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Hadronic electromagnetic properties at finite lattice spacing

Daniel Arndt* and Brian C. Tiburzi†
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Electromagnetic properties of the octet mesons as well as the octet and decuplet baryons are augmented in
quenched and partially quenched chiral perturbation theory to includeO(a) corrections due to lattice discreti-
zation. We present the results for theSU(3) flavor group in the isospin limit as well as the results forSU(2)
flavor with nondegenerate quarks. These corrections will be useful for extrapolation of lattice calculations
using Wilson valence and sea quarks, as well as calculations using Wilson sea quarks and Ginsparg-Wilson
valence quarks.
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I. INTRODUCTION

Lattice gauge theory can provide first principles calcu
tions in the strongly interacting regime of QCD, whe
quarks and gluons are bound into color-neutral hadro
states. These calculations, however, are severely limited
the available computing power, necessitating the use of l
quark massesmq that are much larger than those in reali
Hence, one needs to extrapolate from the quark masses
on the lattice to those of nature.

A model independent way to do this extrapolation is
study QCD at hadronic scales through its low-energy eff
tive theory, chiral perturbation theory (xPT). Since
xPT provides a systematic expansion in terms ofmq /Lx ,
whereLx is the chiral symmetry breaking scale, one can,
principle, understand how QCD observables behave as f
tions of the quark mass. In order to address the quenched
partially quenched approximations employed by lattice c
culations,xPT has been extended to quenched chiral per
bation theory (QxPT) @1–7# and partially quenched chira
perturbation theory (PQxPT) @8–16#.

Recently, we considered the electromagnetic propertie
the octet mesons and both the octet and decuplet baryo
QxPT and PQxPT @17–19#. Owing in part to the charge
neutrality of singlet fields, the quenched results are not m
singular in the chiral limit than their unquenched count
parts. We showed, however, that despite this similarity,
quenched results contain singlet contributions that have
analogue inxPT. Moreover, quenching closed quark loo
alters the contribution from chiral logarithms. For the d
cuplet baryon form factors, for example, quenching co
pletely removes these chiral logarithms. Many others h
also observed that the behavior of meson loops near the
ral limit is misrepresented in QxPT; see for example@20–
24#. On the other hand, PQxPT results are devoid of suc
complications and allow for a smooth limit to QCD.

Not only are lattice calculations limited to unphysical
large quark masses; they are also severely restricted by
further parameters: the sizeL of the lattice, which is not
considerably larger than the system under investigation,
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the lattice spacinga, which is not considerably smaller tha
the relevant hadronic distance scale. To address the issu
finite lattice spacing,xPT has been extended~following the
earlier work of@25–28#! in the meson sector toO(a) for the
Wilson action@29# and for mixed actions@30#. Corrections at
O(a2) have also been pursued@31,32#. Corrections to baryon
observables have only recently been investigated@33#. To
consider finite lattice spacing corrections, one must form
late the underlying lattice theory and match the new ope
tors that appear onto those in the chiral effective theory. T
can be done by utilizing a dual expansion in quark mass
lattice spacing. Following@31,33#, we assume a hierarchy o
energy scales

mq!Lx!
1

a
~1!

and ignore finite volume effects. The small dimensionle
expansion parameters are

e2;H mq /Lx ,

aLx ,

p2/Lx
2 ,

~2!

wherep is an external momentum. Thus we have a syste
atic way to calculateO(a) corrections inxPT for the ob-
servables of interest.

In this work we investigate theO(a) corrections to the
electromagnetic properties of the meson and baryon oc
the baryon decuplet, and the decuplet to octet electrom
netic transitions in QxPT and PQxPT. We work up to next-
to-leading order in the chiral expansion and to leading or
in the heavy baryon expansion. The paper is structured
follows. First, in Sec. II, we review PQxPT at finite lattice
spacing with mixed actions. Since the setup f
QxPT parallels that of PQxPT, we will only highlight dif-
ferences where appropriate. Next in Sec. III we calcul
finite lattice spacing corrections to the charge radii of t
octet mesons toO(e2). This is followed by the calculation o
such corrections to the charge radii and magnetic mom
of the octet baryons; the charge radii, magnetic mome
and electric quadrupole moments of the decuplet baryo
and the decuplet to octet electromagnetic transition mom
©2004 The American Physical Society03-1
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~Secs. IV–VI!. Corresponding results for the above elect
magnetic observables in theSU(2) flavor group are pre-
sented in Appendix A. In Appendix B we determine th
O(a) corrections in an alternative power counting sche
for coarser lattices wheree;aLx . A conclusion appears in
Sec. VII.

II. PQ xPT AT FINITE LATTICE SPACING

In partially quenched QCD~PQQCD! @8–15# the quark
part of the Symanzik Lagrangian@25,34,35# to O(a) is writ-
ten as

L5Q̄~ iD” 2mQ!Q1aQ̄smnGmncQQ, ~3!

where the second term, the Pauli term, breaks chiral sym
try in the same way as the quark mass term. Here, the
quarks of PQQCD are in the fundamental representation
the graded groupSU(6u3) @36–38# and appear in the vecto

Q5~u,d,s, j ,l ,r ,ũ,d̃,s̃!, ~4!

which obeys the graded equal-time commutation relation

Qi
a~x!Qj

b†~y!2~21!h ih jQj
b†~y!Qi

a~x!5dabd i j d
3~x2y!,

~5!

wherea andb are spin, andi and j are flavor indices. The
remaining graded equal-time commutation relations can
written analogously. The different statistics for fermionic a
bosonic quarks are incorporated in the grading factor

hk5H 1 for k51,2,3,4,5,6,

0 for k57,8,9.
~6!

