
PHYSICAL REVIEW D 69, 113001 ~2004!
Radiative corrections to the azimuthal asymmetry in transversely polarized Møller scattering

Lance Dixon* and Marc Schreiber†

Stanford Linear Accelerator Center, Stanford University, Stanford, California 94309, USA
~Received 27 February 2004; published 2 June 2004!

Experiment E158 at SLAC can measure an azimuthal asymmetry in single-spin, transversely polarized
Møller scattering,e2↑e2→e2e2, which arises from a QED rescattering phase. We recompute the leading-
order ~one-loop! asymmetry, confirming previous results, and calculate the leading logarithmic QED correc-
tions due to initial-state radiation from the beam and target electrons and due to final-state radiation. The size
of these radiative corrections is quite sensitive to experimental details, such as the acceptance in energy and in
polar angle of the scattered electron. For E158, the corrections are modest, increasing the parts-per-million
asymmetry by roughly 1%.
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I. INTRODUCTION

Single-spin triple-product asymmetries, or asymmetr
arising from transverse polarization, play a special role
scattering theory because they are directly sensitive to
cattering phases. An operator of the formO[S•(k3k8),
where S is a spin andk and k8 are two different particle
momenta, is odd under a ‘‘naive’’ time-reversal operati
which reverses all spins and momenta, but does not
change initial and final states. A nonzero value forO stems
from terms in the covariant scattering amplitude that are p
portional to the Levi-Civita` tensoremnrs , which always ap-
pears accompanied by a factor ofi. Hence, in the absence o
CP violation, a nonzero expectation value^O& requires an
absorptive ~imaginary! part for the amplitude, ImTÞ0,
which can be generated by rescattering—for example,
one-loop diagrams containing intermediate two-particle c

There have been many theoretical and experimental s
ies of single-spin transversely polarized asymmetries i
variety of contexts. For instance, in the decay of a polari
neutron,n↑→p1e21 n̄e , an expectation value forSn•(ke
3kn) is produced by QED final-state interactions, which c
therefore mask trulyT-odd effects@1#. Analogous single-spin
observables in the decay of a polarizedZ boson to three
hadronic jets, stemming from QCD and electroweak fin
state interactions, have been studied theoretically@2# and
bounded experimentally@3#. QCD final-state interactions ca
also play a role in generating azimuthal single-spin asym
tries in semi-inclusive pion leptoproduction off polarize
protons at leading twist@4#. Similarly, a phase in the timelike
electromagnetic proton form factor from QCD final-state
teractions can be detected by measuring transverse pr
polarization in the reactione1e2→pp̄ @5#.

As a final example, QED rescattering phases produce
azimuthal asymmetry in the elastic scattering of electrons
transversely polarized protons,ep↑→ep, or transverse final-
state polarization in the time-reversed reactionep→ep↑.
The QED asymmetry receives contributions not only fro
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two-photon exchange with a single proton in the interme
ate state, but also from inelastic hadronic intermediate sta
the latter terms are difficult to compute directly, althou
they can be bounded experimentally@6#.

Perhaps the cleanest setting for studying such asym
tries is in a process dominated by QED, such as transver
polarized Møller scattering,e2↑e2→e2e2. Experiment
E158 at SLAC performs Møller scattering of'45 GeV po-
larized electrons off unpolarized target electrons at rest.
prime goal of E158 is to measure the parity-violating righ
left asymmetry in the cross section for longitudinal bea
polarization, APV5(sR2sL)/(sR1sL). The right-left
asymmetry is sensitive toZ boson exchange and potential
to new physics, such as a newZ boson or contact interac
tions. The first measurement has yieldedAPV5@2175
630(stat.)620(syst.)#31029 @7#. While most of the E158
data were taken with the electron beam polarized longitu
nally in order to accomplish this measurement, a fraction
the running was carried out with transverse electron po
ization, enabling the measurement of an azimuthal asym
try:

AT~f![
2p

s↑1s↓
d~s↑2s↓!

df
}Se•~ke3ke8!}sinf, ~1!

whereSe is the spin of the incoming electron, with mome
tum ke , andf is the azimuthal angle of the scattered ele
tron ~with momentumke8) around the beam direction, mea
sured from the direction of the transverse polarization.

