Q3Y@)str( A, )
X

+i[bg(B[S,,S,1BA;)
+bio(BS, S,1A, B)JFH" st Q5U?)
+ibL,(BLS, S,IBF*" st QSUD)sti(A,),  (A6)

and additional vector-current correction operators

L=

ac, —
L (BB),,0,F# st Q SUDeU)

X

ia/*‘LA,y

+
2

(E[S,u 1SV]B) F'“VS'[I'( Q SU(Z)Cfu(Z)) .

(A7)

3. Decuplet baryons

Next in the decuplet sector there are terms that result from

A, insertions,

d=: —
c= A—i(T”A+7})ch?VF"”Str( Q3Y®)

d: —
+ (T T )v 0, Fest Q3¥P)stiA,)
X

+ids(7, A, T, F# st Q242)

+idg(7,7,) F* st Q5% st A, )

dr _
+ A—i(?'{“A+T”})v“&MFVastr( Q3SU2),

14

des —
+ O (TAT o, P, st Q3UP)sti( A, ),
X

(A8)

and also further vector-current correction operators

3acy, —
L= = (TP T v 0, FH st QS WDes )

X

+3iaup (7,T,) F* st QSUAcU)

3a()
AQ BT (THT )9, F 0 st QSUAU)).
X

(A9)

tions

L=ite(BS,A.T,)FH sti( Q3U?)
e
A (BSALT o, F o, st Q3)
X
+ A—‘;(ES#AJV)WMFVQ str( QSU?)).
X

(A10)

For each electromagnetic observable considered above,
contributions from allO(a) operators in the effective theory
are of higher order than the one-loop results in the chiral
expansion. Thus one need only retain the finite lattice spac-
ing corrections to the meson masses and use the previously
found expressions for electromagnetic propertieSI(2)
PQyPT [17-19,33,53

APPENDIX B: COARSE-LATTICE POWER COUNTING

In this appendix, we detail th®(a) corrections to elec-
tromagnetic properties in an alternate power-counting
scheme. We imagine a sufficiently coarse lattice, wieke
can be treated a9(¢), so that

mg/A,,
e2~1{ a’A2, (B1)
2 2
p/AL.

In this case, there are known additior@(a®) corrections
[31] to the meson masses that are novDét>) and must be
included in expressions for loop diagrams. The free Lagrang-
ian for By, and Tfj fields contains additional terms of
O(a?) that correct the baryon masses and modify the kinetic
terms. Potential contributions due to the latter, whatever their
form, must be canceled by wave function renormalization
diagrams. The only contribution @(a?) could come from
tree-level electromagnetic terms but these are necessarily
higher order. Thus in this power counting there are no un-
known O(a?) corrections for electromagnetic properties.

The only possible corrections come from {Béa) opera-
tors assembled above. A few of these do contribute at tree
level and are spelled out below.

1. Octet mesons

The O(a) corrections to the meson form factors are now
O(€% in the power counting. While the meson charge radii
at NLO in the chiral expansion are @ €?), further correc-
tions in the chiral expansion are @(e*). Thus one can use
the O(a) operators to completely deduce the charge radii to

“This power counting coupled with the chiral expansion is most
efficient for valence Ginsparg-Wilson quarks wh&déa) correc-
tions vanish. We thank Gautam Rupak for pointing this out.
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TABLE |. The coefficientsA andB for the octet baryons.

A B
p 1 0
1 1
n -3 -3
st 1 0
30 1 1
A _61 _61
6 6
3OA 1 1
2V3 23
S _2 1
=0 _i _3;
ol 3 3
= _2 1
ol 3 3

O(€®) [apart fromO(€®) corrections to the meson maskes
TheseO(a) operators are given in Eq$23) and (24) and

yield a corrections(rZ) to the meson charge radii of the

form

sir2y_ o222
(rg) Q—f2

X[cU(2my+my) +3cSmg+ Clan o]

(B2)

Notice that there are no corrections associated with an unim:

proved current operator in the sea sector siticé absent.
In the case oB5U(2) flavor, there is an additional contri-

bution from the operator in EqA5). At the tree level, how-

ever, this operator vanishes. The only correction to (Bg)

in changing taSU(2) flavor is to replace & with 2¢® which

reflects the change in the number of sea quarks.