The quark mass matrix is given by

mQ5diag~mu ,md ,ms ,mj ,ml ,mr ,mu ,md ,ms!, ~7!

while the Sheikholeslami-Wohlert~SW! @39# coefficient ma-
trix for mixed actions reads

cQ5diag~cv,cv,cv,cs,cs,cs,cv,cv,cv!. ~8!

If the quarkQi is a Wilson fermion@40#, then (cQ) i5csw.
Alternately, if Qi is of the Ginsparg-Wilson variety@41#
~e.g., Kaplan fermions@42# or overlap fermions@43#!, then
(cQ) i50. Since one expects simulations to be perform
with valence quarks that are all of the same species as we
sea quarks all of the same species, we have labeled the
coefficients in Eq.~8! by valence (v) and sea~s! instead of
flavor. In the limit mj5mu , ml5md , and mr5ms one re-
covers QCD atO(a).

The light quark electric charge matrixQ is not uniquely
defined in PQQCD@44#. By imposing the charge matrixQ to
have vanishing supertrace, no new operators involving
singlet component are introduced. This can be accomplis
by @45#

Q5diagS 2

3
,2

1

3
,2

1

3
,qj ,ql ,qr ,qj ,ql ,qr D . ~9!
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In addition to the SW term in Eq.~3!, the vector-current
operator of PQQCD also receives corrections atO(a). There
are three operator structures to consider@46#:

O 0
m5aQ̄Qc0mQgmQ,

O 1
m5aQ̄Qc1~ iDJ m!Q,

O 2
m5aDn~Q̄Qc2smnQ!, ~10!

whereDJ m5DQ m2DW m andDm is the gauge covariant deriva
tive. The form of the matricesc0 , c1, andc2 in PQQCD is

cj5diag~cj
v ,cj

v ,cj
v ,cj

s ,cj
s ,cj

s ,cj
v ,cj

v ,cj
v!, ~11!

where cj
v and cj

s are the coefficients of the vector-curre
correction operatorOj

m for valence and sea quarks respe
tively. If the vector-current operator isO(a) improved in the
valence~sea! sector, thencj

v50 (cj
s50). The operatorO 0

m ,
which corresponds to a renormalization of the vector curre
contains a factor ofamQ that renders itO(e4). Thus contri-
butions to electromagnetic observables fromO 0

m are ne-
glected below. The equations of motion which follow fro
Eq. ~3! can be used to show that the operatorO 2

m is redun-
dant up toO(a2) corrections. Therefore, we need not co
sider O 2

m . For ease we define the matrix productc1,Q
5Qc1.

A. Mesons

For massless quarks at zero lattice spacing, the Lagra
ian in Eq. ~3! exhibits a graded symmetrySU(6u3)L
^ SU(6u3)R^ U(1)V that is assumed to be spontaneou
broken down toSU(6u3)V^ U(1)V . The low-energy effec-
tive theory of PQQCD that results from expanding about
physical vacuum state is PQxPT. The emerging 80 pseudo
Goldstone mesons can be described atO(e2) by a Lagrang-
ian which accounts now for the two sources of explicit chi
symmetry breaking@25,29,30#:

L5
f 2

8
str~DmS†DmS!1lmstr~mQS1mQ

† S†!

1alastr~cQS1cQ
† S†!1a]mF0]mF02m0

2F0
2 ,

~12!

where

S5expS 2iF

f D5j2, ~13!

F5S M x†

x M̃
D , ~14!

f 5132 MeV, and the gauge-covariant derivative isDmS
5]mS1 ieAm@Q,S#. The str~! denotes a graded flavor trac
The M, M̃ , andx are matrices of pseudo-Goldstone boso
and pseudo-Goldstone fermions; see, for example,@45#. Ex-
3-2
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panding the Lagrangian in Eq.~12! one finds that to lowes
order mesons with quark contentQQ̄8 have mass

mQQ8
2

5
4

f 2
@lm~mQ1mQ8!1ala~cQ1cQ8!#. ~15!

The flavor singlet field isF05str(F)/A6. It is rendered
heavy by theU(1)A anomaly and can be integrated out
PQxPT, with its massm0 taken on the order of the chira
symmetry breaking scale,m0→Lx . In this limit the propa-
gator of the flavor singlet field is independent of the coupl
a and deviates from a simple pole form@12,14#. In QxPT,
the singlet must be retained.

B. Baryons

In PQQCD there are baryons with quark compositi
QiQjQk that can contain all three types of quarks. The sp
1/2 baryons are embedded in the240-dimensional super-
multiplet Bi jk , which contains the familiar octet baryon
while the spin-3/2 baryons are embedded in the138-
dimensional super-multipletT i jk

m , which contains the famil-
iar decuplet baryons@6,45#.

At leading order in the heavy baryon expansion and
O(a), the free Lagrangian for theBi jk and T i jk

m fields is
given by @6,33#

L5 i ~B̄v•DB!12aM~B̄BM1!12bM~B̄M1B!

12sM~B̄B!str~M1!12aA~B̄BA1!12bA~B̄A1B!

12sA~B̄B!str~A1!2 i ~ T̄ mv•DTm!1D~ T̄ mTm!

12gM~ T̄ mM1Tm!22s̄M~ T̄ mTm!str~M1!

12gA~ T̄ mA1Tm!22s̄A~ T̄ mTm!str~A1!, ~16!

where M15 1
2 (j†mQj†1jmQj) and A15 1

2 a(j†cQj†

1jcQj). HereD is the mass splitting between the240 and
138 in the chiral limit. The parenthesis notation used in E
~16! is defined in@6# so that the contraction of flavor indice
maintains proper transformations under chiral rotations. N
tice that the presence of the chiral symmetry breaking
operator in Eq.~3! has led to newO(a) operators~and new
constantsaA , bA , sA , gA , and s̄A) in Eq. ~16!. The La-
grangian describing the interactions of theBi jk andT i jk

m with
the pseudo-Goldstone mesons is

L52a~B̄SmBAm!12b~B̄SmAmB!12H~ T̄ nSmAmTn!

