PHYSICAL REVIEW D 69, 103516 (2004
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We extract parameters relevant for distinguishing among single-field inflation models from the Wilkinson
Microwave Anisotropy ProbéWMAP) data set, and from a combination of the WMAP data and seven other
cosmic microwave backgroun@€MB) experiments. We use only CMB data and perform a likelihood analysis
over a grid of models, including the full error covariance matrix. We find that a model with a scale-invariant
scalar power spectruimE 1), no tensor contribution, and no running of the spectral index, is within e 1-
contours of both data sets. We then apply the Monte Carlo reconstruction technique to both data sets to
generate an ensemble of inflationary potentials consistent with observations. None of the three basic classes of
inflation models(small-field, large-field, and hybridare completely ruled out, although hybrid models are
favored by the best-fit region. The reconstruction process indicates that a wide variety of smooth potentials for
the inflaton are consistent with the data, implying that the first-year WMAP result is still too crude to constrain
significantly either the height or the shape of the inflaton potential. In particular, the lack of evidence for tensor
fluctuations makes it impossible to constrain the energy scale of inflation. Nonetheless, the data rule out a large
portion of the available parameter space for inflation. For instance, we find that potentials of th¥ form
=M ¢* are ruled out to 3 by the combined data set, but not by the WMAP data taken alone.
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[. INTRODUCTION cosmic microwave backgroun€MB) anisotropy. In the in-
flationary picture, primordial density and gravity-wagten-
One of the fundamental ideas of modern cosmology ison fluctuations are created from quantum fluctuations and
that there was an epoch early in the history of the Universéredshifted” out of the horizon during an early period of
when potential, or vacuum, energy dominated other forms ofuperluminal expansion of the Universe, where they are
energy densities, such as matter or radiation. During such drozen” as perturbations in the background metfi8—7].
vacuum-dominated era the scale factor grew exponentialletric perturbations at the surface of last scattering are ob-
(or nearly exponentiallyin some small time. During this servable as temperature anisotropies in the CMB. The first
phase, dubbed inflatigri,2], a small, smooth spatial region and most impressive confirmation of the inflationary para-
of size of the order of the Hubble radius grew so large that idigm came when the CMB anisotropies were detected by the
easily could encompass the comoving volume of the entire€osmic Background ExplorefCOBE) satellite in 1992
presently observable Universe. If the Universe underwenf8—10]. Subsequently, it became clear that the measurements
such a period of rapid expansion, one can understand whyf the spectrum of the CMB anisotropy can provide very
the observed Universe is homogeneous and isotropic to suafetailed information about fundamental cosmological param-
high accuracy. eters[11] and other crucial parameters for particle physics.
One of the predictions of the simplest models of inflation  In the past few years, a number of balloon-borne and
is a spatially flat Universe, i.e{,= 1, with great precision. terrestrial experiments have mapped out the CMB angular
Inflation has also become the dominant paradigm for underanisotropieg§12—18, revealing a remarkable agreement be-
standing the initial conditions for structure formation and fortween the data and the inflationary predictions of a flat Uni-
verse with a nearly scale-invariant spectrum of adiabatic pri-
mordial density perturbationgsee, e.g.[19-27).

*Electronic address: whkinney@buffalo.edu Despite the simplicity of the inflationary paradigm, the
"Electronic address: rocky@fnal.gov number of inflation models that have been proposed in the
*Electronic address: melch@astro.ox.ac.uk literature is enormouf2]. This is true even if we limit our-
$Electronic address: antonio.riotto@pd.infn.it selves to models with only one scalar fidlithe inflaton).
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With the previous data on CMB anisotropies from balloonCMB analysis. In Sec. VI we present the constraints from the
and terrestrial experiments it has been possible for the firsSEMB anisotropy data sets. In Sec. VII we present our con-
time to place interesting constraints on the space of possiblgusions.

inflation models[28—-30. However, the quality of the data

were not good enough to rule out entire classes of models. A. SINGLE-FIELD INFLATION AND THE INFLATIONARY

boost along these lines has been very recently provided by OBSERVABLES

the data of the Wilkinson Microwave Anisotropy Probe

(WMAP) mission, which has marked the beginning of theinﬂgi(t)w:rsegég:o\?ge b”;:g ree';(w?;i\/nsﬁg\l,srv\f,'eelfeg fedfr!i)(;):zl
precision era of the CMB measurements in spg@g32. Y 9 P

The WMAP Collaboration has produced a full-sky map c)fparameters to observable quantities. Inflation, in its most
the angular variations in the microwave flux, in particular thegeneral sense, can be defined to be a period of accelerating

cosmic microwave background, with unprecedented accuggv\sﬁr:rglz%ﬁqag e;rf);tnsgr? ddflljgtr;gesvghl'(l:'zi;h:cgglggignei\g o{veis_
racy. WMAP data support the inflationary mechanism for theCall a resultgof they Universe beiﬁ dominated b vacu)L/J?n
generation of curvature superhorizon fluctuations and pro- y 9 Y

vide a strong bound on the possible admixture of isocurvaﬁgﬂgz\'[o\’ﬁth rﬁgneql;até?:ir;igfrzgamdels_fg r \i/xlftlglt?o;hlﬁat\)/r:ageen
ture modeq 33]. Furthermore, consistent with the simplest ’ ny sp o .
single-field models of inflatiorj34], no evidence of non- proposed. We limit ourselves here to models with “normal
Gaussianity is foundi35] ' gravity (i.e., general relativityand a single order parameter

The goal of this paper is to use the WMAP data to OIiS_for the vacuum, described by a slowly rolling scalar fieid

o : - P : the inflaton. These assumptions are not overly restrictive; the
criminate among the various single-field inflationary models.rnost widely studied inflation models fall within this cat-