In contrast to APV , a nonzero azimuthal asymmetr
AT(f) can be generated by QED interactions alone. The
culation ofAT(f) for transversely polarized Møller scatte
ing at leading one-loop order was performed by Barut a
Fronsdal in 1960@8# and by DeRaad and Ng in 1974@9#.
Because only the absorptive part of the scattering amplit
contributes to this observable, ans-channel cut is required
Hence only the box Feynman diagram enters, plus the
sion obtained by exchanging the two identical outgoi
electron legs, as depicted in Fig. 1. Besides the resca
ing phase, the effect requires an electron helicity fl
For center-of-mass~c.m.! energies much larger than th

electron mass,As@me , therefore, it takes the formAT(f)
©2004 The American Physical Society01-1
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LANCE DIXON AND MARC SCHREIBER PHYSICAL REVIEW D69, 113001 ~2004!
5a3me/As3 f (u)sinf, wherea is the fine structure con
stant, f and u are, respectively, the azimuthal and~c.m.
frame! polar scattering angles, andf is a function ofu.

Since there are two identical electrons in the final sta
f (u) must be odd underu→p2u; that is, a symmetric ac
ceptance inu ~in an unsegmented detector! will wash out the
asymmetry inf. The E158 detector is well segmented inf
~12-fold!, but coarsely segmented inu ~only 2-fold!. Fortu-
itously, theu acceptance is almost entirely in the backwa
hemisphere in the c.m. frame, leaving the sensitivity of E1
to AT(f) quite high.

The E158 c.m. energy is roughly 200 MeV, so the asy

metry is of orderame /As;1025. This may seem small, bu
it is two orders of magnitude larger than the electrowe
asymmetryAPV . Even though only a relatively small frac
tion of the data was taken with transversely polarized e
trons, a precision of the order of a few percent can
achieved forAT(f). One can either test QED at this level
reverse the logic and use the QED prediction as a dete
calibration or polarimeter@10#.

At the percent level of precision, it becomes important
investigate the next-to-leading order~NLO!, or O(a2), QED
radiative corrections toAT(f). The full O(a2) calculation
of the asymmetry requires two-loop scattering amplitudes
e2↑e2→e2e2 and one-loop scattering amplitudes f

e2↑e2→e2e2g. For As@me , as in E158 kinematics, i
would suffice to compute these amplitudes in the limit wh

one takesme→0 after extracting the leadingme /As behav-
ior from the diagrams. This computation should be feasib
because it is known how to perform all the relevant two-lo
four-point integrals@11# and one-loop five-point integral
@12# in this limit in dimensional regularization.~Similar am-
plitudes without transverse polarization have already b
computed@13#.!

In the present paper, we calculate the largest of theO(a2)
corrections—those that are enhanced by the large logar
ln(s/me

2) due to collinear singularities in initial-state radiatio
from both the incoming beam electron and the target e
tron, as well as final-state radiation. The amplitude
e2↑e2→e2e2g factorizes in these collinear limits, so th
its full kinematic dependence is not required. In an elect
structure function approach@14#, analogues of the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi~DGLAP! split-
ting kernels@15# enter our computation. In the case of targ
radiation and final-state radiation, only the unpolarized k
nels are required. However, the radiation from the tra

FIG. 1. ~a! Tree-level graphs for electron-electron scattering.~b!
One-loop graphs contributing to the azimuthal asymmetry for tra
verse polarization. Because an absorptive part in thes channel is
required~the cut is indicated by the dashed line!, only box diagrams
contribute. The transverse spin of the beam electron is indicate
the arrow next to that incoming line.
11300
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versely polarized beam electron also involves analogue
kernels for the evolution of transversely polarized quark d
tributions@16#. These kernels can be obtained from the st
dard longitudinally polarized splitting amplitudes by
change of basis.

We find that the magnitude of the leading-logarithm
NLO corrections is quite sensitive to the experimental cu
Initial-state radiation~ISR!, for example, lowers the effective
value of s, which could enhance the asymmetry, since

leading-order asymmetry is proportional tome /As. More
importantly, ISR also skews the relation between po
angles in the post-radiatione2e2 c.m. frame and the labo
ratory frame, changing the effective c.m. polar angle acc
tance of the experiment. Final-state radiation~FSR! does not
have either of these properties and typically produces sma
corrections to the asymmetry.