1A3

2
C@~ T̄ nAnB!1~B̄AnT n!#. ~17!

The axial-vector and vector meson fieldsAm and Vm are
defined by Am5( i /2)(j]mj†2j†]mj) and Vm5 1

2 (j]mj†

1j†]mj). The latter appears in Eq.~16! for the covariant
derivatives ofBi jk andTi jk , which both have the form
11450
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~D mB! i jk5]mBi jk1~Vm! i l Bl jk1~2 !h i (h j 1hm)~Vm! jmBimk

1~2 !(h i1h j )(hk1hn)~Vm!knBi jn . ~18!

The vectorSm is the covariant spin operator@47–49#. The
parametersC andH entering in Eq.~17! are identical to those
in QCD, while the parametersa andb can be related to the
familiar constantsD andF of QCD:

a5
2

3
D12F and b52

5

3
D1F. ~19!

In QQCD these identifications cannot be made.

III. OCTET MESON ELECTROMAGNETIC PROPERTIES

The electromagnetic form factorG(q2) of an octet meson
f has the form

^f~p8!uJmuf~p!&5G~q2!~p1p8!m, ~20!

where qm5(p82p)m. At zero momentum transferG(0)
5Q, whereQ is the charge off. The charge radiusr is
related to the slope ofG(q2) at q250, namely

^r 2&56
d

dq2
G~q2!uq250 . ~21!

Recall, at one-loop order in the chiral expansion the cha
radii areO(e2).

There are two finite-a terms in theO(e4) Lagrangian@31#

L5aA,4

8ala

f 2
str~DmS†DmS! str~cQS1cQ

† S†!

1aA,5

8ala

f 2
str„DmS†DmS~cQS1cQ

† S†!… ~22!

that contribute to meson form factors at the tree level. T
new parametersaA,4 and aA,5 in Eq. ~22! are finite lattice
spacing analogues of the dimensionless Gasser-Leutw
coefficientsa4 anda5 of xPT @50#. The above terms con
tribute to meson form factors atO(e2) but their contributions
are independent ofq2 and annihilated by the correspondin
wave function renormalization, thus ensuring charge n
renormalization.

The SW term can potentially contribute atO(e2) when
A1 is inserted into the kinetic term of the leading-orderL in
Eq. ~12!. Contributions to form factors from such terms va
ish by charge non-renormalization. Insertions ofA1 into the
a9 term of the Gasser-Leutwyler Lagrangian produces
O(e6) terms
3-3
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L5 im1LxFmn str~$Q1 ,A1%DmSDnS†1$Q1 ,A1%DmS†DnS!

1 im2LxFmn str~Q1DmSA1DnS†1Q1DmS†A1Dn S!

1 im3LxFmn str~Q1DmSDnS†1Q1DmS†DnS!str~A1!, ~23!
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where we have definedQ15 1
2 (j†Qj†1jQj). These terms

contribute atO(e4) to the charge radii and can be ignore
~see Appendix B for a discussion relating to larger latt
spacings!.

Additionally we must consider the contribution from th
vector-current correction operatorO1

m in Eq. ~10!. In the me-
son sector, the leading operatorsO1

m in the effective theory
can be ascertained by insertingaLxc1,Q in place ofQ in the
operators that contribute to form factors. The effective fi
theory operators must also preserve the charge of the m
f. It is easiest to embed the operatorsO1

m in a Lagrangian so
that electromagnetic gauge invariance is manifest. To lead
order, the contribution fromO1

m is contained in the term

L5 iaA,9aLxFmnstr~c1,Q]mS]nS†1c1,Q]mS†]nS!.
~24!

Thus the correction to meson form factors fromO1
m is at

O(e4).
The charge radius of the mesonf to O(e2) then reads

^r 2&5a9

24Q

f 2
1

1

16p2f 2 (
X

AXlog
mX

2

m2
, ~25!

whereX corresponds to loop mesons having massmX @the
masses implicitly include the finite lattice spacing corre
tions given in Eq.~15!; otherwise the expression is identic
to thea50 result#. The coefficientsAX in PQxPT appear in
Ref. @17#. In the case of QxPT, the coefficientsAX50 for all
loop mesons and there are no additional contributions fr
the singlet field at this order. Thus there is neither quark m
dependence nor lattice spacing dependence in the quen
meson charge radii at this order.
11450
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IV. OCTET BARYON ELECTROMAGNETIC PROPERTIES

Baryon matrix elements of the electromagnetic currentJm

can be parametrized in terms of the Dirac and Pauli fo
factorsF1 andF2, respectively, as

^B̄~p8!uJmuB~p!&

5ū~p8!H vmF1~q2!1
@Sm,Sn#

MB
qnF2~q2!J u~p!

~26!

with q5p82p andMB is the degenerate octet baryon ma
The Dirac form factor is normalized at zero momentu
transfer to the baryon charge:F1(0)5Q. The electric charge
radius^r E

2& and magnetic momentm can be defined in terms
of these form factors by

^r E
2&56

dF1~0!

dq2
1

3

2MB
2

F2~0! ~27!

and
m5F2~0!. ~28!

Recall, that the one-loop contributions in the chiral expa
sion to the charge radii areO(e2), while those to the mag-
netic moments areO(e).

There are no finite-a operators in Eq.~16! that contribute
to octet baryon form factors. As in the meson sector, ho
ever, the SW term could contribute whenA1 is inserted into
the Lagrangian. Here and henceforth we do not cons
these insertions into the kinetic terms in Eq.~16! because
their contributions alter the baryon charges and will be c
celed by the appropriate wave function renormalization.