To obtain some indication of the robustness of our analysis

we also consider a data set consisting of WMAP augmentesgglo?./’ m;:ludlng L":jde,\? cgaogcldmglatlorg scdenart|{)4€i]",
with several other CMB experiments. For single-field infla- " haton from pseudo-Nambu-toldstone bosansatura
flation[47]), dilaton-like models involving exponential po-

tion models, the relevant parameter space for distinguishin ntials (power-law inflation, hybrid inflation[48—50, and

among models is defined by the scalar spectral ingeke NSIRA
ratio of tensor to scalar fluctuatiomsand the running of the so forth. cher models, such as _Staroblns model[51]_
and versions of extended inflation, can, through a suitable

scalar spectral indean/d Ink. We employMonte Carlo re- transformation, be viewed in terms of equivalent single-field
construction a stochastic method for “inverting” observa- ’ S . d . '9
models. Of course in single-field models of inflation, the

tional constraints to determine an ensemble of inflationary ot .
potentials compatible with observatif®6,37). In addition to mflator: _f|eld T’ee,‘?' not be a fun_damenf[al f'e'd at all. AIS.O’
encompassing a broader set of models than usually consigome single-field” models require auxma_ry fields. Hypnd
ered (large-field, small-field, hybrid and linear modgls inflation modeld48-50, for example, require a second field

Monte Carlo reconstruction makes it possible to easily incor ® end inflation. What is significant is that the inflationary
porate constraints on the running of the spectral index a poph be dgscrlbed by a single dynamical order parameter,
well as to include effects to higher order in slow roll. e inflaton f'eld'. . .
Since studies on the implications of WMAP data for in- A scalgr field in a cosmological background evolves with
flation[33,38 have already appeared, we briefly mention the?! equation of motion
different elements between our analysis and oth@ve. will . - )
elaborate on these differences latdhe WMAP Collabora- $+3Hp+V'(¢)=0. (N
tion analysis[33] included WMAP data, additional CMB
data(CBI [18] and ACBAR[39)), large-scale structure data
(2dFGRSJ40]), as well as Lymanx power spectrum data
[41]. They used a Markov chain Monte Carlo technique to

The evolution of the scale factor is given by the scalar field
dominated FRW equation,

explore the likelihood surface. Barget al. [38] considered H2= 8_”[£¢2+V(¢)}

WMAP data only, but with a top-hat prior on the Hubble 3m§,I 2 '

constanth (H,=100h kmsec¢ * Mpc™?) from the HST key

project[42]. Also, Bargeret al. did not consider a running of a 8

the scalar spectral index. We only consider CMB data. We (—) = —[v(¢)—¢2]_ (2)
first analyze just the WMAP results. We then analyze the . 3m§,,

WMAP data set in conjunction with other CMB data sets

(BOOMERanG-9943], MAXIMA-1 [44], DASI [15], CBI  Here mp=G~"?~10" GeV is the Planck mass, and we
[18], ACBAR [39], VSAE [45], and Archeop$17]). We em-  have assumed a flat Friedmann-Robertson-Walker metric,
ploy a grid of models in the likelihood analysis, which dif-

fers from the method used by the WMAP team. g,,=diag1l,-a* -a’-a’, (©)

The paper is organized as follows. In Sec. Il we discuss or . o
single-field inflation and the relevant observables in morgvherea(t) is the scale factor of the Universiflation is
detail. In Sec. Il we discuss the inflationary model spacedefined to be a period of accelerated expansamr0. A
and in Sec. IV we describe the Monte Carlo reconstructiorpowerful way of describing the dynamics of a scalar field-
technique. Section V describes the methods used for thdominated cosmology is to express the Hubble parameter as
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a function of the field¢p, H=H(¢), which is consistent (Dodelson and Hui have recently argued that the valul of
provided ¢ is monotonic in time. The equations of motion corresponding to the current horizon size can be no larger
become52-55: than 60[57], so in this sense we are being more general than
is necessary.

We will frequently work within the context of thelow
roll approximation 58,59, which is the assumption that the
evolution of the field is dominated by drag from the cosmo-

Som3
$=— 2 H'($),

12 327? logical expansion, so that=0 and
[H'($)12~ - HA($) =~ —- V(). @
Mpy Mpy : V'

These are completely equivalent to the second-order equa-
tion of motion in Eq.(1). The second of the above equations

is referred to as thélamilton-Jacobiequation, and can be The equation of state of the scalar field is dominated by the

written in the useful form

H?2 [1—3 == v 5
wheree is defined to be
~ Mg (H(4)|?
= 1n Wn) : ®)

The physical meaning of can be seen by expressing E2).
as

.
(5)=H2<¢>[1—e<¢>>], ™

so that the condition for inflationafa)>0 is given bye
< 1. The scale factor is given by

ameNzex;{ftHdt}, (8)
to

where the number of e-foldN is

Cte, . [¢H 2w (¢ d¢
N—Jt Hdt—L 2 ) T ©

potential, so thap=—p, and the expansion rate is approxi-

mately
H=\| 2 V()
3mg, .

