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Cosmological parameters from SDSS and WMAP
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We measure cosmological parameters using the three-dimensional power spectrumP(k) from over 200 000
galaxies in the Sloan Digital Sky Survey~SDSS! in combination with Wilkinson Microwave Anisotropy Probe
~WMAP! and other data. Our results are consistent with a ‘‘vanilla’’ flat adiabatic cold dark matter model with
a cosmological constant without tilt (ns51), running tilt, tensor modes, or massive neutrinos. Adding SDSS
information more than halves the WMAP-only error bars on some parameters, tightening 1s constraints on the
Hubble parameter fromh'0.7420.07

10.18 to h'0.7020.03
10.04, on the matter density fromVm'0.2560.10 to Vm

'0.3060.04 (1s) and on neutrino masses from,11 to ,0.6 eV ~95%!. SDSS helps even more when
dropping prior assumptions about curvature, neutrinos, tensor modes and the equation of state. Our results are
in substantial agreement with the joint analysis of WMAP and the Two Degree Field Galaxy Redshift Survey,
which is an impressive consistency check with independent redshift survey data and analysis techniques. In this
paper, we place particular emphasis on clarifying the physical origin of the constraints, i.e., what we do and do
not know when using different data sets and prior assumptions. For instance, dropping the assumption that
space is perfectly flat, the WMAP-only constraint on the measured age of the Universe tightens fromt0

'16.321.8
12.3 Gyr to t0'14.120.9

11.0 Gyr by adding SDSS and SN Ia data. Including tensors, running tilt, neutrino
mass and equation of state in the list of free parameters, many constraints are still quite weak, but future
cosmological measurements from SDSS and other sources should allow these to be substantially tightened.

DOI: 10.1103/PhysRevD.69.103501 PACS number~s!: 98.80.Es
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I. INTRODUCTION

The spectacular recent cosmic microwave backgro
~CMB! measurements from the Wilkinson Microwave A
isotropy Probe~WMAP! @1–7# and other experiments hav
opened a new chapter in cosmology. However, as emp
sized, e.g., in@6# and@8#, measurements of CMB fluctuation
by themselves do not constrain all cosmological parame
due to a variety of degeneracies in parameter space. T
degeneracies can be removed, or at least mitigated, by ap
ing a variety of priors or constraints on parameters, and c
bining the CMB data with other cosmological measur
such as the galaxy power spectrum. The WMAP analysi
particular made use of the power spectrum measured f
the Two Degree Field Galaxy Redshift Survey~2dFGRS!
@9–11#.

The approach of the WMAP team@6,7# was to apply Oc-
cam’s razor, and ask what minimal model~i.e., with the
smallest number of free parameters! is consistent with the
data. In doing so, they used reasonable assumptions a
theoretical priors and external data sets, which allowed th
to obtain quite small error bars on cosmological paramet
The opposite approach is to treat all basic cosmological
rameters as free parameters and constrain them with
using minimal assumptions. The latter was done both
WMAP accuracy forecasts based on information theory@12–
16# and in many pre-WMAP analyses involving up to 1
cosmological parameters. This work showed that becaus
physically well-understood parameter degeneracies, accu
constraints on most parameters could be obtained only
combining CMB measurements with something else. Bri
et al. @8# argue that in some cases~notably involving the
matter densityVm), you get quite different answers depen
ing on your choice of ‘‘something else,’’ implying that th
small formal error bars must be taken with a grain of s
For instance, the WMAP team@6# quote Vm50.2760.04
from combining WMAP with galaxy clustering from th
2dFGRS and assumptions about spatial flatness, neglig
tensor modes and a reionization prior, whereas Bridleet al.
@8# argue that combining WMAP with certain galaxy clust
measurements prefersVm;0.17. In other words, WMAP
has placed the ball in the non-CMB court. Since non-CM
measurements are now less reliable and precise than
CMB, they have emerged as the limiting factor and weak
link in the quest for precision cosmology. Much of the ne
term progress in cosmology will therefore be driven by
ductions in statistical and systematic uncertainties of n
CMB probes.

The Sloan Digital Sky Survey@17–19# ~SDSS! team has
recently measured the three-dimensional power spect
P(k) using over 200 000 galaxies. The goal of that measu
ment@20# was to produce the most reliable non-CMB data
date, in terms of small and well-controlled systematic erro
and the purpose of the present paper is to use this mea
ment to constrain cosmological parameters. The SDSS po
spectrum analysis is completely independent of that of
2dFGRS, and with greater completeness, more uniform p
tometric calibration, analytically computed window fun
tions and improved treatment of non-linear redshift dist
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tions, it should be less sensitive to potential systema
errors. We emphasize the specific ways in which large-sc
structure data remove degeneracies in the WMAP-o
analysis, and explore in detail the effect of various priors t
are put on the data. The WMAP analysis using the 2dFG
data@6,7# was carried out with various strong priors:

~1! reionization optical deptht,0.3,
~2! vanishing tensor fluctuations and spatial curvatu

when constraining other parameters,
~3! that galaxy bias was known from the 2dFGRS bisp

trum @21#, and
~4! that galaxy redshift distortions were reliably modele

We will explore the effect of dropping these assumptio
and will see that the first three make a dramatic differen
Note in particular that both the spectral indexns and the
tensor amplituder are motivated as free parameters only
inflation theory, not by current observational data~which are
consistent withns51, r 50), suggesting that one should e
ther include or exclude them both.

The basic observational and theoretical situation is su
marized in Fig. 1. Here we have used our Monte Carlo M

FIG. 1. Summary of observations and cosmological mod
Data points are for unpolarized CMB experiments combined~top;
Appendix A 3 details data used! cross-polarized CMB from WMAP
~middle! and Galaxy power from SDSS~bottom!. Shaded bands
show the 1-sigma range of theoretical models from the Monte C
Markov chains, both for cosmological parameters~right! and for the
corresponding power spectra~left!. From outside in, these band
correspond to WMAP with no priors, adding the priorf n50, w
521, further adding the priorsVk5r 5a50, and further adding
the SDSS information, respectively. These four bands essent
coincide in the top two panels, since the CMB constraints w
included in the fits. Note that the, axis in the upper two panels
goes from logarithmic on the left to linear on the right, to sho
important features at both ends, whereas thek axis of the bottom
panel is simply logarithmic.
1-2
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TABLE I. Cosmological parameters used. Parameters 14–28 are determined by the first 13. Our Monte Carlo Markov chain
uniform prior to the parameters labeled ‘‘MCMC.’’ The last six and those labeled ‘‘Fits’’ are closely related to observable power sp
features@24–26# and are helpful for understanding the physical origin of the constraints.

Parameter Meaning Status Use Definition

t Reionization optical depth Not optional
vb Baryon density Not optional MCMC vb5Vbh25rb /(1.88310226 kg/m3)
vd Dark matter density Not optional MCMC vd5Vdh25rd /(1.88310226 kg/m3)
f n Dark matter neutrino fraction Well motivated MCMC f n5rn /rd

VL Dark energy density Not optional MCMC
w Dark energy equation of state Worth testing MCMC pL /rL ~approximated as constant!

Vk Spatial curvature Worth testing
As Scalar fluctuation amplitude Not optional Primordial scalar power atk50.05/Mpc
ns Scalar spectral index Well motivated MCMC Primordial spectral index atk50.05/Mpc
a Running of spectral index Worth testing MCMC a5dns /dlnk ~approximated as constant!

r Tensor-to-scalar ratio Well motivated MCMC Tensor-to-scalar power ratio atk50.05/Mpc
nt Tensor spectral index Well motivated MCMC
b Galaxy bias factor Not optional MCMC b5@Pgalaxy(k)/P(k)#1/2 ~assumed constant for

k,0.2h/ Mpc)

zion Reionization redshift~abrupt! zion'92(0.03ht/vb)2/3Vm
1/3 ~assuming abrupt

reionization@37#!

vm Physical matter density Fits vm5vb1vd5Vmh2

Vm Matter density/critical density Vm512VL2Vk

V tot Total density/critical density V tot5Vm1VL512Vk

At Tensor fluctuation amplitude At5rAs

M n Sum of neutrino masses M n'(94.4 eV)3vdf n @38#

h Hubble parameter h5A(vd1vb)/(12Vk2VL)
b Redshift distortion parameter b'@Vm

4/71(11Vm/2)(VL/70)#/b @39,40#
t0 Age of Universe t0'(9.785 Gyr)3h21*0

1@(VLa2(113w)1Vk

1Vm /a)#21/2da @38#

s8 Galaxy fluctuation amplitude s85$4p*0
`@(3/x3)(sinx2xcosx)#2P(k)k2dk/(2p)3%1/2,

x[k38h21 Mpc

Z CMB peak suppression factor MCMC Z5e22t

Ap Amplitude on CMB peak scales MCMC Ap5Ase
22t

Qs Acoustic peak scale~degrees! MCMC Qs(Vk ,VL ,w,vd ,vb) given by @25#

H2 2nd to 1st CMB peak ratio Fits H25(0.925vm
0.182.4ns21)/@11(vb/0.0164)12vm

0.52
)] 0.2

@25#

H3 3rd to 1st CMB peak ratio Fits H352.17@11(vb/0.044)2#21vm
0.593.6ns21/@111.63(1

2vb/0.071)vm#

A* Amplitude at pivot point Fits A* 50.82ns21Ap
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kov chains~MCMC, described in detail below! to show how
uncertainty in cosmological parameters~Table I! translates
into uncertainty in the CMB and matter power spectra.
see that the key reason why SDSS helps so much is
WMAP alone places only very weak constraints on the m
ter power spectrumP(k). As simplifying theoretical assump
tions are added, the WMAPP(k) predictions are seen t
tighten into a narrow band whose agreement with the SD
measurements is a striking manifestation of cosmolog
consistency. Yet even this band is still much wider than
SDSS error bars, which is why SDSS helps tighten c
straints ~notably on VL and h) even for this restricted
6-parameter class of models.