The SW term, however, does contribute whenA1 is in-
serted into the charge radius and magnetic moment te
For the charge radius, we then have theO(a) terms
s

L5
b1

Lx
~2 !(h i1h j )(hk1hk8)B̄ k j i$Q1 ,A1%kk8B i jk 8vm]nFmn1

b2

Lx
B̄ k j i$Q1 ,A1% i i 8B i 8 jkvm]nFmn

1
b3

Lx
~2 !h i 8(h j 1h j 8)B̄ k j iQ1

i i 8A 1
j j 8B i 8 j 8kvm]nFmn1

b4

Lx
~2 !h i (h j 1h j 8)B̄ k j iQ1

j j 8A 1
i i 8B i 8 j 8kvm]nFmn

1
b5

Lx
~2 !h jh j 811B̄ k j i~Q1

i j 8A1
j i 81A1

i j 8Q1
j i 8!B i 8 j 8kvm]nFmn1

1

Lx
@b6~B̄BQ1!1b7~B̄Q1B!#vm]nFmnstr~A1!

1
b8

Lx
~B̄B!vm]nFmnstr~Q1A1!, ~29!

which contribute atO(e4) to the charge radii and are thus neglected. Insertions ofA1 into the magnetic moment term
produce
3-4
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L5 ib18~2 !(h i1h j )(hk1hk8)B̄ k j i@Sm ,Sn#$Q1 ,A1%kk8B i jk 8Fmn1 ib28B̄ k j i@Sm ,Sn#$Q1 ,A1% i i 8B i 8 jkFmn

1 ib38~2 !h i 8(h j 1h j 8)B̄ k j i@Sm ,Sn#Q1
i i 8A 1

j j 8B i 8 j 8kFmn1 ib48~2 !h i (h j 1h j 8)B̄ k j i@Sm ,Sn#Q1
j j 8A 1

i i 8B i 8 j 8kFmn

1 ib58~2 !h jh j 811B̄ k j i@Sm ,Sn#~Q1
i j 8A1

j i 81A1
i j 8Q1

j i 8!B i 8 j 8kFmn1 i @b68~B̄@Sm ,Sn#BQ1!

1b78~B̄@Sm ,Sn#Q1B!#Fmnstr~A1!1 ib88~B̄@Sm ,Sn#B!Fmnstr~Q1A1!, ~30!
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which areO(e2) corrections to the magnetic moments a
can be discarded@33#.

Finally we assess the contribution from the operatorO 1
m

in Eq. ~10!. As in the meson sector, the charge preserv
operators can be constructed by the replacementQ
→aLxc1,Q in leading-order terms. Again it is easier to em
bed these operators inL so that gauge invariance is transpa
ent. For the charge radius, the leading vector-current cor
tion operator is contained in the term

L5
a

Lx
@cA,a~B̄Bc1,Q!1cA,b~B̄c1,QB!#vm]nFmn, ~31!

which leads toO(e4) corrections. For the magnetic mome
operator, such a replacement leads to

L5
ia

2
@mA,a~B̄@Sm ,Sn#Bc1,Q!1mA,b~B̄@Sm ,Sn#c1,QB!#Fmn

~32!

and corrections that are of higher order than the one-l
results@33#. See Appendix B for results in an alternate pow
counting scheme.

To O(e2) the baryon charge radii are thus

^r E
2&52

6

Lx
2 ~Qc21aDc1!1

3

2MB
2 ~QmF1aDmD!

2
1

16p2f 2 (
X

FAX log
mX

2

m2
25bX log

mX
2

m2

110bX8G~mX ,D,m!G ~33!

and the magnetic moments toO(e) read

m5~QmF1aDmD!1
MB

4p f 2 (
X

@bXmX1bX8F~mX ,D,m!#.

~34!

Thea dependence is treated as implicit in the meson mas
The PQxPT coefficientsAX , bX , andbX8 can be found in
@17,45# along with the functions F(mX ,D,m) and
G(mX ,D,m). The quenched charge radii atO(e2) are similar
in form ~althoughAX50 in QxPT) due to the lack of single
contributions at this order. The QxPT coefficientsbX

Q and

bX
Q8 appear in@17,22#. The quenched magnetic momen
11450
g
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p
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,

however, receive additional contributions from singlet loo
The relevant formulas of@22# are not duplicated here in th
interests of space but only need trivial modification by taki
into account thea dependence of meson masses.

V. DECUPLET BARYON ELECTROMAGNETIC
PROPERTIES

Decuplet matrix elements of the electromagnetic curr
Jr can be parametrized as@18#

^T̄~p8!uJruT~p!&52ūm~p8!O mrnun~p!, ~35!

where um(p) is a Rarita-Schwinger spinor for an on-she
heavy baryon. The tensorO mrn can be parametrized in term
of four independent, Lorentz invariant form factors:

O mrn5gmnH vrF1~q2!1
@Sr,St#

MB
qtF2~q2!J

1
qmqn

~2MB!2 H vrG1~q2!1
@Sr,St#

MB
qtG2~q2!J ,

~36!

where the momentum transferq5p82p. The form factor
F1(q2) is normalized to the decuplet charge in units ofe
such thatF1(0)5Q.

