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Radiative corrections to radiative pe2 decay

Yu. M. Bystritsky, E. A. Kuraev, and E. P. Velicheva
Joint Institute for Nuclear Research, 141980 Dubna, Russia
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The lowest order radiative corrections to the width and spectra of the radiativepe2 decay are calculated. We
take into account the virtual photon emission contribution as well as soft and hard real photon emission
contributions. The result turns out to be consistent with the standard Drell-Yan picture for the width and spectra
in the leading logarithmical approximation which permits us to generalize it to all orders of perturbation theory.
Explicit expressions of nonleading contributions are obtained. The contribution of the short distance is found
to be in agreement with standard model predictions. It is presented as a general normalization factor. We check
the validity of the Kinoshita-Lee-Nauenberg theorem about the cancellation in the total width of the mass
singularities at the zero limit of the electron mass. We discuss the results of the previous papers devoted to this
problem. The Dalitz plot distribution is illustrated numerically.
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I. INTRODUCTION

The process of radiative negative pion decay,

p2~p!→e2~r !1 n̄e~q!1g~k!, ~1!

attracts a lot of attention both experimentally and theor
cally @1–4,12–14#. The main reason for this is the uniqu
possibility to extract the so-called structure-dependent~SD!
part MSD of the matrix element,

M5MIB1MSD , ~2!

which can be described in terms of vector and axial-vec
form factors of the pion and the hints of a ‘‘new physic
including a possible revealing of tensor forces~which are
absent in the traditional standard model!.

Because of numerical smallness ofMSD compared to the
inner bremsstrahlung~IB! part MIB , the problem of taking
into account radiative corrections~RC’s! becomes essentia
The lowest order RC for a special experimental setup w
calculated in 1991 in Ref.@4#, where, unfortunately, the con
tribution to RC’s from the emission of an additional ha
photon was not considered. This is the motivation of o
paper.

Our paper is organized as follows. In Sec. II, we calcul
the contributions to RC’s from the emission of virtual ph
tons ~at the one loop level! and the ones arising from add
tional soft photon emission. For definiteness, we cons
RC’s to the QED part of the matrix elementMIB ,

MIB52 iAūe~r !F ~«* r !

~kr !
2

~«* p!

~kp!
1

«̂* k̂

2~kr !
G

3~11g5!vn~q!,

A5e
GF

A2
Vudf pm, ~3!

where e5A4pa, GF51.1731025 GeV22 is the Fermi
coupling constant,« is the photon polarization vector,f p
0556-2821/2004/69~11!/114004~11!/$22.50 69 1140
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5131 MeV is the pion decay constant,Vud is the element of
the Cabibbo-Kobayashi-Maskawa quark mixing matrix, a
M andm are masses of pions and electrons. The explicit fo
of the matrix element includingMSD is given in Appendix A.

In Sec. III, we consider the process of double radiat
pion decay and extract the leading contribution proportio
to the ‘‘large’’ logarithm lnM2/m2 which arises from the ki-
nematics of emission of one of the hard photons collinea
to electron momentum. We arrive at the result which can
obtained by applying the quasireal electron method@5#.

In conclusion, we combine the leading contributions a
find that the result can be expressed in terms of the elec
structure function@6#. Really, the lowest order RC in th
leading logarithmical approximation~LLA ! „i.e., keeping
terms @(a/p)ln(M2/m2)#n

… turns out to reproduce two first
order contributions of the electron structure function obey
the evolution equation of renormalization group~RG!. This
fact permits us to generalize our result to include higher
ders of perturbation theory~PT! contributions to the electron
structure function in the leading approximation. In conc
sion, we also argue that our consideration can be genera
to the whole matrix element.

As for the next-to-leading contributions, we put them
the form of the so-calledK factor which collects all the non
enhanced~by large logarithm! contributions. Part of them
arising from virtual and real soft photon emission, is giv
analytically. The other part, arising from emission of ad
tional hard photon in noncollinear kinematics, is presented
Appendix C in terms of three-fold convergent integrals.

In Appendix B, we give the simplified form of RC’s~the
lowest order ones! and make an estimation of the omitte
terms which determine the accuracy of the simplified RC

Appendix D contains the list of one-loop integrals used
calculation of one-loop Feynman integrals.

In Tables I–III the result of numerical calculation of con
tributions of RC’s to the Dalitz-plot distribution in the Bor
level, leading, and nonleading approximations are given.

II. VIRTUAL AND SOFT REAL PHOTON EMISSION RC’S

A rather detailed calculation of the lowest order RC w
carried out in Ref.@4#. Nonclear manipulations with a sof
©2004 The American Physical Society04-1
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TABLE I. The value ofF IB
(0) @i.e., Born inner bremsstrahlung part, see Eq.~A5!#.

y/x 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.9 41.000 8.278 2.833 1.250 0.644 0.371 0.232 0.1
0.8 33.111 8.500 3.333 1.611 0.889 0.542 0.35
0.7 25.500 7.500 3.222 1.668 0.975 0.62
0.6 20.000 6.444 2.966 1.625 0.998
0.5 16.111 5.561 2.708 1.558
0.4 13.347 4.875 2.494
0.3 11.375 4.364
0.2 9.975
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photon emission contribution used in Ref.@4# results in a
wrong form of the dependence of RC’s on the photon de
tion thresholdD« which contradicts the general theorem@7#.
Another reason for our revision of Ref.@4# is the mixing of
~on-mass shell and dimensional! regularization schemes in it
We use here the unrenormalized theory with the ultravio
cutoff parameterL.

