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Medium-induced gluon radiation off massive quarks fills the dead cone

Néstor Armesto, Carlos A. Salgado, and Urs Achim Wiedemann
Theory Division, CERN, CH-1211 Geneva 23, Switzerland

~Received 8 December 2003; published 1 June 2004!

We calculate the transverse momentum dependence of the medium-induced gluon energy distribution radi-
ated off massive quarks in spatially extended QCD matter. In the absence of a medium, the distribution shows
a characteristic mass-dependent depletion of the gluon radiation for anglesu,m/E, the so-called dead cone
effect. Medium modifications of this spectrum are calculated as a function of quark massm, initial quark
energyE, in-medium path length and density. Generically, medium-induced gluon radiation is found to fill the
dead cone, but it is reduced at large gluon energies compared to the radiation off light quarks. We quantify the
resulting mass dependence for momentum-averaged quantities~gluon energy distribution and average parton
energy loss!, compare it to simple approximation schemes and discuss its observable consequences for nucleus-
nucleus collisions at the BNL RHIC and CERN LHC. In particular, our analysis does not favor the complete
disappearance of energy loss effects from leading open charm spectra at the RHIC.

DOI: 10.1103/PhysRevD.69.114003 PACS number~s!: 12.38.Mh, 24.85.1p
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I. INTRODUCTION

Hadronic jets accompanying heavy quarksc,b differ from
light quark and gluon initiated jets. These differences can
attributed to the suppression of gluon bremsstrahlung fr
massive charges at small anglesu,m/E, the dead cone ef
fect @1#. Observable consequences of this mass depend
of the partonic fragmentation pattern include the softening
the light hadron spectra accompanying heavy quark jets@2#,
and the significant hardening of the leading charmed@3# or
b-flavored@4# hadron. Mass-dependent dead cone conditi
are implemented in the modified leading logarithmic a
proximation which accounts for jet multiplicity distribution
@5#. They are also implemented in modern Monte Ca
simulations@6# which provide a probabilistic implementatio
of the perturbative part of the parton fragmentation proc
in the vacuum.

How is this parton fragmentation modified if the produc
high-energy parent quark propagates through dense Q
matter, as is the case in ultrarelativistic nucleus-nucleus
lisions at the BNL Relativistic Heavy Ion Collider~RHIC!
and at the CERN Large Hadron Collider~LHC!? As a first
step toward addressing this question@7#, several groups
@8–12# calculated to leading order in energy and for an ar
trary number of medium-induced momentum exchanges
modifications to theq→qg splitting process for energeti
light quarks. These calculations indicate that medium effe
can result in a significant additional energy degradation
the leading hadron which grows approximately linear w
the density of the medium and approximately quadratic w
the in-medium path length. Recent measurements@13–18# of
high-p' hadroproduction and its centrality dependence
Au1Au collisions atAsNN5200 GeV provide the first evi-
dence@19# for this medium-induced parton energy loss. F
light quarks and gluons, the formalism was also extende
the angular dependence of the medium-modified gluon ra
tion @20–23#. This allows discussion of medium modifica
tions of jet shape and jet multiplicity observables@24#.

For massive quarks, the formalism of medium-induc
gluon radiation is not developed to the same extent. D
0556-2821/2004/69~11!/114003~16!/$22.50 69 1140
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shitzer and Kharzeev@25# suggested that the dead cone effe
also reduces the medium-induced gluon radiation, thus
sulting in a smaller suppression of leading charmed a
b-flavored hadrons. They estimated this effect by multiplyi
the medium-induced gluon spectrum for massless qua
with a transverse momentum averaged suppression fa
given in Eq. ~4.11! below. However, the combination o
vacuum-induced and medium-induced gluon energy distri
tions is known to differ significantly from a simple superp
sition @20# due to the non-trivial interplay of interferenc
effects and elastic scattering. Hence, it is conceivable that
medium-induced part of the gluon radiation differs signi
cantly from this averaged dead cone approximation. Go
beyond this approximation may also be needed to distingu
mass-dependent final state effects from non-linear modifi
tions of the initial gluon distribution for which open charm
production may be a sensitive probe@26–29#.

This motivates one to parallel for the massive case
calculations of medium-induced gluon radiation that exist
the massless case. To this end, two groups@30–33# presented
detailed calculations of parton energy loss for mass
quarks. However, these calculations are limited to the av
age energy loss of massive quarks only. Here, we go bey
these studies~i! by providing the first analysis of the doubl
differential medium-induced gluon distribution as a functi
of transverse momentum and gluon energy and~ii ! by com-
paring this gluon distribution to the massless limit for a wi
parameter range in quark mass, in-medium path length
medium density. In Sec. II we set up the path-integral f
malism for parton energy loss. In Secs. III and IV, we su
marize the results of our numerical calculations and prov
simple analytical arguments for how the mass depende
shows up in the medium-induced gluon radiation. The m
results and their relevance for heavy quark production
nucleus-nucleus collisions at the RHIC and LHC are d
cussed in the Conclusions.

II. MEDIUM-INDUCED GLUON RADIATION OFF
MASSIVE QUARKS: FORMALISM

In this section, we introduce the path-integral formalis
for medium-induced gluon radiation and briefly discuss
©2004 The American Physical Society03-1
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derivation, physical content and theoretical uncertainties.
a massive quark traversing spatially extended QCD ma
we show, based on Ref.@10#, that the final result for the
medium-induced gluon distribution can be written as

v
dI

dvdk'

5
asCF

~2p!2v22 ReE
0

`

dylE
yl

`

dȳle
iq̄(yl2 ȳl )

3E due2 ik'•uexp2S 1

2
E

ȳl

`

djn~j!s~u!D
3

]

]y
•

]

]u
E

y505r (yl )

u5r ( ȳl ) Dr

3expF i E
yl

ȳl
dj

v

2
S ṙ22

n~j!s~r !

iv
D G . ~2.1!

