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Using untaggedB0\DKS to determine g
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It is shown that the weak phaseg[arg(2VudVub* VcbVcd* ) can be determined using only untagged decays

B0/B̄0→DKS . In order to reduce the uncertainty ing, we suggest combining information fromB6→DK6

and from untaggedB0 decays, where theD meson is observed in common decay modes. Theoretical assump-
tions, which may further reduce the statistical error, are also discussed.
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I. INTRODUCTION

CP violation measured inB→J/cKS @1# is interpreted in
terms of the phaseb[arg(2VtbVtd* VcdVcb* ) in a way which
is practically free of theoretical uncertainties, providing
important test of the Kobayashi-Maskawa mechanism@2#.
On the other hand, the current interpretation ofCP asymme-
try measurements inB→p1p2 @3# in terms of the phase
a[arg(2VtdVtb* VubVud* ) involves an uncertainty in the rati
of penguin-to-tree amplitudes@4#. A theoretically clean
method @5,6# for measuring the phase g[arg
(2VudVub* VcbVcd* ) involves interference between tree amp

tudes b̄→ c̄us̄ and b̄→ūcs̄, governing B→D̄0Xs and B

→D0Xs , where theD̄0 andD0 decay to a common hadroni
state, andXs5K,K* ,Kp, . . . is a strangeness-1 state.

Originally, this idea for measuringg was proposed for
chargedB decays@5# and for time-dependent neutralB de-
cays@6# of the typeB→DCPK. Here positive~negative! CP
eigenstates, such asK1K2 (KSp0), identify equal admix-
tures of D0 and D̄0 states with equal~opposite! signs. A
variety of otherD decay final states can be used as w
leading to several variants of the original method@7,8#. Ev-
ery hadronic state accessible at the tree level toD0 decay is
also accessible at the tree level toD̄0 decay with varying
levels of Cabibbo suppression. Flavor states,K2p1 and
K* 2p1, which are Cabibbo-favored inD0 decays, are dou
bly Cabibbo-suppressed inD̄0 decays. Flavorless states, su
as K* 1K2 and K1K* 2, are produced in singly Cabibbo
suppressed decays of bothD0 and D̄0. Recently, it was
shown that a model-independent extraction ofg is also pos-
sible by consideringB6→DK6 with subsequent multibody
D decay, such asD→KSp1p2 @9,10#. Other variants make
use of the decaysB6→D* K6,D* →Dp0, the self-tagged
decay modeB0→DK* 0,K* 0→K1p2 @11#, multibodyB de-
cays of the typeB→DKp @12# and combinations of thes
processes@13#.

First results forB6→DCPK
6 were presented recently b

the Belle@14# and BaBar@15# Collaborations. These studie
were based on several tens of events in each experimen
demonstrate the potential of a larger data sample in pro
0556-2821/2004/69~11!/113003~9!/$22.50 69 1130
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ing useful constraints ong @16#. The Belle Collaboration has
also presented a preliminary analysis of about 100 event
the typeB6→DK6,D→KSp1p2 @17#, from which con-
straints ong were obtained. The main difficulty of each o
these methods is that each decay mode by itself has a
low rate. Reaching high sensitivity in near future measu
ments of g requires combining several relevantB and D
decay modes.

Measurements relevant to studyingg have so far focused
on chargedB decays,B6→DK6 andB6→DK* 6 @18#. At
first glance, neutralB decays seem to be less promising f
two reasons: they have much smaller rates and requireB0

flavor tagging. Let us discuss these two points one at a ti
~i! The processesB0→DK0 andB0→DK* 0 are expected

to be color-suppressed@11#, implying that their rates are
about an order of magnitude below the rates of correspo
ing chargedB decays. However, the crucial factor determi
ing the sensitivity of a measurement ofg is not the decay
rate itself. Rather, the sensitivity is governed by the mag
tude of the smaller of the two interfering amplitudes in
given process. Since the smaller amplitudes inB1 and B0

decays are both color-suppressed, they are expected to
comparable magnitudes. Therefore, this by itself is not a l
iting factor for neutralB decays.

~ii ! Only time-integrated rates have so far been measu
in B0→DK0, combining rates forB0→D̄0K0 and B̄0

→D̄0K̄0 @19#. It was shown in@6,20,21# that a determination
of g is possible from time-dependent measurements,
which one must tag the flavor of the initialB0. The effective
flavor tagging efficiency atB factories is about 30%~and
much smaller at hadron machines!, resulting in a doubling of
the statistical error relative to the perfect-tag case. As
show below,g can be determined using untagged data alo
This makes use of events that cannot be tagged or e
events that are mis-tagged, regaining a significant part of
sensitivity lost due to the low effective tagging efficiency.