Following Ref.@4#, we first consider RC’s to the ‘‘largest
contribution—inner bremsstrahlungMIB . As well we con-
sider the central part of the Dalitz plot and omit~if possible!
b[(m/M )251.3431025, that isb→0.

We distinguish the contribution to RC’s from emission
virtual and soft additional photons (DV and DS , respec-
tively!:

(
spin states

uMIBu2uv irt 1so f t5( uMIBu2S 11
a

p
~DV1DS! D ,

~4!

where

( uMIBu258A2
~12y!~11~12x!2!

x2~x1y21!
[8A2B~x,y!,

~5!

~herex52(kp)/M2, y52(rp)/M2, z52(kr)/M2, M is the
pion mass!.

Soft photon emission RC’s have a standard form@see, for
example Ref.@8#, formula ~16!#,
11400
c-

t

a

p
DS52

a

2p2
E d3k1

2v1
S p

~k1p!
2

r

~k1r !
D 2U

v15AkW
1
21l2,D«!yM

5
a

p F ~Le22!lnS 2D«

l D1
1

2
Le2

1

4
Le

2112j2G
3@11O~b!#, ~6!

where k1 is the additional soft photon momentum,Le
5 ln(y2/b) andl is the ‘‘photon mass’’j25p2/6. This result
agrees with the general analysis of infrared behavior give
Ref. @7#.

Now let us consider the calculation of the virtual phot
emission corrections. First, we use the minimal form for
troduction of the electromagnetic field through the gener
zation of the derivativepm→pm2 ieAm .

The sum of contributions~all particles except antineutrino
can be on or off mass shell! leads to

«̂~ r̂ 1 k̂1m! p̂

~r 1k!22m2
vn~q!2 «̂vn~q!5m•

«̂~ r̂ 1 k̂1m!

~r 1k!22m2
vn~q!,

~7!

p5r 1k1q. Thus we can extract the contact photon em
sion vertex and obtain the effective vertex;m, as it is
shown in Fig. 1.

In terms of this new effective vertex we can write dow
the one-loop Feynman diagrams~FD’s! of virtual photon
emission RC@(a/p)DV# which are shown in Fig. 2~see Ref.
TABLE II. The value of (a/2p)(Le21)F IB
(1) @see Eq.~B1!#.

y/x 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.9 22.740 20.521 20.174 20.076 20.039 20.022 20.014 20.009
0.8 21.773 20.407 20.152 20.071 20.039 20.023 20.015
0.7 21.155 20.290 20.116 20.057 20.032 20.020
0.6 20.772 20.203 20.084 20.043 20.025
0.5 20.521 20.140 20.059 20.031
0.4 20.348 20.093 20.040
0.3 20.221 20.056
0.2 20.118
4-2
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TABLE III. The value ofK(x,y) @see Eq.~33!#.

y/x 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.9 22.568 21.855 21.135 20.512 20.160 0.106 0.215 20.018
0.8 22.707 22.362 21.978 21.596 21.229 20.994 21.161
0.7 22.657 22.493 22.248 22.012 21.850 21.941
0.6 22.716 22.600 22.438 22.333 22.431
0.5 22.892 22.748 22.661 22.768
0.4 23.137 22.979 23.049
0.3 23.575 23.405
0.2 24.324
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@4#!. We should notice that these diagrams can be separ
out into four classes. The contributions of each of the
classes are gauge invariant.

Three first classes were considered in Ref.@4#, where their
gauge invariance and in particular the zero contribution
class II were strictly shown. The last statement directly f
lows from the gauge invariance.

The contribution of class III contains the regularized ma
and vertex operators. The relevant matrix element has
form

MIII 52 iA
a

2pM
ūe~r !F S «̂* 2 k̂

~«* r !

~kr ! DB11
k̂«̂*

M
B2G

3~11g5!vn~q!, ~8!

where

B15
1

Ab

1

2a
S 12

y8

a
l SD ,

B25
1

b F 1

y8
n1

1

2a
2

2y8213y812

2y8a2
l SG ,

n5
1

y8
@Li 2~1!2Li 2~11y8!2 ip ln~11y8!#;

here l S5 ln z/b2ip, a511y8, y852(kr)/m2. We see that
MIII is explicitly gauge invariant and is free from infrare
singularities. At the realistic limity;x;z@b ~rather far
from the boundaries of the Dalitz plot! we obtain for contri-
bution to the matrix element square~structure;B1 gives a
zero contribution in the limitb→0) ~in agreement with Ref.
@4#!

FIG. 1. Effective vertex.
11400
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DuMIII u252 Re$~MIB!1MIII %52
8a

p
A2

12y

xz F1

2
2 lnS z

b D G .
~9!