Here,v andk' denote the energy and transverse momen
of the emitted gluon, respectively. The Casimir factorCF
5 4

3 determines the coupling strength of this gluon to t
massive quark. For numerical results, we fix the coupl
constant toas51/3 unless stated otherwise. The propert
of the medium enter Eq.~2.1! in terms of the product of the
time-dependent densityn(j) of scattering centers times th
strength of a single elastic scatterings(r ). This dipole cross
section s(r ) is given in terms of the elastic high-energ
cross sectionua(q)u2 of a single scatterer in the color oct
representation,

s~r !52E dq

~2p!2
ua~q!u2~12eiq•r !. ~2.2!

A. Derivation of Eq. „2.1…

We have derived Eq.~2.1! according to the techniques o
Ref. @10# by resumming the multiple scattering Feynman d
grams shown in Fig. 1 to leading order in 1/E in the norm

FIG. 1. A typical example of the class of multiple-scatteri
diagrams which are resummed in Eq.~2.1!. The dashed line show
the position of the cut. The transverse coordinateu is conjugate to

the gluon transverse momentumk' , and the coordinatesyl , ȳl are
longitudinal positions used in time-ordered perturbation theory. F
ther details are given in the text.
11400
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and next-to-leading in the phase. Equation~2.1! describes the
nuclear enhanced medium modification of the gluon rad
tion to leading orderO(asT). Here the dimensionless pa
rameterT5*0

Ldjn(j)s(r50) measures the opacity of th
medium of lengthL. The two-dimensional transverse coord
natesu, y and r emerge in the derivation of Eq.~2.1! as
distances between the positions of projectile component
the amplitude and complex conjugate amplitude. The lon
tudinal coordinatesyl , ȳl integrate over the ordered longitu
dinal gluon emission points in amplitude and complex co
jugate amplitude, which emerge in time-ordered perturbat
theory ~see Fig. 1!. For longitudinal positionsj. ȳl for
which a gluon is emitted in both amplitude and compl
conjugate amplitude, the dipole cross sections(u) in Eq.
~2.1! measures the impact parameter differenceu between
the two gluons. By Fourier transformation, this differenceu
is related to the final transverse momentumk' of the emitted
gluon. For longitudinal positionsyl,j, ȳl for which a
gluon is emitted in the amplitude but not yet in the compl
conjugate amplitude, the dipole cross sections(r ) in Eq.
~2.1! measures the impact parameter differencer between
the emitted gluon and the position of the emitting qua
antiquark system in amplitude and complex conjugate am
tude. Technically, this results again in the cross section fo
dipole with two color octet legs. Physically, this reflects t
fact that in a configuration space picture, the strength of
medium-induced radiation is determined by the transve
spatial displacement of the radiating charge. In the follow
discussion, this space-time interpretation of the internal in
gration variables in Eq.~2.1! plays no role. An explicit deri-
vation and more detailed discussion of Eq.~2.1! can be
found in Ref.@10#.

The only mass dependence of the gluon distribution~2.1!
comes from the phase factor exp@iq̄(yl2ȳl)#, whereq̄ is de-
fined as the difference between the total three-momentum
the initial quark (p1), and the final quark (p2) and gluon
(k),

q̄5p12p22k.
x2m2

2v
, x5

v

E
, ~2.3!

with E the energy of the initial quark. For the Abelian cas
the same phase factor is known to give the mass depend
of medium-induced photon radiation to leading order inx
!1 ~see Refs.@34,35#!. Paralleling the derivation of Ref
@10# for massive quarks, we have checked explicitly that t
phase is the only mass dependence of the gluon distribu
~2.1!.

The derivation of Eq.~2.1! employs the high-energy ap
proximation in which the medium acts as a collection
static scattering centers and the initial parton loses a sm
additional medium-induced amount of its total energy,DE
!E. Thus, the result~2.1! is unreliable for parameter value
DE;O(E). We shall try to quantify the corresponding un
certainties at the end of Secs. III and IV.

In the absence of medium effects, the gluon energy dis
bution ~2.1! reduces to the unperturbed radiationI vac associ-
ated with the production of a massive quark in the vacuu

r-
3-2
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We write the full radiation spectrum as the sum of th
vacuum component and its medium modificationI med,

v
dI

dvdk'

5v
dIvac

dvdk'

1v
dImed

dvdk'

. ~2.4!

By construction, both the full gluon distributionvdI/dvdk'

as well as the vacuum componentvdIvac/dvdk' have to be
positive for all values ofk' andv. In contrast, the medium
induced modificationvdImed/dvdk' can be negative in
some part of phase space: negative values correspond
medium-induced depletion of the vacuum component.

B. Approximation schemes for the path integral in Eq.„2.1…

For realistic dipole cross sectionss(r ), the path integral
in Eq. ~2.1! is not known. Here, we shortly review the tw
approximation schemes in which it can be calculated.
limit the discussion to the case of a static medium with
medium path lengthL for which

n~j!5n0Q~L2j!. ~2.5!

From the analysis of Ref.@36#, we expect that the case of a
expanding medium can be reformulated in terms of a st
medium~2.5! with suitably adjusted densityn0.

1. Opacity expansion

The opacity expansion amounts to expanding the in
grand of Eq.~2.1! in powers of @n(j)s(r )#N. Details are
given in Appendix A and in Refs.@10,11#. This is a system-
atic expansion: resummation of all orderN reproduces the
full result ~2.1!. The zeroth order in opacity,N50, is the
only medium-independent term and hence defines
vacuum contribution in Eq.~2.4!. The first order,N51, de-
termines the leading medium dependence of the gluon ra
tion. For an on-shell parton scattering on a medium, theN
51 term defines the totally incoherent radiation limit for
single scattering center times the effective number of sca
ing centers involved. Higher ordersN.1 then characterize
corrections due to coherence effects. For an off-shell par
already theN51 term contains interference effects betwe
vacuum and medium-induced radiation. In this case, num
cal studies@11# suggest that the contribution fromN.1 is
small. Since theN51 opacity approximation can be viewe
as involving a single scattering center~times an effective
opacity-dependent factor!, and since it tends to emphasiz
~semi!hard momentum transfers from the medium, it
sometimes referred to as ‘‘single hard scattering approxi
tion.’’