This paper is organized as follows. In Sec. II we establ
our notation and review the leading-order azimuthal asy
metry prediction@8,9#. In Sec. III we describe the leading
logarithmic NLO corrections and present numerical resu
for an experimental arrangement similar to E158. In Sec.
we present our conclusions. In the Appendix we give a d
vation of the kernel needed for evolution of the transvers
polarized electron distribution.

II. NOTATION AND LEADING-ORDER RESULTS

We consider the process

e2↑~k1!1e2~k2!→e2~k18!1e2~k28!@1g~kg!#, ~2!

where the photon is only present at next-to-leading order.
use a right-handedxyz coordinate system, writing moment
km5(kt ,kx ,ky ,kz). We take the energy of the beam electr
in the laboratory frame to beE and its momentum to be in

the z direction: k15(E,0,0,AE22me
2). We let its polariza-

tion be in the positivex direction. In the laboratory frame
the unpolarized target electron is at rest,k25(me,0,0,0). The
momentum of the detected scattered electron isk18

5 ( Elab,AElab
2 2me

2 sinulab cosf,AElab
2 2me

2 sinulab sinf,

AElab
2 2me

2 cosulab); its azimuthal anglef increases from 0
in the positivex direction throughp/2 in the positivey di-
rection.

The Born-level differential cross section for Møller sca
tering, from the tree diagrams in Fig. 1a, is

dsBorn

dV
U

exact

5
a2

2s
•

~ t21tu1u2!214me
2~me

22t2u!~ t22tu1u2!

t2u2
,

~3!

where s5(k11k2)252me(E1me), u5(k182k2)2

522me(Elab2me), t5(k182k1)254me
22s2u. ~We in-

clude the statistical factor of 1/2 for identical electrons

s-

by
1-2
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ds/dV, so such expressions should be integrated over t
body phase space for nonidentical particles.!

The leading term in the cross section containing the a
muthal dependence arises at ordera3 from the interference
between the tree diagrams in Fig. 1~a! and the box diagrams
in Fig. 1~b!. Thef dependence at this order is given by@8,9#

dsf

dV
U

exact

52
a3

8

me

As
sinu sinfA12

4me
2

s

1

t2u2

3H 3~s24me
2!F t~u2s12me

2!lnS 2t

s24me
2D

2u~ t2s12me
2!lnS 2u

s24me
2D G22~ t2u!tuJ .

~4!

We have reproduced this result independently.
Equations~3! and~4! include the exact dependence on t

electron mass. However, in computing the NLO lead
logarithms ins/me

2 , we shall drop the terms suppressed
powers ofme

2/s in the leading-order asymmetry. The err
induced by omitting these terms, for E158 kinematics,
much smaller than the size of theO„a2 ln(s/me

2)… corrections.
The Born-level and leadingf-dependent cross sections th
become

dsBorn

dV
5

a2

2s S t21tu1u2

tu D 2

, ~5!

dsf

dV
52

a3

8

me

As
sinu sinf

1

t2u2

3H 3sF t~u2s!lnS 2t

s
D 2u~ t2s!lnS 2u

s
D G

22~ t2u!tuJ , ~6!

and the kinematics can be simplified to

s52meE, t522EElab~12cosu lab!52
s

2
~12cosu!,

u522meElab52
s

2
~11cosu!, ~7!

Elab5
E

2
~11cosu!, cosu lab512

me

E

12cosu

11cosu
, ~8!

with u the c.m. frame polar scattering angle.
Writing the asymmetry as

AT~f![
2p

s↑1s↓
d~s↑2s↓!

df
[aT sinf, ~9!
11300
o-

i-

s
we have

aT
LO5

1

sinf

dsf/dV

dsBorn/dV
. ~10!

In Fig. 2 the leading-order asymmetry coefficientaT
LO is

plotted as a function of c.m. polar angle cosu for a beam

energy of E546 GeV or As'217 MeV. We set a

5a(As)51/135.9 here.@E158 probes central scattering
the c.m. frame, withutu and uuu ranging between 0.3s ands,

so the difference betweena(As) anda(Autu) or a(Auuu) is
negligible, less than 0.1%.# The asymmetry is of the order o
parts per million at this energy.