In the present paper we investigate what can be lear
from untagged decaysB0/B̄0→DKS , where theD meson is
observed in several decay modes. A potential lower bound
ucosgu from untagged decays, in whichD mesons are ob-
served inCP eigenstates, was noted by Fleischer@22#. We
©2004 The American Physical Society03-1
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will go beyond this bound by showing thatg can actually be
completely determined in the range 0,g,p, using only
untagged decays. In practice, it is useful to combine inf
mation from untagged neutralB decays with information
from chargedB decays, since the observables related toD
decays are common to both cases. This provides an over
strained information, permitting a more accurate determi
tion of g than when usingB1 decays alone.

The plan of the paper is as follows. In Sec. II we intr
duce parallel notation for charged and neutralB→DK de-
cays, discussing briefly the relative magnitudes of decay
plitudes in these processes. Section III studies two-body
quasi-two-bodyD decays, distinguishing between seve
classes of decay modes. We show thatg can be determined
from untagged neutralB decays alone and derive an explic
expression for tan2g in terms of measurable rates. Multibod
D decays inB0→DKS are studied in Sec. IV. In Sec. V w
discuss a way of reducing the number of hadronic parame
by assuming isospin symmetry and by neglecting an ann
lation contribution inB→DK. Finally, Sec. VI concludes
We also add an appendix studying the time dependenc
B0(t)→(KSp1p2)DKS .

II. AMPLITUDES IN B\DK DECAYS

We define decay amplitudes ofB→DK for chargedB
mesons,

A~B1→D̄0K1![Ac ,

A~B1→D0K1![Acr ce
i (dc1g), ~1!

and for neutralB mesons,

A~B0→D̄0KS![An ,

A~B0→D0KS![Anr nei (dn1g). ~2!

By convention,Ai>0, r i>0, and 0<d i<2p ( i 5c,n). Am-
plitudes for theCP conjugated decays have the same expr
sions, but the phaseg occurs with an opposite sign.

Let us discuss briefly the relevant ratios of amplitud
The amplitudeAc is a combination of color-allowed an
color-suppressed contributions, while the amplitudeAn is
purely color-suppressed. The ratioAn /Ac may be estimated
in two ways, leading to comparable values. We mention
each case the required approximation:

~i! Measurements ofB1→D̄0K1 @14,15,23# and B0

→D̄0K0 @19# imply

An

Ac
.AG~B0/B̄0→D̄0KS!

G~B1→D̄0K1!
50.2560.07. ~3!

In addition to a termAn
2 , the untagged rate in the numerat

includes also a smaller termAn
2r n

2 which we neglect.
~ii ! Using flavor SU~3! @24#, one may relateAn /Ac to a

corresponding ratio measured inB→D̄p @25#:
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An

Ac
.A G~B0→D̄0p0!

G~B1→D̄0p1!
50.2460.01. ~4!

This relation is affected by SU~3! breaking corrections and
by a small exchange amplitude inB0→D̄0p0 @26,27#. SU~3!
breaking corrections, which are common inA(B1

→D̄0K1)/A(B1→D̄0p1) and A(B0→D̄0KS)/A(B0

→D̄0p0), cancel in Eq.~4! and do not affect this estimate
It is more difficult to obtain reliable estimates forr c and

r n . The two parameters are expected to be smaller than
since they contain a Cabibbo-Kobayashi-Maskawa~CKM!
factor uVubVcs /VcbVusu.0.4. The parameterr c involves also
an unknown color-suppression factor inb̄→ūcs̄, while r n

involves the ratio of color-suppression factors inb̄→ūcs̄ and
b̄→ c̄us̄. Since the dynamics ofB→D̄K decays~caused by
b̄→ c̄us̄) and B→DK ~caused byb̄→ūcs̄) are different,
color suppression may be different in the two cases. T
introduces large uncertainties inr c and r n @28#.

It is easier to justify an approximate relation between
magnitudes of the two color-suppressed amplitudesAcr c and
Anr n . Noting that the two processesB1→D0K1 and B0

→D0K0 differ only by the flavor of the spectator quark, on
expects

Acr c.A2Anr n . ~5!

In Sec. V we will discuss the approximation involved in th
relation and a way of testing it experimentally. This appro
mate equality implies that the sensitivity tog is comparable
in charged and neutralB decays, since the sensitivity in eac
case is governed by the smaller of the two interfering am
tudes. This point provides a major motivation for our stud

III. TWO-BODY AND QUASI-TWO-BODY D DECAYS

Considering decays ofD̄0 andD0 into a generic two-body
or quasi-two-body hadronic statef D and its CP conjugate
f̄ D , we denote the corresponding amplitudes by

A~D̄0→ f D!5A~D0→ f̄ D![Af ,

A~D0→ f D!5A~D̄0→ f̄ D![Afr fe
id f , ~6!

where by conventionAf>0, r f>0, and 0<d f<2p. Here
and below we set the weak phase inD decays to zero and
neglectD0-D̄0 mixing. The effects ofD0-D̄0 mixing can be
included as in@29#, but are not further discussed here.