2. Dipole approximation

Alternatively, one can calculate the gluon distributio
~2.1! in the saddle point approximation usings(r )}r2

@34,37#. This so-called dipole approximation is studied
Sec. IV. Physically, the quadratic approximations(r )}r2

implies that the perturbative high transverse momentum t
of single scattering centers are ignored. The projectile p
forms an exact Brownian motion in transverse phase sp
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as expected as a consequence of many soft momentum t
fers. That is why it is sometimes referred to as ‘‘multiple so
scattering approximation.’’

We emphasize that both the single hard and the mult
soft scattering approximation are limiting cases of the sa
expression~2.1!. They make substantially different assum
tions about the main medium effect which stems either fr
many soft or from one effective hard scattering center. T
realistic case can be expected to lie in between these extr
limits, and deviations between both limiting cases allow
estimate uncertainties of the approximation@23#. Remark-
ably, however, both approximations are known to lead
physically equivalent results for the gluon radiation off
massless parton@23#. We anticipate that the present wor
allows to extend this conclusion to the mass-dependent c

III. OPACITY EXPANSION

In this section, we study the gluon distribution~2.1! in the
opacity expansion. This expansion was motivated in S
II B above. Further technical details can be found in Appe
dix A and in Refs.@10,11#.

A. NÄ0 vacuum term: The dead cone effect

In the absence of medium effects,n(j)50, the gluon
distribution ~2.1! reduces to the zeroth order in opacity,

v
dIvac

dvdk'

[v
dI~N50!

dvdk'

5
asCF

p2
H~k'!, ~3.1!

whereH(k') denotes the radiation term associated with
hard parton production,

H~k'!5
k'

2

~k'
2 1x2m2!2

. ~3.2!

By construction, this is the vacuum term in Eq.~2.4!. It
shows the dead cone effect: gluon radiation is suppresse
gluons which are emitted under small angles

k'
2

v2
,

m2

E2
. ~3.3!

The vacuum term~3.2! for the massive case vanishes f
k'→0, while the corresponding massless limit formally d
verges like 1/k'

2 .

B. NÄ1 opacity correction to the dead cone effect

We consider a medium of spatially extended QCD mat
modeled as a collection of colored Yukawa-type scatter
centers~A4! with Debye screening massm. To first order
N51 in opacity, the average momentum transfer from
medium to the hard quark ism.

1. Notation

It is convenient to express gluon energy, transverse m
mentum and quark mass in rescaled dimensionless qu
3-3
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ties. The corresponding scaling variables are motivated
the following qualitative considerations: A gluon of energyv
decoheres from the wave function of a massless quark i
typical formation lengthl̄ coh52v/m2 is smaller than the
typical distanceL between the production point of the parto
and the position of the scatterer. Hence, gluon radiation
curs if the phase

ḡ5
L

l̄ coh

[
v̄c

v
~3.4!

exceeds unity. We thus present the energy dependence o
radiated gluon distribution in units of the characteristic glu
energy

v̄c[
1

2
m2L. ~3.5!

The corresponding transverse momentum dependent p
accumulated due to scattering of the gluon is

k'
2

2v
L5

k̄2

v/v̄c

.1. ~3.6!

This makes it convenient to use the dimensionless resc
transverse momentum variable

k̄2[
k'

2

m2
. ~3.7!

We also use a rescaled quark mass. The vacuum radia
term ~3.2! can be obtained by multiplying its massless lim
with the dead cone factor

F~ k̄,M̄ !5S k̄2

k̄21M̄2D 2

5S k'
2

k'
2 1x2m2D 2

. ~3.8!

This motivates the definition of the rescaled dimensionl
mass parameter

M̄2[
x2m2

m2
5

1

2 S m

E D 2 R̄

ḡ2
, R̄5v̄cL. ~3.9!

2. Analytical results

We have calculated the medium modification of the glu
energy distribution~2.4! to first order in opacity~see Appen-
dix A!. In terms of the dimensionless variables introduc
above, we find
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v
dI~N51!

dvdk̄2
5

asCF

p
~2n0L !E

0

`

dq̄2

3
~ q̄21M̄2!2~1/ḡ !sin@ ḡ~ q̄21M̄2!#

~ q̄21M̄2!2

3
q̄2

q̄21M̄2

3
~ k̄21M̄2!1~ k̄22M̄2!~ k̄22q̄2!

~ k̄21M̄2!@~11k̄21q̄2!224k̄2q̄2#3/2
.

~3.10!

In the massless limit, our result reduces to theN51 opacity
result given in Refs.@10,36#,

lim
m→0

v
dI~N51!

dvdk̄2
5

asCF

p
~2n0L !E

0

`

dq̄2

3
q̄22~1/ḡ !sin~ ḡq̄2!

q̄4

3
~11k̄22q̄2!

@~11k̄21q̄2!224k̄2q̄2#3/2
.

~3.11!

In the following subsections, we compare the full mas
dependent gluon distribution~3.10! to the massless limit. We
also test the conjecture that this mass dependence ca
described approximately by multiplying the massless exp
sion ~3.11! with the dead cone factor~3.8!,

v
dIdead~N51!

dvdk̄2
5F~ k̄,M̄ ! lim

m→0
v

dI~N51!

dvdk̄2
. ~3.12!

For finite in-medium path lengthL, Eq. ~3.10! interpolates
between the totally coherent and totally incoherent limiti
cases of the gluon radiation spectrum. In particular, the in
herent limit is an independent superposition of three disti
radiation terms,

lim
L→`

v
dI~N51!

dvdk'
U

n0L5const

5
asCF

p2
~n0L !E dq

~2p!2
ua~q!u2@2H~k'!

1H~k'1q!1R~k' ,q!#. ~3.13!

Here, the hard radiation term~3.2! H(k') is multiplied by
the probability that the hard parton interacts with the m
dium; the minus sign ensures probability conservation
reducing the corresponding weight of theN50 vacuum con-
tribution ~3.1!. For a scattering center far away from th
point of quark production, interaction with the medium th
3-4
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gives rise to two processes.~i! The vacuum radiation term
H(k') is shifted toH(k'1q) due to medium-induced elas
tic scattering by a transverse momentumq. ~ii ! Additional
gluons are produced due to bremsstrahlung off the far dis
scattering center. This is described by the Gunion-Bert
radiation term for massive quarks,

R~k' ,q!5
~k'1q!2

@~k'1q!21x2m2#2

2
2k'•~k'1q!