Note thataT
LO is odd underu↔p2u or, equivalently,

that Eq.~6! is odd undert↔u. This asymmetry is a conse
quence of having two identical electrons in the final state
the c.m. frame, if one electron is at an angle (u,f), the other
~at leading order! is at (p2u,f1p). Because sinf is odd
under f↔f1p, the coefficientaT

LO must be odd under
u↔p2u. The odd behavior means that the integrated asy
metry seen by an experiment integrating over a range
cosu is quite sensitive to the precise acceptance. For
ample, a symmetric forward-backward acceptance in the c
frame leads to zero asymmetry at leading order. The E
polar-angle acceptance@7#, 4.4 mrad,u lab,7.5 mrad, corre-
sponds mainly to the backward c.m. hemisphere for lead
order kinematics,20.4&cosu & 0.1, as indicated by the
dotted lines in Fig. 2.

As mentioned in the Introduction, the sensitivity to th
acceptance could lead to relatively large QED correctio
from hard photon radiation, which skews the kinematics
the e2e2→e2e2 subprocess. In the next section we inve
tigate these corrections in more detail.

FIG. 2. The azimuthal asymmetry coefficient at leading ord

aT
LO , as a function of cosu, for E546 GeV, As'217 MeV. The

vertical dotted lines indicate the approximate acceptance of E
for leading-order kinematics.
1-3
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III. NLO CALCULATION AND RESULTS

The leading-logarithmic QED corrections to the azimuth
asymmetry arise from collinearly enhanced hard photon
diation. These contributions can be divided into beam (b),
target (t), and final-state~f! radiation, according to the elec
tron line with which the photon is collinear, as shown in F
3. In each of these limits, thee2e2→e2e2g cross section
factorizes into a collinear splitting probability@14,15#, mul-
tiplied by the lower-ordere2e2→e2e2 cross section evalu
ated for boosted kinematics. In the construction of the as
metry, for the f-dependent numerator the boosted cro
section is provided bydsf/dV in Eq. ~6!; for the denomi-
nator of the asymmetry, it isdsBorn/dV in Eq. ~5!. We still

have to pay a factor ofme /As in dsf/dV; hence we can

neglect powers ofme /As in the splitting probabilities.
Although from the perspective of the laboratory fram

one might not expect radiation off of the target to be imp
tant, in the center-of-mass frame such radiation is on an
most equal footing with radiation from the beam. One diff
ence, though, is that we have to track the transve
polarization of the quasi-on-shell electron in the case
beam radiation, as indicated by the opposing transverse
rows in Fig. 3. A dilution of the transverse polarization w
accompany the photon radiation in this case.

We let x denote the longitudinal momentum fraction r
tained by an incoming or outgoing electron, after it has ra
ated a collinear photon. Thex→1 limit represents the emis
sion of a soft photon. In the leading-logarithm
approximation, we neglect the transverse momentum of
photon in computing the boosted kinematics of thee2e2

→e2e2 subprocess. The integral over this small transve
momentum produces an overall factor of ln(s/me

2). The unpo-
larized splitting probability for massless electrons is w
known @14#:

P~x!5
1

~12x!1
2

1

2
~11x!1

3

4
d~12x!, ~11!

with the standard ‘‘plus’’ prescription definition

E
0

1

dx
f ~x!

~12x!1
[E

0

1

dx
f ~x!2 f ~1!

12x
. ~12!

For the case of radiation from the transversely polariz
beam, we need to know the probability of a transverse s
flip. This probability is unsuppressed in the massless elec

FIG. 3. Diagrams contributing to the NLO leading-logarithm
enhanced corrections to the azimuthal asymmetry. These graph
to be interfered with corresponding graphs for the Born proce
The exchange graphs are omitted. Also shown, with short arro
are the transverse spin states of the initial electron and of the q
on-shell electron line in the case of beam radiation.
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limit, because a transverse polarization state is a cohe
superposition of two different longitudinal~helicity! states.
Thus a helicity flip is not required, only a different amplitud
for the two different electron helicity configurations, for
given photon helicity. In the Appendix we perform this com
putation. The result can also be extracted from the Q
evolution equations for transversely polarized quarks@16# by
converting color factors and coupling constants to the Q
case:

P↑↑~x!5
1

~12x!1
2

1

4
~31x!1

3

4
d~12x!, ~13!