The conversion from the covariant vertex functions us
above to multipole form factors for spin-3/2 particles is e
plicated in@51#. For our calculations, the charge radius

^r E
2&56H dF1~0!

dq2
2

1

12MB
2 @2Q23F2~0!2G1~0!#J ,

~37!

the magnetic moment

m5F2~0!, ~38!

and the electric quadrupole moment

Q52
1

2
G1~0!. ~39!

The charge radii areO(e2) at next-to-leading order~NLO! in
the chiral expansion, while the magnetic moments areO(e)
and the electric quadrupole moments areO(e0). At one-loop
order in the chiral expansion, the magnetic octupole mom
is zero.
3-5
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There are no finite-a operators in Eq.~16! that contribute
to decuplet baryon form factors. The SW term can pot
tially contribute whenA1 is inserted into the Lagrangian
There are three such terms: the charge radius, magnetic
ment, and electric quadrupole terms. Insertions ofA1 into
the charge radius term produces

L5
d1

Lx
T̄ s,k j i$Q1 ,A1% i i 8T s

i 8 jkvm]nFmn

1
d2

Lx
~2 !h i 8(h j 1h j 8)T̄ s,k j iQ1

i i 8A1
j j 8T s

i 8 j 8kvm]nFmn

1
d3

Lx
~ T̄ sQ1Ts!vm]nFmnstr~A1!

1
d4

Lx
~ T̄ sTs!vm]nFmnstr~Q1A1!. ~40!

These contribute to decuplet charge radii atO(e4). As in the
octet sector, insertions ofA1 into the magnetic momen
term, namely

L5 id18T̄ m
k j i$Q1 ,A1% i i 8T n

i 8 jkFmn

1 id28~2 !h i 8(h j 1h j 8)T̄ m
k j iQ1

i i 8A1
j j 8T n

i 8 j 8kFmn

1 id38~ T̄mQ1Tn!Fmnstr~A1!

1 id48~ T̄mTn!Fmnstr~Q1A1!, ~41!

produceO(e2) corrections. Likewise, insertions ofA1 into
the electric quadrupole term have the form1

L5
d19

Lx
T̄ $m,k j i$Q1 ,A1% i i 8T n%,i 8 jkva]mFna

1
d29

Lx
~2 !h i 8(h j 1h j 8)T̄ $m,k j iQ1

i i 8A1
j j 8T n%,i 8 j 8kva]mFna

1
d39

Lx
~ T̄ $mQ1T n%!va]mFna str~A1!

1
d49

Lx
~ T̄ $mT n%!va]mFna str~Q1A1!, ~42!

and produceO(e2) corrections. All of these corrections ar
of higher order than the one-loop results.

Finally we assess the contribution from the operatorO 1
m

in Eq. ~10!. The effective operators can be constructed
replacingQ by aLxc1,Q in leading-order terms. Embeddin
these terms in a Lagrangian, we have

1The action of$•••% on Lorentz indices produces the symmet
traceless part of the tensor, viz.O $mn%5O mn1O nm2

1
2 gmnO a

a .
11450
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L5
3acA,c

Lx
~ T̄ sc1,QTs!vm]nFmn13iamA,c~ T̄mc1,QTn!Fmn

2
3aQA,c

Lx
~ T̄ $mc1,QT n%!va]mFna . ~43!

Each of these terms leads to corrections of higher order t
the one-loop results and can be dropped. Thus at this o
the only finite lattice spacing corrections to decuplet elect
magnetic properties appear in the meson masses. For r
ence, the expressions are

^r E
2&5QS 2mc21

MB
2

1
Qc16cc

Lx
2 D 2

1

3

915C 2

16p2f 2 (
X

AX log
mX

2

m2

2
25

27

H 2

16p2f 2 (
X

AXG~mX ,D,m!, ~44!

m52mcQ2
MBH 2

36p f 2 (
X

AXF~mX ,D,m!

2
C 2MB

8p f 2 (
X

AXmX , ~45!

and

Q522QS mc1Qc

2MB
2

Lx
2 D 1

MB
2C 2

24p2f 2 (
X

AX log
mX

2

m2

2
MB

2H 2

54p2f 2 (
X

AXG~mX ,D,m!. ~46!

The coefficientsAX are tabulated in@18#. Extending the re-
sult to QxPT, whereAX50, one must include additiona
contributions from singlet loops. With finite lattice spacin
corrections, the expressions are identical to those in@18# ex-
cept with masses given by Eq.~15!. Thus for brevity we do
not reproduce them here.

VI. DECUPLET TO OCTET ELECTROMAGNETIC
TRANSITIONS

The decuplet to octet matrix elements of the electrom
netic currentJm appear as@19#

^B̄~p!uJmuT~p8!&5ū~p!O mbub~p8!, ~47!

where the tensorO mb can be parametrized in terms of thre
independent, Lorentz invariant form factors:

O mb5~q•Sgmb2Smqb!
G1~q2!

MB
1~q•vgmb

2vmqb!q•S
G2~q2!

~2MB!2
1~q2gmb2qmqb!S•q

G3~q2!

4MB
2D

,

~48!

where the photon momentumq5p82p. At next-to-leading
order in the chiral expansion, we recall thatG1(q2) is O(e)
while G2(q2) and G3(q2) are O(e0). The conversion of
3-6
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these vertex covariant functions to multipole form factors
detailed in@52#. The multipole moments up toO(e) are2

GM1~0!5S 2

3
2

D

6MB
DG1~0!1

D

12MB
G2~0!, ~49!

GE2~0!5
D

6MB
G1~0!1

D

12MB
G2~0!, ~50!

GC2~0!5S 1

3
1

D

6MB
DG1~0!1S 1

6
1

D

6MB
DG2~0!