@~k'1q!21x2m2#@k'
2 1x2m2#

1
k'

2

@k'
2 1x2m2#2

. ~3.14!

For realistic, finite in-medium path length, both effects co
bine in the specific interference pattern~A3!.

C. Numerical results

In this section, we compare numerical results for t
double-differential gluon distribution~3.10!, its massless
limit ~3.11! and the dead cone approximation~3.12!. We also
study the transverse momentum integrated energy distr
tion and the energy integrated average medium-induced
ergy loss.

Explored parameter space.The double differential gluon
distribution ~3.10! for massless quarks depends on two p
rameters only, the characteristic gluon energyv̄c and the
typical transverse momentum~Debye screening mass! m.
Presenting our results in rescaled variablesk̄25k'

2 /m2 and

ḡ5v̄c /v, we explore the unrestricted parameter range
v̄c and m2. For the transverse momentum integrated glu
distribution ~3.16!, the parameterR̄5v̄cL enters via the in-
tegration boundary. We motivate our choice of the value oR̄
from a model analysis of high-p' suppressed hadroprodu
tion in central Au-Au collisions at the RHIC. The order o
magnitude of the suppression is in qualitative agreem
with the parameter choiceR̄52000, v̄c567.5 GeV, and
n0L51 ~see Ref.@23#!. We thus chooseR̄51000 and a sig-
nificantly larger valueR̄540000 for numerical calculations
The latter can be viewed as an upper estimate for the LHC
the quark mass is finite, the double differential gluon dis
bution also depends on the effective mass~3.9! which is a
function of the ratiom/E and ofR̄. We prefer to present al
results in terms ofm/E and R̄ although they appear in Eq
~3.10! only in one combination.

1. k�-differential spectrum

As seen in Fig. 2, the transverse momentum depende
of the medium-induced gluon distribution deviates quali
tively from the dead cone approximation~3.12!. First, at
small transverse momentum, the medium induced gluon
diation does not vanish as for the dead cone approxima
~3.12!. Instead, it is enhanced even if compared to the ma
11400
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less case. Second, compared to the massless case ther
suppression of the radiated gluon distribution~3.10! for in-
termediate and large values ofk̄2. This suppression is stron
ger for v*v̄c ~and for larger quark mass values, as can
seen in Fig. 3!.

Some qualitative aspects of Fig. 2 can be viewed as
sulting from the interplay of the additional radiation pr
duced in independent medium-induced scatterings, and
coherence effects which—compared to the incoher
limit—reduce this radiation. In particular, the growth of th
medium-induced gluon radiation at small transverse mom
tum is due to coherence effects if the coherence lengt
larger than the in-medium path length. For a massless qu
l̄ coh;2v/k'

2 which regulates the radiation in the regionk̄2

,v/v̄c . This is at the origin of the plateau seen in Fig. 2
small values ofk̄2. In the massive case, the phase accum
lated due to scattering of theqg Fock state is shifted with
respect to Eq.~3.6! by x2m2:

k'
2

2v
L→

k'
2 1x2m2

2v
L5

k̄21
1

2
~m/E!2R̄/ḡ2

v/v̄c

. ~3.15!

In this case, the coherence length is smaller for the samek'
2 .

This shifts the coherence pattern to smaller values of
transverse momentum.

In order to understand qualitatively the filling of the de
cone at smallk̄2, we recall that in the limit in which a proba

FIG. 2. The medium-induced gluon distribution as a function

the transverse momentumk̄25k'
2 /m2 and for different values of

ḡ5v̄c /v. Different curves correspond to the full medium-induc
gluon distribution~3.10! for a mass to energy ratio 0.03 of th
heavy quark~solid line!, the massless limit~3.11! of this spectrum
~dotted line!, and its dead cone approximation~3.12! ~dashed line!.
3-5
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bilistic picture applies, medium modifications of the gluo
radiation are determined by two competing effects@see the
discussion following Eq.~3.13! and Ref.@20##: First, addi-
tional medium-induced gluon radiation increases the glu
distribution. Second, medium-induced elastic scatter
shifts emitted gluons to larger transverse momentum
thus depletes the vacuum distribution}1/k'

2 at small trans-
verse momentum.~For very energetic gluons which are em
ted predominantly at small angle, the second mechan
dominates for massless quarks and the medium-induced
of the gluon distribution is hence negative for small tran
verse momentum. This is seen in the plot forḡ51 in Fig. 2.!
For massive quarks, the dead cone effect implies that the
no vacuum distribution at small angle which can be deple
due to elastic scattering. As a consequence, for mas
quarks the second mechanism does not apply at smallk̄ and
the gluon radiation is further enhanced.

For k̄2.max@ ḡ,M̄2#, we expect from Eq.~3.15! that co-
herence effects become negligible. In the incoherent lim
Eqs. ~3.13! and ~3.14! indicate that mass effects reduce t
medium-induced gluon radiation. This explains the deplet
of the massive gluon radiation if compared to the mass
limit at intermediate and large values ofk̄2 ~see Fig. 2!. For
massive quarks, neither the vacuum contribution nor
medium-induced contribution to Eq.~2.4! contain collinear
singularities which could enhance the importance of the
gion k̄2!1. As a consequence, parton energy loss off h
quarks will be dominated by radiation in the regionk̄2*1.
There, the medium-induced radiation off massive qua
~3.10! is suppressed compared to the massless limit if
m/E ratio is sufficiently large~see Fig. 3!.

We have varied the mass to energy ratiom/E and the

FIG. 3. Same as Fig. 2 but for the larger mass to energy ra
m/E50.1 andm/E50.3.
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parameterR̄ in our calculation over a wide parameter ran
(0.001,m/E,0.3 and 1000,R̄,40000). Quantitatively,
the medium-induced radiation varies significantly with the
parameters. Qualitatively, the effects discussed above are
neric for the entire parameter space: For transverse mom
tum k̄,M̄ , medium-induced gluon radiation fills the dea
cone. For a significant part of the parameter space, it is
hanced compared to the massless case, too. For very
mass to energy ratios, however, mass effects limit sign
cantly the medium-induced gluon radiation and the radiat
from massless quarks finally dominates fork̄,M̄ ~see Fig.
3!.

