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Plausible upper limit on the number of e-foldings
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Based solely on the arguments relating the Friedmann equation and the Cardy formula we derive a bound for
the number ofe-folds during inflation for a standard Friedmann-Robertson-Walker cosmology as well as a
nonstandard four-dimensional cosmology induced by a Randall-Sundrum-type model.
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Motivated by the well-known example of black hole en- an interesting and surprising correspondence appears be-
tropy, an influential holographic principle was put forward, tween the entropy of CFT and the Friedmann equation gov-
suggesting that microscopic degrees of freedom that build uprning radiation dominated closed FLRW universes. Gener-
the gravitational dynamics actually reside on the boundary oélizing Verlinde’s discussion to a broader class of universes
space-time[1]. This principle developed into Maldacena’s including a cosmological constah8], we found that the
conjecture on AdS conformal field theofZFT) correspon- matching of the Friedmann equation to the Cardy formula
dence[2] and further very important consequences, such afolds for de Sitter closed and AdS flat universes. However,
Witten's [3] identification of the entropy, energy, and tem- for the remaining de Sitter and AdS universes, the argument
perature of CFT at high temperatures with the entropy, mas$ails due to breaking down of the general philosophy of the
and Hawking temperature of the AdS black hpig. holographic principle. In high dimensions, various other as-

On the other hand, although the standard model of particlgects of Verlinde’s proposal have also been investigated in a
physics has been established as the uncontested theory of allmber of workg9].

interactions down to distances of 18 m, there are good

reasons to believe that there is new physics arising soon gfyyeen the Friedmann equation and the Cardy formula has

the experimental level, and this fact is going to appear in 3een shed from a Randall-Sundrum-type brane-world per-

clear fashion in the setup of cosmology, where a large nur.népective[ll]. Considering the CFT dominated universe as a

ggnogoil#qtglOeg;'t.ll.r;]%gi\éiﬁ%rlgggtfn:yg;\r/g\]/? dzsa?ntgl{ae r‘?]raet?\'/'ecodimension 1 brane with fine-tuned tension in a background
laboratory for string theory. During the 1980s several author§;)f an AC?S blagk hole, Sr?v?:nuedand Verllnde; foumzi ﬂ;]e cCor—d
tried to analyze the kinds of cosmology arising from string'€SPondence between the Friedmann equation and the Cardy

inspired models, which are essentially general relativity informula for the entropy of CFT when the brane crosses the
higher dimensions together with scalar and tensor fields?/ack hole horizon. This result was further confirmed by
When we introduce the brane concept also, a consistent pi§fudying a brane universe filled with radiation and stiff mat-
ture of the brane universe is achieved, and we can descridgf. quantum-induced brane worlds, and a radially infalling
the evolution of the universe by means of solutions of thebrane[12]. The relation discovered between the Friedmann
Einstein field equations in higher dimensions, with a four-equation and the Cardy formula for the entropy shed signifi-
dimensional membrane. We thus seek a description of theant light on the meaning of the holographic principle in a
powerful holographic principle in cosmological settings, cosmological setting. However, the general proof for this
where its testing is subtle, and the question of holographyorrespondence for all CFTs is still difficult at the moment.
therein has been considered by several autfijra/ho have  Other settings have also been considered as in,[&3). It is
shown that for flat and open Friedmann-Lemaitre-Robertsonworthwhile to further check the validity of the correspon-
Walker (FLRW) universes the area of the particle horizon dence in broader classes of situations tiaa0].
should bound the entropy on the backward-looking light Our motivation here is to use the correspondence between
cone. In addition to the study of holography in homogeneoushe CFT gas and the Friedmann equation and to establish an
cosmologies, attempts to generalize the holographic principlapper bound for the number @tfoldings during inflation,
to a generic realistic inhomogeneous cosmological settingsing a small number of assumptions. The main point is an
were carried out in6]. Later, a very interesting study of the upper limit for entropy, a fact that we can derive from the
holographic principle in a FLRW universe filled with CFT above correspondence. Recently, Banks and Fisdhikf
with a dual AdS description was done by Verlingg, re-  have considered the problem of the numbee-ffldings in a
vealing that when a universe-sized black hole can be formediniverse displaying an asymptotic de Sitter phase, like our
own. As a result the number effoldings is not larger than
65/85 depending on the type of matter considered.
*Electronic address: binwang@fma.if.usp.br Here we reconsider the problem from the point of view of
"Electronic address: eabdalla@fma.if.usp.br the entropy content of the Universe, and considering the cor-

In a recent papdrl0], further light on the correspondence
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respondence between the Friedmann equation and the Cardy dsﬁz —d2+ az(r)dEg. (4)
formula in brane universes, as discussed bylifs.