The slow roll approximation is consistent if both the slope
and curvature of the potential are small,, V'<V. In this
case the parametercan be expressed in terms of the poten-
tial as

(12

2
. (13

€

Em_§.<H'<¢))2

m%|(V'<¢>
47\ H(p)

T 167 | V(¢)

V(é)

We will also define a second “slow roll parameter;’ by

Mz (H"($)
ne ZE( H(¢))
V' () 1(V'<¢>>2

V() 2\ V(e)

2
Mp

~8nm

. (14)

Slow roll is then a consistent approximation far n<<1.
Inflation models not only explain the large-scale homoge-
neity of the Universe, but also provide a mechanism for ex-
plaining the observed level aihomogeneitys well. During
inflation, quantum fluctuations on small scales are quickly

To create the observed flatness and homogeneity of the Unjagshifted to scales much larger than the horizon size, where

verse, we require many e-folds of inflation, typically

they are “frozen” as perturbations in the background metric

=60. This figure varies somewhat with the details of the[3_7). The metric perturbations created during inflation are

model. We can relate a comoving sc&len the Universe
today to the number of e-folds before the end of inflation
by [56]

(K= 62| K | 10 Gev Vi 1I V14
T
(10

of two types: scalar, ocurvatureperturbations, which couple

to the stress energy of matter in the Universe and form the
“seeds” for structure formation, and tensor, or gravitational
wave perturbations, which do not couple to matter. Both sca-
lar and tensor perturbations contribute to CMB anisotropy.
Scalar fluctuations can also be interpreted as fluctuations in
the density of the matter in the Universe. Scalar fluctuations
can be quantitatively characterized by perturbati®ysin

HereV, is the potential when the mode leaves the horizonthe intrinsic curvature scalar. As long as the equation of state

V. is the potential at the end of inflation, amg is the

e is slowly varying? the curvature perturbation can be shown

energy density after reheating. Scales on the order of ths be[61-64

current horizon size exited the horizon M{k) ~60. Since

this number depends, for example, on the details of reheat———

ing, we will allow N to vary within the range 4@ N=<70 for

1This assumption isot identical to the assumption of slow roll

any given model in order to consider the most general casésee, e.g., Ref60]), although in most cases it is equivalent.
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1

U200y —
PR Y4(k) o

H 1 n=1—4e+27p,
— . (15
Ml \/E k=aH

The fluctuation power spectrum is in general a function OfThe tensor spectral index isot an independent parameter
wave numbek, and is evaluated when a given mode crosse% Ci tp | to the t Iscal P tio. o P 0| 1t
outside the horizon during inflatiok=aH. Outside the ho- Ul 1S proportional 1o the tensoriscalar ratio, given to lowes
rizon, modes do not evolve, so the amplitude of the modé)rder in slow roll by
when it crosses backnside the horizon during a later
radiation- or matter-dominated epoch is just its value when it - zi_ (21)
left the horizon during inflation. Pr

The spectral index rfor Py is defined by

nr=—2e. (20)

This is known as theonsistency relatioffior inflation. (This
relation holds only for single-field inflation, and weakens to
an inequality for inflation involving multiple degrees of free-
dom[82-84.) A given inflation model can therefore be de-
so that a scale-invariant spectrum, in which modes have corscribed to lowest order in slow roll by three independent
stant amplitude at horizon crossing, is characterizedhby parametersP5, P, andn. If we wish to include higher-
=1. Some inflation models predict running of the spectralorder effects, we have a fourth parameter describing the run-
index with scald65—73 or even sharp features in the power ning of the scalar spectral indegtn/d Ink.

spectrum[74]. We will consider the running of the spectral  The tensor/scalar ratio is frequently expressed as a ratio of

_dInPg
" dink '

n—1 (16)

index in more detail in Sec. IV. their contributions to the CMB quadrupole,
Instead of specifying the fluctuation amplitude directly as
a function ofk, it is often convenient to specify it as a func- Ctzensor
tion of the number of e-folddl before the end of inflation at r= (22

. X . . - lar

which a mode crossed outside the horizon. Scales of interest cy

for current measurements of CMB anisotropy crossed out-

side the horizon aN~60, so thatP; is conventionally The relation betweem and the ratio of amplitudes in the

evaluated aP (N~ 60). primordial power spectr® /Py depends on the background
The power spectrum of tensor fluctuation modes is givercosmology, in particular the densities of mattéd,() and
by [75-79 cosmological constani(},). For the currently favored val-
ues ofQ),,=0.3 and() ,=0.7, the relation is approximately
1| H
172 e A
Prlkn) = 27| mpyf,’ (17 r=10e (23)
The ratio of tensor to scalar modes is then to lowest order in slow roll. Conventions for the normaliza-
tion of this parameter vary widely in the literature. In par-
Pr_. (19  ticular, Peiriset al.[33] user = 16e.
Pr Calculating the CMB fluctuations from a particular infla-

o tionary model reduces to the following basic stefs:from
so that tensor modes are negligible fex1. Tensor and the potential, calculate and 7. (2) Frome, calculateN as a
scalar modes both contribute to CMB temperature anisotfunction of the field¢. (3) Invert N(¢) to find ¢y. (4)
ropy. If the contribution of tensor modes to the CMB anisot-CalculateP5, n, and Pt as functions of¢, and evaluate
ropy can be neglected, normalization to the COBE four-yeathem at¢= ¢,,. For the remainder of the paper, all param-
data gives[80,81] PR'?=4.8<107°. In the next section, eters are assumed to be evaluatedatey, .
we will describe the predictions of various models in this  Even restricting ourselves to a simple single-field inflation

parameter space. scenario, the number of models available to choose from is
large[2]. It is convenient to define a general classification
lll. THE INFLATIONARY MODEL SPACE scheme, or “zoology” for models of inflation. We divide

T e th its of th . ion. inflati models into three general typdarge field small field and
0 summarize the results of the previous section, inflation,y iy ith a fourth classificationinear models, serving as

generates scalddensity and tensorgravity wave fluctua- 5% ngary between large and small field. A generic single-
tions which are generally well approximated by power lawsfie | hotential can be characterized by two independent mass
n-1 nr scales: a “height’A4, corresponding to the vacuum energy
Prl)k™ S Pr(k)ekT. (19 density during inflation, and a “width’x, corresponding to

In the limit of slow roll, the spectral indices andn; vary  the change in the field valug¢ during inflation:

slowly or not at all with scale. We can write the spectral
indicesn and ny to lowest order in terms of the slow roll V(g)=A% f (24)
parameters and  as[64] '
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Different models have different forms for the functibrThe
height A is fixed by normalization, so the only free param-
eter is the widthu.