P↑↓~x!5
1

4
~12x!, ~14!

whereP↑↑ (P↑↓) is the splitting probability without~with! a
transverse spin flip. These probabilities satisfyP↑↑(x)
1P↑↓(x)5P(x). It turns out that thed(12x) terms make a
vanishing contribution to the azimuthal asymmetry, sin
they do not disrupt the leading-order kinematics, and
spin-flip probability vanishes in the soft limitx→1.

In the case of ISR, because the radiated photon car
momentum, the effective c.m. energy squared for the Mø
scattering decreases froms52meE to s85xs. In the case of
FSR, the radiation happens after the scattering, sos85s. In
radiative events, we useu to denote the polar angle in th
c.m. frame of thee2e2→e2e2 subprocess. To take into
account experimental cuts, we need to relateu andx to the
laboratory variablesu lab andElab. The relations are

s85xs, Elab5x
E

2
~11cosu!,

cosu lab512
me

xE

12cosu

11cosu
@beam#, ~15!

s85xs, Elab5
E

2
~11cosu!,

cosu lab512
xme

E

12cosu

11cosu
@ target#, ~16!

s85s, Elab5x
E

2
~11cosu!,

cosu lab512
me

E

12cosu

11cosu
@final#. ~17!

We define a model experimental acceptance in the labora
frame by

A: Elab.Emin , umin,u lab,umax. ~18!

Using Eqs.~15!, ~16!, and ~17! the acceptanceA can be
translated into acceptancesAb , At , and Af bounding the
integration region forx and u in the respective correction

are
s.
s,
si-
1-4
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terms~and also the regionA0 which bounds theu integral for
leading-order, nonradiative events!.

Including collinear radiation, the relevant terms in the d
ferential cross section are modified as follows:

dsBorn~s!

dV
→

dsBorn~s!

dV

1
a

p
lnS s

me
2D (

i 5b,t, f
E

0

1

dxPi
Born~x!

dsBorn~s!

dV
,

~19!

dsf~s!

dV
→

dsf~s!

dV

1
a

p
lnS s

me
2D (

i 5b,t, f
E

0

1

dxPi
f~x!

dsf~s!

dV
,

~20!

where Pb
f5P↑↑(x)2P↑↓(x), Pb

Born5Pt
Born5Pf

Born5Pt
f

5Pf
f5P(x). We insert Eqs.~19! and ~20! into Eq. ~10!,

perform the integrals over the respective acceptances in
the numerator and denominator of the asymmetry, and
pand the result ina, thus obtaining, for the leading
logarithmic-corrected asymmetry coefficient,

aT
LL5aT

LO~11db1d t1d f !, ~21!

where

aT
LO5

N0

D0
, ~22!

d i5
aAs

p
lnS s

me
2D F Ni

N0

2
Di

D0
G , i 5b,t, f . ~23!

Here the leading-order integrated results are

N05E
A0

d cosu
dsf~s!

dV
, D05E

A0

d cosu
dsBorn~s!

dV
.

~24!

The radiative terms are

Nb5E
Ab

dxdcosu@P↑↑~x!2P↑↓~x!#
dsf~xs!

dV
,

Db5E
Ab

dxdcosuP~x!
dsBorn~xs!

dV
, ~25!

Nt5E
At

dxdcosuP~x!
dsf~xs!

dV
,

Dt5E
At

dxdcosuP~x!
dsBorn~xs!

dV
, ~26!
11300
th
x-

Nf5E
Af

dxdcosuP~x!
dsf~s!

dV
,

D f5E
Af

dxdcosuP~x!
dsBorn~s!

dV
. ~27!