The main points in our argument are the following. FirstThe conformal field theory lives on the brane, which is the
we assume a FRW closed universe with a positive cosmoyoundary of the AdS hole. The energy for a CFT on a sphere
logical constant which does not recollapse, as implied byyith radiusa, of volumeV=a3w,, is given byE=LM/a.
some recent observations. Such an assumption is crucial tehe total energE is not a constant during the cosmological
our argument. Further on, we assume that there is an uppgkpansion, but decreases like!. This is consistent with the

bound for entropy in the Universe. Such an entropy is obsfact that for a CFT energy density we have
tained from the bulk black hole in the sense of holography

and considered to have a bound on its storage to prevent the 3mL

. . 3m
collapse of the universe. These hypotheses are sufficient con- perr=EIV= ;= 2 (5)
ditions for us to arrive at the result. They are nevertheless not 16wGsa” 8mG,a

necessary, but we think them to be quite natural. Later on, we

extend the result for a Randall-Sundrum brane world modelThe entropy of the CFT on the brane is equal to the
While dynamical details of the AdS/CFT correspondenceBekenstein-Hawking entropy of the AdS black h§&21],
have been used in the derivation, it is the bound on the erwhich is given by the area of the horizon measured in bulk

tropy of the Universe that is the essential ingredient. Planckian units, as given by
The existence of an upper bound for the number of
e-foldings before the end of inflation was also studied re- 4
I Scr1(4D)=Su(5D)= s o=, Vy=alws.  (6)

cently in[16] and[17]. However, in that investigation the
number ofe-foldings is related both to a possible reduction
in energy scale during the late stages of inflation and to th@he area of a three-sphere in an AdS space-time equals the
complete cosmological evolution, being model dependentvolume of the corresponding spatial section for an observer
The bound has been obtained in some very simple cosm@n the brane.

logical settings, while it is still difficult to be obtained in The total entropySis a constant during the cosmological
nonstandard models. Using the entropy bound, the considegvolution, but the entropy density of the CFT on the brane is
ation of physical details connected with the universe evolu-

4G5’

tion can be avoided. We have obtained the upper bound for 3 3

; i S_8ws 1 g B
the number ofe-foldings for a standard FRW universe as s= VoG- 5 ST ———., (7
well as for a nonstandard cosmology based on the brane 5 a&'w3 2G4La

inspired idea of Randall-Sundrum models. _ _ _ _
The starting point is that the scalar factor, in the case ofn the brane world interpretation we have to satisfy matching
the brane cosmology, is defined by the Darmois-Israel conconditions for the gravitational fields due to the immersion of

dition [15,18,19. We consider a bulk metric defined by ~ the brane into the bulksee, e.g.[15,18,19). From the
matching conditions we find now that the cosmological

ds2=—fdt®+f *da’+a%d3z, (1)  equations in the brane are
wheref=k+a?/L?—m/a? andL is the curvature radius of K m 1-(cloy)?
AdS space-timek takes the values 6,1,+1 corresponding H2=— St 0 (8)
a’? a

to flat, open, and closed geometrics, a]‘ﬁilﬁ is the corre-

sponding metric on the unit three-dimensional plane, hyper- ) . ) )
boloid, or sphere. The black hole horizon is located at whereo=3/87GsL is the critical brane tension. Taking
=o0., EQ. (8) reduces to the Friedmann equation of a CFT

L2 radiation dominated brane universe without a cosmological
aﬁZE(—kJr VK2 +4m/L?). (2)  constant discussed ifl0]. If o>0. or <o, the brane
world is a de Sitter universe or AdS universe, respectively.

The relation between the parameterand the Armnowitt- Using Eq.(5) the Friedmann equation can be written in the

Deser-Misner mass of the five dimensional black hdles form
[20]
2 k 87TG4 )\
= ; Tt T rerty ©
" 16mGg ©)

. . &l where \ is the effective positive cosmological constant in
where ws is the volume of the unit three-sphere, V81, ¢, dimensions, in agreement with observations. The argu-
andGs is the Newton constant in the bulk. It is related to the \ants and formulas above depend on the holographic prop-
Newton constanG, on the brane aGs=GyL/2. _erties, which we suppose to be valid in the theory.

Here, the location and the metric on the boundary are time  The relation between the energy density and the entropy,
depgndent. We can choose the brane time such ahat p=(9mL/167%a3a*)S can be used to rewrite the Friedmann
=f2t2—f, in which case the metric on the brane is given byequation as
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. 3G,mLS ) universe filled with radiation. The de Sitter closed universe
(a)’+k— 4—32 - §a2= 0, (100  satisfies the correspondence between the Friedmann equation
2mapa and the Cardy formula, which is the extension of Verlinde’s

rgument(see[8]) showing the spirit of holography. It is
oubtful that a similar bound can be obtained along the same
nes for open or flat universes. However, we stress the fact

which corresponds to the movement of a mechanical nonre@

ativistic particle in a given potential. This equation is crucial ;

fg ﬂ;e di\_/erllo_pme;ts which follow, be'?% dleeplyhrooteéj 'r?that a recent Wilkinson Microwave Anisotropy Probe analy-
g.(7), which is a direct consequence of holography and thejis ay0rs a closed universe, although this is still a resuilt to

subsequent construction, as given in, d.45]. For a closed be further confirmed22]

universe there is a critical value for which the solution ex- Let us consider now \./ery high energy brane corrections to

tends to infinity(no big crunch, which is the Friedmann equation. From the Darmois-Israel conditions