PHYSICAL REVIEW D69, 103516 (2004

B. Small-field models: p<—e€

Small-field models are the type of potentials that arise
naturally from spontaneous symmetry breakisgch as the

With the normalization fixed, the relevant parameter SPaciginal models of “new” inflation[58,59) and from pseudo
for distinguishing between inflation models to lowest ordernambu-Goldstone modematural inflation[47]). The field

in slow roll is then the -n plane.(To next order in slow-roll
parameters, one must introduce the runningn.ofifferent

starts from near an unstable equilibritaken to be at the
origin) and rolls down the potential to a stable minimum.

classes of models are distinguished by the value of the se&mall-field models are characterized By'(4)<0 and

ond derivative of the potential, or, equivalently, by the rela-

tionship between the values of the slow-roll paramet¢exad

7.2 Each class of models has a different relationship betwee

n<—e€. Typically € (and hence the tensor amplitydis
close to zero in small-field models. The generic small-field
Botentials we consider are of the form(¢)=A%1

r andn. For a more detailed discussion of these relations, the_(¢/M)p] which can be viewed as a lowest-order Taylor

reader is referred to Reff28,29.
First order ine and 7 is sufficiently accurate for the pur-

poses of this section, and for the remainder of this section we. 5

will only work to first order. The generalization to higher
order in slow roll will be discussed in Sec. IV.

A. Large-field models: —e<np=<e

Large-field models have inflaton potentials typical of

“chaotic” inflation scenariog§46], in which the scalar field is

displaced from the minimum of the potential by an amount
usually of the order of the Planck mass. Such models are

characterized byW”(¢)>0 and —e<n<e. The generic
large-field potentials we consider are polynomial potential
V(¢p)=A*¢/u)P and exponential potentials V()

=A“exp(@/u). For the case of an exponential potential,

V(@) xexp(@/w), the tensor/scalar ratiois simply related to
the spectral index as

r=5(1-n). (25
This result is often incorrectly generalized to all slow-roll
models, but is in fact characteristimly of power-law infla-
tion. For inflation with a polynomial potential/ () ¢P,
we again havexl—n,

p

r=> p+2

(1—n), (26)

so that tensor modes are large for significantly tilted spectr
We will be particularly interested in models with=4 as a
test case for our ability to rule out models. For4, the
observables are given in terms of the number of e-fdldxy

(27)

°The designations “small field” and “large field” can sometimes
be misleading. For instance, both tR& model[51] and the “dual
inflation” model [85] are characterized by ¢~mp,, but are
“small field” in the sense thaty<O<e, with n<1 and negligible
tensor modes.

expansion of an arbitrary potential about the origin. The
casesp=2 andp>2 have very different behavior. Fqr

r=5(1-n)exd —1—-N(1—-n)], (28

whereN is the number of e-folds of inflation. F@> 2, the
scalar spectral index is

2
n=1-—

p—1
N ,

=2 (29

independentof r. Assuming u<mp, results in an upper

SDound onr of

8
Np(p—2)

r<5

p/(p-2)
) (30

=
N(p—2)

C. Hybrid models: 0<e<py

The hybrid scenari¢48—-5Q frequently appears in mod-
els which incorporate inflation into supersymmetry. In a typi-
cal hybrid inflation model, the scalar field responsible for
inflation evolves toward a minimum with nonzero vacuum
energy. The end of inflation arises as a result of instability in
a second field. Such models are characterize®'l{yp) >0
and 0<e< 7. We consider generic potentials for hybrid in-
flation of the formV(¢)=A*1+ (4/x)P]. The field value
at the end of inflation is determined by some other physics,

80 there is a second free parameter characterizing the models.

Because of this extra freedom, hybrid models fill a broad
region in ther-n plane(see Fig. 1 There is, however, no
overlap in ther-n plane between hybrid inflation and other
models. The distinguishing feature of many hybrid models is
a blue scalar spectral indexy>1. This corresponds to the
casen>2e. Hybrid models can also in principle have a red
spectrumn<1.

D. Linear models: n=—¢€

Linear modelsV(¢)>= ¢, live on the boundary between
large-field and small-field models, with/"(¢$)=0 and
n=— €. The spectral index and tensor/scalar ratio are related
as

5
r=§(1—n). (31
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]. T T T T T T T T T T T T T T T T

0.8 - -
0.6 — —
& - i
04 — —
Large Field: i i
T V() x 1 - (¢/ m)p q
0

- V(p) =< 1 (p/ n)r m

Small Field: 1 1 1 Il | L 1 Il 1 | 1 Il Il L | Il 1 1 1
n < —€ 0.8 0.85 0.9 0.95 1

n
0.8 0.85 0.9 0.95 1 1.05 1.1 FIG. 2. A “zoo plot” of models in ther-n plane, plotted to first
n order in slow roll.

FIG. 1. Regions on the-n plane. The different types of poten-
tials, small field, large field, and hybrid, occupy different regions of
the observable parameter space.

terms of the Hubble parametei( ¢) as

m_é(H'(as))z
4 '

H(¢)
_mé(H"(@

€
This enumeration of models is certainly not exhaustive.