As we work within the unrenormalized theory, we shou
consider class IV~not considered in Ref.@4#! which concerns
the contribution of counterterms due to renormalization
the pion and electron wave functions@see Ref.@8#, formula
~17!#,

DuMIVu25( uMIBu2•
a

2p H F2
1

2
LL1

3

2
ln b1 ln

M2

l2
2

9

4G
1FLL1 ln

M2

l2
2

3

4G J , ~10!

whereLL5 ln(L2/M2) andL is the ultraviolet cutoff param-
eter to be specified later. The first term in the brackets in

FIG. 2. Feynman diagrams of virtual contributions.
4-3
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right-hand side is the electron wave-function renormalizat
constant and the second one corresponds to the pion w
function renormalization.

Let us now consider the contributions of FD’s of class
In Ref. @4# the explicit gauge invariance of the sum w
demonstrated:km(T1

m1T2
m1T3

m1T4
m1T5

m)50, whereTi
m is

the contribution of the corresponding FD of class I~see
Fig. 2!.

The contribution to the matrix element square can be w
ten as

DuMI u252 Re$~MIB!1MI%

5
a

2p
A2ReH E d4k1

ip2
@A11A21A31A41A5#J ,

~11!

where

A15
2

x

1

~0!~18!~2!
SpF r̂ @2~ p̂2 k̂!2 k̂1#~ r̂ 2 k̂1!

3~11g5!q̂S ~Qp!1
k̂p̂

z
D G 1

M2
,

A25
2

~0!~18!~2!
SpF r̂gl~ r̂ 2 k̂1!~11g5!q̂S Ql1

k̂gl

z
D G ,

A352
2

~0!~1!~18!~2!
SpF r̂ ~2p̂2 k̂1!~ r̂ 2 k̂1!

3~11g5!q̂S @Q~p2k1!#1
k̂~ p̂2 k̂1!

z
D G ,

A452
1

~0!~1!~2!~28!
SpF r̂ ~2p̂2 k̂1!~ r̂ 2 k̂1!

3gl~ r̂ 1 k̂2 k̂1!~11g5!q̂S Ql1
k̂gl

z
D G ,

A552
1

z

1

~0!~1!~28!
SpF r̂gl~ r̂ 1 k̂!~2p̂2 k̂1!

3~ r̂ 1 k̂2 k̂1!~11g5!q̂S Ql1
k̂gl

z
D G 1

M2
,

wherek1 is the virtual photon momentum,

Qm52
pm

~kp!
1

r m

~kr !
5

2

M2
S r m

z
2

pm

x
D .
11400
n
ve-

.

t-

The denominators of the pion and electron Green functi
~i! are listed in Appendix D. We omittedm everywhere in the
numerators. The ultraviolet divergences are present inA1 and
A5 .

Using the set of vector and scalar integrals listed in A
pendix D and adding the soft photon emission corrections
obtain

11
a

p
~DV1DS!5SWH 11

a

p F ~Le21!S ln D1
3

4D2 ln D

1
1

B8~x,y!
R~x,y!G J , ~12!

whereSW511 3
4 (a/p)LL , D[2D«/yM. R(x,y) looks like

R~x,y!54abȳS 25 lny1
3

2
24 lny ln

2

yD
28b ln y$2aȳ~11 ln 4!

1@~x22!22y~a12!# ln x1x~11y2!ln z%

12b ln2y$216ȳ1x@1627x17y~x22!#%

2j2•8bȳ@612x22x~51y!#

14xȳzbFLi 2S y21

y D2Li 2~12y!G18abȳLi 2~x!

18abȳ ln x ln~12x!28xx̄ȳz~x1y22!ln z

24xȳz ln2z@2 x̄1y~x22!1y2#24xȳb, ~13!

B8~x,y!58~12y!@11~12x!2#~x1y22!258abȳ,
~14!

wherea511(12x)2, b5(x1y22)2, x̄512x, ȳ512y,
z5x1y21. Here we do not have a complete agreem
with the result of Ref.@4#. Note that the sumDS1DV does
not depend on ‘‘photon mass’’l, and, besides, the coefficien
at the large logarithmLe agrees with RG predictions.

III. EMISSION OF ADDITIONAL HARD PHOTON

Emission of an additional hard photon~not considered in
the previous papers concerning RC’s to thep→eng decay!,
i.e., the process of the double photon emission in thepe2
decay,p2(p)→e2(r )1 n̄e(q)1g(k1)1g(k2), is described
by 11 FD’s drawn in Fig. 3.

In collinear kinematics~when one of the real photons i
emitted close to the electron emission direction! the relevant
contribution to the differential width contains large log
rithms.

The matrix element of the double radiative pion decay h
the form

Mp→engg5 iAA4pa@ ūe~r !Omn~11g5!

3vn~q!#•«1
m~k1!«2

n~k2!, ~15!
4-4
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where«1,2 are the photons polarization vectors which ob
the Lorentz condition:„k1 ,«1(k1)…5„k2 ,«2(k2)…50. The
tensorOmn has the form

Omn5S 22gmn1
2pm@2@p2k1#n#

22~k1p!
1

2pn@2~p2k2!m#

22~k2p!
D

3
1

~p2k12k2!22M2
1

2pm

22~k1p!

gn~ r̂ 1 k̂21m!