2. k�-integrated spectrum

The medium-induced gluon energy distribution obtain
by integrating Eqs.~3.10!, ~3.11! and ~3.12! over transverse
momentum up to the kinematic boundaryuk'u5v. In terms
of the integration variablek̄2, this corresponds to

v
dI~N51!

dv
5E

0

R̄/2ḡ2

dk̄2v
dI~N51!

dvdk̄2
, ~3.16!

where the integration boundary is written in terms ofR̄

5v̄cL.
As the phase space of the dead cone regionk̄2,M̄2 is

small, the depletion of radiation off massive quarks at la
k̄2 compared to the massless case dominates the trans
momentum integrated gluon energy distribution~3.16! ~see
Fig. 4!. This figure also indicates that the mass-depend
suppression of Eq.~3.16! can be even stronger than predict
by the dead cone approximation~3.12!.

One may ask whether the correct amount of ma
dependent suppression can be estimated from
k̄-independent suppression factorFavdc(M̄ ) multiplying the
gluon energy distribution for massless quarks.~Here, the
subscript ‘‘avdc’’ stands for ‘‘average dead cone.’’! Such a
factor could be useful for simplified calculations in whic
k'-dependent information is not available. Paralleling an
timate given in Ref.@25# for the dipole approximation@see
Eq. ~4.11! below#, we have estimatedFavdc(M̄ ) by evaluat-
ing the dead cone factor~3.7! for the characteristic angle
under which medium-induced gluon radiation occurs,uc

2

5m2/v25(v̄c /v)2(1/R̄). We find

Favdc~M̄ !5S 1

11M̄2D 2

. ~3.17!

Substituting this average for the dead-cone factor in
~3.12! and calculating the transverse momentum integra
spectrum, one tends to overestimate the mass-depende
duction of the medium-induced radiation~see Fig. 4!.

To gain a qualitative understanding of why the mass
pendence affects the gluon distribution mainly in the reg
of large gluon energies in Fig. 4, we consider the radiat
spectrum in the regionk̄.1 which dominates Eq.~3.16!. For

s

3-6
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FIG. 4. The medium-induced gluon energ
distribution ~3.16! calculated from the full ex-
pression~3.10! for a massive quark~solid line!,
from the massless limit~3.11! ~dotted line!, from
the dead-cone approximation~3.12! ~dashed line!
and from the average dead cone factor~3.17!
multiplied by the massless spectrum~dash-dotted
line!.
114003-7
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FIG. 5. The average medium-induced parton energy loss~3.21! for massive quarks, normalized to the massless limit, for different va

of the density parameterR̄5v̄cL. Curves are calculated for the full medium-induced radiation~3.10! off massive quarks~solid lines!, the
dead cone approximation~3.12! ~dashed lines! and the corresponding expression with averaged dead cone~3.17! ~dash-dotted lines!.
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the massless case and sufficiently large transverse mo
tum, the medium-induced gluon distribution shows the ch
acteristic perturbative power law for gluon production in
hard process,

v
dIm50

med

dvdk̄2
}

1

k̄4
for k̄.1. ~3.18!

This behavior can be checked in theN51 opacity expansion
by taking the large-k̄ limit of Eq. ~3.10!. According to the
condition ~3.6!, gluons can be emitted only fork̄2.v/v̄c .
Then,

v
dIm50

med

dv
}E

v/v̄c

` dk̄2

k̄4
}

v̄c

v
for v.v̄c . ~3.19!

This large-v behavior is known for theN51 opacity ap-
proximation@23,38#. In contrast to the multiple soft scatte
ing limit studied in the next section, the regionv.v̄c domi-
nates also the average energy loss@23,38#.

We now compare Eq.~3.19! to the large-v behavior of the
massive radiation spectrum. According to the dead cone
proximation ~3.12!, mass effects deplete the distributio
~3.18! for k̄2,max@ ḡ,M̄2#. Then, for the large-v region
where M̄2.ḡ, the transverse momentum integrated glu
distribution can be estimated from Eq.~3.18!,

v
dIm

med

dv
}E

M̄2

` dk̄2

k̄4
}S m2

E2 D R̄
v̄c

2

v2
for v.v̄cY S m2

E2
R̄D 1/3

.

~3.20!
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This distribution drops off faster (}1/v2) than the corre-
sponding massless term~3.19!. We thus expect a mass
dependent depletion of the medium-induced gluon radia
at large gluon energy. This shows that the mass depend
reduces the medium-induced gluon radiation predomina
at large gluon energy, as seen in Fig. 4. We emphasize
the dead cone suppression is a sufficient but not a neces
condition for this large-v behavior. What is needed is onl
that mass effects regulate the singularity 1/k̄4 on a scaleM̄ .
Since the phase space fork̄2,M̄2 is small, it is not essentia
whether this regulation occurs by complete extinction of
radiation e.g. viaF(k̄,M̄ ), or whether the dead cone is fille
by a finite non-singular spectrum fork̄2,M̄2. We find that
the latter case is realized.

3. Average energy loss

The integral of Eq.~3.16! over gluon energy defines th
average medium-induced energy loss

^DEind&5E
0

E

dvv
dI~N51!

dv
. ~3.21!

For the gluon distribution~3.10! off a massive quark, we
have checked that Eq.~3.21! coincides in theL→` limit
with the expression given by Djordjevic and Gyulassy@32#.
At finite in-medium path lengthL, the differences between
~3.21! and Ref.@32# may be due to the use of a differen
density distributionn(j) of scattering centers.

Figure 5 shows the ratio of the medium-induced avera
parton energy loss~3.21! for massive quarks, normalized t
the same quantity calculated for massless quarks. In gen
3-8
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FIG. 6. For finite quark energyE, the normalized average energy loss~right panel! depends significantly on the kinematic boundary
to which the gluon energy distribution~left panel! is integrated. This entails significant uncertainties, which are discussed in the
Parameter values are taken from Ref.@32#.
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a finite quark mass is found to reduce the parton energy
and this reduction increases strongly withm/E.