There are a number of single-field models that do not fit well
into this scheme, for example logarithmic potentislép) 7(b)=—
«In(¢) typical of supersymmetry2]. Another example is 47\ H(¢)
potentials with negative powers of the scalar fidld¢) )

« ¢~ P used in intermediate inflatiof86] and dynamical su- These parameters are_5|mply rel'ated to observamgﬂ)e,
persymmetric inflatior{69,71). Both of these cases require andn—1=4e—27 to first order in slow roll.(We discuss
an auxiliary field to end inflation and are more properly cat-higher order expressions for the observables beldaking
egorized as hybrid models, but fall into the small-field regionhigher derivatives ofH with respect to the field, we can
of the r-n plane. However, the three classes categorized bfiefine an infinite hierarchy of slow roll paramet¢&’]:

. (32

the relationship between the slow-roll parameters-as mal1 [ H” H 2

< n=<e (large field, n<— e (small field, linea), and 0<e GE_P'{_(_) _ _) }

< 7 (hybrid), cover the entire-n plane and are in that sense m |2\ H H

complete® Figure 1[28] shows ther-n plane divided into b

regions representing the large-field, small-field and hybrid oo (mE\ T (H) A DH

cases. Figure 2 shows a “zoo plot” of the particular poten- A= A4 HE  dgttD (33

tials considered here plotted on then plane.

Here we have chosen the parameter27n—4e=n—1 to
IV. MONTE CARLO RECONSTRUCTION make comparison with observation convenient.
It is convenient to us&\ as the measure of time during
In this section we describiéonte Carlo reconstructiora inflation. As above, we takig and ¢, to be the time and field
stochastic method for “inverting” observational constraints yalue at end of inflation. Therefordl is defined as the num-

to determine an ensemble of inflationary potentials compatpher of e-folds before the end of inflation, and increases as
ible with observation. The method is described in more detaibne goesdackwardin time (dt>0=dN<0):

in Refs.[36,37). In addition to encompassing a broader set of
models than we considered in Sec. lll, Monte Carlo recon- d d Mpy d
struction allows us easily to incorporate constraints on the dN_dina_ ﬁ\/z @ (34)
running of the spectral indestn/d Ink as well as to include 77
effects to higher order in slow roll.
We have defined the slow roll parametersand #» in

where we have chosen the sign convention tfiathas the
same sign asl’(¢):

!
3Referencd29)] incorrectly specified & 7= e for large field and \/E Mp, H

=+ ——. (35
7<0 for small field. 2\/; H
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Thene itself can be expressed in termstdfandN simply as  ning” of the spectral indexdn/d Ink. To lowest order, the
relationship between the slow roll parameters and the ob-
1 dH bles i jally simpler=10¢, n—1= d
e (36)  servables is especially simpler=10¢, n—1=o, an
H dN dn/dInk=0. To second order in slow roll, the observables

are given by 64,87,
Similarly, the evolution of the higher order parameters dur- g " L

ing inflation is determined by a set of “flow” equations r=10e[1—C(o+2€)], (39
[36,88,89,
for the tensor/scalar ratio, and
€
aN~ e(o+2e),

1 1
n—1=0—(5—3C)e’— 7(3-5C)oe+ E(S—C)(Z)\H)

do (40
=—5e0— 1262+ 2(%\y),

dN for the spectral index. The consta@=4(In2+7y)—5
d(ny (-1 =0.0814514, wherey=0.577 is Euler’s constatDeriva-
(A =|——o+(t—2)e|(‘Ny+ (*I\y. (37) tives with respect to wave numbércan be expressed in
dN 2 terms of derivatives with respect & as[90]
The derivative of a slow roll parameter at a given order is
higher order in slow roll. A boundary condition can be speci- an- 9 gk (41)
fied at any point in the inflationary evolution by selecting a
set of parameters,o-, >\, . . . for a given value oN. This  The scale dependence bfis then given by the simple ex-

is sufficient to specify a “path” in the inflationary parameter pression

space that specifies the background evolution of the space-

time. Taken to infinite order, this set of equations completely dn 1 \dn
specifies the cosmological evolution, up to the normalization dink ~_ |1=¢/dN"
of the Hubble parametét. Furthermore, such a specification

is exact, with no assumption of slow roll necessary. In pracwhich can be evaluated by using Ed0) and the flow equa-
tice, we must truncate the expansion at finite order by assuntions. For example, for the case \6# ¢*, the observables to
ing that the®\ , are all zero above some fixed valuefofWe  lowest order are

choose initial values for the parameters at random from the

(42)

following ranges: . 10
N+
N=[40,7Q
3
=[0,0.8 e
e=[ J n—l=— 37
=[-0.5,0.
o=l 3 dn 3 43
2\y=[—0.05,0.08 dink- N(NTD)" (43)
3\y=[—0.025,0.025, The final result following the evaluation of a particular path

in the M-dimensional “slow roll space” is a point in “ob-

servable parameter space,” i.er,1f,dn/d In k), correspond-

ing to the observational prediction for that particular model.

M+INy=0. (38)  This process can be repeated for a large number of models,

and used to study the attractor behavior of the inflationary
Here the expansion is truncated to orde by  dynamics. In fact, the models cluster strongly in the observ-
setting" * !\ ,;=0. In this case, we still generate an exact so-able parameter spa¢86]. Figure 3 shows an ensemble of
lution of the background equations, albeit one chosen from godels generated stochastically on thenj plane, along
subset of the complete space of models. This is equivalent t@ith the predictions of the specific models considered in Sec.
placing constraints on the form of the potentidlp), butthe i,
constraints can be made arbitrarily weak by evaluating the Figure 4 shows an ensemble of models generated stochas-

expansion to higher order. For the purposes of this analysisically on the f,dn/d Ink) plane. As one can see, and con-
we chooseM =5. The results are not sensitive to either the

choice of ordeM (as long as it is large enouglor to the

specific ranges from which the initial parameters are chosen.4some earlier papef86,37), due to a long unnoticed typographic
Once we obtain a solution to the flow equationserrorin Ref.[87], used an incorrect value for the constantgiven

[€(N),o(N), ‘Ay(N)], we can calculate the predicted values by C=4(In 2+)=5.0184514. The effect of this error is significant

of the tensor/scalar ratig the spectral inder, and the “run-  at second order in slow roll.
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FIG. 5. Models generated by Monte Carlo plotted on the

FIG. 3. Models generated by Monte Carlo plotted on th@X (¢ qp/d Ink) plane. Points are plotted to second order in slow roll.

plane(black dot$. The colored lines are the same models as in Fig.