The rest of this paper is organized as follows. After p
senting our basic results in three tables, we devote a seri
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sections to digesting this information one piece at a tim
focusing on what we have and have not learned about
underlying physics, and on how robust the various conc
sions are to the choice of data sets and prior assumption
Sec. VIII we discuss our conclusions and potential syste
atic uncertainties, assess the extent to which a robust
consistent cosmological picture emerges, and commen
upcoming prospects and challenges.

II. BASIC RESULTS

A. Cosmological parameters

In this paper, we work within the context of a hot b
bang cosmology with primordial fluctuations that are ad
batic ~i.e., we do not allow isocurvature modes! and Gauss-
ian, with negligible generation of fluctuations by cosm
1-3
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strings, textures, or domain walls. Within this framework, w
follow @6,22# in parameterizing our cosmological model
terms of 13 parameters:

p[~t,vb ,vd , f n ,VL ,w,Vk ,As ,ns ,a,r ,nt ,b!. ~1!

The meaning of these 13 parameters is described in Tab
together with an additional 16 derived parameters, and t
relationship to the original 13.

All parameters are defined just as in version 4.3
CMBFAST @23#: in particular, the pivot point unchanged b
ns , a and nt is at 0.05/Mpc, and the tensor normalizatio
convention is such thatr 528nt for slow-roll models.s8 ,
the linear rms mass fluctuation in spheres of rad
8h21 Mpc, is determined by the power spectrum, which
in turn determined byp via CMBFAST. The last six parameter
in the table are so-called normal parameters@24#, which cor-
respond to observable features in the CMB power spect
@25,26# and are useful for having simpler statistical prop
ties than the underlying cosmological parameters as
cussed in Appendix A. Since currentnt constraints are too
weak to be interesting, we make the slow-roll assumpt
nt52r /8 throughout this paper rather than treatnt as a free
parameter.

B. Constraints

We constrain theoretical models using the Monte Ca
Markov chain method@27–33# implemented as described i
Appendix A. Unless otherwise stated, we use the WM
temperature and cross-polarization power spectra@1–4#,
evaluating likelihoods with the software provided by t
WMAP team@7#. When using SDSS information, we fit th
nonlinear theoretical power spectrumP(k) approximation of
@34# to the observations reported by the SDSS team@20#,
assuming an unknown scale-independent linear biasb to be
marginalized over. This means that we use only the shap
the measured SDSS power spectrum, not its amplitude.
use only the measurements withk<0.2h/Mpc as suggested
by @20#. The WMAP team used this samek limit when ana-
lyzing the 2dFGRS@7#; we show in Sec. VIII C that cutting
back to k<0.15h/Mpc causes a negligible change in o
best-fit model. To be conservative, we do not use the SD
measurement of redshift space distortion parameterb @20#,
nor do we use any other information~‘‘priors’’ ! whatsoever
unless explicitly stated. When using SN Ia information,
employ the 172 SN Ia redshifts and corrected magnitu
compiled and uniformly analyzed by Tonryet al. @35#,
evaluating the likelihood with the software provided by th
team, which marginalizes over the corrected SN Ia ‘‘stand
candle’’ absolute magnitude. Note that this is an updated
expanded data set from that available to the WMAP te
when they carried out their analysis@6#.

Our constraints on individual cosmological parameters
given in Tables II–IV and illustrated in Fig. 2, both fo
WMAP alone and when including additional informatio
such as that from the SDSS. To avoid losing sight of
forest for all the threes~and other digits!, we will spend most
of the remainder of this paper digesting this voluminous
formation one step at a time, focusing on what WMAP a
10350
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SDSS do and do not tell us about the underlying physics.
one-dimensional constraints in the tables and Fig. 2 fai
reveal important information hidden in parameter corre
tions and degeneracies, so a powerful tool will be study
the joint constraints on key 2-parameter pairs. We will be
with a simple 6-parameter space of models, then gradu
introduce additional parameters to quantify both how ac
rately we can measure them and to what extent they wea
the constraints on the other parameters.

III. VANILLA COLD DARK MATTER MODELS WITH A
COSMOLOGICAL CONSTANT „LCDM MODELS …

In this section, we explore constraints on six-parame
‘‘vanilla’’ models that have no spatial curvature (Vk50), no
gravity waves (r 50), no running tilt (a50), negligible
neutrino masses (f n50) and dark energy corresponding to
pure cosmological constant (w521). These vanillaLCDM
models are thus determined by merely six parameters:
matter budget (VL ,vd ,vb), the initial conditions (As ,ns)
and the reionization optical deptht. ~When including SDSS
information, we bring in the bias parameterb as well.!

Our constraints on individual cosmological parameters
shown in Tables II–IV and Fig. 2 both for WMAP alone an
when including SDSS information. Several features are no
worthy.

First of all, as emphasized by the WMAP team@6#, error
bars have shrunk dramatically compared to the situation
fore WMAP, and it is therefore quite impressive thatany
vanilla model is still able to fit both the unpolarized an
polarized CMB data. The best fit model~Table II! has x2

;1431.5 for 89914492651342 effective degrees of free
dom, i.e., about 1.7s high if taken at face value. The WMAP
team provide an extensive discussion of possible origins
this slight excess, and argue that it comes mainly from th
unexplained ‘‘blips’’ @7,36#, deviations from the model fit
over a narrow range of,, in the measured temperatur
power spectrum. They argue that these blips have nothin
do with features in any standard cosmological models, si
adding the above-mentioned non-vanilla parameters does
reducex2 substantially—we confirm this below, and will no
dwell further on these sharp features. Adding the 19 SD
data points increases the effective degrees of freedom
1921518 ~since this requires the addition of the bias p
rameterb), yet raises the best-fitx2 by only 15.7. Indeed,
Fig. 1 shows that even the model best fitting WMAP alo
does a fine job at fitting the SDSS data with no further p
rameter tuning.

A. The vanilla banana

Second, our WMAP-only constraints are noticeab
weaker than those reported by@6#, mostly because we did no
place a prior on the value of the reionization optical deptht,
and adding SDSS information helps rather dramatically w
all of our six basic parameters, roughly halving the 2s error
bars. The physical explanation for both of these facts is t
the allowed subset of our 6-dimensional parameter sp
forms a rather elongated banana-shaped region. In
2-dimensional projections shown~Figs. 3, 4, 5 and 6!, this is
1-4
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TABLE II. 1 s constraints on cosmological parameters using WMAP information alone. The columns compare different theoretic
indicated by numbers in italics. The penultimate column has only the six ‘‘vanilla’’ parameters (t,VL ,vd ,vb ,As ,ns) free and therefore
gives the smallest error bars. The last column uses WMAP temperature data alone, all others also include WMAP polarization inf

Using WMAP temperature and polarization information No pol.
6par1Vk1r 1a 6par1Vk 6par1r 6par1f n 6par1w 6par 6par

e22t 0.5220.15
10.21 0.6520.32

10.19 0.6820.16
10.13 0.7520.23

10.12 0.6820.21
10.15 0.6620.25

10.17 .0.50 (95%)
Qs 0.60220.006

10.010 0.60320.005
10.015 0.596820.0056

10.0048 0.589320.0056
10.0062 0.596620.0105

10.0066 0.598720.0048
10.0052 0.598420.0042

10.0041

VL 0.5420.33
10.24 0.5320.32

10.24 0.82320.082
10.058 0.68720.097

10.087 0.6420.17
10.14 0.7520.10

10.10 0.67420.093
10.086

h2Vd 0.10520.023
10.023 0.10820.034

10.022 0.09720.018
10.021 0.11920.016

10.018 0.11820.020
10.020 0.11520.021

10.020 0.12920.018
10.019

h2Vb 0.023820.0027
10.0035 0.024120.0020

10.0055 0.025620.0019
10.0025 0.024720.0016

10.0029 0.024620.0017
10.0038 0.024520.0019

10.0050 0.023720.0013
10.0018

f n 0 0 0 No constraint 0 0 0
ns 0.9720.10

10.13 1.0120.06
10.18 1.06420.059

10.066 0.96220.041
10.098 1.0320.05

10.12 1.0220.06
10.16 0.98920.031

10.061

nt11 0.984720.0141
10.0097 1 0.95920.037

10.026 1 1 1 1
Ap 0.59320.044

10.053 0.60220.051
10.053 0.59220.046

10.049 0.60220.050
10.045 0.63720.046

10.045 0.63320.041
10.044 0.65220.046

10.049

r ,0.90 (95%) 0 ,0.84 (95%) 0 0 0 0
b No constraint No constraint No constraint No constraint No constraint No constraint No constr
w 21 21 21 21 20.7220.27

10.34 21 21
a 20.07520.055

10.047 0 0 0 0 0 0

V tot 1.09520.144
10.094 1.08620.128

10.057 0 0 0 0 0
Vm 0.5720.33

10.45 0.5520.29
10.47 0.17720.058

10.082 0.31320.087
10.097 0.3620.14

10.17 0.2520.10
10.10 0.32620.086

10.093

h2Vm 0.12820.021
10.022 0.13220.028

10.021 0.12320.018
10.020 0.14420.016

10.018 0.14320.019
10.020 0.14020.018

10.020 0.15320.018
10.020

h 0.4820.12
10.27 0.5020.13

10.16 0.8420.10
10.12 0.67420.049

10.087 0.6320.10
10.14 0.7420.07

10.18 0.68420.045
10.070

t 0.3320.17
10.17 0.2220.13

10.34 0.1920.09
10.13 0.1520.07

10.18 0.1920.10
10.18 0.2120.11

10.24 ,0.35 (95%)
zion 25.928.8

14.4 20.128.3
19.2 17.125.8

15.8 15.525.6
18.6 18.526.6

17.1 19.627.4
17.8 ,25 (95%)

