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Positivity constraints for lepton polarization in neutrino deep inelastic scattering
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We consider the spin polarization of leptons produced in neutrino and antineutrino nucleon deep inelastic
scattering, via charged currents, and we study the positivity constraints on the spin components in a model
independent way. These results are very important, in particular in the casé tdptons, because the
polarization information is crucial for all future neutrino oscillation experiments.
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[. INTRODUCTION where p, k and k' are the four-momenta of the nucleon,
incoming v, (v,) and producedr— (), respectively, and
Recent studies from neutrino oscillation experimentsq:k_k' is the momentum transfer. Since we consider the
[1-3] provide evidence for non-zero neutrino masses. Rescattering of an unpolarized nucleon, using Lorentz invari-
sults from the SUper-KamiOkande Underground eXperimer&nce and time reversal invariance, we can exmégp,q)

[3] measuring the atmospheric neutrino flux suggest thaf, terms of five real structure function; as follows[11—
muon neutrinos oscillate into tau neutrinos with nearly maxi-1 3j:

mal mixing. Thisv,,— v, oscillation hypothesis can be tested
by means ofr production viav, scattering through charged

current interactions, namely PP,
— . W,.,(P,a) = — g, W1(7,0%) + —=—=Wy(»,G7)

v(v,)+N—7 (77)+X, (1) M
whereN is a nucleon target. This process will be studied with ] peq? 5 G, )
underground neutrino telescopes, such as AMANDA, AN- _'Ewaﬁﬁws(%q )+ NE Wy(v,q°)
TARES, NESTOR and BAIKAL 4], as well as long-baseline
neutrino oscillation experiments, such as ICARUS, MINOS, p,d,+q,p
MONOLITH and OPERA[5]. Recently several authors have + W (v,02). 2

calculated ther production cross section for nuclear targets 2M?

[6,7], but ther polarization should also be studied in order to

estimate more precisely the background events. This was the . ) i )

motivation for recent calculations of the polarization, He'® €.vap iS the total antisymmetric tensor witky; 5=

which have been achieved in the framework of some particu} 1 @nd Ws appears because of parity violation of weak

lar modeld8,9], for deep inelastic scatterin@), but also for mteractlons. AII strycture funct]ons, which are made dimen-

quasi-elastic scattering and resonance production. sionless by including appropriate mass factgrs, 2depend on
The relevance of positivity in spin physics, which puts WO Lorentz scalarsv=p-g/M and g°=-Q* (Q“>0),

strong restrictions on spin observables in many areas of payhereM is the nucleon mass. In the laboratory frame, let us

ticle physics, has already been emphasifed] and the denote byE,, E. andp, the neutrino energy; energy and

above process is one more example. In this paper we shotpomentum, respectively anflithe scattering angle. We then

that the use of model independent positivity constraints conbave »=E,—E, and Q*=2E,[E,—p,cos6]—n%, where

siderably reduces the allowed region for theolarization. M,=1.777 GeV is the- mass. Finally, the Bjorken variabie

In the next section we recall the kinematics, the general foris defined asx=Q%2p-q and the physical region i&m,

malism for deep inelastic scattering and the expressions foEX<1, where Xy;,=m2/2M(E,—m,). The unpolarized

the components of the polarization. In Sec. Ill, we exhibit cross sections for deep inelastic scatteribgare expressed

the positivity conditions and our numerical results, whichas

have a direct relevance to the experiments mentioned above.

Concluding remarks are given in Sec. IV and some technical

considerations about the positivity of the hadronic tensor are do* GE  Myp,

given in the Appendix. ()]

dE,dcosfd 27 (Q%+M2)2 '
Il. GENERAL FORMALISM AND KINEMATICS

In lepton nucleon deep inelastic scattering all the observwhere Gg is the Fermi constant antl,, is the W-boson
ables involve the hadronic tensor of the nucl&vp,(p,q), mass. Here
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1 m?
Riz_ 2Wl+ WW4

M ( E.— pfcose)

W, )
+W,(E,+ p,cosb) iV(EyET'F p;

2

m
—(E,+ ET)pTcosa)—Vng; : (4)

where the+ signs correspond te™ production.

PHYSICAL REVIEW 69, 114019 (2004

In addition, it is convenient to introduce also the degree of
polarization defined aP= \/P2P+ PE. As previously the+
signs correspond te™ production and it is clear that iV,

=0, one haR,=R_ and7" and 7~ have opposite polar-
izations. We also note that, if one can neglect the mass of the
produced leptonr,=0), Pp=0, so such a lepton is purely
left handed, if negatively charged, or purely right handed, if
positive.