2. For comparison with the models, points are plotted to first order

in slow roll. (4) If the evolution reaches a late-time fixed point, calculate
the observables, n—1, anddn/d Ink at this point.

trary to what commonly believed, there are single-field mod<(5) If inflation ends, evaluate the flow equations backwsrd

els of m_flatlon which predict a 3|gn|f|ca_1nt running of the e-folds from the end of inflation. Calculate the observ-

spectral index. The same can be appreciated in Fig. 5, where 5pe parameters at that point.

we plot an ensemble of models generated stochastically Of%) If the observable parameters lie within the specified win-
the (r,dn/d Ink) plane.

: . dow of parameter space, compute the potential and add
The reconstruction method works as follows: . . Y
this model to the ensemble of “reconstructed” poten-
(1) Specify a “window” of parameter space: e.g., central tials.

values forn—1,r, ordn/d Ink and their associated error (7) Repeat steps 2 through 6 until the desired number of

bars. o . models have been foun@e do not add any additional
(2) Select a random point in slow roll spades, 7, “\], selection criteria to the models retained or discarded, for
truncated at ordeM in the slow roll expansion. example retaining the models with densities proportional

(3) Evolve forward in time ¢ N<<0) until either(a) inflation
ends €>1) or(b) the evolution reaches a late-time fixed
point (e= ‘Ay=0, o=const).

to theira posteriorilikelihood. We simply keep a model
if it is consistent with the data to within a given likeli-
hood, and throw it away if it is not.

The condition for the end of inflation is that=1. Inte-
grating the flow equations forward in time will yield two
possible outcomes. One possibility is that the conditéon
=1 may be satisfied for some finite value f which de-
fines the end of inflation. We identify this point &s=0 so

0.04 |- .-

0.02 [~ "

~ that the primordial fluctuations are actually generated when
IS N~60. Alternatively, the solution can evolve toward an in-
o 0 flationary attractor wittr =0 andn>1, in which case infla-

AN tion never stops.In reality, inflation must stop at some point,

s presumably via some sort of instability, such as the “hybrid”
o

inflation mechanisni48—-50. Here we make the simplifying
assumption that the observables for such models are the val-
ues at the late-time attractor.

Given a path in the slow roll parameter space, the form of
the potential is fixed, up to normalizatid@7,91-93. The
starting point is the Hamilton-Jacobi equation,

-0.02

-0.04

FIG. 4. Models generated by Monte Carlo plotted on the °See Ref[36] for a detailed discussion of the fixed-point structure
(n,dn/d Ink) plane. Points are plotted to second order in slow roll. of the slow roll space.

103516-8



INFLATIONARY PHYSICS FROM THE WILKINSON . . .

3m2

PI
8

V(¢)= : (44)

>H2(¢)[1—26(¢)
3

We havee(N) trivially from the flow equations. In order to
calculate the potential, we need to determidéN) and
¢(N). With € known,H(N) can be determined by inverting
the definition ofe, Eq. (36). Similarly, ¢(N) follows from
the first Hamilton-Jacobi equatigd):

dN 2.7

Using these equations and Ed4), the form of the potential
can then be fully reconstructed from the numerical solutio

Ve

(49

for e(N). The only necessary observational input is the nor-

malization of the Hubble parametét, which enters the
above equations as an integration constant. Here we use
simple condition that the density fluctuation amplitu@es
deteérmined by a first-order slow roll expressidoe of order
107>,

(46)

A more sophisticated treatment would perform a full normal-

ization to the COBE CMB datf94,95. The value of the
field, ¢, also contains an arbitrary, additive constant.

V. CMB ANALYSIS

Our analysis method is based on the computation of

likelihood distribution over a fixed grid of pre-computed the-
oretical models. We restrict our analysis to a flat, adiabatic;

A-CDM model template computed with CMBFAS[P6],
sampling the parameters as followst) 4, h?= wcym
=0.04...,025, in steps of 0.01; Q,h’=w,
=0.009...,0.028, in steps of 0.001 andQ,

=0.5,...,0.95, in steps of 0.05 The value of the Hubble

constant is not an independent parameter, since:

/wcdm+wb
1-Q, °

and we use the further priohi=0.72+0.15. We allow for a

h (47)

reionization of the intergalactic medium by varying the

Compton optical depth parameter, in the range 7

=0.05...,0.30 in steps of 0.05. Our choice of the above
parameters is motivated by big bang nucleosynthesis boun

on wy, (both from D[97] and “He+ ’Li [98]), from superno-
vae[99] and galaxy clustering observatiofsee, e.g.,100]),

and by the WMAP temperature-polarization cross-correlation

data, which indicate an optical depth=0.17+0.04 [32].
Our choice for an upper limit 0f;<0.30 is very conserva-

PHYSICAL REVIEW D69, 103516 (2004

For the WMAP data we use the recent temperature and
cross-polarization results from Rgf31] and compute the
likelihood £ WMAP for each theoretical model as explained in
Ref. [102], using the publicly available code on the
LAMBDA web site®

We further include the results from seven other experi-
ments: BOOMERanG-9943], MAXIMA-1 [44], DASI
[15], CBI [18], ACBAR [39], VSAE [45], and Archeops
[17].