2~k2r !

1
2pn

22~k2p!

gm~ r̂ 1 k̂11m!

2~k1r !

1Fgn
r̂ 1 k̂21m

2~k2r !
gm1gm

r̂ 1 k̂11m

2~k1r !
gnG

3
r̂ 1 k̂11 k̂21m

~r 1k11k2!22m2
. ~16!

One can be convinced in the explicit fulfillment of the r
quirements of Bose symmetry and gauge invaria
Mp→engg(«1→k1)5Mp→engg(«2→k2)50. The expression
for (uMp→enggu2;Sp@( r̂ 1m)Omnq̂ Omn# is rather cumber-
some.

The contribution to the differential width has the form

dG IB
hard5

1

2M ( uMp→enggu2dF4 , ~17!

dF45
~2p!4

~2p!12

d3q

2q0

d3r

2r 0

d3k1

2v1

d3k2

2v2

d4~p2q2r 2k12k2!.

~18!

We do not take into account the identity of photons:
believe the photon with momentumk1 to be a measurable
one with 2(k1p)/M25x and the photon with momentumk2
to be a background one with 2(k2p)/M2.D and most gen-
eral kinematics.

FIG. 3. Feynman diagrams, describing the double radiative p
decay.
11400
e

It is convenient to consider separately the collinear kin
matics of emission of one of the photons, i.e., the case w
the angle of emission of one of the final photon directions

motion is rather small,u i5(rW,kW i
ˆ

),u0!1, u0
2@b. ~Note that

double collinear kinematics is excluded since the invaria
x1,28 52(k1,2r )/M2 cannot be small simultaneously.!

The contribution of these collinear kinematics to the d
ferential width contains ‘‘large logarithms’’Le . To extract
the relevant contribution we can use the quasireal elec
method@5#. For this aim let us arrange the integration ov
phase volume in the following way:

uM u2dF45uMCu2dF4
C1uMCu2~dF42dF4

C!

1~ uM u22uMCu2!dF4 , ~19!

with

~4pa!22( uMCu25F 8

x28

y21~y1x2!2

x2~x21y!
2

16b

x28
2 G

3
@11~12x1!2#~12x22y!

x1
2~x11x21y21!

, ~20!

~2p!8M 24dF45M 24
d3rd3k1d3k2

2r 02v12v2
d@~p2r 2k12k2!2#

5
p2

26
x1x2ydx1dx2dy dC1 dV2

3dS 12x12x22y1
x1x2

2
~12C12!

1
x1y

2
~12C1!1

x2y

2
~12C2!D , ~21!

~2p!8M 24dF4
C5

p2

25

x2y

y1x2

dx1dx2dy dV2
C , ~22!

where

x1,25
2~k1,2p!

M2
, x1,28 5

2~k1,2r !

M2
,

C125cos~kW1 ,kW2
ˆ

!, C1,25cos~kW1,2,rW
ˆ

!,

and dV2 is the angular phase volume of the photon w
four-momentumk2 .

Note that integration over the angular phase volu
dV2 in dF4

C @see Eq. ~19!# is restricted by *dV2
C

5*0
2pdf *12u

0
2/2

1
dC2 and in the second term in Eq.~19!,

dF42dF4
C can be replaced by dF4 with

n

4-5
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*dV25*0
2pdf *

21
12u0

2/2
dC2 . The second and the third term

in Eq. ~19! do not contain collinear singularities, i.e., a
finite in the limit b→0.

The contribution of the hard photon emission can be w
ten out in the form

dG IB
hard

dxdy
5A2

a

2pEy

1dt

t
B~x,t !FPu

(1)S y

t D S Le211 ln
u0

2

4 D
112

y

t G1
a

p
KIB

hard~x,y,u0 ,D!, ~23!

where the functionB(x,t) is defined in Eq.~5!,

Pu
(1)~z!5

11z2

12z
u~12z2D!, ~24!

andKIB
hard(x,y,u0 ,D) represents the contribution of two la

terms in Eq.~19!. Now it is convenient to introduce th
following quantity:

KIB
h ~x,y,D!5KIB

hard~x,y,u0 ,D!

1E
y

1dt

t
B~x,t !FPu

(1)S y

t D ln
u0

2

4
112

y

t G ,
~25!

which does not already depend on the parameteru0 . The
explicit view of KIB

h (x,y,D) is given in Appendix C.
In the total sum of virtual, soft, and hard photon emiss

contributions all the auxiliary parameters—photon massl
and D—are cancelled out. The resulting expression for
differential width with RC’s up to any order of QED PT wit
the leading logarithm (a/p)Le;1 and the next-to-leading
accuracy have the form

dG IB
RC

dxdy
5A2SWE

y

1dt

t
B~x,t !DS y

t D S 11
a

2p
KIB~x,y! D ,

~26!

where D(z) is the well-known electron structure function
which has the form

D~z!5d~12z!1
a

2p
~Le21!P(1)~z!