As 1.1420.31
10.42 0.9720.23

10.73 0.8720.16
10.28 0.8120.13

10.35 0.9420.18
10.40 0.9820.21

10.56 0.8020.12
10.26

At 0.1420.10
10.13 0 0.3020.17

10.22 0 0 0 0
b No constraint No constraint No constraint No constraint No constraint No constraint No constr
t0 ~Gyr! 16.523.1

12.6 16.321.8
12.3 13.0020.47

10.41 13.7520.59
10.36 13.5320.65

10.52 13.2420.89
10.41 13.4120.37

10.29

s8 0.9020.13
10.13 0.8720.13

10.15 0.8420.17
10.17 0.3220.32

10.36 0.9520.14
10.16 0.9920.14

10.19 0.9420.12
10.15

H2 0.44120.014
10.013 0.458120.0083

10.0090 0.454120.0081
10.0067 0.42620.010

10.018 0.454120.0085
10.0084 0.454320.0085

10.0083 0.454120.0086
10.0085

H3 0.42420.040
10.043 0.45520.029

10.033 0.45220.033
10.034 0.44120.033

10.039 0.47720.034
10.036 0.47420.033

10.037 0.47520.030
10.032

A* 0.59520.048
10.056 0.59920.064

10.055 0.58420.046
10.050 0.60220.046

10.045 0.63120.045
10.047 0.62420.042

10.048 0.65220.046
10.048

M n ~eV! 0 0 0 ,10.6 (95%) 0 0 0

x2/dof 1426.1/1339 1428.4/1341 1430.9/1341 1431.8/1341 1431.8/1341 1431.5/1342 972.4/
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most clearly seen in Figs. 3 and 5. Moving along this deg
eracy banana, all six parameters (t,VL ,vd ,vb ,As ,ns) in-
crease together, as doesh.

There is nothing physically profound about this on
dimensional degeneracy. Rather, it is present because w
fitting six parameters to only five basic observables:
heights of the first three acoustic peaks, the large-scale
malization and the angular peak location. Within the van
model space, all models fitting these five observables will
a decent job at fitting the power spectra everywhere
WMAP is sensitive@25#. As measurements improve and i
clude additional peaks, this approximate degeneracy will
away.

Here is how the banana degeneracy works in pract
increasingt and As in such a way thatAp[Ase

22t stays
constant, the peak heights remain unchanged and the
effect is to increase power on the largest scales. The la
scale power relative to the first peak can be brought b
down to the observed value by increasingns , after which the
10350
-

-
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o
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k

second peak can be brought back down by increasingvb .
Adding WMAP polarization information actually lengthen
rather than shortens the degeneracy banana, by stretchin
the range of preferredt values—the largest-scale polariz
tion measurement prefers very hight ~Fig. 1! while the un-
polarized measurements prefert50. This banana degen
eracy was also discussed in numerous accuracy foreca
papers and older parameter constraint papers@12,13,15,16#.

Since the degeneracy involves all the parameters, es
tially any extra piece of information will break it. The
WMAP team break it by imposing a prior~assumingt
,0.3), which cuts off much of the banana. Indeed, Fig
shows that the distribution for several parameters~notably
the reionization redshiftzion) are bimodal, so this prior elimi-
nates the rightmost of the two bumps. In the present pa
we wish to keep assumptions to a minimum and theref
break the degeneracy using the SDSS measurements ins
Figure 5 illustrates the physical reason that this works
well: SDSS accurately measures theP(k) ‘‘shape param-
1-5
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TABLE III. 1 s constraints on cosmological parameters combining CMB and SDSS information. The columns compare d
theoretical priors indicated by italics. The second last column drops the polarized WMAP information and the last column drops all
information, replacing it by pre-WMAP CMB experiments. The 6par1w column includes SN Ia information.

Using SDSS1WMAP temperature and polarization information No pol. No WMAP
6par1Vk1r 1a 6par1Vk 6par1r 6par1f n 6par1w 6par 6par 6par

e22t 0.5320.17
10.22 0.6920.32

10.15 0.77620.116
10.098 0.77620.121

10.095 0.8020.13
10.10 0.78020.119

10.094 .0.63 (95%) .0.71 (95%)
Qs 0.60120.006

10.010 0.60020.004
10.013 0.598220.0032

10.0034 0.594820.0030
10.0033 0.595420.0038

10.0037 0.596520.0030
10.0031 0.596820.0030

10.0030 0.597720.0045
10.0048

VL 0.66020.097
10.080 0.65320.084

10.082 0.72720.042
10.041 0.62020.087

10.074 0.70620.033
10.032 0.69920.045

10.042 0.68420.046
10.041 0.69120.053

10.039

h2Vd 0.10320.022
10.020 0.10320.024

10.016 0.119520.0082
10.0084 0.13520.012

10.014 0.12420.011
10.012 0.122220.0082

10.0090 0.125420.0083
10.0093 0.125220.0076

10.0088

h2Vb 0.023820.0026
10.0036 0.023220.0017

10.0051 0.024220.0013
10.0017 0.023420.0011

10.0014 0.023220.0010
10.0013 0.023220.0010

10.0013 0.023120.0009
10.0011 0.022920.0015

10.0016

f n 0 0 0 ,0.12 (95%) 0 0 0 0
ns 0.9720.10

10.12 0.9820.04
10.18 1.01220.036

10.049 0.97220.027
10.041 0.97620.024

10.040 0.97720.025
10.039 0.97320.021

10.030 1.01520.033
10.036

nt11 0.985220.0154
10.0093 1 0.97620.021

10.016 1 1 1 1 1
Ap 0.58420.033

10.045 0.58420.028
10.038 0.63520.021

10.023 0.64520.026
10.029 0.63720.027

10.027 0.63320.022
10.024 0.63720.023

10.025 0.58820.025
10.025

r ,0.50 (95%) 0 ,0.47 (95%) 0 0 0 0 0
b 0.9420.10

10.12 1.0320.13
10.15 0.96320.081

10.075 1.06120.105
10.096 0.95620.076

10.075 0.96220.083
10.073 1.00920.091

10.068 1.06820.079
10.066

w 21 21 21 21 21.0520.14
10.13 21 21 21

a 20.07120.047
10.042 0 0 0 0 0 0 0

V tot 1.05620.045
10.045 1.05820.041

10.039 0 0 0 0 0 0
Vm 0.4020.09

10.10 0.40620.091
10.093 0.27320.041

10.042 0.38020.074
10.087 0.29420.032

10.033 0.30120.042
10.045 0.31620.041

10.046 0.30920.039
10.053

h2Vm 0.12620.019
10.019 0.12620.019

10.016 0.143820.0080
10.0084 0.15820.012

10.015 0.14720.011
10.012 0.145420.0082

10.0091 0.148620.0084
10.0095 0.148120.0077

10.0091

h 0.5520.06
10.11 0.55020.055

10.092 0.72520.036
10.049 0.64520.040

10.048 0.70820.030
10.033 0.69520.031

10.039 0.68520.028
10.033 0.69320.040

10.038

t 0.3220.17
10.19 0.1820.10

10.31 0.12720.059
10.081 0.12720.058

10.085 0.11320.059
10.090 0.12420.057

10.083 ,0.23 (95%) ,0.17 (95%)
zion 25.328.8

14.8 1827
110 14.124.7

14.8 14.924.8
15.4 13.625.2

15.7 14.424.7
15.2 ,20 (95%) ,18 (95%)

As 1.1220.31
10.43 0.8620.16

10.68 0.8220.10
10.15 0.8320.09

10.16 0.8020.09
10.15 0.8120.09

10.15 0.7220.07
10.15 0.6420.04

10.10

At 0.1420.09
10.12 0 0.1620.11

10.15 0 0 0 0 0
b 0.63320.076

10.081 0.58720.062
10.066 0.50620.053

10.056 0.55420.054
10.059 0.53320.048

10.051 0.53720.052
10.056 0.52920.052

10.059 0.49320.051
10.060

t0 ~Gyr! 15.821.8
11.5 15.921.5

11.3 13.3220.33
10.27 13.6520.28

10.25 13.4720.27
10.26 13.5420.27

10.23 13.5520.23
10.21 13.5120.31

10.32

s8 0.9120.10
10.11 0.8620.11

10.13 0.91920.073
10.086 0.82320.077

10.098 0.92820.076
10.084 0.91720.072

10.090 0.87920.062
10.088 0.84220.053

10.069

H2 0.44120.012
10.013 0.457720.0082

10.0086 0.453520.0084
10.0081 0.452120.0100

10.0091 0.454520.0090
10.0087 0.455020.0082

10.0083 0.454920.0083
10.0082 0.47520.020

10.018

H3 0.42220.031
10.027 0.44420.025

10.026 0.46820.017
10.019 0.47220.019

10.022 0.46120.017
10.018 0.45920.016

10.018 0.46020.015
10.017 0.48520.018

10.020

A* 0.58720.041
10.049 0.58220.036

10.041 0.63220.021
10.022 0.64820.025

10.028 0.63920.028
10.027 0.63520.022

10.024 0.63920.022
10.024 0.58620.025

10.024

M n ~eV! 0 0 0 ,1.74 (95%) 0 0 0 0

x2/dof 1444.4/1357 1445.4/1359 1446.9/1359 1447.3/1359 1622.0/1531 1447.2/1360 987.8/911 134.
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eter’’ G[hVm50.2160.03 at 2s @20#, which crudely
speaking determines the horizontal position ofP(k) and this
allowed region in the (Vm ,h) plane intersects the CMB ba
nana at an angle. OnceE-polarization results from WMAP
become available, they should provide another powerful w
of breaking this degeneracy from WMAP alone, by direc
constrainingt—from our WMAP1SDSS analysis, we mak
the predictiont,0.29 at 95% confidence for what this me
surement should find.~Unless otherwise specified, we quo
1s limits in text and tables, whereas the 2-dimensional fi
ures show 2s limits.!