Using this notation, one finds expressions for decay ra
in chargedB decays:

G~B1→ f DK1!5Ac
2Af

2@11r c
2r f

212r cr fcos~dc1d f1g!#,

G~B2→ f̄ DK2!5Ac
2Af

2@11r c
2r f

212r cr fcos~dc1d f2g!#,

G~B1→ f̄ DK1!5Ac
2Af

2@r c
21r f

212r cr fcos~dc2d f1g!#,
3-2
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G~B2→ f DK2!5Ac
2Af

2@r c
21r f

212r cr fcos~dc2d f2g!#.
~7!

Combining B1 and B2 decay rates for states involving
commonD decay mode,f D or f̄ D , one finds

^G~B→ f DKc!&[G~B1→ f DK1!1G~B2→ f DK2!

5Ac
2Af

2@~11r c
2!~11r f

2!

14r cr fcos~d f1g!cosdc#,

^G~B→ f̄ DKc!&[G~B1→ f̄ DK1!1G~B2→ f̄ DK2!

5Ac
2Af

2@~11r c
2!~11r f

2!

14r cr fcos~d f2g!cosdc#. ~8!

Studying neutralB decays, one finds similar expressio
for untagged decay rates@20#:

^G~B→ f DKn!&[G~B0→ f DKS!1G~B̄0→ f DKS!

5An
2Af

2@~11r n
2!~11r f

2!

14r nr fcos~d f1g!cosdn#,

^G~B→ f̄ DKn!&[G~B0→ f̄ DKS!1G~B̄0→ f̄ DKS!

5An
2Af

2@~11r n
2!~11r f

2!

14r nr fcos~d f2g!cosdn#. ~9!

Individual time-dependent decay rates forB0(t)
→ f DKS , B̄0(t)→ f DKS and theirCP conjugates are given in
@20#, and include more information than the untagged ra
These, however, will not be needed in the following.

The decay rates in Eqs.~8! and ~9! display a dependenc
on two types of quantities. Amplitudes and strong phase
B→DK (Ai ,r i ,d i ; i 5c,n), which in general obtain differ-
ent values in charged and neutralB decays, and the corre
sponding quantities inD0/D̄0→ f D , (Af ,r f ,d f), which are
common to bothB1 and B0 decays. We will refer to these
quantities asB andD decay parameters, respectively. In t
following we will assume that theD decay quantitiesAf and
r f have been measured and are known. They can be obta
through branching ratio measurements in an indepen
sample of neutralD mesons, flavor-tagged through their pr
duction in the decayD* 1→D0p1 @30#. In quasi-two-body
D decays the three parametersAf ,r f and d f can be deter-
mined simultaneously through a complete Dalitz plot ana
sis. Although the phasesd f can in principle be measure
@10,31–33#, we will treat them as unknown, unless indicat
otherwise.

Note that the combinedB6 rates in Eqs.~8! and those in
the untaggedB0 decays, Eqs.~9!, depend in each case on
on two combinations ofB decay parameters:

Xi[Ai
2~11r i

2!, Yi[2Ai
2r icosd i , i 5c,n, ~10!
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uYi u<Xi . ~11!

We see that the individual branching ratios forB0→D̄0KS

andB0→D0KS , proportional toAn
2 andAn

2r n
2 , respectively,

cannot be measured from untagged decays alone.
The threeD decay parametersAf ,r f and d f in Eqs. ~6!

depend, of course, on the final statef D . One may distinguish
between three cases for which we give examples:

~i! f D5CP state ~e.g., f CP15K1K2, f CP25KSp0),
for which r CP651, cosdCP6561.

~ii ! f D5flavorless~e.g., K* 1K2), for which r f5O(1)
but generallyr fÞ1, d f5unknown.

~iii ! f D5flavor state~e.g.,K1p2), for which r f.tan2uC

@30#, d f5unknown, whereuC is the Cabibbo angle.