1
1

2! S a

2p D 2

~Le21!2P(2)~z!1•••, ~27!

where
11400
-

e

P(1)5 lim
D→0

F11z2

12z
u~12z2D!1d~12z!S 2 lnD1

3

2D G
5S 11z2

12z D
1

, ~28!

P(n)~z!5E
z

1dt

t
P(1)~z!P(n21)S z

t D . ~29!

The functionKIB(x,y) is the so-calledK factor which here
has the form

KIB~x,y!52
R~x,y!

B8~x,y!
22 lnD1KIB

h ~x,y,D!, ~30!

where R(x,y) and B8(x,y) was defined in Eqs.~13! and
~14!. The quantityKIB

h (x,y,D)22 lnD is finite atD→0 and
its explicit expression is given in Appendix C.

IV. DISCUSSION

It is easy to see that in the total decay width all the d
pendence onb disappears in accordance with the Kinoshi
Lee-Nauenberg~KLN ! theorem@9#. Really, we obtain inte-
grating overy:

E
0

1

dyE
y

1dt

t
DS y

t D • f ~ t !5E
0

1

dt f~ t !E
0

tdy

t
DS y

t D
5E

0

1

dt f~ t !E
0

1

dzD~z!5E
0

1

dt f~ t !.

~31!

Now let us discuss the dependence on the ultraviolet cu
L. It was shown in a series of remarkable papers by A. Si
@10# that the standard model providesL5MW . Another im-
portant moment~not considered here! is the evolution with
respect to the ultraviolet scale of virtual photon mome
from the hadron scale (mr) up to MZ @10#. It results in ef-
fective replacement SW→SEW511(a/p)ln(MZ

2/mr
2)

'1.0232. So all the QED corrections to the total width a
small ;O(a/p), but the electroweak ones rather large:G
'G0•SEW . The factorSEW can be absorbed by the pio

lifetime constantf pASEW→ f p
exp @11#. Thus we replaceA,

defined in Eq.~3!, with Aexp. ,

A5e
GF

A2
Vudf pm → Aexp.5e

GF

A2
Vudf p

expm. ~32!

We also note here that according to Ref.@11# we must use the
redefined constantAexp. in the Born approximation. That is
why we useAexp. in Appendix A.

In our explicit calculations we considered RC’s to th
inner bremsstrahlung part of the matrix element. Let us n
argue that in the integrand of the right-hand side of Eq.~26!
one can replaceB(x,y) by the total value including the struc
ture dependent contributionF tot

(0)(x,y) which is defined in
4-6
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Eq. ~A5! in Appendix A. This fact can be proved in th
leading logarithmic approximation. One of contributio
arising from the additional hard photon emission close to
electron direction can be obtained by applying the quasi
electron method@5# and has the form~26! with P(1)

→Pu
(1) . The KLN theorem in a unique form provides th

soft photon emission and virtual RC’s to be of a form w
complete kernelP(z) in the structure functionD(z) in Eq.
~26!. So our result reads

dGRC

dxdy
5Aexp.

2 E
y

1dt

t
F tot

(0)~x,t !DS y

t D S 11
a

2p
K~x,y! D .

~33!

We also calculate the RC’s to the SD part in the lead
logarithmical approximation. Formula~33! can be trusted in
the region where the IB part dominates. In the region wh
IB<SD, which is suitable for SD measurement, both IB a
SD are small; so the question about nonleading contribut
becomes academical. Thus we suggest here thatK factor is
the same order of magnitude as for the IB part@i.e.,
K(x,y)5KIB(x,y)], where it can be calculated in the mode
independent way. Its numerical value is given in Table II

We underline that the explicit dependence on the ‘‘lar
logarithm’’ Le5 ln(y2/b) is present in the Dalitz-plot distribu
tion.

Now let us discuss the results obtained in some previ
papers devoted to RC in the radiative pion decay.

In Ref. @4#, the hard photon emission was not conside
which led to violation of the KLN theorem.

In Refs.@12# and@13#, the main attention was paid to th
possible sources of tensor forces. As for real QED1EW cor-
rections depicted in formula~13! in Ref. @12# dG/G
'0.7(a/p);0.2%, the QED leading RC was presumab
omitted.
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APPENDIX A: BORN AMPLITUDE

The radiative pion decay matrix element in the Born a
proximation has the form@14#

M5MIB1MSD1MT , ~A1!

where

MIB52 iAexp.ūe~r !F ~«* r !

~kr !
2

~«* p!

~kp!
1

«̂* k̂

2~kr !
G

3~11g5!vn~q!, ~A2!
11400
e
al

g

e
d
s

e

s

d

v

-

MSD5
Aexp.

mM fp
exp.

ūe~r !gn~11g5!vn~q!em

3$FV«mnabpakb1 iF A@gmn~kp!2pmkn#%, ~A3!

MT52
Aexp.

m fp
exp.

FTemknūe~r !smn~11g5!vn~q!

2
Aexp.

m fp
exp.

FT8~kaeb2kbea!
QbQn

Q2
ūe~r !

3san~11g5!vn~q!, ~A4!

whereQ5p2k. The constantAexp. is defined in Eq.~32!.
Squaring amplitude~A1! and summing over the final photo
polarizations leads to the following decay width:

d2G0

dxdy
5

M

~2p!4 Aexp.
2

p

2
F tot

(0)~x,y!