1
1

6
G3~0!. ~51!

There are no new finite-a operators in Eq.~16! that con-
tribute to decuplet to octet transition form factors. Inserti
of A1 into leading-order transition terms leads to correctio
of O(e2) or smaller. For completeness the terms are

L5 i t 1B̄ k j iSmQ1
i l A1

l i 8T n
i 8 jkFmn1 i t 2B̄ k j iSmA1

i l Q1
l i 8T n

i 8 jkFmn

1 i t 3~2 !h i 8(h j 1h j 8)B̄ k j iSmQ1
i i 8A1

j j 8T n
i 8 j 8kFmn

1 i t 4~2 !h i 8(h j 1h j 8)B̄ k j iSmA1
i i 8Q1

j j 8T n
i 8 j 8kFmn

1 i t 5~B̄SmQ1Tn!Fmnstr~A1!, ~52!

for the magnetic dipole transition, and

L5
t18

Lx
B̄ k j iS$mQ1

i l A1
l i 8T n%,i 8 jkva]mFna

1
t28

Lx
B̄ k j iS$mA1

i l Q1
l i 8T n%,i 8 jkva]mFna

1
t38

Lx
~2 !h i 8(h j 1h j 8)B̄ k j iS$mQ1

i i 8A1
j j 8T n%,i 8 j 8kva]mFna

1
t48

Lx
~2 !h i 8(h j 1h j 8)B̄ k j iS$mA1

i i 8Q1
j j 8T n%,i 8 j 8kva]mFna

1
t58

Lx
~B̄S$mQ1T n%!va]mFna str~A1!, ~53!

for the quadrupole transition. Finally, insertion ofA1 into
the PQxPT term proportional toi (B̄SmQT n)]a]mFna leads
to

2Here, we counte;D/MB .
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L5
i t 19

Lx
2
B̄ k j iSmQ1

i l A1
l i 8T n

i 8 jk]a]mFn
a

1
i t 29

Lx
2
B̄ k j iSmA1

i l Q1
l i 8T n

i 8 jk]a]mFn
a

1
i t 39

Lx
2 ~2 !h i 8(h j 1h j 8)B̄ k j iSmQ1

i i 8A1
j j 8T n

i 8 j 8k]a]mFn
a

1
i t 49

Lx
2 ~2 !h i 8(h j 1h j 8)B̄ k j iSmA1

i i 8Q1
j j 8T n

i 8 j 8k]a]mFn
a

1
i t 59

Lx
2 ~B̄SmQ1Tn!]a]mFn

a str~A1!, ~54!

for the Coulomb quadrupole transition.
Similarly, constructingO 1

m in the effective theory by re-
placingQ with aLxc1,Q in the transition operators leads t
terms of at leastO(e2) which are contained in the terms

L5 iamA,TA3

8
~B̄Smc1,QTn!Fmn

1
aQA,T

Lx
A3

2
~B̄S$mc1,QT n%!va]mFna

1
iacA,T

Lx
2
A3

2
~B̄Smc1,QT n!]a]mFna . ~55!

All of these corrections from effectiveO 1
m operators are of

higher order than the one-loop results. Thus, at this order,
only finite lattice spacing corrections to the transition m
ments appear in the meson masses. For reference the ex
sions are

G1~0!5
mT

2
aT

24pHCMB

Lx
2 (

X
bX

TE
0

1

dxS 12
x

3DF~mX ,xD,m!

14pC~D2F !
MB

Lx
2 (X bX

BE
0

1

dx~12x!F~mX ,2xD,m!,

~56!

G2~0!5
MB

2

Lx
2 H 24QTaT

116HC(
X

bX
TE

0

1

dx
x~12x!

3
G~mX ,xD,m!

216C~D2F !(
X

bX
BE

0

1

dxx~12x!G~mX ,2xD,m!J ,

~57!
3-7
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and

G3~0!5216
MB

2

Lx
2 (

X
E

0

1

dxx~12x!S x2
1

2D DmX

mX
22x2D2

3F1

3
HCbX

TRS xD

mX
D1C~D2F !bX

BRS 2
xD

mX
D G .

~58!

The coefficientsbB andbT are tabulated in@19# along with
the functionR(x). Extending the result to QxPT, where the
coefficients are replaced with their quenched counterp
bB

Q andbT
Q , one must include additional contributions fro

singlet loops. With finite lattice spacing corrections the e
pressions are identical to those in@19# except with masses
given by Eq. ~15!. Thus for brevity we do not reproduc
them here.

VII. CONCLUSIONS

Above we have calculated the finite lattice spacing c
rections to hadronic electromagnetic observables in b
QxPT and PQxPT for theSU(3) flavor group in the isos-
pin limit and theSU(2) group with nondegenerate quarks.
the power counting scheme of@31,33#, O(a) corrections
contribute to electromagnetic observables at higher o
than the one-loop chiral corrections. Thus finite lattice sp
ing manifests itself only in the meson masses at this ord

In practice one should not adhere rigidly to a particu
power-counting scheme. Each observable should be tre
on a case by case basis. The actual size ofa and additionally
the size of counterterms are needed to address the relev
of O(a) corrections for real lattice data. For this reason
have presented an exhaustive list ofO(a) operators relevan
for hadronic electromagnetic properties. In an altern
power counting for a coarser lattice~as explained in Appen
dix B!, some of the operators listed above contribute at
same order as the one-loop results in the chiral expansio

The corrections detailed in Appendix B in the baryon s
tor may also be necessary if one goes beyond the he
baryon limit ~that is, including 1/MB corrections!. For ex-
ample, in the case of the octet baryon magnetic moment@see
Eq. ~34!# at NLO in the heavy baryon expansionm would be
known toO(e2). ThusO(a) corrections in the power count
ing of Eq. ~2! are needed since they are alsoO(e2).