Using Eqs.~9! and the observation~10!, it is simple to
show thatg may be determined solely from untaggedB0

decays. ConsiderN different non-CP neutralD decay modes
f D

k (k51, . . . ,N) together with theirCP conjugatesf̄ D
k , as

the final states in theB0→DKS decay chain. The unknown
variables areg, Xn , Yn andN strong phasesd f

k . Equations
~9!, which provide 2N measurables forN13 unknowns, are
solvable forN>3. That is,g may be determined from un
taggedB0→DKS decay rates, whereD0 is observed in at
least three different non-CP decay modes and theirCP con-
jugates. This argument may be generalized to include o
untaggedB0 decays, such asB0→D* KS(D* →D0p0). As-
suming M different B0 decay modes of this kind, each o
which introduces a pair of unknownsXn

j and Yn
j ( j

51, . . . ,M ), one has 2MN measurables for 2M1N11 un-
knowns. ForM>2 this set of equations is solvable forN
>2. Namely, two non-CP decay modes ofD0 are sufficient
for determining g from untagged B0→DKS and B0

→D* KS .
For aCP eigenstate the strong phased f (CP) is either 0 or

p. In this case the two equations in Eqs.~9! become identi-
cal and provide a single measurable. Choosing the de
modesf D

k to be ~i! an even-CP state,~ii ! an odd-CP state,
and ~iii ! a single non-CP eigenstate and itsCP conjugate
~involving an unknown phased f), one can solve the fou
equations forg, Xn , Yn andd f . For this case we now derive
an explicit expression for tan2g in terms of measurable rates
The derivation holds for both charged and neutralB decays.

Using Eqs.~8! and ~9!, one has

^G~B→ f CP6Ki !&52ACP6
2 @Xi6Yicosg# ~ i 5c,n!,

~12!

where the two signs on the right-hand side correspond
positive and negativeCP eigenstates. Adding and subtractin
rates for even-CP and odd-CP eigenmodes, one finds

SCP
i [

^G~B→ f CP1Ki !&

2ACP1
2

1
^G~B→ f CP2Ki !&

2ACP2
2

52Xi ,

~13!
3-3
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DCP
i [

^G~B→ f CP1Ki !&

2ACP1
2

2
^G~B→ f CP2Ki !&

2ACP2
2

52Yi cosg ~ i 5c,n!. ~14!

These definitions apply in practice to sums over individ
CP states. Equation~13! provides the most direct way t
determineXc andXn . We defineCP-conservingrate asym-
metries between even and oddCP states:

A CP
i [

DCP
i

SCP
i

~ i 5c,n!. ~15!

Using Eq. ~11!, one obtains two potential inequalities fo
cosg in terms of these ratios:

ucosgu.uA CP
i u ~ i 5c,n!. ~16!

This inequality holds separately for charged and neutraB
decays. The inequality for neutralB decays was noted in
@22#.

As mentioned above, in order to determineg from un-
tagged neutralB decays, one needs in addition to the tw
rates forCP eigenstates given in Eq.~12! ( i 5n) two rate
measurements for a non-CP state f D and itsCP conjugate
f̄ D . These rates are given by the two equations in Eqs.~9!.
We denote the sum and difference of these rates and o
corresponding rates in chargedB decays by

S f
i [

^G~B→ f̄ DKi !&1^G~B→ f DKi !&

Af
2~11r f

2!
,

D f
i [

^G~B→ f̄ DKi !&2^G~B→ f DKi !&

Af
2~11r f

2!

~ i 5c,n!, ~17!

which imply CP-violating asymmetries:

A f
i [D f

i /S f
i ~ i 5c,n!. ~18!

It is then straightforward to show that tan2g is proportional
to (A f

i )2 and is given by

tan2g5
~D f

i !2

r f
2~DCP

i !22~SCP
i 2S f

i !2

5
~A f

i !2~S f
i /SCP

i !2

r f
2~A CP

i !22~12S f
i /SCP

i !2
~ i 5c,n!, ~19!

where

r f[
2r f

11r f
2

. ~20!

This result applies to both charged and neutralB mesons. We
stress that when determiningg we do not rely on separatin
the two termsAi

2 andAi
2r i

2 contributing toXi .
11300
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While the possibility of measuringg from untaggedB0

decays alone is interesting, the most efficient way to de
mine the weak phase would be to combine information fr
decays of chargedB decays and untagged neutralB decays.
The derivation we have just presented applies also to cha
B decays alone. One needs to measure only the combinedB6

rates given in Eqs.~8!, without needing to separate the sma
Ac

2r c
2 term. Thus, Eq.~19! also gives tan2g in terms of decay

rates for combinedB6→DK6 events, whereD mesons are
observed in decays into an even-CP eigenstate, an odd-CP
eigenstate, and a non-CP flavorless state or a flavor state. W
see that, in principle, a determination ofg does not require
measuringCP asymmetries inB6→ f CPK6. These asymme-
try measurements, for even-CP and odd-CP states@14,15#,
provide additional useful information. Using all these me
surements together with rate measurements for untag
neutralB decays will lead to a more accurate determinat
of g than when using only chargedB mesons.