B we find
2mainat a=n 2 27ad Nt

S< _—. 11
9G,mL 9G,mL (1) k 8m 4w p2 Nk 4w p? A\
H2:——2+—2p+—2|—+3’~\’ —2+—2|—+§,
N\~ 12is the size of the de Sitter horizon, which is the box a® 3Mj; 3M; a® 3Mj
holding the maximum amount of entropy. The above equa- (16)

tion was obtained by considering the potential obtained from

the mechanical probler(i0) for a closed universe, namely, m;ergl tgﬂ%g:ﬁ&iggﬂor‘aﬁgi'2:2?;:%3;? dr;rﬁgﬁ;?gnlg't
k=1, which isV=1-3G,mLY27a’a?—\a’/3. We want P 4

: Planck scale and the cosmological constant, respectively.
a solution that does not collapse to zero but rather developg..... e high energy regime, the expansion laws corre-
tfsz'g'?' Jgg mixméjr; Qofl theh pote”ntlal_ oceurs :)I“ax sponding to matter and radiation domination are slower than
=2ma;\a’/9G,mL and divides the collapsing regidfora e standard cosmologit7]. Slower expansion rates lead
smaller than the one corresponding to the maxirmoman

) : : to a larger value of the number effoldings. However, a full
eXpa”d'T‘g regiorfor a larger than the one C(_)rre_spondu?g 10 calculation has not been obtained due to the lack of knowl-
the maximum. For the expanding case the first inequality in edge of this high energy regime. Here we study this problem
(11) must be satisfied.

S from the point of view of holography.
Now, dividing Eq. (7) by Eg. (5 we get s The energy density of the CFT and the entropy density are

=(4wa,3__|/3m L)ap; thus the entropy in such a universe can gjated as follows:
be rewritten as

3m ad
4 4maja S . N
S=sV= §7Ta3mp (12) pert 87G,a’ 2G,La®
at the end of inflation. We takp to be the energy density ~ 9mLS
during inflation, that is,p~ A /87G,, which for the scale P~ loraial’ (17)

factor at the exit of inflation leads to the valua

~A; Y%eNe, where A2 corresponds to the apparent hori- which can be substituted in the Friedmann equation as be-

zon during inflation, and we obtain fore, leading to a bound for the entropy, as well as a bound
for the scale factor, as given by

1
Ne=Ina+zinA,. (13 < 256mada®p? 64m%la’,
= <
2| 2 21 2y 3’
Using now Eq.(12) in Eq. (11) we get 81m°L 243G,m7L\
a<(AN) M4 14 3l
(A (49 < (18)
from which we arrive at 4mGyp N

We consider the era when the quadratic energy density is
1 A . o .
Ne<-In—~64, (15) important. The brane tension is required to be bounded by
47X I<(1 MeV)* [23]. Combining the values of\; and A we

where we used the usual valuds’™*~10' GeV and\** chose before, a bound fo¥ is given by

~10 2 eV. Note that the boun(ll4) is stricter than the pre- N <75. (19
viously useda~\ %2 The bound(11) implies a bound for
the scale factor such that only a limited amount of entropyThe number oé-foldings obtained is bigger than the value in
can be stored to avoid the big crunch. This is the reason wetandard FRW cosmology, which is consistent with the argu-
need(14) in order to get the resultl5). ment of[17].

For this standard FRW universe, the bound obtained is in In summary, we have derived an upper limit for the num-
agreement witH16] and [17] as well as with[14] for a  ber of e-foldings based upon the arguments relating the
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Friedmann equation and the Cardy formula. For the standarith those discussions there is a strong model dependence. In
FRW universe our result is in good agreement With] and  the present description using the holographic description we
[17] and in the radiation dominated case wit¥]]. For the  do not refer to those sensitive processes. We thus claim that
brane inspired cosmology in four dimensions we obtained @his discussion is more general.

larger bound. Considering such a high energy context, the

expansion laws are slower than in the standard cosmology, This work was partially supported by Fundacde Am-

and our result can again be considered to be consistent wigparo aPesquisa do Estado dedSRaulo(FAPESR and Con-

the argument iff17]. The interesting point here is that by selho Nacional de Desenvolvimento Cidicb e Tecnolgico
using the holographic point of view we can avoid compli- (CNPQ. B.W. would like to acknowledge the support given
cated physics during the universe evolution and give a reaby NNSF, China, Ministry of Science and Technology of

sonable value for the upper bound of the number ofChina under Grant No. NKBRSFG19990754 and the Minis-

e-foldings. Elsewherg16,17 the mechanism of ending in-

try of Education of China. We would like also to thank S.

flation and the reheating phase are very important. Thereforoijiri for useful correspondence.
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