Figure 5 shows that the banana is well fitted byh
50.7(Vm/0.3)20.35, so even from WMAP1SDSS alone, we
obtain the useful precision constrainth(Vm/0.3)0.35

50.69720.011
10.012 ~68%!.

B. Consistency with other measurements

Figure 3 shows that the WMAP1SDSS allowed value o
the baryon densityvb50.02360.001 agrees well with the
10350
y

-

latest measurementsvb50.02260.002 from big bang nu-
cleosynthesis~BBN! @41–43#. It is noteworthy that the
WMAP1SDSS preferred value is higher than the BBN p
ferred valuevb50.01960.001 of a few years ago@44#, so
the excellent agreement hinges on improved reaction rate
the theoretical BBN predictions@42# and a slight decrease i
observed deuterium abundance. This is not to be confu
with the more dramatic drop in inferred deuterium abu
dance in preceding years as data improved, which raised
vb prediction fromvb50.012560.00125@45,46#.

The existence of dark matter could be inferred from CM
alone only as recently as 2001@22# ~cf. @47#!, yet Fig. 4
shows that WMAP alone requires dark matter at very h
significance, refuting the suggestion of@48# that an alterna-
tive theory of gravity with no dark matter can explain CM
observations.

Table III shows that once WMAP and SDSS are co
bined, the constraints on three of the six vanilla parame
(vb , vd andns) are quite robust to the choice of theoretic
1-6



mn uses

the
,

.1/1361

COSMOLOGICAL PARAMETERS FROM SDSS AND WMAP PHYSICAL REVIEW D69, 103501 ~2004!
TABLE IV. 1 s constraints on cosmological parameters as progressively more information/assumptions are added. First colu
WMAP data alone and treats the 9 parameters (t,Vk ,VL ,vd ,vb ,As ,ns ,a,r ) as unknown, so the only assumptions aref n50, w521.
Moving to the right in the table, we add the assumptionsr 5a50, then add SDSS information, then add SN Ia information, then add
assumption thatt,0.3. The next two columns are for 6-parameter vanilla models (Vk5r 5a50), first using WMAP1SDSS data alone
then adding small-scale non-WMAP CMB data. The last two columns use WMAP1SDSS alone for 5-parameter models assumingns51
~‘‘vanilla lite’’ ! andns50.96, r 50.15 (V}f2 stochastic eternal inflation!, respectively.

9 parameters(t,Vk ,VL ,vd ,vb ,As ,ns ,a,r ) free WMAP1SDSS, 6 vanilla parameters free

WMAP 1r 5a50 1SDSS 1SN Ia 1t,0.3 1other CMB 1ns51 1V(f)}f2

e22t 0.5220.15
10.21 0.6520.32

10.19 0.6920.32
10.15 0.4420.13

10.34 0.7520.12
10.11 0.78020.119

10.094 0.81320.092
10.081 0.72020.049

10.057 0.83320.059
10.063

Qs 0.60220.006
10.010 0.60320.005

10.015 0.60020.004
10.013 0.60620.010

10.011 0.597120.0034
10.0034 0.596520.0030

10.0031 0.595620.0026
10.0025 0.597920.0024

10.0024 0.595320.0022
10.0021

VL 0.5420.33
10.24 0.5320.32

10.24 0.65320.084
10.082 0.72520.044

10.039 0.69520.037
10.034 0.69920.045

10.042 0.69120.040
10.032 0.70720.039

10.031 0.68520.041
10.032

h2Vd 0.10520.023
10.023 0.10820.034

10.022 0.10320.024
10.016 0.09020.016

10.028 0.11520.012
10.012 0.122220.0082

10.0090 0.123120.0068
10.0075 0.123320.0079

10.0089 0.123320.0071
10.0082

h2Vb 0.023820.0027
10.0035 0.024120.0020

10.0055 0.023220.0017
10.0051 0.026320.0036

10.0042 0.023020.0011
10.0013 0.023220.0010

10.0013 0.022820.0008
10.0010 0.023820.0006

10.0006 0.022620.0006
10.0006

f n 0 0 0 0 0 0 0 0 0

ns 0.9720.10
10.13 1.0120.06

10.18 0.9820.04
10.18 1.1020.13

10.11 0.97920.029
10.036 0.97720.025

10.039 0.96620.020
10.025 1 0.96

nt11 0.984720.0141
10.0097 1 1 1 1 1 1 1 0.993

Ap 0.59320.044
10.053 0.60220.051

10.053 0.58420.028
10.038 0.58220.025

10.043 0.61320.033
10.034 0.63320.022

10.024 0.63120.019
10.020 0.64220.022

10.023 0.62920.019
10.021

r ,0.90 (95%) 0 0 0 0 0 0 0 0.15

b 1 1 1.0320.13
10.15

0.9320.08
10.10 0.99820.088

10.098 0.96220.083
10.073 0.99020.062

10.060 0.91820.033
10.036 1.00620.039

10.043

w 21 21 21 21 21 21 21 21 21

a 20.07520.055
10.047 0 0 0 0 0 0 0 0

V tot 1.09520.144
10.094 1.08620.128

10.057 1.05820.041
10.039 1.05420.041

10.048 1.01220.022
10.018 0 0 0 0

Vm 0.5720.33
10.45 0.5520.29

10.47 0.40620.091
10.093 0.32820.049

10.050 0.31720.045
10.053 0.30120.042

10.045 0.30920.032
10.040 0.29320.031

10.039 0.31520.032
10.041

h2Vm 0.12820.021
10.022 0.13220.028

10.021 0.12620.019
10.016 0.11720.013

10.024 0.13820.012
10.012 0.145420.0082

10.0091 0.145920.0071
10.0077 0.147120.0080

10.0090 0.145920.0073
10.0084

h 0.4820.12
10.27 0.5020.13

10.16 0.55020.055
10.092 0.59920.062

10.090 0.66020.064
10.067 0.69520.031

10.039 0.68520.026
10.027 0.70820.024

10.023 0.68020.024
10.022

t 0.3320.17
10.17 0.2220.13

10.34 0.1820.10
10.31 0.4120.28

10.17 0.14320.066
10.089 0.12420.057

10.083 0.10320.047
10.060 0.16520.038

10.035 0.09220.036
10.036

zion 25.928.8
14.4 20.128.3

19.2 1827
110 26.7212.4

13.2 15.625.0
15.1 14.424.7

15.2 12.824.2
14.3 17.022.6

12.2 11.923.4
12.9

As 1.1420.31
10.42 0.9720.23

10.73 0.8620.16
10.68 1.3020.51

10.50 0.8220.11
10.14 0.8120.09

10.15 0.77720.072
10.100 0.89320.053

10.051 0.75820.050
10.050

At 0.1420.10
10.13 0 0 0 0 0 0 0 0.113720.0074

10.0075

b 0.7320.29
10.28 0.7220.24

10.29 0.58720.062
10.066 0.57720.063

10.062 0.53020.045
10.050 0.53720.052

10.056 0.53420.046
10.044 0.55320.047

10.054 0.52520.045
10.052

t0 ~Gyr! 16.523.1
12.6 16.321.8

12.3 15.921.5
11.3 15.621.8

11.4 14.120.9
11.0 13.5420.27

10.23 13.6220.20
10.20 13.4020.12

10.13 13.6720.12
10.12

s8 0.9020.13
10.13 0.8720.13

10.15 0.8620.11
10.13 0.94820.101

10.089 0.88220.084
10.094 0.91720.072

10.090 0.89420.055
10.060 0.96620.050

10.046 0.87920.046
10.041

H2 0.44120.014
10.013 0.458120.0083

10.0090 0.457720.0082
10.0086 0.458520.0093

10.0086 0.455820.0083
10.0082 0.455020.0082

10.0083 0.455220.0079
10.0087 0.454320.0081

10.0081 0.455620.0081
10.0081

H3 0.42420.040
10.043 0.45520.029

10.033 0.44420.025
10.026 0.45720.021

10.020 0.44920.021
10.021 0.45920.016

10.018 0.45420.012
10.013 0.46720.011

10.012 0.45120.010
10.011

A* 0.59520.048
10.056 0.59920.064

10.055 0.58220.036
10.041 0.56720.028

10.058 0.61620.032
10.033 0.63520.022

10.024 0.63420.018
10.020 0.64220.022

10.023 0.63420.019
10.021

M n ~eV! 0 0 0 0 0 0 0 0 0

x2/dof 1426.1/1339 1428.4/1341 1445.4/1359 1619.6/1530 1621.8/1530 1447.2/1360 1475.6/1395 1447.9/1361 1447
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priors on the other parameters. This is because the C
information that constrains them is mostly the relati
heights of the first three acoustic peaks, which are left un
fected by all the other parameters excepta. The four param-
eters (Vk ,r ,w, f n) that are fixed by priors in many publishe
analyses cause only a horizontal shift of the peaks (Vk and
w) and modified CMB power on larger angular scales~late
ISW effect fromVk andw, tensor power fromr ).