We now discuss the theoretical uncertainties entering
~3.21! and Fig. 5. Since the double differential distributio
~3.10! is calculated in the eikonal approximation, it can ha
support for gluon energiesv.E. This just indicates the lim-
ited validity of the eikonal approximation for small energi
E. This issue is critical for calculations of the average par
energy loss~3.21! which can depend strongly on the pha
space limitv/v̄c,E/v̄c imposed. In Fig. 6, we illustrate thi
point by showing the gluon energy distribution and the av
age energy loss~3.21! for the parameter setn0L54, m
5500 MeV, L54 fm andas50.3. This parameter set wa
used to reproduce the suppression of high-p' hadroproduc-
tion observed in Au1Au collisions at the RHIC@39#, and it
is used in the numerical calculation of Ref.@32# together
with a charm quark mass ofm51.5 GeV. For the standar
upper integration boundv,E, the massive case agree
qualitatively in magnitude and energy dependence with
calculation shown in Fig. 1 of Ref.@32#. Small quantitative
differences are due to the different finiteL dependence of the
density distributions, as argued following Eq.~3.21!. How-
ever, as seen in Fig. 6, the average energy loss~3.21! off
massless quarks turns out to be smaller since a larger pa
the gluon energy distribution lies above the kinematic c
We have made no attempt to remedy this possibly unphys
behavior. We simply emphasize that anya posteriorimodi-
fication of the large-v tail of vdI/dv entails significant the-
oretical uncertainties. It is an open problem of obvious i
portance to include finite energy constraints on the leve
the radiation spectrum~i.e. on the level of multiple scatterin
Feynman diagrams! rather than on the level of the integrate
parton energy loss.
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IV. DIPOLE APPROXIMATION „MULTIPLE SOFT
SCATTERING …

If the medium provides a large number of soft momentu
transfers, rather than a few harder ones, then the proje
performs a Brownian motion in transverse momentum. T
case can be studied in the saddle point approximation of
path integral~2.1!, using@34,37#

n~j!s~r !.
1

2
q̂~j!r2. ~4.1!

Here, q̂(j) is the transport coefficient@8# which character-
izes the medium-induced transverse momentum squ
^q'

2 & transferred to the projectile per unit path lengthl. In
the approximation~4.1!, the path integral in~2.1! is equiva-
lent to that of a harmonic oscillator which allows for a
explicit calculation.

A. The vacuum term shows the dead cone effect

For the transport coefficientq̂(j)5q̂Q(L2j) of a static
medium of lengthL, we evaluate the gluon distribution~2.1!
by splitting the longitudinal integrals into three parts@35#,

v
dI

dvdk2
5v

dI4

dvdk2
1v

dI5

dvdk2
1v

dI6

dvdk2

5E
0

L

dylE
yl

L

dȳl . . . 1E
0

L

dylE
L

`

dȳl . . .

1E
L

`

dylE
yl

`

dȳl . . . . ~4.2!
3-9
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ARMESTO, SALGADO, AND WIEDEMANN PHYSICAL REVIEW D69, 114003 ~2004!
In complete analogy to the calculation for the massless c
@20#, one can show that the termI 6 does not depend on th
medium and takes the form

v
dI6

dvdk'

5
asCF

p2

k'
2

~k'
2 1x2m2!2

. ~4.3!

This expression coincides with the vacuum term~3.1!. In the
multiple soft scattering separation, there is hence a sim
separation of the gluon distribution~2.4! into the vacuum
term ~4.3! and the medium-induced contributionI 41I 5. The
latter vanish in the absence of a medium,q̂50.

B. Medium-induced gluon radiation

We now discuss the medium-induced part of the glu
distribution ~2.4! which in the multiple soft scattering~mss!
approximation takes the form

v
dImss

dvdk2
5v

dI4

dvdk2
1v

dI5

dvdk2
. ~4.4!

1. Notation

Paralleling the discussion of Sec. III B 1, we introdu
dimensionless kinematic variables in terms of the transp
coefficientq̂ and the in-medium path lengthL. The charac-
teristic gluon energyvc , rescaled transverse momentumk
and rescaled quark massM are defined as

vc5
1

2
q̂L2, ~4.5!

k25
k'

2

q̂L
, ~4.6!

M25
x2m2

q̂L
5

1

2 S m2

E2 D R
v2

vc
2

,

R5vcL. ~4.7!

Similar to the discussion in Sec. III B 1, this defines t
phase accumulated by the gluon due to multiple scatte
@40#

g5K k'
2

2v
DzL ;

q̂L

2v
L5

vc

v
, ~4.8!

and it allows us to write the dead cone factor as

F~k,M !5S k2

k21M2D 2

5S k'
2

k'
2 1x2m2D 2

. ~4.9!

2. Analytical expressions

In the dipole approximation, the gluon distribution~4.4!
radiated off massive quarks is written in terms of the fact
I 4 and I 5 which are defined in Eq.~4.2! and given explicitly
11400
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in Appendix B. In the following, we compare the gluon di
tribution ~4.4! to the massless limit and to the dead co
approximation

v
dIdead

mss

dvdk2
5F~k,M !v

dIm50
mss

dvdk2
. ~4.10!

C. Numerical results

Explored parameter space.In analogy to the study in Sec
III C, we present all results in rescaled variablesk2 and g.
The parameterR5vcL is explored for the values 1000 an
40000. See Sec. III C for further details.

1. k�-differential spectrum

We have calculated the transverse momentum depend
of the medium-induced gluon distribution~4.4! in the mul-
tiple soft scattering approximation. As seen in Fig. 7, t
results are in qualitative agreement with those obtained in
opacity expansion~see Fig. 4 and Sec. III C for discussion!.
In particular, we find that the dead cone is filled by mediu
induced gluon radiation and that this radiation is depleted
large k2 compared to the massless case. The first fea
persists and the second becomes more evident when goi
larger mass to energy ratios~data not shown! in qualitative
agreement with Fig. 3.