Equation ~19! displays an explicit dependence ofg on
rate measurements defined in Eqs.~13!, ~14! and ~17!. We
see that tang is proportional to theCP asymmetriesA f

i

;r fcosdisindfsing ( i 5c,n), indicating that the sensitivity
for measuringg increases withr f . The sensitivity depends
also on the value ofd f . In the extreme case thatd f vanishes
~mod p) the two rates in Eqs.~8! @and in Eqs.~9!# become
equal andg cannot be extracted. For the two-body flav
statef 5K1p2, the phased f vanishes in the SU~3! symme-
try limit. However, SU~3! breaking effects are known to b
large in D decays. Consequently, sizable values ofd f have
been calculated for this final state in several models@34#.
This phase can be measured at a charm factory@31,32#.
There are experimental indications for small phases in
cases of quasi-two-body states,f 5K* 1p2, whered f5(12
63)°(modp) was measured@17#, and f 5r1p2 whered f
5(46364)° was measured@35#. These results were ob
tained by studying the Dalitz plot ofD0→KSp1p2 and
D0→p1p2p0, respectively. No measurement exists ford f
in D0→K* 1K2, which can be measured by studying th
Dalitz plot of D0→K1K2p0 @33#.

As we note in the next section, a complete Dalitz p
analysis of three bodyD0 decays involves other stron
phases, which are large in regions where two resonan
overlap or when resonances interfere with non-resonant c
tributions. These phases will be shown to be useful wh
studyingg in B→DK, where theD meson is observed in a
three-body final state.

IV. B\DKS OBSERVED IN MULTI-BODY D DECAYS

The study of untaggedB0→DKS presented in the previ
ous section forD mesons decaying in two-body modes m
be extended to multibody decays. To be specific, we focus
the case of the three-bodyD decay,

D→KSp2p1, ~21!

following the discussion ofB6→DK6 in @9#. In order to
make our point, we start with a model-independent approa
We also explain how modeling the amplitude forD0
3-4
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→KSp
2p1 in terms of a sum of a given set of intermedia

resonances@36#, as done recently in@17#, may help in reduc-
ing the experimental error ing.

We denote the amplitude forD0→KSp2p1 at a given
point in the Dalitz plot by

A„D0→KS~p1!p2~p2!p1~p3!…[A~s12,s13!e
id(s12 ,s13),

~22!

where si j [(pi1pj )
2. As in two body decays, we use th

conventionA(s12,s13)>0 and 0<d(s12,s13)<2p. Assum-
ing thatCP is conserved in this decay, one has

A„D̄0→KS~p1!p2~p2!p1~p3!…

5A„D0→KS~p1!p2~p3!p1~p2!…

[A~s13,s12!e
id(s13 ,s12). ~23!

That is, the~complex! decay amplitude forD̄0 at a given
point (s12,s13) in the Dalitz plot equals the decay amplitud
for D0 at a point (s13,s12) obtained by reflection across
symmetry axis corresponding to exchanging the moment
the two pions.

The density of events in theD decay Dalitz plot for un-
taggedB→(KSp2p1)DKS is obtained using Eqs.~2!, ~22!
and ~23! ~or from the time dependence in the Appendix!,

d2G

ds12ds13
„B0/B̄0→@KS~p1!p2~p2!p1~p3!#DKS…

5An
2$@A2~s12,s13!1A2~s13,s12!#~11r n

2!

14r nA~s12,s13!A~s13,s12!

3cos@d~s12,s23!2d~s13,s12!1g#cosdn%. ~24!

This is in complete analogy with the first of Eqs.~9!. The
second equation, describing the density at the point of refl
tion across the symmetry axis, involves an opposite sign
g. Integrating Eq.~24! over an area~a bin! i lying below the
symmetry axis and over a corresponding symmetry-reflec
area ī lying above the symmetry axis, one has1

^G i&[E
i
dG~B0/B̄0→@KSp2p1#DKS!

5Xn~Ti1Tī !12Yn@cicosg2sising#,

^G ī &[E
ī
dG~B0/B̄0→@KSp2p1#DKS!

5Xn~Ti1Tī !12Yn@cicosg1sising#, ~25!

where we define

1The method outlined here applies to any multibodyD0 decay
with the set of equations~25! unchanged. If thei th bin is in the

phase space of a final statef D , then theī th bin is aCP transformed

bin in the phase space of the correspondingf̄ D state.
11300
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Ti[E
i
ds12ds13A

2~s13,s23!,

ci[E
i
ds12ds13A~s12,s13!A~s13,s12!

3cos@d~s12,s23!2d~s13,s12!#,

si[E
i
ds12ds13A~s12,s13!A~s13,s12!sin@d~s12,s23!

2d~s13,s12!#. ~26!