When possible, the expected theoretical Gaussian signal
inside the binC}3h is computed by using the publicly avail-
able window functions and lognormal prefactors following
the approach described in R¢fl03]. Given a theoretical

and poweD =3 ,1(1+1)C"W?, whereW? is the experi-
mental window function in the band anxg is the lognormal
correction, the variabl€'=In(Df+xg) is expected to fol-
tfw a Gaussian distribution. The likelihoodP"¢WMAP is
therefore defined by

—2InLPrEWMAP= (G- CEY Mg (Cy, — Cgl), (49)

with MBB,=C§XGBB,C§T, where Ggp: is the band power
correlation matrix, andCg*=In(Dg+xg), where Dg* is the
reported experimental band power.

For each single experiment a contributig,, from the
calibration error must be considered. We model this system-
atic as a Gaussian distribution wiff, == (A, —1)%/0?
where o denotes the experimental data set akg is an
additional calibration  variable. We use o,
=0.07,0.20,0.08,0.10,0.10,0.10,0.10 for the Archeops,
%OOMERanG-98, DASI, MAXIMA-1, VSAE, ACBAR,
and CBI, experiments, respectively.

An error Aopeam in the experimental beam oeqa af-
fects the CMB power spectrum as(1+ ¢2Ac2,,,)C, (see
[104]). We consider the effect of beam uncertainties only in
the BOOMERanG-98 data set, using the analytical margin-
alization method presented {see[104)).

We use as a combined likelihood just the normalized
product of the two likelihood distributionsZ~ £WMAP
x £ PreWMAP we do not take into account correlations in the
cosmic variance introduced by observations of the same por-
tions of the sky(such as in the case of WMAP and Archeops,
for example. Since the pre-WMAP data set has little influ-
ence on thee? analysis at <400 while WMAP correspond-
ingly has little weight at highe€ this correlation has a small
effect on the results. We have verified that such correlations
&ﬁave a negligible effect by removing the binned data from
the pre-WMAP experiments in the regioch<400 (where
cosmic variance is dominant in the WMAP error bars

In order to constrain a set of parametgrse marginalize

over the values of the remaining “nuisance” parametﬁ;rs
This yields the marginalized likelihood distribution

tive with respect to the maximum values expected in numeri-

cal simulations(see, e.g.[101]) even in the case of non-

standard reionization processes. From the grid above, we

abzp&ww=Jc&&mi (49

only consider models with an age of the Universe in excess

of 11 Gyr. The tensor spectral index is determined by the
consistency relation.

bhttp://lambda.gsfc.nasa.gov/
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FIG. 6. Likelihood contours for WMAP alonéeft column and WMAP plus seven other experimerttigght column, plotted in the
(n,dn/d In k) plane(top), the (n,r) plane(centey, and the ¢,dn/d In k) plane(bottom). The points represent the results of the Monte Carlo
sampling of inflationary models consistent witlr Ired, dot$, 20 (blue, triangleg and 3r (black, stars contours. All points in this and
subsequent figures are plotted to second order in slow roll.
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FIG. 7. Three hundred reconstructed potentials chosen from the sampling shown in Fig. 6 for the WMAP defiaceétmn and the
WMAP data set plus seven other experimefnight columr). The potentials are color-coded according to their likelihoods:(fed/light
gray), 2o (blue/dark gray, and 3 (black). The top figure shows the potentials with the height and the width plotted in unitg,ofand
the bottom figure shows the same potentials rescaled so all have the same height and width.

In the next section we will present constraints in severaMonte Carlo. All likelihoods used to constrain models are
two-dimensional planes. To construct plots in two dimen-calculated relative the full three-dimensional likelihood func-
sions, we project(not marginaliz¢ over the third, “nui- tion.
sance” parameter. For example, likelihoods in thenj
plane are calculated for given choicerodndn by using the
value ofdn/d In k which maximizes the likelihood function.

The error contours are then plotted relative to likelihood fal- We will plot the likelihood contours obtained from our
loffs of 0.17, 0.018 and 0.0035 as appropriate for, 2o, analysis on three different plane$n/d Ink vsn, r vs n and
and 3r contours of athree-dimensionaGaussian. In effect rvsdn/dInk. Presenting our results on these planes is useful
we are taking the shadow of the three-dimensional error corfor understanding the effects of theoretical assumptions
tours rather than a slice, which makes clear the relationshipnd/or external priors.

between the error contours and the points generated by We do this in Fig. 6 for two cases: the WMAP data set

VI. RESULTS
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The WMAP results are in the left column, and WMAP plus seven other experiments are in the right column.
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FIG. 9. Same as Fig. 8 but with the potentials rescaled to all have the same height and width.

alone (left column, and WMAP plus the additional CMB previous experiments with WMAP. The dots superimposed
experiments BOOMERanG-98, MAXIMA-1, DASI, CBI, on the likelihood contours show the models sampled by the
ACBAR, VSAE, and Archeopsright column). By analyzing  Monte Carlo reconstruction.

these different data sets we can check the consistency of the In the top row of Fig. 6, we show the 68%, 95%, and 99%
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points represent the results of the Monte Carlo sampling, color coded by model type: smaikfieldots, large field(green, triangles and
hybrid (blue, crosses The left column is WMAP only while the right column is WMAP plus seven other experiments.
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FIG. 11. Three hundred reconstructed potentials chosen from the sampling shown in Fig. 6 for WéfiABlumn and WMAP plus
seven other experimenfgght columr). The potentials are color-coded according to model type: small fiedfmedium gray large field
(greenl/light gray, and hybrid(blue/dark gray. The top figure shows the potentials with height and width plotted in unitegpf and the
bottom figure shows the same potentials rescaled to all have the same height and width.