Figure 5 illustrates that two of the most basic cosmolo
cal parameters,Vm and h, are not well constrained by
WMAP alone even for vanilla models, uncertain by facto
of about two and five, respectively~at 95% confidence!. Af-
ter including the SDSS information, however, the constra
are seen to shrink dramatically, giving Hubble parame
constraintsh'0.7020.03

10.04 that are even tighter than~and in
10350
B

f-

-

s
r

good agreement with! those from the HST project,h50.72
60.07 @49#, which is of course a completely independe
measurement based on entirely different physics.~But see
the next section for the crucial caveats.! Our results also
agree well with those from the WMAP team, who obtain
h'0.7360.03 @6# by combining WMAP with the 2dFGRS
Indeed, our value forh is about 1s lower. This is because the
SDSS power spectrum has a slightly bluer slope than tha
2dFGRS, favoring slightly higherVm values ~we obtain
Vm50.3060.04 as compared to the WMAP12dFGRS
valueVm50.2660.05). As discussed in more detail in Se
VIII, this slight difference may be linked to differences in
modeling of non-linear redshift space distortions and bi
For a thorough and up-to-date review of recenth and Vm
determinations, see@6#.
1-7



class

and the
zero

TEGMARK et al. PHYSICAL REVIEW D 69, 103501 ~2004!
FIG. 2. Constraints on individual cosmological quantities using WMAP alone~shaded yellow/light gray distributions! and including
SDSS information~narrower red/dark gray distributions!. Each distribution shown has been marginalized over all other quantities in the
of 6-parameter (t,VL ,vd ,vb ,As ,ns) ‘‘vanilla’’ models as well as over a galaxy bias parameterb for the SDSS case. Thea distributions
are also marginalized overr andVk . The parameter measurements and error bars quoted in the tables correspond to the median
central 68% of the distributions, indicated by three vertical lines for the WMAP1SDSS case above. When the distribution peaks near

~as for r ), we instead quote an upper limit at the 95th percentile~single vertical line!. The horizontal dashed lines indicatee2x2/2 for x
51 and 2, respectively, so if the distribution were Gaussian, its intersections with these lines would correspond to 1s and 2s limits,
respectively.
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Whereas the constraints ofvb , vd and ns are rather ro-
bust, we will see in the following section that our constrain
on h andVm hinge crucially on the assumption that space
perfectly flat, and become substantially weaker when dr
ping that assumption.

The last columns of Table III demonstrate excellent co
sistency with pre-WMAP CMB data~Appendix A 3!, which
10350
s
s
-

-

involves not only independent experiments but also pa
independent physics, with much of the information comi
from small angular scales,*600 where WMAP is insensi-
tive. In other words, our basic results and error bars s
stand even if we discard either WMAP or pre-WMAP da
Combining WMAP and smaller-scale CMB data~Table IV,
3rd last column! again reflects this consistency, tightenin
1-8
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COSMOLOGICAL PARAMETERS FROM SDSS AND WMAP PHYSICAL REVIEW D69, 103501 ~2004!
the error bars around essentially the same central value
Figure 6 compares various constraints on the linear c

tering amplitudes8 . Constraints from both galaxy cluste
@50–52# ~black! and weak gravitational lensing@53–55#
~gray! are shown as shaded bands in the (Vm ,s8) plane for
the recent measurements listed in Table V and are seen
be consistent with the WMAP1SDSS allowed region. How
ever, we see that there is no part of the allowed region
simultaneously matches all the cluster constraints, indica
that cluster-related systematic uncertainties such as the m
temperature relation may still not have been fully propaga
into the quoted cluster error bars.

Comparing Fig. 6 with Fig. 2 from@68# demonstrates ex
cellent consistency with an analysis combining the we
lensing data of@54# ~Table V! with WMAP, small-scale
CMB data and anvb prior from big bang nucleosynthesis
Figure 6 also shows good consistency withVm estimates
from cluster baryon fractions@8#, which in turn are larger
than estimates based on mass-to-light ratio techniques
ported in@8# ~see@69# for a discussion of this!.

The constraints on the bias parameterb in Tables III and
IV refer to the clustering amplitude of SDSSL* galaxies at
the effective redshift of the survey relative to the cluster
amplitude of dark matter atz50. If we takez;0.15 as the-
effective redshift based on Fig. 31 in@20#, then the ‘‘vanilla
lite’’ model ~second last column of Table IV! gives dark mat-

FIG. 3. 95% constraints in the (ns ,vb) plane. The shaded dar
red/gray region is ruled out by WMAP alone for 6-parameter ‘‘v
nilla’’ models, leaving the long degeneracy banana discussed in
text. The shaded light red/gray region is ruled out when add
SDSS information. The hatched band is required by big bang
cleosynthesis~BBN!. From right to left, the three vertical band
correspond to a scale-invariant Harrison-Zel’dovich spectrum
to the common inflationary predictionsns5122/N;0.96 andns

5123/N;0.94~Table VI!, assuming that the number ofe-foldings
between horizon exit of the observed fluctuations and the en
inflation is 50,N,60.
10350
s-

all

at
g
ss-
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re-

ter fluctuations 0.925 times their present value and henc
physical bias factorb* 5b/0.92550.918/0.925'0.99, in
good agreement with the completely independent meas
ment b* 51.0460.11 @21# based on the bispectrum ofL*
2dFGRS galaxies. A thorough discussion of such bias cr
checks is given by@70#.

IV. CURVED MODELS

Let us now spice up the vanilla model space by add
spatial curvatureVk as a free parameter, both to constrain t
curvature and to quantify how other constraints get we
ened when dropping the flatness assumption.

Figures 7 and 8 show that there is a strong degene
between the curvature of the universeVk[12V tot and both
the Hubble parameterh and the age of the universet0 , when
constrained by WMAP alone~even with only the seven pa
rameters we are now considering allowed to change!; with-
out further information or priors, one cannot simultaneou
demonstrate spatial flatness and measureh or t0 . We see that
although WMAP alone abhors open models, requiringV tot
[Vm1VL512Vk*0.9 ~95%!, closed models withV tot as
large as 1.4 are still marginally allowed provided that t
Hubble parameterh;0.3 and the age of the Universet0
;20 Gyr. Although most inflation models do predict spa
to be flat and closed inflation models require particula
ugly fine-tuning @71#, a number of recent papers on oth
subjects have considered nearly flat models either to exp
the low CMB quadrupole@72# or for anthropic reasons@73–
75#, so it is clearly interesting and worthwhile to test th

he
g
u-

d

of

FIG. 4. 95% constraints in the (vd ,vb) plane. Shaded dark
red/gray region is ruled out by WMAP alone for 6-parameter ‘‘v
nilla’’ models. The shaded light red/gray region is ruled out wh
adding SDSS information. The hatched band is required by
bang nucleosynthesis~BBN!.
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FIG. 5. 95% constraints in the (Vm ,h) plane. Shaded dark red
gray region is ruled out by WMAP alone for 6-parameter ‘‘vanilla
models, leaving the long degeneracy banana discussed in the
The shaded light red/gray region is ruled out when adding SD
information, which can be understood as SDSS accurately mea
ing the P(k) ‘‘shape parameter’’hVm50.2160.03 at 2s ~sloping
hatched band!. The horizontal hatched band is required by the H
key project @49#. The dotted line shows the fit h
50.7(Vm/0.3)20.35, explaining the origin of the accurate constrai
h(Vm/0.3)0.3550.7060.01 (1s).
10350
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FIG. 6. 95% constraints in the (Vm ,s8) plane. Shaded dark
red/gray region is ruled out by WMAP alone for 6-parameter ‘‘v
nilla’’ models. The shaded light red/gray region is ruled out wh
adding SDSS information. The 95% confidence regions are hatc
for various recent cluster~black! and lensing~green/gray! analyses
as discussed in the text. The vertical lines indicate the constra
described in@8# from mass-to-light ratios in galaxies and cluste
(0.06&Vm&0.22) and from cluster baryon fractions (0.22&Vm

&0.37).
TABLE V. Recent constraints in the (Vm ,s8) plane.

Analysis Measurement

Clusters
Voevodkin and Vikhlinin 2003 @56# s850.6010.28Vm

0.560.04
Bahcall and Bode 2003,z,0.2 @50# s8(Vm/0.3)0.6050.6860.06
Bahcall and Bode 2003,z.0.5 @50# s8(Vm/0.3)0.1450.9260.09
Pierpaoliet al. 2002 @57# s850.7720.04

10.05

Allen et al. 2003 @52# s8(Vm/0.3)0.2550.6960.04
Schueckeret al. 2002 @58# s850.71120.031

10.039

Viana et al. 2002 @59# s850.7820.03
10.15 ~for Vm50.35)

Seljak 2002 @60# s8(Vm/0.3)0.4450.7760.07
Reiprich and Bo¨hringer 2002 @61# s850.9620.12

10.15

Borganiet al. 2001 @62# s850.66620.06
Pierpaoliet al. 2001 @51# s8(Vm/0.3)0.6051.0220.076

10.070

Weak lensing
Heymanset al. 2003 @63# s8(Vm/0.30)0.650.6760.10
Jarviset al. 2002 @64# s8(Vm/0.3)0.5750.7120.08

10.06

Brown et al. 2002 @53# s8(Vm/0.3)0.5050.7460.09
Hoekstraet al. 2002 @54# s8(Vm/0.3)0.5250.8620.07

10.05

Refregieret al. 2002 @65# s8(Vm/0.3)0.4450.9420.24
10.24

Baconet al. 2002 @55# s8(Vm/0.3)0.6850.9760.13
Van Waerbekeet al. 2002 @66# s8(Vm/0.3)(0.2470.18)Vm20.4950.9420.12

10.14

Hamanaet al. 2002 @67# s8(Vm/0.3)20.375(0.7820.12
10.27)
1-10
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COSMOLOGICAL PARAMETERS FROM SDSS AND WMAP PHYSICAL REVIEW D69, 103501 ~2004!
flatness assumption observationally. In the same spirit, m
suring the Hubble parameterh independently of theoretica
assumptions about curvature and measurements of ga
distances at low redshift provides a powerful consiste
check on our whole framework.