In Table I we present results for the azimuthal asymme
coefficient for E546 GeV as a function of the minimum
accepted energyEmin for 4.4,u lab,7.5 mrad. We give the
leading-order result integrated over the acceptance,aT

LO ; the
beam, target, and final-state fractional correctionsdb , d t ,
and d f ; and the QED-corrected resultaT

LL . The leading-
order result does not depend onEmin until Emin.13 GeV; at
that point theEmin cut starts to remove the most backwar
scattered electrons~in the c.m. frame!, which have the lowest
energies in the laboratory frame. The corrections from be
and target radiation have opposite sign, because such
ated photons skew in opposite directions the relation
tween the subprocess c.m. frame and the laboratory fram
indicated by Eqs.~15! and ~16!. For beam radiation, asx
decreases from 1, a given angle in the subprocess c.m. fr
boosts to a larger angle in the laboratory frame. Hence,
small x, the experimental cuts now sample some of the c
forward hemisphere, where the LO asymmetry is positi
Thus db is negative. For target radiation, however, asx de-
creases from 1, the boost back to the laboratory frame
comes larger and the resulting c.m. angles boost to sm
laboratory frame angles. Now smallx forces the experimen
tal cuts to sample more of the c.m. backward hemisph
where the LO asymmetry can be even more negative. T
d t is positive. It is also larger in magnitude thandb , which
may be due to the depolarization of the beam by IS
P↑↑(x)2P↑↓(x),P(x). As Emin decreases, bothdb and d t
increase in magnitude, as more hard radiative events are
mitted, which skew the kinematics more. Final-state rad
tion does not alter the LO relation betweenu and u lab. It
only has an effect via the minimum energy cut, which affe
the effective cosu acceptance through Eq.~17! for Elab. In-
deed,d f decreases asEmin is lowered.

Table II presents azimuthal asymmetry results with
minimum accepted energyEmin held fixed at 13 GeV and the
minimum angle fixed atumin54.4 mrad, but varying the
maximum angleumax. Now the variation in the QED-
corrected result is dominated by the variation in the leadi
order termaT

LO , since the leading-order acceptance is cha
ing. However, the size ofdb andd t also depends strongly o
umax, presumably because theslope of the leading-order

TABLE I. Azimuthal asymmetry coefficient as a function o
Emin for E546 GeV, umin54.4 mrad,umax57.5 mrad.

Emin ~GeV! aT
LO3106 db d t d f aT

LL3106

8 23.7949 20.0221 0.0452 0.0011 23.8826
10 23.7949 20.0121 0.0282 0.0015 23.8562
12 23.7949 20.0060 0.0165 0.0019 23.8348
14 23.4180 20.0040 0.0109 0.0022 23.4414
1-5
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asymmetry atu5umax ~the left dotted line in Fig. 2! is also
changing; the slope determines how effective the skewed
nematics are in altering the asymmetry.

IV. CONCLUSIONS AND OUTLOOK

In this paper we computed the leading-logarithmic QE
corrections to the azimuthal symmetry in transversely po
ized Møller scattering, which relies on a one-loop rescat
ing phase and is currently being measured by the E158
periment. The correction term arising from radiation off t
beam electron involves a transverse spin-flip splitting pr
ability analogous to that encountered in the QCD evolut
of transversely polarized quark distributions, which dilut
the beam polarization. The corrections from radiation off
beam and target are opposite in sign, because they skew
kinematic relation between the subprocess center-of-m
frame and laboratory frame in opposite directions. Final-s
radiation is smaller in size. The net effect depends on
cuts, but is typically about a 1% increase in the magnitude
the asymmetry. This shift is somewhat below the anticipa
precision of the E158 measurement of a few percent. In p
ciple, therefore, the present QED prediction, combined w
the E158 measurement, could be used as an alternate w
measure the beam polarization or calibrate the azimutha
sponse of the detector. Finally, computation of the nonlo
rithmically enhanced QED corrections is a feasible futu
project, though probably not mandated by the prese
achievable experimental precision.
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APPENDIX: EVOLUTION OF TRANSVERSE ELECTRON
POLARIZATION

Collinear photon radiation can produce a transverse s
flip for a massless electron because the transverse spin
is a coherent superposition of both longitudinal spin~helic-
ity! states. There is no longitudinal spin flip in the massl
limit, but for a given photon helicity, the amplitude for ra
diation depends on the electron helicity. In the transve

TABLE II. Azimuthal asymmetry coefficient as a function o
umax for E546 GeV, Emin513 GeV, umin54.4 mrad.

umax ~mrad! aT
LO3106 db d t d f aT

LL3106

6.5 22.6358 20.0102 0.0241 0.0016 22.6724
7.0 23.2762 20.0061 0.0166 0.0019 23.3103
7.5 23.7949 20.0044 0.0121 0.0021 23.8241
8.0 23.8039 20.0043 0.0120 0.0021 23.8330
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basis, this dependence generates the spin flip.
Explicitly, the transverse statesu↑& and u↓& are given in

terms of longitudinal statesu1& and u2& by

u↑&5
1

A2
~ u1&1u2&), u↓&5

1

A2
~ u1&2u2&). ~A1!