5
M

~2p!4
Aexp.

2
p

2
$F IB

(0)1~ f V1 fA!2F1
(0)1~fV2fA!2F2

(0)

12Ab@~ f V1 f A!F Int1
(0) 1~ f V2 f A!F Int2

(0) #

12@2 f T~ f T2 f T8 !1 f T8
2#FT1

(0)

12@2~ f T2 f T8 !1 f T8x#FT2

(0)%, ~A5!

where

F IB
(0)5

~12y!@11~12x!2#

x2~x1y21!
5B~x,y!,

F1
(0)5~12x!~x1y21!2,

F2
(0)5~12x!~12y!2,

F Int1
(0) 5

1

x
~12x!~12y!,

F Int2
(0) 5 2

1

x
~12y!S 12x1

x2

x1y21D ,

FT1

(0)5~12y!~x1y21!,

FT2

(0)5
12y

x
, ~A6!

where f V,A,T,T85(M2/2m fp)FV,A,T,T8'146•FV,A,T,T8 . In
particular, the conservation of the vector current hypothe
relates the vector form factorFV to the lifetime of the neutral
pion,

uFV~0!u5
1

a
A2G~p0→gg!

pM
50.025960.0005,

~A7!

or equivalentlyf V'3.78. The Dalitz-plot distribution of the
4-7
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inner bremsstrahlung part of the Born amplitudeF IB
(0) is

given in Table I.

APPENDIX B: SIMPLIFIED FORMULA FOR RADIATIVE
CORRECTIONS

Here we present the simplified form of radiative corre
tions,

d2GRC

dxdy
5Aexp.

2
a

2p

M

~2p!4 Aexp.
2

p

2
H F IB

(0)1~ f V1 f A!2F1
(0)

1~ f V2 f A!2F2
(0)12Ab@~ f V1 f A!F Int1

(0)

1~ f V2 f A!F Int2
(0) #12@2 f T~ f T2 f T8 !1 f T8

2#FT1

(0)

12@2~ f T2 f T8 !1 f T8x#FT2

(0)

1
a

2p
~Le21!$F IB

(1)1~ f V1 f A!2F1
(1)

1~ f V2 f A!2F2
(1)12Ab@~ f V1 f A!F Int1

(1)

1~ f V2 f A!F Int2
(1) #12@2 f T~ f T2 f T8 !1 f T8

2#FT1

(1)

12@2~ f T2 f T8 !1 f T8x#FT2

(1)%J , ~B1!

whereF i
(0) was presented in Appendix A and

F IB
(1)5

11 x̄2

x2 F3

2

ȳ

z
1

ȳ

x̄
2

x̄1xy

x̄2
ln y12

ȳ

z
ln

ȳ

y

2
x~ x̄21y2!

x̄2z
ln

x

zG ,

F1
(1)5 x̄F3

2
z21

12y2

2
1 ȳ~y22x̄!

1 x̄~ x̄22y!ln y2 x̄2ȳ12z2 ln
ȳ

y
G ,

F2
(1)5 x̄F3

2
ȳ21

12y2

2
1 ȳ~y23!1~122y!ln y

12ȳ2ln
ȳ

y
G ,

F Int1
(1) 5

x̄

x
F ȳ

2
2 ȳ ln y22ȳ ln

ȳ

y
G ,

F Int2
(1) 5

1

x F2
1

2
x̄ȳ1

3

2

x2ȳ

z
1 x̄S ȳ ln y12ȳ ln

ȳ

y
D

1x2S ȳ

x̄
2

x̄1xy

x̄2
ln y12

ȳ

z
ln

ȳ

y

2
x~ x̄21y2!

x̄2z
ln

x

zD G ,
11400
-

FT1

(1)5
3

2
ȳz2

12y2

2
1 ȳ~2x̄1 ȳ!2~ x̄ȳ2y!ln y12ȳz ln

ȳ

y
,

FT2

(1)5
ȳ

x
F2

1

2
1 ln y12 ln

ȳ

y
G , ~B2!

wherez5x1y21, x̄512x, ȳ512y. Here we should no-
tice that the functionsF i

(1) satisfy the following property:

E
0

1

dyF i
(1)50, ~B3!

which is in accordance with the demands of the KLN the
rem.

Let us now estimate the magnitude of the terms omitted
our approximate formula~B1!. They are

S m

M
D 2

:Ua
p

K~x,y!U:S m

M
D 2

•

a

p
ln

M2

m2
:S a

p
ln

M2

m2 D 2

51024:1 –231023:1025:1024, ~B4!

respectively. The main error arises from (a/p)K which is
presented in Eq.~30! and Appendix C. The Dalitz-plot dis
tribution of RC’s to the inner bremsstrahlung part of t
Born amplitudeF IB

(1) is given in Table II.