The partial ratesTi in D decays may be measured usin
flavor-taggedD0 decays and are assumed to be known. T
otherD decay variables,ci andsi , which in principle can be
measured model independently at a charm factory~up to a
sign ambiguity insi), will nonetheless be taken as unknow
Considerk different binsi lying below the symmetry axis
each contributing two unknownsci and si . Together with
Xn , Yn and g, there are 2k13 unknowns. Equations~25!,
which provide 2k measurables (^G i& and^G ī &), are therefore
unsolvable.

The situation changes when one measures another ne
B decay of this type, e.g. the sequenceB0→D* KS , D*
→D0p0, D0→KSp1p2, which introduces a pair of new
variables analogous toXn , Yn . In this case one has 4k mea-
surables for 2k15 unknowns, a solution for which require
k>3. That is,g may be determined by measuring part
rates in the two untagged neutralB decay modes,B→DKS
andB→D* KS , for at least three pairs of Dalitz plot bins i
D→KSp1p2.

A more powerful approach is to combine informatio
from all the untagged neutralB decays and chargedB de-
cays, using both multibody and two-bodyD decays. For in-
stance, in analogy with Eqs.~7!, the decays B6

→(KSp1p2)DK6 provide four measurables for each b
@9#, instead of the two in Eqs.~25!. Combining charged and
untagged neutralB→DK decays, whereD→KSp1p2,
yields 6k measurables for 2k16 unknowns,
ci ,si ,Ac ,r c ,dc ,Xn ,Yn and g. Therefore, two pairs of bins
provide an overconstrained system of equations for de
mining g.

The two equations~25! are not mutually independen
whensi50, in analogy with the singularity noted in Eq.~19!
when d f50 ~mod p). However, the relevant strong phas
differences which determinesi are large at least in som
regions of the Dalitz plot ofD0→KSp1p2. Consider, for
instance, the two overlapping regions of a vertical band
scribing the Cabbibbo-allowed modeK* 2p1 and a horizon-
tal band describing the doubly Cabibbo-suppressed m
K* 1p2 with a diagonal band representing the Cabibb
allowed moder0K̄0. The local strong phases which dete
mine si for these two regions are the phase differences
tween amplitudes describing the sum of theK* 2p1 and
r0K̄0 contributions and the sum of theK* 1p2 and r0K̄0

contributions. These phases are large and vary a lot ove
3-5
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overlapping regions because of the two largely differ
K* p contributions in the two amplitudes.

One can reduce the number of unknowns appearing in
determination ofg, if the unknowns coming from theD
decay,ci andsi , appearing in Eqs.~25!, are determined in-
dependently. This can be done by assuming a Breit-Wig
~BW! form for the intermediate resonances contributing
this decay@9#. The parameters of the model describing theD
decay amplitude can then be fitted to data of taggedD de-
cays, which are abundant atB factories. The observables i
Eqs.~25! now depend only on three unknowns,Xn , Yn and
g.

It is hard to quantify the theoretical error introduced
assuming a BW form. One way to proceed is to change
number of resonances and see how the sensitivity chan
This is only a partial determination of the error. Anoth
source of error is the accuracy of the BW assumption. T
can be determined by the goodness of the fit to the taggeD
decays or by using a different model for resonances, suc
a K-matrix model for wide resonances@37#. A rough estimate
of the theoretical error caused by assuming a superpos
of BW amplitudes is about 10°@17#. Further studies are re
quired in order to evaluate possible contributions of non-B
terms in theD decay amplitude and their effect on determ
ing g. As mentioned, this model dependence can be avo
by measuring the parametersci andsi at a charm factory.

V. USING ISOSPIN AND NEGLECTING
AN ANNIHILATION AMPLITUDE

As already mentioned, the most powerful approach
improving the determination ofg is to combine chargedB
decays with the information from untagged neutralB decays.
Adding untagged neutralB decays to a sample of chargedB
decays with the sameD decay final states introduces on
two unknown parameters,Xn and Yn . Here we discuss an
approximation which may be used to reduce the numbe
parameters further. This introduces a theoretical error ing.
Yet it is worthwhile considering such an approximation
long as this error is smaller than the statistical error.

We recall two isospin relations@38#, one forb̄→ c̄us̄ tran-
sitions,

A~B0→D2K1!5A~B1→D̄0K1!2A~B0→D̄0K0!,
~27!

and another forb̄→ūcs̄ transitions,

A~B0→D0K0!5A~B1→D0K1!1A~B1→D1K0!.
~28!

The amplitude ofB1→D1K0 is pure annihilation, and is
expected to be smaller than the other two amplitudes in
last relation@24#. The absence of rescattering effects, wh
may enhance this amplitude to a level comparable to
other two amplitudes in this relation, can be tested@39# by
setting very stringent experimental bounds on the branch
ratio for B1→D1K0. NeglectingA(B1→D1K0), Eq. ~28!
reduces to@38#
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A~B0→D0K0!5A~B1→D0K1!. ~29!