2. Octet baryons

For the octet baryon electromagnetic properties Qlta)
corrections to the charge radii are nd(e®) and can be
dropped as they are the same order as neglectdd tbor-

PHYSICAL REVIEW D 69, 114503 (2004

In the case oBU(2) flavor, there are additional contribu-
tions given in Eqs(A6) and (A7). For the proton and neu-
tron, we have

A

1
SuSU) = aMB{ c’| Al bj+ Ebﬁ) —B(2by+bz—bg)

1 1 1
+§(bé+bio) +2c® EAbg—Bb§+ §b11)
< W1 . cil1
e e 3y | Pet 5 | 5AKA LT Blag
1 c3
37 [ Hay| T 5 iy (B4)

whereq; =q;+d; .

3. Decuplet baryons

For the decuplet baryon electromagnetic properties in
coarse-lattice power counting, th@(a) corrections to the
charge radii areD(€®) and the corrections to the electric
quadrupole moments ar®(e), both of which are higher
order than the one-loop results. The magnetic moments,
however, do receive corrections from local operators. Spe-
cifically, the O(a) operators which contribute to magnetic
moments atO(e€) are A, insertions into the magnetic mo-
ment operator given in Eq41) and@/ correction operators
given in Eq.(43). Calculation of these corrections yields a
shift in the magnetic moments:

1
Su=2aMg| z"Q(2d} +dj) +cQdy

+(c*=c”)q;rdy+ciQuac)- (B5)

Notice that inSU(3) str@=0; hence there is no depen-
dence orcj in the above result.

rections. The magnetic moments, however, do receive cor- |n the case o5U(2) flavor, there are additional contribu-

rections from local operators. Specifically, tb€a) opera-
tors which contribute to magnetic moments @fe) are

insertion of. 4, into the magnetic moment operator given in

Eq. (30 andOf corrections given in Eq.32). Calculation of
these corrections yields a shift in the magnetic moments:

A

1

5,u=aMB{c” —B(2b;+bj—by)

+3c®

1 ! !
5Ab;—Bb;

+C(c®=c¥)qji bg

1

c1
EMA,aA_ MA,ﬁB

T2

) . (B3)

whereq;;;, =q;+0,+q, . The coefficientsA andB are listed
for octet baryons in Table I, whil€=1 for all octet mag-
netic moments an€C=0 for the A3° transition moment.

tions given in Eqs(A8) and(A9). The corrections to tha
quartet magnetic moments are then

1
5MSU(2>=2aMB{§c”<2Qd1+Qd;+dé>

2
+§cS(ng+dé)+ csqj +c’

1 !
§—q,-| d,

+Ci[Quact(1—3dj) up ]+ 3Ciqjll-ln,°\,y] :

(B6)
4. Baryon transitions

For the decuplet to octet electromagnetic transitions in
coarse-lattice power counting, t@a) corrections ta5,(0)
and G3(0) are O(e) which are of higher order than the
oneloop results. Th&,(qg?) form factor does, however, re-

Notice that there are no corrections associated with an uninceive corrections from local operators. Specifically these

proved current operator in the sea sector.

O(a) operators which contribute t6,(0) at O(e) are the

114503-10
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insertions ofA4., into the magnetic dipole transition operator where the transition coefficients; appear i 19]. Again, at
given in Eq.(52) and the vector-current corrections given in this order the result is independent@fa) improvement to

Eqg. (59). Calculation of these corrections yields a shift of the electromagnetic current in the sea sector. In the case of
G41(0): 5 1 SU(2) flavor, there is an additional dipole operator given in
5G1(O)=aMBaT\[§ Cv(t1+t2+t3_ Et“) Eq. (A10). At the tree level, however, this operator vanishes.
The only correction to EqB7) in changing taSU(2) flavor
3
+ 3CSt5+ Cl])_/.LA'T \/%] ’

is to replace 8° with 2¢® which reflects the change in the

(B7) number of sea quarks.
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