Knowledge of the low-energy behavior of PQQCD at
nite lattice spacing is crucial to extrapolate lattice calcu
tions from the quark masses used on a finite lattice to
physical world. The formal behavior of the PQQCD electr
magnetic observables in the chiral limit has the same form
in QCD. Moreover, there is a well-defined connection
QCD and one can reliably extrapolate lattice results down
the quark masses of reality. For simulations using un
proved lattice actions~with Wilson quarks or mixed quarks!,
our results will aid in the continuum extrapolation and w
help lattice simulations make contact with real-world data
11450
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APPENDIX A: HADRONIC ELECTROMAGNETIC
PROPERTIES IN SU„2… FLAVOR WITH
NONDEGENERATE QUARKS AT FINITE

LATTICE SPACING

In this appendix, we consider the case ofSU(2) flavor
PQQCD3 and summarize the changes needed to determ
finite lattice spacing corrections to the electromagnetic pr
erties of hadrons considered above. For the two flavor c
we keep the up and down valence quark masses n
degenerate and similarly for the sea quarks. Thus the qu
mass matrix reads

mQ
SU(2)5diag~mu ,md ,mj ,ml ,mu ,md!, ~A1!

while the SW matrix is

cQ
SU(2)5diag~cv,cv,cs,cs,cv,cv!. ~A2!

Defining ghost and sea quark charges is constrained
by the restriction that QCD be recovered in the limit of a
propriately degenerate quark masses. Thus the most ge
form of the charge matrix is

Q SU(2)5diagS 2

3
,2

1

3
,qj ,ql ,qj ,ql D , ~A3!

which is not supertraceless. Analogous to the three fla
case, the vector current will receiveO(a) corrections from
the operators in Eq.~10! of which only the operatorO 1

m is
relevant. The coefficient matrix associated with this opera
is

c1
SU(2)5diag~c1

v ,c1
v ,c1

s ,c1
s ,c1

v ,c1
v!. ~A4!

The O(a) operators listed above in Secs. III–VI are th
same for theSU(2) flavor group; however, the coefficient
have different numerical values. Additionally there are o
erators involving str(Q1

SU(2)). These are listed for each elec
tromagnetic observable below.

1. Octet mesons

In the meson sector, one has the additional term

L5 im4LxFmn str~A1DmSDnS†

1A1DmS†DnS!str~Q1
SU(2)!. ~A5!

3For brevity we refer toSU(4u2) PQQCD asSU(2). Thedistinc-
tion will always be clear.
3-8
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2. Octet baryons

In the octet baryon sector, there are terms which origin
from A1 insertions,

L5
1

Lx
@b9~B̄BA1!1b10~B̄A1B!#vm]nFmn str~Q1

SU(2)!

1
b11

Lx
~B̄B!vm]nFmn str~Q1

SU(2)!str~A1!

1 i @b98~B̄@Sm ,Sn#BA1!

1b108 ~B̄@Sm ,Sn#A1B!#Fmn str~Q1
SU(2)!

1 ib118 ~B̄@Sm ,Sn#B!Fmn str~Q1
SU(2)!str~A1!, ~A6!

and additional vector-current correction operators

L5
acA,g

Lx
~B̄B!vm]nFmn str~Q SU(2)c1

SU(2)!

1
iamA,g

2
~B̄@Sm ,Sn#B!Fmnstr~Q SU(2)c1

SU(2)!.

~A7!

3. Decuplet baryons

Next in the decuplet sector there are terms that result f
A1 insertions,

L5
d5

Lx
~ T̄ sA1Ts!vm]nFmnstr~Q1

SU(2)!

1
d6

Lx
~ T̄ sTs!vm]nFmnstr~Q1

SU(2)!str~A1!

1 id58~ T̄mA1Tn!Fmnstr~Q1
SU(2)!

1 id68~ T̄mTn!Fmnstr~Q1
SU(2)! str~A1!

1
d59

Lx
~ T̄ $mA1T n%!va]mFnastr~Q1

SU(2)!

1
d69

Lx
~ T̄ $mT n%!va]mFna str~Q1

SU(2)!str~A1!,

~A8!

and also further vector-current correction operators

L5
3acA,g8

Lx
~ T̄ sTs!vm]nFmn str~Q SU(2)c1

SU(2)!

13iamA,g8 ~ T̄mTn!Fmn str~Q SU(2)c1
SU(2)!

2
3aQA,g

Lx
~ T̄ $mT n%!va]mFna str~Q SU(2)c1

SU(2)!.

~A9!
11450
te
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4. Baryon transitions

Finally for the transitions, there are only newA1 inser-
tions

L5 i t 6~B̄SmA1Tn!Fmn str~Q1
SU(2)!

1
t68

Lx
~B̄S$mA1T n%!va]mFna str~Q1

SU(2)!

1
i t 69

Lx
2 ~B̄SmA1Tn!]a]mFn

a str~Q1
SU(2)!. ~A10!

For each electromagnetic observable considered ab
contributions from allO(a) operators in the effective theor
are of higher order than the one-loop results in the ch
expansion. Thus one need only retain the finite lattice sp
ing corrections to the meson masses and use the previo
found expressions for electromagnetic properties inSU(2)
PQxPT @17–19,33,53#.

APPENDIX B: COARSE-LATTICE POWER COUNTING

In this appendix, we detail theO(a) corrections to elec-
tromagnetic properties in an alternate power-count
scheme. We imagine a sufficiently coarse lattice, whereaLx

can be treated asO(e), so that4

e2;H mq /Lx ,

a2Lx
2 ,

p2/Lx
2 .

~B1!

In this case, there are known additionalO(a2) corrections
@31# to the meson masses that are now atO(e2) and must be
included in expressions for loop diagrams. The free Lagra
ian for Bi jk and T i jk

m fields contains additional terms o
O(a2) that correct the baryon masses and modify the kine
terms. Potential contributions due to the latter, whatever th
form, must be canceled by wave function renormalizat
diagrams. The only contribution ofO(a2) could come from
tree-level electromagnetic terms but these are necess
higher order. Thus in this power counting there are no
known O(a2) corrections for electromagnetic properties.