Namely, the two color-suppressed amplitudes have eq
magnitudes and equal strong phases. Note that the error
to isospin violation, at most a few percent, is likely to b
much smaller than that involved in neglecting the annihi
tion amplitude.

Equations~27! and ~29! may be used to simplify the de
termination ofg when combiningB6 decays and untagge
B0 decays. The two equations imply

Ac
212An

222A2AcAncos~dn2dc!5G~B0→D2K1!,

A2Anr n5Acr c . ~30!

The right-hand side of the first equation, which involves
color-allowed process, has already been measured@40# and
will be assumed to be given. Equations~30! reduce the six
parameters describing charged and neutralB→DK decays,
Ai ,r i ,d i ( i 5c,n), to four independent ones. The measura
parameters in untaggedB0→DKS decays,Xn[An

2(11r n
2)

andYn[2An
2r ncosdn , can now be expressed in terms of th

threeB1 decay parameters and a singleB0 decay paramete
(dn , for instance!. That is, under the above assumption, ad
ing information from untagged neutralB0 decays to studies
of B6 decays involves a single new unknown parameter
stead of two parameters. This is expected to reduce the
tistical error in determiningg.

VI. CONCLUDING REMARKS

Before concluding let us make several general comme
~i! Since the data set ofB1→DK1 is larger than that of

B0→DKS , hadronic parameters such asXc are easier to
measure thanXn . As noted, the approximate relatio
A2Anr n.Acr c implies comparable sensitivities tog in
charged and neutralB decays. The sensitivity inB0 decays is
smaller by a factor ofA2 since onlyKS mesons are experi
mentally useful. Moreover, the detection efficiency forKS is
about a factor of 2 smaller than that for charged kaons. T
is expected to reduce somewhat the effect of neutralB de-
cays on determiningg.

~ii ! Our study focused onB→DK decays. It can be ex
tended to multibodyB decays, includingB1→D* K1 and
B0→D* KS , whereD* →Dp0, as well as to the self-tagge
decaysB1→D (* )K* 1 and B0→D (* )K* 0. This would add
to the statistical power of the analysis since the parame
related toD decays are common to these processes an
B→DK.

~iii ! The method we discussed forB0 decays can be ap
plied also toBs decays, replacing theKS by f,h8,h. In that
case the advantage of being able to use untagged da
greater, because the hadronic environment whereBs decays
will be studied makes flavor tagging less efficient. We ha
neglected the width difference between the two neutraB
meson states, which is a very good approximation for n
strangeB mesons. In the case ofBs , the width difference is
expected to be non-negligible and may be taken into acco
in a straightforward manner.
3-6
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~iv! In our discussion we assumed that strong phasesD
decays are unknown and need to be determined from
analysis simultaneously withg. As we already mentioned
the strong phases in two-body and quasi-two-bodyD decays
can be determined independently@10,31–33#. The strong
phases in three-body decays may also be determined b
suming that theD decay amplitude is given as a sum
Breit-Wigner amplitudes. Knowledge of strong phases wo
imply, for instance, that fewerD decay modes are needed
order to determineg from untagged decays alone. In pra
tice, this implies that a combined fit of the data to few
hadronic parameters will result in a smaller error ing.

~v! The extraction ofg from B6→DK6 involves a num-
ber of discrete ambiguities@5,41#. The ambiguities in un-
taggedB0 decays may be identified in Eqs.~9! which are
invariant under

Pex[$g→d f , d f→g%,

P2[$g→2g, d f→2d f%,

Pp[$g→g1p, d f→d f1p or dn→dn1p%.
~31!

Once several two-bodyD decay modes are combined or on
a multibodyD decay mode is used, the first two ambiguiti
may be resolved. The ambiguityPex is lifted, sinced f is not
expected to be the same for all two-body and quasi-two-b
D decay modes, and is known to change over the Dalitz
in three-body decays. Measuring the sign ofsi in Eqs. ~25!
through a fit to a sum of Breit-Wigner resonance functio
would resolve theP2 ambiguity. This introduced essentiall
no model dependence, since one needs only the sign osi ,
which is easily determined in the vicinity of a BW res
nance. ResolvingP2 avoids the ambiguityg→p2g, a
combination ofP2 and Pp , which is particularly problem-
atic in view of the proximity ofg to p/2 @41#. The only
remaining ambiguity isg→g1p. This ambiguity is the
least problematic, since the two corresponding values og
are maximally separated.