A qualitative understanding of these features can be ba
on the typical phase accumulated by theqg Fock state: De-

FIG. 7. The medium-induced gluon energy distribution as

function of the transverse momentumk25k'
2 /q̂L and for different

values ofg5vc /v, calculated in the multiple soft scattering ap
proximation. Different curves correspond to the full medium
induced gluon distribution for a mass to energy ratio 0.03 of
heavy quark~solid line!, the massless limit of this spectrum~dotted
line!, and its dead cone approximation~4.10! ~dashed line!.
3-10
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MEDIUM-INDUCED GLUON RADIATION OFF MASSIVE . . . PHYSICAL REVIEW D 69, 114003 ~2004!
structive interference reduces gluon radiation if (k'
2

1x2m2)/2v5(k21M2)g,1. This regulates the radiatio
for small k2. With increasing mass, destructive interferen
occurs for smaller values ofk2. This explains why in com-
parison to the massless limit, the small-k2 plateau of the
radiation spectrum in Fig. 7 is reached for smaller values
k2 in the massive case. For largek2, on the other hand, the
incoherent limit is approached, where the mass depend
suppresses incoherent gluon production. Again, this is
qualitative agreement with the mass dependence seen in
7.

2. k�-integrated spectrum

The transverse momentum integrated gluon energy di
bution calculated from Eq.~4.4! is shown in Fig. 8. This
integral is dominated by the phase space regionk2.M2, and
thus does not depend strongly on the finite medium-indu
radiation inside the dead cone region. Compared to the m
less case, the large-v tail of the gluon energy distribution is
depleted with increasingm/E ratio. The approximation of
this effect by the dead cone~4.10! tends to underestimate th
depletion. These findings are in qualitative agreement w
the results reported for the opacity expansion in Fig. 4. Fo
qualitative understanding of why the mass dependence
dominantly depletes the gluon radiation at largev, one can
recall again that the mass-dependent suppression of sm
angle radiation predominantly depletes the hard part of
spectrum.

We have also tested numerically the approximation
Dokshitzer and Kharzeev@25#. These authors replaced th
transverse momentum dependent dead cone factor in
~4.10! by an average expression, evaluated at the chara
istic angle uc

2.A2g3/2/R under which medium-induced
gluon radiation occurs on average,

FDK5S 1

111/A2m2/E2R/g3/2D 2

. ~4.11!

This approximation allows us to mimic the qualitative tre
but is found to overestimate the depletion of the large-v tail
significantly ~see Fig. 8!.

3. Average energy loss

From the gluon energy distribution, we have calcula
the average parton energy loss according to Eq.~3.21!. As
seen in Fig. 9, a finite quark mass reduces parton energy
significantly for sufficiently large mass to energy ratio
m/E.0.1 say. For smaller mass to energy ratios, there
some parameter range where our numerical results indi
the opposite effect. However, similar to the case of the op
ity expansion, this may be an artifact of the phase sp
constraint in the definition of the average energy loss~3.21!
~see the discussion of Figs. 5 and 6 above!. To explore this
theoretical uncertainty, we have paralleled the logic of S
III. We have calculated in Fig. 10 the gluon energy distrib
tion ~4.4! for the set of parameters which reproduce t
nuclear modification factor for central Au1Au collisions at
the RHIC@23#. Integrating this gluon energy distribution fo
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v,E, we find again that the average parton energy loss
massless quarks can be larger than that for massive o
simply because the kinematic boundaryv,E cuts off the
more pronounced largev-tail of the gluon energy distribu-
tion for m50. For the reasons given in Sec. III C, we co
clude that this motivates us to go beyond the high-ene
approximation and to include finite energy constraints in
calculation ofvdI/dv rather than to impose thema poste-
riori in the integral overvdI/dv.

V. CONCLUSION

Early studies demonstrated that the transverse momen
spectra of charmed and beauty hadrons in nucleus-nuc
collisions depend strongly on the assumed parton energy
@41–43#. More recently, the quark mass dependence of
effect was argued to give access to the detailed mechan
of medium-modified parton fragmentation@25,30–33#. To
better assess this mechanism, we have presented here th
study of the transverse momentum and energy dependen
the medium-induced gluon radiation off massive quarks.

Our calculation is based on the path-integral formali
~2.1! which resums medium modifications to leading order
1/E and to all orders in opacity. We have employed tw
approximation schemes which model the medium dep
dence of the hard parton fragmentation as a series of m
soft gluon exchanges or as a single semi-hard momen
transfer. Despite these different physical pictures, both
proaches lead to comparable results, in agreement with
earlier study of the massless case@23#.

We find that medium-induced gluon radiation generica
fills the dead coneu,m/E ~see Figs. 2, 3 and 7!. However,
in comparison to the transverse momentum integrated gl
energy distribution radiated off massless quarks, the ra
tion is depleted at large gluon energies~see Figs. 4 and 8!.
The average parton energy loss results from an interpla
both effects and tends to be smaller for massive quarks
for massless ones~see Figs. 5 and 9!. However, for suffi-
ciently small parton energiesE, the kinematic boundaryv
,E can lead to the peculiar case that the average pa
energy loss is larger for massive quarks than for mass
ones~see Figs. 6 and 10!. We have argued that this behavio
may be unphysical and limits the application of the form
ism of Refs.@8–12# to sufficiently large quark energies; se
the discussion at the end of Sec. III C.