IIl. POSITIVITY CONSTRAINTS AND NUMERICAL

Because of time reversal invariance, the polarization vec-

tor P of the 7 in its rest frame lies in the scattering plane
defined by the momenta of the incident neutrino and the From Eq.(2) clearly the hadronic tensow,,(p,q) is

producedr. It has a componer®, along the direction op,  Hermitian,
and a componer®p perpendicular thT, whose expressions

RESULTS

are, in the laboratory frame3,9,12,

W,,.(p,q)=W;,(p.q), )
S msinf 2W;— W+ — W miW + ETW
PT+ 17 Wo =7 W™ =5 Wy o Ws [
MR. M M M ©) and semi-positive. This last property implies that
1 : *\W =0 8
PL=Fmrs | |2V M2W4 (p-— E,cos0) 8 Wur(P.0)2,=0, @

W
+W,(p,+E cos0) =1 P [(E,+E)p.

for any complex 4-vectom,. The 4<4 matrix representa-
tion of W,,(p,q) in the laboratory frame wherep

2 =(M,0,0,0) andy=(»,\»*+Q%0,0) reads {* ‘,3,,0) where
—(E,E,+p?cosf]— VTWE,COS(‘)] . (6) M; andM, are the following 22 Hermitian matrices:
|
2 v \/VZT(?Z v 1
—W;+W,+ —2W4+ MWS —M MW4+ EWS)
M= , ©)
' 2+ Q2 v 1 2+ Q2
M MW4+ §W5 W VE 4
|
and 2 »
_W1+W2+ WW4+ MWSBO, (12)
W — P+ QZW
! 2M 3 2+ Q2
Mo=l 12 (9 Wit S W0, (13
—2M W3 Wl

and from the X 2 determinants oM, and M; we get two

The necessary and sufficient conditiofus W, ,(p,q) to sat-  inequalities quadratic in the/;’'s, namely,

isfy inequality(8) are that all the principal minors &fl; and
M, should be positive definite. So for the diagonal elements , Q7

- co : , W2= Wi (14)
we have three inequalities linear in thi¢'s, namely, am2

W,=0, (1)  or equivalently
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FIG. 1. For7" production,Pp versusP, in a domain limited byR, =0, P<1 (gray dots inside diskplus nontrivial positivity
constraints(black dots inside disk From top to bottom and left to righE,=10 GeV, Q>=1 Ge\?, x=0.25, 0.6, 0.9F,=10 GeV, Q?
=4 Ge\?, x=0.4, 0.6, 0.9F,=20 GeV,Q?=1 Ge\?, x=0.25, 0.6, 0.9E,=20 GeV, Q?°=4 Ge\?, x=0.25, 0.6, 0.9.
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FIG. 3. Forr* production,Pp versusP, in a domain limited by

FIG. 2. Forr* production, upper and lower bounds Bp (open ~ R+=0, P<1 assuming the Callan-Gross relati@ray dots inside
circles and P, (full circles) as a function ofQ? for E,=10 Gev  disk) plus nontrivial positivity constraintéblack dots inside disk
andx=0.25, 0.6, 0.9. E,=10 GeV, Q?=1 Ge\?, from top to bottomx=0.25, 0.6, 0.9.
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FIG. 4. Forr" production,Pp versusP, in a domain limited by
R, =0, P<1 assuming the Albright-Jarlskog relatiofgray dots
inside disk plus nontrivial positivity constraintéblack dots inside
disk). E,=10 GeV, Q?=1 Ge\?, from top to bottom,x=0.25,
0.6, 0.9.
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Wi = = W), (15
and
2 v V2+Q2
_W1+W2+ _2W4+MW5 Wl M2 W4
P+ Q% v 1 2

By imposing the last condition, only one of the two inequali-
ties (12) or (13) is needed; the other one follows automati-
cally. Since the hadronic tenstv,,(p,q) allows the con-
struction of the scattering amplitudes for a vector-boson
nucleon Compton scattering process, the five structure func-
tionsW; are related to the five-channel helicity amplitudes,
which survive in the forward direction. As a special case in
Eq. (8), if one takes fora, the polarization vectors of the
vector boson, the nucleon being unpolarized, these ampli-
tudes are

M(h',h)= €5 (h")W,,€,(h), 17
whereh andh’ are the helicities of the initial and final vector
bosons, respectivelyThe positivity conditions reflect the
fact that the forward amplitudes, which are indeed cross sec-
tions, must be positive. The linear conditions correspond to
the polarized vector-boson scattering, with longitudinal,
transverse or scalar polarizations, and the quadratic condition
(16) is a Cauchy-Schwarz inequality which corresponds to
the scalar-longitudinal interference. The above set of positiv-
ity constraints might appear to be different from the ones
derived earlief{14,15, but this is not the case as we will
discuss in the Appendix.