Including SDSS information is seen to reduce the cur
ture uncertainty by about a factor of three. We also show
effect of adding the above-mentioned priort,0.3 and SN Ia
information from the 172 SN Ia compiled by@35#, which is
seen to further tighten the curvature constraints toV tot
51.0160.02 (1s), providing a striking vindication of the
standard inflationary predictionV tot51. Yet even with all
these constraints, a strong degeneracy is seen to persis
tween curvature andh, and curvature andt0 , so that the HST
key project@49# remains the most accurate measuremen
h. If we add the additional assumption that space isexactly
flat, then uncertainties shrink by factors around 3 and 4 foh
and t0 , respectively, still in beautiful agreement with oth
measurements. The age limitt0.12 Gyr shown in Fig. 8 is
the 95% lower limit from white dwarf ages by@76#; for thor-
ough reviews of recent age determinations, see@6,77#.

This curvature degeneracy is also seen in Fig. 9, wh
illustrates that the existence of dark energyVL.0 is re-
quired at high significance only when augmenting WMA

FIG. 7. 95% constraints in the (V tot ,h) plane. Shaded dark
red/gray region is ruled out by WMAP alone for 7-parameter curv
models, showing that CMB fluctuations alone do not simul
neously show space to be flat and measure the Hubble param
The shaded light red/gray region is ruled out when adding SD
information. Continuing inwards, the next two regions are ruled
when adding thet,0.3 assumption and when adding SN Ia info
mation as well. The light hatched band is required by the HST
project @49#. The dotted line shows the fith50.7V tot

25 , explaining
the origin of the accurate constraintshV tot

5 50.70320.024
10.029 and

V tot(h/0.7)0.251.00120.007
10.008 (1s).
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with either galaxy clustering information or SN Ia informa
tion ~as also pointed out by@6#!. This stems from the well-
known geometric degeneracy whereVk and VL can be al-
tered so as to leave the acoustic peak locations unchan
which has been exhaustively discussed in the pre-WM
literature—see, e.g.,@12,13,15,16,78#.

In conclusion, we obtain sharp constraints on spatial c
vature and interesting constraints onh, t0 andVL , but only
when combining WMAP with SDSS and/or other data.
other words, within the class of almost flat models, t
WMAP-only constraints onh, t0 andVL are weak, and in-
cluding SDSS gives a huge improvement in precision.

Since the constraints onh and t0 are further tightened by
a large factor if space is exactly flat, can one justify t
convenient assumptionV tot51? Although WMAP alone
marginally allowsV tot51.5 ~Fig. 7!, WMAP1SDSS shows
thatV tot is within 15% of unity. It may therefore be possib
to bolster the case for perfect spatial flatness by demolish
competing theoretical explanations of the observed appr
mate flatness—for instance, it has been argued that if
near-flatness is due to an anthropic selection effect, then
expects departures fromV tot;1 of order unity@73,75#, per-
haps larger than we now observe. This approach is part
larly promising if one uses a prior onh. Imposing a hard
limit 0.58,h,0.86 corresponding to the 2s range from the
HST key project @49#, we obtain V tot51.03020.029

10.029 from

d
-
ter.
S
t

y

FIG. 8. 95% constraints in the (V tot ,t0) plane. Shaded dark
red/gray region is ruled out by WMAP alone for 7-parameter curv
models, showing that CMB fluctuations do not simultaneou
show space to be flat and measure the age of the Universe.
shaded light red/gray region is ruled out when adding SDSS in
mation. Continuing inwards, the next two regions are ruled
when adding thet,0.3 assumption and when adding SN Ia info
mation as well. Stellar age determinations~see text! rule out t0

,12 Gyr.
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TEGMARK et al. PHYSICAL REVIEW D 69, 103501 ~2004!
WMAP alone, V tot51.02320.033
10.020 adding SDSS andV tot

51.01020.017
10.018 when also adding SN Ia and thet,0.3 prior.1

V. TESTING INFLATION

A. The generic predictions

Two generic predictions from inflation are perfect flatne
(Vk50, i.e.,V tot[12Vk51) and approximate scale invar
ance of the primordial power spectrum (ns;1). Tables
II–IV show that despite ever-improving data, inflation st
passes both of these tests with flying colors.2

The tables show that although all cases we have explo
are consistent withV tot5ns51, adding priors and non-CMB
information shrinks the error bars by factors around 6 an
for V tot andns , respectively.

For the flatness test, Table IV shows thatV tot is within
about 20% of unity with 68% confidence from WMAP alon
without priors~evenV tot;1.5 is allowed at the 95% confi
dence contour!. When we include SDSS, the 68% unce
tainty tightens to 10%, and the errors shrink impressively
the percent level with more data and priors:V tot

51.01220.022
10.018 using WMAP, SDSS, SN Ia andt,0.3.

For the scalar spectral index, Table IV shows thatns;1
to within about 15% from WMAP alone without priors
tightening tons50.97720.025

10.039when adding SDSS and assum
ing the vanilla scenario, so the cosmology community is r
idly approaching the milestone where the departures fr
scale invariance that most popular inflation models pre
become detectable.

1Within the framework of Bayesian inference, such an argum
would run as in the following example. Let us take the current b
measurement from above to beV tot51.0160.02 and use it to com-
pare an inflation model predictingV tot5161025 with a non-
inflationary Friedmann-Robertson-Walker~FRW! model predicting
that a typical observer seesV tot5161 because of anthropic selec
tion effects@73–75#. Convolving with the 0.02 measurement unce
tainty, our two rival models thus predict that our observed bes
value is drawn from distributionsV tot5160.02 andV tot5161,
respectively. If we approximate these distributions by Gauss

f (V tot)5e2[(V tot21)/s] 2/2/A2ps with s50.02 ands51, respec-
tively, we find that the observed value is about 22 times more lik
given inflation. In other words, if we view both models as equa
likely from the outset, the standard Bayesian calculation

Explanation Prior prob. Obs. likelihood Posterior prob.

Inflation 0.5 17.6 0.96

Anthropic 0.5 0.80 0.04

strongly favors the inflationary model. Note that it did not have
come out this way: observingV tot50.9060.02 would have given
99.99% posterior probability for the anthropic model.

2Further successes, emphasized by the WMAP team and@79#, are
the inflationary predictions of adiabaticity and phase cohere
which account for the peak/trough structure observed in the C
power spectrum.
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B. Tensor fluctuation

The first really interesting confrontation between theo
and observation was predicted to occur in the (ns ,r ) plane
~Fig. 10!, and the first skirmishes have already begun. T
standard classification of slow-roll inflation models@80–82#
characterized by a single field inflation potentialV(f) con-
veniently partitions this plane into three parts~Fig. 10! de-
pending on the shape ofV(f):

~1! Small-field models are of the form expected fro
spontaneous symmetry breaking, where the potential
negative curvatureV(f)9,0 and the fieldf rolls down
from near the maximum, and all predictr , 8

3 (12ns), ns
<1.

~2! Large-field models are characteristic of so-called c
otic initial conditions, in whichf starts out far from the
minimum of a potential with positive curvature (V9(f)
.0), and all predict83 (12ns),r ,8(12ns), ns<1.

~3! Hybrid models are characterized by a field rolling t
ward a minimum withVÞ0. Although they generally in-
volve more than one inflation field, they can be treated d
ing the inflationary epoch as single-field inflation withV9
.0 and predictr . 8

3 (12ns), also allowingns.1.
These model classes are summarized in Table VI toge

with a sample of special cases. For details and derivation
the tabulated constraints, see@5,80–85#. For comparison

t
t

t

s

y

e
B

FIG. 9. 95% constraints in the (Vm ,VL) plane. Shaded dark
red/gray region is ruled out by WMAP alone for 7-parameter curv
models, illustrating the well-known geometric degeneracy betw
models that all have the same acoustic peak locations. The sh
light red/gray region is ruled out when adding SDSS informatio
Continuing inwards, the next two regions are ruled out when add
the t,0.3 assumption and when including SN Ia information
well. Models on the diagonal dotted line are flat, those below
open and those above are closed. The constraints in this plot ag
well with those in Fig. 13 from@6# when taking thet prior into
account.
1-12
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COSMOLOGICAL PARAMETERS FROM SDSS AND WMAP PHYSICAL REVIEW D69, 103501 ~2004!
with other papers, remember that we use the same nor
ization convention forr as CMBFAST and the WMAP team,
wherer 528nt for slow-roll models. The limiting case be
tween small-field and large-field models is the linear pot
tial V(f)}f, and the limiting case between large-field a
hybrid models is the exponential potentialV(f)}ef/f

* . The
WMAP team@5# further refine this classification by splittin
the hybrid class into two: models withns,1 and models
with ns.1.

Many inflationary theorists had hoped that early d
would help distinguish between these classes of models
Fig. 10 shows that all three classes are still allowed.

What about constraints on specific inflation models as
posed to entire classes? Here the situation is more inte
ing. Some models, such as hybrid ones, allow tw
dimensional regions in this plane. Table VI shows that ma
other models predict a one-dimensional line or curve in t
plane. Finally, a handful of models are extremely testab
making firm predictions for bothns andr in terms ofN, the
number ofe-foldings between horizon exit of the observe
fluctuations and the end of inflation. Recent work@86,87# has

FIG. 10. 95% constraints in the (ns ,r ) plane. Shaded dark red
gray region is ruled out by WMAP alone for 7-parameter mod
~the vanilla models plusr ). The shaded light red/gray region
ruled out when adding SDSS information. The two dotted lin
delimit the three classes of inflation models known as small-fie
large-field and hybrid models. Some single-field inflation mod
make highly specific predictions in this plane as indicated. From
to bottom, the figure shows the predictions forV(f)}f6 ~line seg-
ment; ruled out by CMB alone!, V(f)}f4 ~star; a textbook infla-
tion model; on verge of exclusion! andV(f)}f2 ~line segment; the
eternal stochastic inflation model; still allowed!, and V(f)}1
2(f/f* )2 ~horizontal line segment withr;0; still allowed!.
These predictions assume that the number ofe-foldings between
horizon exit of the observed fluctuations and the end of inflation
64 for thef4 model and between 50 and 60 for the others as
@86#.
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shown that 50&N&60 is required for typical inflation mod
els. The quartic modelV;f4 is an anomaly, requiringN
'64 with very small uncertainty. Figure 10 shows th
power law modelsV}fp are ruled out by CMB alone for
p56 and above. Figure 10 indicates that the textbookV
}f4 model ~indicated by a star in the figure! is marginally
allowed. Reference@5# found it marginally ruled out, but this
assumedN550—the subsequent resultN'64 @86# pushes
the model down to the right and make it less disfavoredV
}f2 has been argued to be the most natural power-
model, since the Taylor expansion of a generic function n
its minimum has this shape and since there is no nee
explain why quantum corrections have not generated a q
dratic term. This potential is used in the stochastic eter
inflation model@88#, and is seen to be firmly in the allowe
region, as are the small-field ‘‘tombstone model’’ from Tab
VI and the grant unified theory~GUT! scale model of@89#
~predictingns5121/N'0.98, r'1028).