APPENDIX C: HARD PHOTON EMISSION KIB
h FACTOR

In the numerical calculation of theKIB
h factor ~25! it is

convenient to use the following form of phase volume~21!:

dF45
M4

~2p!8

p2

25

xx2y

uA2u
d xdy dC1 dV2 ,

where dV25dC2df2 , A2522x(12C12)2y(12C2),

C1,25cos(kW1,2,rW
ˆ

). Thus theKIB
h factor which comes from

hard photon emission RC’s reads

KIB
h ~x,y,D!22 lnD

5
1

4p
E dC1dV2

y

uA2u H 1

B~x,y!
I NC~x,x2 ,y!12

x

x2

1
1

B~x,y!

1

x28
S I L~x,x2 ,y!2uAu

aL

x21y
D J

1E
y

1dt

t

B~x,t !

B~x,y!
S 12

y

t
D , ~C1!

where
4-8
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I L~x,x2 ,y!52y1
2y

a
2y21

2y2

a
2

2yx

a
1

yx

b
2

yx

ab
2

y2x

b
2

2y2x

ab
1

y3x

ab
1

yx2

ab
1

y2x2

ab
1x22yx22

2yx2

a
2

yx2

b

2
2yx2

ab
1

y2x2

b
2

2x2

x
1

2yx2

x
1

4yx2

ax
1

xx2

b2
1

xx2

b
2

yxx2

b2
2

yxx2

b
1

2y2xx2

ab
2

x2x2

b2
1

yx2x2

ab
1

x2
2

b

1
yx2

2

b
2

yxx2
2

b2
1

yxx2
2

ab
2

x2x2
2

b2
2

xx2
3

b2
1

y

x18
1

y3

x18
2

yx

x18
2

yx

bx18
1

y2x

x18
1

2y2x

bx18
2

y3x

bx18
1

yx2

bx18
2

y2x2

bx18

2
yx2

x18
2

yx2

bx18
1

y2x2

x18
1

2y2x2

bx18
2

y3x2

bx18
1

2yxx2

x18
1

2yxx2

b2x18
1

6yxx2

bx18
2

4y2xx2

b2x18
2

6y2xx2

bx18
1

2y3xx2

b2x18

2
4yx2x2

b2x18
2

4yx2x2

bx18
1

4y2x2x2

b2x18
1

2yx3x2

b2x18
1

yx2
2

bx18
2

y2x2
2

bx18
2

4yxx2
2

b2x18
2

4yxx2
2

bx18
1

4y2xx2
2

b2x18
1

4yx2x2
2

b2x18

1
2yxx2

3

b2x18
2

2yx18

a
1

yxx18

ab
2

y2xx18

ab
1

2x2x18

a
1

2x2x18

b
1

2x2x18

ab
2

2x2x18

x
2

4x2x18

ax
2

xx2x18

b2
2

xx2x18

ab

2
2yxx2x18

ab
2

xx2
2x18

ab
, ~C2!

I NC~x,x2 ,y!5
1

x2
I NC

singular~x,x2 ,y!1I NC
regular~x,x2 ,y!, ~C3!

I NC
singular~x,x2 ,y!5

24x

a
1

4yx

a2
2

2x

x18
1

2yx

x18
1

4yx

ax18
2

4xx18

a2
2

4xx28

a2
2

2xx28

x18
2

4xx28

ax18
, ~C4!

I NC
regular~x,x2 ,y!522

8

a
1

8y

a2
2

4y

a
1

6x

a
1

4x

ab
2

4yx

a2
1

3yx

ab
2

y2x

ab
2

x2

ab
2

yx2

ab
1

6x2

a
1

4x2

ab
2

4yx2

a2
1

3yx2

ab
2

y2x2

ab

2
4x2

ax
1

4yx2

a2x
1

2yxx2

a2
2

6yxx2

ab
2

3x2x2

ab
2

x2
2

ab
2

yx2
2

ab
2

3xx2
2

ab
2

y

x18
1

2y

ax18
2

y2

x18
1

2y2

ax18
1

x

x18
2

yx

x18

2
2yx

ax18
2

yx

bx18
2

2yx

abx18
1

y2x

bx18
1

x2

bx18
1

yx2

bx18
2

2yx2

ax18
1

yx2

bx18
2

yx2

abx18
2

y2x2

bx18
2

2y2x2

abx18
1

y3x2

abx18
1

xx2

b2x18

1
xx2

bx18
2

yxx2

b2x18
2

yxx2

bx18
1

2y2xx2

abx18
2

yx2x2

b2x18
1

yx2x2

abx18
2

x3x2

b2x18
1

yx2
2

abx18
1

y2x2
2

abx18
2

xx2
2

b2x18
1

yxx2
2

abx18
2

x2x2
2

b2x18

2
8x18

a2
1

4xx18

a2
1

4x2x18

a2
2

4x2x18

a2x
2

2xx2x18

a2
2

8x28

a2
1

4xx28

a2
1

4x2x28

a2
2

4x2x28

a2x
2

2xx2x28

a2
2

2yx28

ax18

1
2xx28

ax18
1

2xx28

bx18
1

2xx28

abx18
1

yx2x28

abx18
2

y2x2x28

abx18
2

xx2x28

b2x18
2

xx2x28

abx18
2

2yxx2x28

abx18
2

x2x2x28

abx18
, ~C5!
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aL5
~12x22y!@11~12x!2#

x2~x1x21y21!
•

~x21y!21y2

x21y
, ~C6!

herea5(xx2/2)(12C12)2x2x2 , b5(xx2/2)(12C12)1x18
1x28 , x185(x1y/2)(12C1), x285(x2y/2)(12C2), C12

5C1C21S1S2cosf2, where C125cos(kW1,kW2
ˆ

), S1,2

5sin(kW1,2,rW
ˆ

). A5xy1xx2@C22(C1S2 /S1)cosf2#.
Let us note that the combination

S 1

B~x,y!