likelihood contours on the vs dn/d Ink plane(refer to the  with the data with a zero or positive running. Fo< 1, the

end of Sec. V for a discussion of the method used to plot theunning is bounded by 0.085dn/d Ink=—-0.025 at br.
contours) The pivot scalek, is ko=0.00zh Mpc™. As we In the center row of Fig. 6 we plot the 68%, 95%, and
can see, both data sets are consistent with a scale invaria®®% likelihood contours on thevs n plane. As we can see,
n=1 power law spectrum with no further scale dependencehe present data only weakly constrain the presence of tensor
(dn/dInk=0). A degeneracy is also evident: an increase inmodes, although a gravity wave component is not preferred.
the spectral index is equivalent to a negative scale depen-Models withn<0.9 must have a negligible tensor compo-
dence (In/d In k<0). We emphasize, however, that this be-nent, while models witm>1 can haver larger than 0.4
havior depends strictly on the position of the pivot sdgde (20 C.L.). However, as we can see from the bottom row of
choosingk,=0.05h Mpc~! would change the direction of Fig. 6, there is no correlation between the tensor component
the degeneracy. Models witi~1.1 need a negative running and the running of the scalar index.

at about the & level. It is interesting also to note that mod-  Figures 7, 8, and 9 show a subset of 300 reconstructed
els with lower spectral indexy~0.9, are in better agreement potentials selected from the sampled set. Note in particular
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FIG. 13. Same as Fig. 12, but with the potentials rescaled so all have the same height and width.

the wide range of inflationary energy scales compatible wittscalar ratior. In addition, theshapeof the inflationary po-
the observational constraint. This is to be expected, sinceential is also not well constrained by WMAP.

there was no detection of tensor modes in the WMAP data, Figure 10 shows the models sampled by the Monte Carlo
which would be seen here as a detection of a nonzero tensarategorized by their “zoology,” i.e., whether they fit into the
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category of small field, large field, or hybrid. We see that alltent with the result published by the WMAP team, including
three types of potential are compatible with the data, aldata from large-scale structure measurements and the
though hybrid class models are preferred by the best-fit rekyman-« forest. The WMAP result is also consistent with
gion. previous CMB experiments. The inclusion of previous data
Figures 11, 12, and 13 show the reconstructed potentialsets in the analysis has the effect of reducing the error bars
divided by type. Perhaps the only conclusion to be drawrand give a better determination of the inflationary param-
here is that the WMAP data places no significant constraineters. Still, no clear evidence for the running is present in the
on the shape of the inflationary potential; many “reasonable’combined analysis. This result differs from the result ob-
potentials are consistent with the data. However, significantained in Peiriet al. in the case of combineWMAP +CBI
portions of the observable parameter space are ruled out by ACBAR) analysis, where a miltabout 1.%) evidence for
WMAP, and future observations can be expected to signifirunning was reported. The different and more conservative

cantly tighten these constrairtag,29. method of analysis adopted here, and the larger CMB data
For the particular example of> ¢*, using Eq.(43) we  set used in our paper can explain this difference.
find that this choice of potential ruled out tar3only for N In addition, we applied the Monte Carlo reconstruction

<40 for the WMAP data set. This constraint is even weakeitechnique to generate an ensemble of inflationary potentials
than that claimed by Bargeat al. [38], most likely because consistent with observation. Of the three basic classes of
we allow for a running of the spectral index in our constraint.inflation model, small field, large field, and hybrid, none are
When augmenting the WMAP data set with the data fromconclusively ruled out, although hybrid models are favored
seven other CMB experiments, the most noticeable improveby the best fit region. The reconstruction process indicates
ment in the constraints is a better upper limit to the tensorthat a wide variety of smooth potentials for the inflaton are
scalar ratia, which results in a slightly improved upper limit consistent with the data, indicating that the WMAP result is
on the height of the potential. Also, the width of the recon-too crude to significantly constrain either the height or the
structed potentials in Planck units is somewhat less than ishape of the inflaton potential. In particular, the lack of evi-
the case of the WMAP-only constraint, showing that the ad-dence for tensor fluctuations makes it impossible to constrain
ditional data more strongly limit the form of the inflationary the energy scale at which inflation takes place. Nonetheless,
potential. WMAP rules out a large portion of the available parameter
The combined data rules out a potential withr ¢* for  space for inflation, itself a significant improvement over pre-
N<66 to 3o, effectively killing such models as observation- vious measurements. For the particular case of a potential of

ally viable candidates for the inflaton potential. the formV(¢) =\ ¢*, WMAP rules out all such potentials
for N<40 at the ¥ level, which means thap* potentials
VII. CONCLUSIONS are not conclusively ruled out by WMAP alone. The com-

) _ bined data set, however, rules o#f models for N<66,
In this paper we presented an analysis of the WMAP datgyhich kills such potentials as viable candidates for inflation.

set with an emphasis on parameters relevant for distinguistxfier this paper first appeared, Leach and Liddle also re-

ing among the various possible models for inflation. In con-ggsed a reanalysis of the WMAP ddtt05], which is in
trast to previous analyses, we confined ourselves to CMBeneral agreement with our results here.

data only and performed a likelihood analysis over a grid o
models, including the full error covariance data from the
WMAP satellite alone, and in conjunction with measure-
ments from BOOMERanG-98, MAXIMA-1, DASI, CBI,
ACBAR, VSAE, and Archeops. W.H.K. was supported by ISCAP and the Columbia Uni-

We found that the WMAP data alone are consistent with aversity Academic Quality Fund. ISCAP gratefully acknowl-
scale-invariant power spectrums= 1, with no running of the edges the generous support of the Ohrstrom Foundation.
spectral index,dn/dInk=0. However, a great number of E.W.K. was supported in part by NASA grant NAG5-10842.
models indicates a compatibility of the data with a blue specWe thank Richard Easther for helpful conversations and for
tral index and a substantial negative running. This is consisthe use of computer code.
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