The x dependence of the amplitudes for collinear splittin
e→eg, in the helicity basis can be extracted from analogo
results for theq→qg splitting amplitudes in QCD~see, e.g.,
Ref. @17#!. The nonvanishing, helicity-conserving amplitud
are

A~e(1)→e(1)g (1)!5A~e(2)→e(2)g (2)!5
1

A12x
,

~A2!

A~e(2)→e(2)g (1)!5A~e(1)→e(1)g (2)!5
x

A12x
.

~A3!

Thex dependence of the usual unpolarized splitting proba
ity for x,1, P(x)}(11x2)/(12x), can easily be recovere
by summing the squares of these amplitudes. Here we w
to transform these amplitudes to the transverse electron
basis~A1!,

A~e↑→e↑g (1)!5
1

A2
~1 1!S 1

A12x
0

0
x

A12x

D 1

A2
S 1

1D

5
11x

2A12x
, ~A4!

A~e↑→e↓g (1)!5
1

A2
~1 1!S 1

A12x
0

0
x

A12x

D 1

A2
S 1

21D

5
A12x

2
. ~A5!

The amplitudes for the case of negative photon helicity h
the same magnitudes, using parity. Note that the rela
phase of the amplitudes given in Eqs.~A2! and ~A3! is im-
portant in Eqs.~A4! and ~A5!; it can be fixed by requiring
that the amplitudes become independent of the electron
licity in the soft photon limitx→1.

The square of Eq.~A5! gives thex dependence of the
transverse spin-flip splitting probability in Eq.~14!, P↑↓(x)
1-6



a
.

or

r

n,

RADIATIVE CORRECTIONS TO THE AZIMUTHAL . . . PHYSICAL REVIEW D 69, 113001 ~2004!
5 1
4 (12x). This term needs no plus-prescription regulariz

tion asx→1; nor is there ad(12x) term. The square of Eq
~A4! gives thex dependence ofP↑↑(x) in Eq. ~13!; here,
plus-prescription regularization is required. The overall n
ev

ys
-

h

i-

J.
ys

60

11300
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malization of P↑↑ and P↑↓ can be fixed by requiring thei
sum to be equal toP(x) in Eq. ~11!. The d(12x) term in
P↑↑ can be inferred from electron number conservatio
*0

1dxP(x)5*0
1dx@P↑↑(x)1P↑↓(x)#51.
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~1994!; Z. Bern, L.J. Dixon, and A. Ghinculov, Phys. Rev.
63, 053007~2001!.

@14# V.N. Baier, V.S. Fadin, and V.A. Khoze, Nucl. Phys.B65, 381
~1973!; G. Montagna, F. Piccinini, and O. Nicrosini, Phy
Rev. D48, 1021~1993!.

@15# V.N. Gribov and L.N. Lipatov, Yad. Fiz.15, 781 ~1972! @Sov.
J. Nucl. Phys.15, 438~1972!#; G. Altarelli and G. Parisi, Nucl.
Phys.B126, 298 ~1977!; Y.L. Dokshitzer, Zh. E´ksp. Teor. Fiz.
73, 1216~1977! @Sov. Phys. JETP46, 641 ~1977!#.

@16# X. Artru and M. Mekhfi, Z. Phys. C45, 669 ~1990!.
@17# M.L. Mangano and S.J. Parke, Report No. FERMILAB

CONF-87-121-T, in Proceedings of the International Eu
physics Conference on High Energy Physics, Uppsala, S
den, 1987; Z. Bern, L.J. Dixon, D.C. Dunbar, and D.A
Kosower, Nucl. Phys.B425, 217 ~1994!.
1-7