1

x2
I NC

singular~x,x2 ,y!12
x

x2
D

is finite at thex2→0 limit. In this integral the value ofx2 is
fixed by the delta function in phase volume~21!: x2
5(1/A2)@222(x1y)1xy(12C1)#. The energy conserva
tion law gives 0<x2<22x2y.

APPENDIX D: VECTOR AND SCALAR
FOUR-DIMENSIONAL LOOP INTEGRALS

We introduce the following shorthand for impulse int
grals ~we imply the real part in right-hand side!:

Ji j ¯5E d4k1

ip2

1

~ i !~ j !•••
, Ji j

m
¯5E d4k1

ip2

k1
m

~ i !~ j !•••
,

~D1!

where we have used the short notation for the integ
denominators,

~0!5k1
22l2,

~1!5~p2k1!22M2, ~18!5~p2k2k1!22M2,

~2!5~r 2k1!22m2, ~28!5~r 1k2k1!22m2. ~D2!

The integrals with two denominators are

J1825LL , J015LL11, J125LL111
y

12y
ln y,

J1285LL , J1185LL21, J0185LL111
x

12x
ln x,

J2285LL212Lb , J025LL112Lb ,

J0285LL112 ln~z!, J18285LL112
22y

12y
ln~22y!,

~D3!

whereLL[ ln(L2/M2), Lb[ ln b, b5m2/M2.
The integrals with three denominators~we putM51 and

introduce the notationl0
25l2/M2) are

J0125
1

2y FLeln l0
22 ln2y1

1

2
Lb

212Li2S y21

y D G ,

11400
l

J01825
1

12x F2j21 ln x ln
12x

b
1Li2~x!G ,

J12285
1

12y H 1

2
ln2y1Li2~12y!2 ln b ln yJ ,

~D4!

J012852
1

2~12z!
ln2z, J01185

1

x
@Li2~12x!2j2#,

J02285
1

z F1

2
ln2

z

b
2j2G , J118252

1

12y
Li2~12y!,

whereLe5 ln(y2/b), j25Li2(1)5p2/6.
We also need two integrals with four denominators:

J0122852
1

2yzH 1

2
Le

21Leln
z2

l0
2

12j2J , ~D5!

J011825
1

2xy H 1

2
Le

21Leln
x2b

l0
2

12j2J .

~D6!

Now we consider the vector integrals with three denomi
tors:

J012
m 5pma0121r mb012,

J0182
m

5~p2k!ma01821r mb0182 ,

J0118
m

5pma01181kmb0118 ,

J0128
m

5pma01281~r 1k!mb0128 ,

J1182
m

5pma11821r mb11821kmc1182 ,

J1228
m

5pma12281r mb12281kmc1228 ,

J0228
m

5r ma02281kmb0228 . ~D7!

The coefficientsa i jk , b i jk , andci jk are the following:

a0125
1

y
~J122J01!,

b0125
1

y S J122J022
2

y
~J122J01! D ,

a01185
1

x
~J012J0181xJ0118!,

b01185
1

x S J1182J0182
2

x
~J012J0181xJ0118! D ,

a01825
1

12x
~J1822J018!,
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b01825
1

12x
~2J0182J1822J022xJ0182!,

a012852
1

~12z!2
@2z~J1282J028!

2~11z!~J1282J011zJ0128!#,

b012852
1

~12z!2
@2~J1282J011zJ0128!

2~11z!~J1282J028!#,

a02285
1

z
~J0282J021zJ0228!,

b02285
1

z
~J2282J028!, ~D8!

a11825J11821
1

12y
~J122J182!,

b11825
1

12y
~J1822J12!,

c11825
1

12y
@J11822J121J1822~22y!J1182#,

a12285
1

12y
~J1282J12!,
s.

11400
b12285J12281
1

12y
~J122J128!,

c12285
1

12y
~2J122J1282J2282yJ1228!.

The vector integrals with four denominators are:

J01228
m

5pma012281r mb012281~r 1k!mc01228 . ~D9!

The coefficientsa i jk , b i jk , andci jk are the following:

a012285
1

2~12x! FJ12281
1

12y
@zJ02282~122y1z!J0128

2y~J0122zJ01228!#G ,
b012285

1

2~12x!~12y!z
$~z1y2zy21!J1228

2z~122y1z!J02281~12z!2J0128

1@y~11z!22z#~zJ012282J012!%, ~D10!

c012285
1

2z(12x)
[ ~y22z!J1228

1
1

12y
$y2~J0122zJ01228)2yzJ0228

2[ y(11z)22z]J0128}].
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