To conclude, we have studied the information obtain
from untagged neutralB decays of the typeB→DKS involv-
ing severalD decay modes. We have shown that these m
surements alone can, in principle, determineg. Of course,
B0 tagging information, while limited, can only improve th
determination. By combining information from untaggedB0

decays with that obtained in corresponding chargedB decays
one gains statistics, thereby permitting a more accurate
termination ofg. While statistics are limited, one may ne
glect an annihilation amplitude inB→DK, reducing by 1 the
number of hadronic parameters and resulting in a sma
experimental error ing. This introduces a theoretical error i
g which must be further studied.
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APPENDIX: TIME-DEPENDENT B\DKS WITH
MULTIBODY D DECAYS

In this appendix we provide a formalism allowing th
extraction of g from time-dependent rates inB0→ f DKS
wheref D is a multibody final state. As we show, this not on
serves the purpose of determiningg, but also helps resolve
the current twofold ambiguity,b→p/22b. For simplicity
we takef D to be the three-body final stateKSp1p2 studied
in Sec. IV.

Time-dependent partial rates, integrated over a bini in the
Dalitz plot of D→KSp1p2 lying below the symmetry axis
and over a corresponding symmetry-reflected binī above the
axis, are readily calculated for initialB0 and B̄0 states~a
positiveB meson bag parameter is assumed@42#!:

G i[E
i
dG~B0~ t !→~Ksp

2p1!DKs!

5e2GBtAn
2H I i

1cos2S DmBt

2 D1I ī
2sin2S DmBt

2 D
1Sisin~DmBt !J , ~A1!

Ḡ i[E
i
dG~B̄0~ t !→~Ksp

2p1!DKs!

5e2GBtAn
2H I ī

2cos2S DmBt

2 D1I i
1sin2S DmBt

2 D
2Sisin~DmBt !J , ~A2!

G ī [E
ī
dG~B0~ t !→~Ksp

2p1!DKs!

5e2GBtAn
2H I ī

1cos2S DmBt

2 D1I i
2sin2S DmBt

2 D
1Sī sin~DmBt !J , ~A3!

Ḡ ī [E
ī
dG~B̄0~ t !→~Ksp

2p1!DKs!

5e2GBtAn
2H I i

2cos2S DmBt

2 D1I ī
1sin2S DmBt

2 D
2Sī sin~DmBt !J . ~A4!

The six observables determined from the time depende
I i

6 ,I ī
6 , Si andSī , are defined in terms of the quantities

Eqs.~26!:
3-7
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I i
6[Tī 1r n

2Ti12r n@cos~g6dn!ci7sin~g6dn!si #,
~A5!

Si[r nTī sin~2b1g2dn!1@sin~2b!ci2cos~2b!si #

1r n
2@sin~2b12g!ci1cos~2b12g!si #

1r nTisin~2b1g1dn!. ~A6!

Expressions for the observablesI ī
6 andSī are obtained from

Eqs. ~A5! and ~A6! by replacingTi↔Tī , si→2si . Note
that I i , ī

6 correspond directly to the partial decay widthsG i , ī
6

for B6→DK6 defined in@9#.
Dividing the Dalitz plot intok pairs of bins,i and ī , the

6k observables permit an extraction ofg. There are 2k14
unknowns, ci ,si ,An ,r n ,dn ,g @sin(2b) is assumed to be
known#, so that the system is solvable fork>1. Namely, in
order to determineg from time-dependent decay rates in
(KSp1p2)DKS , it is sufficient to divide theD decay Dalitz
plot into two bins, symmetric with respect to the symme
axis.

The solution forg involves a fourfold discrete ambiguity
Equations~A1!–~A4! are invariant under the following fou
independent discrete transformations:
m
la

D

B
r,

11300
Pp
g [$g→g1p,dn→dn1p%,

Pp8 [$g→g1p,b→b1p/2,ci→2ci ,si→2si%,

Pp
b[$b→b1p%,

P2[$g→2g,b→p/22b,dn→2dn ,si→2si%.
~A7!

The Pp8 ambiguity can be resolved model independently
ther by using the sign of sin 2b or by measuring the sign o
ci at aC(3770) charm factory@9#. TheP2 ambiguity can be
resolved if one determines the sign ofsi by fitting the Dalitz
plot to a sum of Breit-Wigner forms.~See Sec. VI.! Note that
resolving theP2 ambiguity in this way leads to the determ
nation of the sign of cos(2b) in an essentially model-
independent way. It also determines the sign ofg or equiva-
lently the sign of cos(2a). Fixing the sign of cos(2b) is a
consequence of knowing the sign ofsi in multibody decays.
This is impossible in two-bodyD decays, where the sign o
sindf cannot be determined. The remaining two ambiguiti
Pp

g and Pp
b , cannot be resolved without further theoretic
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