As of today, the only experimental information abo
open charm production in Au1Au collisions at the RHIC is
the prompt electron spectrum measured by PHENIX
AsNN5130 GeV @44#. It was argued that these data do n
indicate a significant parton energy loss for charm quar
But it is equally true that they do not constrain parton ene
loss significantly. First, the experimental errors on t
prompt electron spectrum are still large. Second, for the m
sured transverse momentum rangep'

electron,3 GeV, the cor-
relation between the transverse momentum of the elec
and of the charmed hadron is very weak. Both complic
any conclusion about the medium-induced degradation
p'

charm. In addition, the moderate values ofp'
charm accessed

by PHENIX correspond to charm quarks which move rath
3-11
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FIG. 8. Same as Fig. 4, here calculated in t
multiple soft scattering approximation.
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slowly and thus may turn into hadrons prior to leaving t
collision region. In this case, the energy degradation
charmed hadrons would get contributions from their h
ronic cross sections and the formalism employed here ha
11400
f
-
to

be revisited.
The experimental information from RHIC is expected

improve soon. First, the higher statistics of future runs w
allow measurement of the prompt electron spectrum in
3-12
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FIG. 9. Same as Fig. 5, here calculated in the multiple soft scattering approximation.
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wider p' range. Second, the topological reconstruction of
hadronic decay of charmed hadrons~via D0→K2p1 and
several three-body decays!, already performed ind1Au
@45#, should provide a more direct measurement out to s
nificant transverse momentum. On a longer time scale, o
charm measurements at the LHC will further extend thisp'

range to p'
D0

;15 GeV @46#. Also, the energy loss o
11400
e
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en

b-flavored quarks is expected to become accessible at
LHC via high-mass dimuon and secondary J/c production
@47#. Despite the significant uncertainties of our calculati
discussed above, there is one conclusion which we can d
parton energy loss is reduced by mass effects, but for re
tic parameter values it remains sizable. Thus, our study
vors a medium-induced enhancement of theD0/p0 ratio at
y quarks

FIG. 10. Same as Fig. 6, here calculated in the multiple soft scattering approximation for parameter valuesR52000,vc567.5 GeV and

m51.5 GeV. This figure allows us to illustrate the uncertainties in calculations of the average parton energy loss for finite energ
~see text!.
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sufficiently large transverse energy but we still expect
nuclear modification factor forD0 to lie below unity.

ACKNOWLEDGMENTS

We thank R. Baier, A. Dainese, K. Eskola, H. Honkane
A. Morsch, G. Rodrigo, and J. Schukraft for helpful discu
sions.
ne

to

r

d

11400
e

,
-

APPENDIX A: GLUON ENERGY DISTRIBUTION TO
FIRST ORDER IN OPACITY

In this appendix, we give details for the calculation of t
zeroth and first order in opacity of the gluon energy distrib
tion ~2.1!. We start by expanding the path integral in E
~2.1! in powers ofn(j)s(r ),
K~r ,yl ; r̄ ,ȳl !5K0~r ,yl ; r̄ ,ȳl !2E
z

z8
djn~j!E drK0~r ,yl ;r,j!

1

2
s~r!K0~r,j; r̄ ,ȳl !

1E
z

z8
dj1n~j1!E

j1

z8
dj2n~j2!E dr1dr2K0~r ,yl ;r1 ,j1!

1

2
s~r1!K~r1 ,j1 ;r2 ,j2!

1

2
s~r2!K0~r2 ,j2 ; r̄ ,ȳl !.

~A1!
e-
Here, the free path integralK0 is of Gaussian form

K0~r ,yl ; r̄ ,ȳl !5
v

2p i ~ ȳl2yl !
expH iv~ r̄2r !2

2~ ȳl2yl !
J . ~A2!

We expand the integrand of Eq.~2.1! to first order in
n(j)s(r ). The longitudinal integrals in Eq.~2.1! are regu-
larized in intermediate steps of the calculation, as explai
in Refs. @10,35#. We note that theNth order of Eq.~2.1!
involves 2N11 terms only. This makes it straightforward
obtain explicit expressions to high orders in opacity.

Inserting Eq.~A1! into Eq.~2.1!, one finds to zeroth orde
the opacity term~3.1!. To first order in opacity, one finds

v
dI~N51!

dvdk'

5
asCF

p2
4n0vE dq

~2p!2
ua~q!u2

3
LQ12sin~LQ1!

@~k'1q!21x2m2#2
d

3F ~k'1q!2

~k'1q!21x2m2
2

k'•~k'1q!

k'
2 1x2m2 G ,

~A3!

where the transverse energy of the scattered gluon isQ1
5@(k'1q)21x2m2#/2v.

NÄ1 opacity term for Yukawa-type scattering potential

We have studied Eq.~A3! for arbitrary in-medium path
length for a Yukawa-type elastic scattering center with D
bye screening massm:

ua~q!u25~2p!2
m2

p~q21m2!2
. ~A4!

Shifting in Eq. ~A3! the relative momentum integrationq
→q1k and doing the angular integrations, one finds
v
dI~N51!

dvdk2
5

asCF

p

n0m2

v E
0

`

dq2
LQ182sin~LQ18!

Q81
2

q2

q21x2m2

m2~k21x2m2!1~k22x2m2!~k22q2!

~k21x2m2!@~m21k21q2!224k2q2#3/2
, ~A5!
ed
whereQ185(q21x2m2)/2v. From this expression, we fin
Eq. ~3.10! by rescaling the variablesv, k2 and m2 to the

dimensionless variablesḡ, k̄2 andM̄2 defined in Eqs.~3.4!,
~3.7! and ~3.9! respectively.
APPENDIX B: GLUON ENERGY DISTRIBUTION IN THE
DIPOLE APPROXIMATION

Here, we give the full expression for the medium-induc
part of the double differential gluon distribution~4.4!. The
3-14
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calculation is done in complete analogy to the calculation
the massless case@20#, but keeping the mass dependence
Eq. ~2.1!. In the rescaled dimensionless variables introdu
in Sec. IV, one finds

v
dI4

dvdk2
5

asCF

p
g22 ReE

0

1

dtE
t

1

d t̄eiM 2g(t2 t̄ )

3expF2
k2

4~D42 iA4B4!G
3F iA4

3B4k2

~D42 iA4B4!3
2

4A4
2D4

~D42 iA4B4!2G ,

~B1!

where

V5
12 i

A2
Ag ~B2!
e,

h

.

11400
f
f
d

and

A45
V

4g sin@V~ t̄ 2t !#
, B45cos@V~ t̄ 2t !#,

D45
1

4
~12 t̄ !. ~B3!

The termI 5 in Eq. ~4.2! takes the form

v
dI5

dvdk2
5

asCF

p
g2 ReE

0

1

dte2 iM 2gtS 2 ik2

k21M2D 1

B5
2

3expF2
ik2

4A5B5
G , ~B4!

where

A55
V

4g sin@Vt#
, B55cos@Vt#. ~B5!
.
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