The only possible corrections come from theO(a) opera-
tors assembled above. A few of these do contribute at
level and are spelled out below.

1. Octet mesons

The O(a) corrections to the meson form factors are no
O(e3) in the power counting. While the meson charge ra
at NLO in the chiral expansion are atO(e2), further correc-
tions in the chiral expansion are atO(e4). Thus one can use
the O(a) operators to completely deduce the charge radi

4This power counting coupled with the chiral expansion is m
efficient for valence Ginsparg-Wilson quarks whereO(a) correc-
tions vanish. We thank Gautam Rupak for pointing this out.
3-9
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O(e3) @apart fromO(e3) corrections to the meson masse#.
TheseO(a) operators are given in Eqs.~23! and ~24! and
yield a correctiond^r E

2& to the meson charge radii of th
form

d^r E
2&5Q

24aLx

f 2
@cv~2m11m2!13csm31c1

vaA,9#.

~B2!

Notice that there are no corrections associated with an un
proved current operator in the sea sector sincec1

s is absent.
In the case ofSU(2) flavor, there is an additional contr

bution from the operator in Eq.~A5!. At the tree level, how-
ever, this operator vanishes. The only correction to Eq.~B2!
in changing toSU(2) flavor is to replace 3cs with 2cs which
reflects the change in the number of sea quarks.

2. Octet baryons

For the octet baryon electromagnetic properties, theO(a)
corrections to the charge radii are nowO(e3) and can be
dropped as they are the same order as neglected 1/MB cor-
rections. The magnetic moments, however, do receive
rections from local operators. Specifically, theO(a) opera-
tors which contribute to magnetic moments atO(e) are
insertion ofA1 into the magnetic moment operator given
Eq. ~30! andO 1

m corrections given in Eq.~32!. Calculation of
these corrections yields a shift in the magnetic moments

dm5aMBH cvFAS b181
1

2
b48D2B~2b281b382b58!G

13csS 1

2
Ab682Bb78D1C~cs2cv!qjlr b88

1
c1

v

2 F1

2
mA,aA2mA,bBG J , ~B3!

whereqjlr 5qj1ql1qr . The coefficientsA andB are listed
for octet baryons in Table I, whileC51 for all octet mag-
netic moments andC50 for the LS0 transition moment.
Notice that there are no corrections associated with an un
proved current operator in the sea sector.

TABLE I. The coefficientsA andB for the octet baryons.

A B

p 1 0
n 2

1
3 2

1
3

S1 1 0
S0 1

6
1
6

L 2
1
6 2

1
6

S0L
1

2A3
1

2A3

S2 2
2
3

1
3

J0 2
1
3 2

1
3

J2 2
2
3

1
3

11450
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In the case ofSU(2) flavor, there are additional contribu
tions given in Eqs.~A6! and ~A7!. For the proton and neu
tron, we have

dmSU(2)5aMBH cvFAS b181
1

2
b48D2B~2b281b382b58!

1
1

3
~b981b108 !G12csS 1

2
Ab682Bb781

1

3
b118 D

1Fcsqjl 1cvS 1

3
2qjl D Gb881

c1
v

2 F1

2
AmA,a2BmA,b

1S 1

3
2qjl DmA,gG1

c1
s

2
qjl mA,gJ , ~B4!

whereqjl 5qj1ql .

3. Decuplet baryons

For the decuplet baryon electromagnetic properties
coarse-lattice power counting, theO(a) corrections to the
charge radii areO(e3) and the corrections to the electr
quadrupole moments areO(e), both of which are higher
order than the one-loop results. The magnetic mome
however, do receive corrections from local operators. S
cifically, the O(a) operators which contribute to magnet
moments atO(e) are A1 insertions into the magnetic mo
ment operator given in Eq.~41! andO 1

m correction operators
given in Eq.~43!. Calculation of these corrections yields
shift in the magnetic moments:

dm52aMBF1

3
cvQ~2d181d28!1csQd38

1~cs2cv!qjlr d481c1
vQmA,cG . ~B5!

Notice that inSU(3) strQ50; hence there is no depen
dence onc1

s in the above result.
In the case ofSU(2) flavor, there are additional contribu

tions given in Eqs.~A8! and ~A9!. The corrections to theD
quartet magnetic moments are then

dmSU(2)52aMBH 1

3
cv~2Qd181Qd281d58!

1
2

3
cs~Qd381d68!1Fcsqjl 1cvS 1

3
2qjl D Gd48

1c1
v@QmA,c1~123qjl !mA,g8 #13c1

sqjl mA,g8 J .

~B6!

4. Baryon transitions

For the decuplet to octet electromagnetic transitions
coarse-lattice power counting, theO(a) corrections toG2(0)
and G3(0) are O(e) which are of higher order than th
oneloop results. TheG1(q2) form factor does, however, re
ceive corrections from local operators. Specifically the
O(a) operators which contribute toG1(0) at O(e) are the
3-10
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insertions ofA1 into the magnetic dipole transition operat
given in Eq.~52! and the vector-current corrections given
Eq. ~55!. Calculation of these corrections yields a shift
G1(0):

dG1~0!5aMBaTA2

3H cvS t11t21t32
1

2
t4D

13cst51c1
vmA,TA3

8J , ~B7!
Re

11450
where the transition coefficientsaT appear in@19#. Again, at
this order the result is independent ofO(a) improvement to
the electromagnetic current in the sea sector. In the cas
SU(2) flavor, there is an additional dipole operator given
Eq. ~A10!. At the tree level, however, this operator vanish
The only correction to Eq.~B7! in changing toSU(2) flavor
is to replace 3cs with 2cs which reflects the change in th
number of sea quarks.
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