In conclusion, Fig. 10 shows that observations are n
beginning to place interesting constraints on inflation mod
in the (ns ,r ) plane. As these constraints tighten in comi
years, they will allow us to distinguish between many of t
prime contenders. For instance, the stochastic eternal in
tion model predicting (ns ,r )'(0.96,0.15) will become dis-
tinguishable from models with negligible tensors, and in t
latter category, small-field models with, say,ns&0.95, will
become distinguishable from the scale-invariant casens51.

C. A running spectral index?

Typical slow-roll models predict not only negligible spa
tial curvature, but also that the running of the spectral ind
a is unobservably small. We therefore assumedVk5a50
when testing such models above.

Let us now turn to the issue of searching for departu
from a power law primordial power spectrum. This issue h
generated recent interest after the WMAP team claim t
a,0 was favored overa50, at least at modest statistica
significance, with the preferred value beinga;20.07 @5,6#.

Slow-roll models typically predictuau of orderN22; for
these models,uau is rarely above 1023, much smaller than
the WMAP-team preferred value. Those inflation models t
do predict such a strong second derivative of the primord
power spectrum~in log-log space! tend to produce substan
tial third and higher derivatives as well, so that a parabo
curve parametrized byAs , ns anda is a poor approximation
of the model~e.g.,@90#!. Lacking strong theoretical guidanc
one way or another, we therefore drop our priors onVk and
r when constraininga.

Tables II and III show that our best-fita values agree with
those of @5#, but are consistent witha50, since the 95%
error bars are of order 0.1. They show thatx2 drops by only
5 relative to vanilla models, which is not statistically signi
cant because a drop of 3 is expected from freeing the th
parametersVk , r anda. Moreover, we see that our WMAP
only constraint is similar to our WMAP1SDSS constraint,
showing that any hint of running comes from the CM
alone, most likely from the low quadrupole power@6#; see
also@91,92#. This is at least qualitatively consistent with th
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TABLE VI. Sample inflation model predictions.N is the number ofe-folds between horizon exit of the
observed fluctuations and the end of inflation.

Model Potential r ns

Small field V9,0 r ,
8
3 (12ns) ns<1

Parabolic V}12S f

f*
D2

r 58(12ns)e
2N(12ns)&0.06 ns,1

Tombstone V}12S f

f*
D4

r &1023
ns512

3

N
;0.95

V}12S f

f*
D p

, p.2 r &1023
ns512

2

N

p21

p22
*0.93

Linear V}f r 5
8
3 (12ns) ns<1

Large field V9.0 8
3 (12ns),r ,8(12ns) ns<1

Power-law V}fp
r5

4p

N
ns512

11p/2

N

Quadratic V}f2
r5

8

N
;0.15 ns512

2

N
;0.96

Quartic V}f4
r5

16

N
;0.29 ns512

3

N
;0.95

Sextic V}f6
r5

24

N
;0.44 ns512

4

N
;0.93

Exponential V}ef/f
* r 58(12ns) ns<1

Hybrid V9.0 r .
8
3 (12ns) Free
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WMAP team analysis@6#; apart from the low quadrupole
most of the evidence thataÞ0 comes from CMB fluctuation
data on small scales~e.g., the CBI data@93#! and measure-
ments of the small-scale fluctuations from the Lya forest;
indeed, including the 2dFGRS data slightlyweakensthe case
for running. For the Lya forest case, the key issue is th
extent to which the measurement uncertainties have been
equately modeled@94#, and this should be clarified by th
forthcoming Lya forest measurements from the SDSS.

VI. NEUTRINO MASS

It has long been known@95# that galaxy surveys are sen
sitive probes of neutrino mass, since they can detect the
pression of small-scale power caused by neutrinos stream
out of dark matter overdensities. For detailed discussion
post-WMAP astrophysical neutrino constraints, see@6,96–
99#, and for an up-to-date review of the theoretical and
perimental situation, see@100#.

Our neutrino mass constraints are shown in theM n panel
of Fig. 2, where we allow our standard 6 ‘‘vanilla’’ param
eters andf n to be free. The most favored value isM n50, and
obtain a 95% upper limitM n,1.7 eV. Figure 11 shows tha
WMAP alone tells us nothing whatsoever about neutr
masses and is consistent with neutrinos making up 100%
the dark matter. Rather, the power of WMAP is that it co
strains other parameters so strongly that it enables large-s
structure data to measure the small-scaleP(k) suppression
that massive neutrinos cause.
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The sum of the three neutrino masses~assuming standard
freezeout! is @38# M n'(94.4 eV)vdf n . The neutrino energy
density must be very close to the standard freezeout den
@101–103#, given the large mixing angle solution to the sol
neutrino problem and near maximal mixing from atm
spheric results—see@104,106# for up-to-date reviews. Any
substantial asymmetries in neutrino density from the st
dard value would be ‘‘equilibrated’’ and produce a primo
dial 4He abundance inconsistent with that observed.

Our upper limit is complemented by the lower limit from
neutrino oscillation experiments. Atmospheric neutrino os
lations show that there is at least one neutrino~presumably
mostly a linear combination ofnm andnt) whose mass ex-
ceeds a lower limit around 0.05 eV@100,104#. Thus the at-
mospheric neutrino data corresponds to a lower limitvn

*0.0005, orf n*0.004. The solar neutrino oscillations occ
at a still smaller mass scale, perhaps around 0.008
@100,105,106#. These mass splittings are much smaller th
1.7 eV, suggesting that all three mass eigenstates would
to be almost degenerate for neutrinos to weigh in near
upper limit. Since sterile neutrinos are disfavored from be
thermalized in the early universe@107,108#, it can be as-
sumed that only three neutrino flavors are present in the n
trino background; this means that none of the three neutr
can weigh more than about 1.7/350.6 eV. The mass of the
heaviest neutrino is thus in the range 0.04–0.6 eV.

A caveat about nonstandard neutrinos is in order. To fi
order, our cosmological constraint probes only themass den-
1-14
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COSMOLOGICAL PARAMETERS FROM SDSS AND WMAP PHYSICAL REVIEW D69, 103501 ~2004!
sity of neutrinos, rn , which determines the small-sca
power suppression factor, and thevelocity dispersion, which
determines the scale below which the suppression occ
For the low mass range we have discussed, the neutrino
locities are high and the suppression occurs on all sc
where SDSS is highly sensitive. We thus measure only
neutrino mass density, and our conversion of this into a li
on the mass sum assumes that the neutrino number dens
known and given by the standard model freezeout calc
tion, 112 cm23. In more general scenarios with sterile
otherwise non-standard neutrinos where the freezeout a
dance is different, the conclusion to take away is an up
limit on the total light neutrino mass density ofrn,4.8
310228 kg/m3 ~95%!. To test arbitrary nonstandard mode
a future challenge will be to independently measure both
mass density and the velocity dispersion, and check whe
they are both consistent with the same value ofM n .

The WMAP team obtains the constraintM n,0.7 eV @6#
by combining WMAP with the 2dFGRS. This limit is a fac
tor of three lower than ours because of their stronger pri
most importantly that on galaxy biasb determined using a
bispectrum analysis of the 2dF galaxy clustering data@21#.
This bias was measured on scalesk;(0.2–0.4)h/Mpc and
assumed to be the same on the scalesk,0.2h/Mpc that were
used in the analysis. In this paper, we prefer not to inclu
such a prior. Since the bias is marginalized over, our SD
neutrino constraints come not from the amplitude of
power spectrum, only from its shape. This of course allo
us to constrainb from WMAP1SDSS directly; we find val-
ues consistent with unity~for L* galaxies! in almost all cases

FIG. 11. 95% constraints in the (vd , f n) plane. Shaded dark
red/gray region is ruled out by WMAP alone when neutrino mas
added to the six ‘‘vanilla’’ models. The shaded light red/gray reg
is ruled out when adding SDSS information. The five curves co
spond toM n , the sum of the neutrino masses, equaling 1, 2, 3
and 5 eV, respectively—barring sterile neutrinos, no neutrino
have a mass exceeding;M n /3.
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~Tables III and IV!. A powerful consistency test is that ou
corresponding valueb50.5420.05

10.06 from WMAP1SDSS
agrees well with the valueb;0.5 measured from redshif
space distortions in@20#.