In order to test the usefulness of these constraints to re-
strict the allowed domains fd?, andP, , we proceed by the
following method, without referring to a specific model for
the W,’s. We generate randomly the values\M’s, in the
ranges[0,+1] for W; and W,, which are clearly positive
and[ —1,+1] for i=3, 4, 5. The most trivial positivity con-
straints areR..=0, but in fact they are too weak and do not
imply the obvious requiremen{® |<1 and|Pp|<1 or P
<1.2 So we first imposdR. =0 andP<1 for different val-
ues ofE,, Q2 andx and as shown in Fig. 1, for" produc-
tion, the points which satisfy these constraints are repre-
sented by gray dots inside the digké+P2<1. If we now
add the non trivial positivity constraints Eq$10)—(15),
which also guarantee th&=1, we get the black dots, giv-
ing a much smaller area. In Fig. 1, the top row corresponds
to E,=10 GeV andQ?=1 Ge\?, the row below toE,
=10 GeV andQ?=4 Ge\? and the next two rows td,
=20 GeV andQ?=1,4 Ge\*. Going from left to rightx

IFor a complete study of deep inelastic scattering with a polarized
nucleon, in terms of fourteen structure functions, see Ré&i.

Note that in the trivial case wheM/;=W,=Ws;=0, R=0 im-
pliesP=<1.
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increases from a value close to its minimum to 0.9. It isneutrino deep inelastic scattering. We have not used a spe-
interesting to note that the black allowed area increases withific model and we have considered only a few kinematic
Q? and becomes smaller for increasing incident energy andituations, which are relevant for the long baseline neutrino
increasingx. For 7~ production, the corresponding areas areoscillation experiments, but they can be easily applied to
obtained by symmetry with respect to the center of the diskother kinematic ranges and in the framework of any given
For increasingx, since P, is more and more restricted to model. They are less useful for ultra high neutrino energies,
values close to+1 for 7* (—1 for 77), it is striking to  because in this case=0, soPp=0 andP ==*1 for 7.
observe that the non trivial positivity constraints lead to aThe universality oW, ,(p,q), which occurs in processes we
situation where ther™ (77) is almost purely right handed have not studied her@e., quasi-elastic scattering, etalso
(left handed, although it has a non zero mass. increases the importance of these positivity constraints.
Another way to present our results is seen in Fig. 2, which
shows the upper and lower bounds from the non trivial posi-
tivity constraints for a given incident energy and different ACKNOWLEDGMENTS

values, versu?. These bounds are obtained by selecting \we thank V. A. Naumov and K. Kuzmin for some discus-

the larger and smaller allowed valuesRf andPp, when  sjons and correspondence. O.V.T. is grateful to the Centre de
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literature. First, as an example for a particular kinematic situTgulon-Var—Laboratoire affiliea la FRUMAM.

ation we show in Fig. 3 the effect of imposing the Callan-

Gross relatiof16], namelyQ?W, = v>W,. It further reduces

both the gray dot and the black dot areas, since this has to be APPENDIX

compared with the first row of Fig. 1. For the same kinematic

situation we also show in Fig. 4 the effect of the Albright- in Refs.[14,15 and they were reported in Refd.1,12 un-
Jariskog relationf12], namelyM W, = vWs andW, =0, and der a slightly different form due to the use of our definition

we observe again that the allowed regions are much smalle fW,,,(p,q), which differs from that of Ref[15]. Moreover

These examples illustrate the fact that a more precise knowl- . .
edge of the structure function#/;’s will certainly further n Ref.[15] instead of the laboratory system, they were using

. ) . a frame wherey is purely space-like. Although from covari-
restrict the domains shown in Fig. 1. . .
ance one expects the equivalence of the different sets of con-
ditions, it seems natural to show it explicitly. Let us consider

V. CONCLUDING REMARKS the frame wherep=(M 1+ 1v%/Q?, — vM/\/Q?,0,0) andq
We have shown in this paper that the positivity conditions=(0,VQ?,0,0). The 4x4 matrix representation of
on the hadronic tensor of the nucled¥,,(p,q), are essen- W,,,(p,q) is very similar to the case of the laboratory frame,
tial to reduce the allowed values for thé polarization in  since it readsx2 f\’,'o) whereM, is

The positivity conditions oW, ,(p,q) were first obtained

wit| 14 2w [ Q° ZMVW)
- 1 5 2 YV EEE 57 T o5 2
M,= 2 oM Q* (A1)
| e w2 et Bs S Zw |
W 5 Q2 2 1 & 2 W 4_M 5

andM, was given in Eq(10). The momenta andq defined ~ establish the equivalence of the positivity conditions in the
in the two reference frames are related by a Lorentz trandWO reference frames, a simple calculation proves that the
form, so the matrix elements &fl, and M, are simply re- WO inequalities(12) and(13) imply

lated. Moreover one can check that, first, 2
—Wp+| 1+ — [W,=0 (A3)
de(M,)=de(M); (A2) Q
or
second, the difference of the diagonal elementdgfand 5 5
. . "} "}
M, is the same and these diagonal elements must both be Wi+ — Wyt ——W,— —Ws=0. (A4)

either positive or negative, due to E@2). So in order to
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