Seemingly minor assumptions can make a crucial diff
ence for neutrino conclusions, as discussed in detail
@6,96,97#. A case in point is a recent claim that nonzero ne
trino mass has been detected by combining WMAP, 2dFG
and galaxy cluster data@109#. Figure 2 in that paper~middle
left panel! shows that nonzero neutrino mass is strongly d
favored only when including data on x-ray cluster abu
dance, which is seen~lower middle panel! to prefer a low
normalization of orders8'0.7060.05 ~68%!. Figure 12
provides intuition for the physical origin on the claimed ne
trino mass detection. Since WMAP fixes the normalization
early times before neutrinos have had their suppressing
fect, we see that the WMAP-alloweds8 value drops as the
neutrino fractionf n increases. A very lows8 value therefore
requires a nonzero neutrino fraction. The particular clus
analysis used by@109# happens to give one of the lowests8

values in the recent literature. Table V and Fig. 6 show
range ofs8 values larger than the individual quoted erro
implying the existence of significant systematic effects. If w
expand the error bars on the cluster constraints tos850.8
60.2, to reflect the spread in the recent literature, we fi
that the evidence for a cosmological neutrino mass detec
goes away. The sensitivity of neutrino conclusions to clus
s8 normalization uncertainties was also discussed in@109#.

is

-
4
n

FIG. 12. Constraints in the (f n ,s8) plane. Shaded dark red/gra
region is ruled out by WMAP alone~95%! when neutrino mass is
added to the six ‘‘vanilla’’ models. The shaded light red/gray regi
is ruled out when adding SDSS information. The recent claim t
f n.0 @109# hinges on assuming that galaxy clusters require lows8

values~shaded horizontal band! and dissolves when using what w
argue are more reasonable uncertainties in the cluster constrai
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VII. DARK ENERGY EQUATION OF STATE

Although we now know its present density fairly acc
rately, we know precious little else about the dark ener
and post-WMAP research is focusing on understanding
nature@110–118#. Above we have assumed that the dark e
ergy behaves as a cosmological constant with its density
dependent of time, i.e., that its equation of statew521.
Figure 2 and Fig. 13 show our constraints onw, assuming
that the dark energy is homogeneous, i.e., does not clus3

Although our analysis adds improved galaxy and SN Ia d
to those of the WMAP team@6# and uses different assump
tions, Fig. 13 agrees well with Fig. 11 from@6# and our
conclusions are qualitatively the same: addingw as a free
parameter does not help improvex2 for the best fit, and all
data are consistent with the vanilla casew521, with uncer-
tainties inw at the 20% level. References@110,117# obtained
similar constraints with different data and anh prior.

Tables II and III show the effect of dropping thew
521 assumption on other parameter constraints. These

3Dark energy clustering can create important modifications of
CMB power spectrum and can weaken thew constraints by increas
ing degeneracies@117#. We have ignored the effect of dark energ
clustering since it depends on the dark energy sound speed, wh
in turn model dependent and at present completely unknown.
deed, all evidence for dark energy so far traces back to the obse
cosmic expansion historyH(z) departing from theVL50 Fried-
mann equation, and if this departure is caused by modified gra
rather than some sort of new substance, then there may be no
energy fluctuations at all.

FIG. 13. 95% constraints in the (Vm ,w) plane. Shaded dark
red/gray region is ruled out by WMAP alone when equation of st
w is added to the six ‘‘vanilla’’ parameters. The shaded light re
gray region is ruled out when adding SDSS information, and
yellow/very light gray region is excluded when including SN
information as well.
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fects are seen to be similar to those of dropping the flatn
assumption, but weaker, which is easy to understand ph
cally. As long as there are no spatial fluctuations in the d
energy~as we have assumed!, changingw has only two ef-
fects on the CMB: it shifts the acoustic peaks sideways
altering the angle-distance relation, and it modifies the l
integrated Sachs-Wolfe~ISW! effect. Its only effect on the
matter power spectrum is to change its amplitude via
linear growth factor. The exact same things can be said ab
the parametersVL and Vk , so the angle-diameter degen
eracy becomes a two-dimensional surface in the thr
dimensional space (Vk ,VL ,w), broken only by the late
ISW effect. Since the peak shifting is weaker forw than for
Vk ~for changes generating comparable late ISW modifi
tion!, addingw to vanilla models wreaks less havoc wit
say,h than does addingVk to vanilla models~Sec. IV!.

VIII. DISCUSSION AND CONCLUSIONS

We have measured cosmological parameters using
three-dimensional power spectrumP(k) from over 200 000
galaxies in the Sloan Digital Sky Survey in combination w
WMAP and other data. Let us first discuss what we have
have not learned about cosmological parameters, then s
marize what we have and have not learned about the un
lying physics.

A. The best fit model

All data we have considered are consistent with a ‘‘v
nilla’’ flat adiabaticLCDM model with no tilt, running tilt,
tensor fluctuations, spatial curvature or massive neutrin
Readers wishing to choose a concordance model for calc
tional purposes using Occam’s razor can adopt the bes
‘‘vanilla lite’’ model

~t,VL ,vd ,vb ,As!5~0.17,0.72,0.12,0.024,0.89! ~2!

~Table IV, second last column!. Note that this is even simple
than 6-parameter vanilla models, since it hasns51 and only
5 free parameters@119#. A more theoretically motivated
5-parameter model is that of the arguably most testable
flation model,V}f2 stochastic eternal inflation, which pre
dicts (ns ,r )5(0.15,0.96)~Fig. 10! and prefers

~t,VL ,vd ,vb ,As!5~0.09,0.68,0.123,0.023,0.75! ~3!

~Table IV, second last column!.
Note that these numbers are in substantial agreement

the results of the WMAP team@6#, despite a completely in-
dependent analysis and independent redshift survey data
is a powerful confirmation of their results and the emerg
standard model of cosmology. Equally impressive is the f
that we get similar results and error bars when replac
WMAP by the combined pre-WMAP CMB data~compare
the last columns of Table III!. In other words, the concor
dance model and the tight constraints on its parameters
no longer dependent on any one data set—everything
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stands even if we discard either WMAP or pre-WMAP CM
data and either SDSS or 2dFGRS galaxy data. No single
set is indispensable.

As emphasized by the WMAP team, it is remarkable t
such a broad range of data are describable by such a s
number of parameters. Indeed, as is apparent from Ta
II–IV, x2 does not improve significantly upon the additio
of further parameters for any set of data. However, the ‘‘
nilla lite’’ model is not a complete and self-consistent d
scription of modern cosmology; for example, it ignores t
well-motivated inflationary arguments for expectingnsÞ1.

B. Robustness to physical assumptions

On the other hand, the same criticism can be leve
against 6-parameter vanilla models, since they assumer 50
even though some of the most popular inflation models p
dict a significant tensor mode contribution. Fortunate
Table III shows that augmenting vanilla models with tens
modes has little effect on other parameters and their un
tainties, mainly just raising the best fit spectral indexns from
0.98 to 1.01.

Another common assumption is that the neutrino den
f n is negligible, yet we know experimentally thatf n.0 and
there is an anthropic argument for why neutrinos sho
make a small but non-negligible contribution@120#. The ad-
dition of neutrinos changes the slope of the power spect
on small scales; in particular, when we allowf n to be a free
parameter, the value ofs8 drops by 10% andVm increases
by 25% ~Table II!.

We found that the assumption with the most striki
implications is that of perfect spatial flatnes
V tot51—dropping it dramatically weakens the limits on th
Hubble parameter and the age of the Universe, allowinh
50.5 andt0518 Gyr. Fortunately, this flatness assumpti
is well motivated by inflation theory; while anthropic expl
nations exist for the near flatness, they do not predict
Universe to be quite as flat as it is now observed to be.

Constraints on other parameters are also somewhat w
ened by allowing a running spectral indexaÞ0 and an equa-
tion of statewÞ21, but we have argued that these resu
are more difficult to take seriously theoretically. It is ce
tainly worthwhile testing whetherns depends onk and
whetherVL depends onz, but parametrizing such departure
in terms of constantsa and w to quantify the degenerac
with other parameters is unconvincing, since most inflat
models predict observably largeuau to depend strongly onk
and observably largeuw11u can depend strongly onz.

It is important to parametrize and constrain possible
partures the current cosmological framework: any test
could have falsified it, but did not, bolsters its credibilit
Post-WMAP work in this spirit has included constraints
the dark energy sound speed@117# and time dependenc
@121,122#, the fine structure constant@123#, the primordial
helium abundance@124,125#, isocurvature modes@126# and
features in the primordial power spectrum@127,128#.
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C. Robustness to data details

How robust are our cosmological parameter measu
ments to the choice of data and to our modeling thereof?

For the CMB, most of the statistical power comes fro
the unpolarized WMAP data, which we confirmed by repe
ing our 6-parameter analysis without polarization inform
tion. The main effect of adding the polarized WMAP data
to give a positive detection oft ~Sec. VIII D 4 below!. The
quantity s8e2t determines the amplitudes of acoustic pe
amplitudes, so the positive detection oft leads to a value of
s8 15% higher than without the polarization data include

For the galaxyP(k) data, there are options both for wh
data set to use and how to model it. To get a feeling for
quantitative importance of choices, we repeat a sim
benchmark analysis for a variety of cases. Let us measure
matter densityVm using galaxy data alone, treatingAs as a
second free parameter and fixing all others at the val
Vk5 f n5a50, vb50.024, ns51, w521, b51 and h
50.72. Roughly speaking, we are thus fitting the measu
galaxy power spectrum to a power spectrum curve that
can shift horizontally~with our ‘‘shape parameter’’Vm) and
vertically ~with As). We have chosen this particular examp
because, as described in Sec. III B, it is primarily this sha
parameter measurement that breaks the WMAP banana
generacy. The parameterst andr of course have no effect on
P(k), and the remaining two are determined by the ma
density via the identitiesVL512Vm , vd5h2Vm2vb .

Our results are summarized in Table VII. We stress t
they should not be interpreted as realistic measurement
Vm , since the other parameters have not been marginal
over. This is why the error bars are seen to be smaller e
than when WMAP was included above~last column of Table
IV !.

To avoid uncertainties associated with nonlinear reds
space distortions and scale-dependent galaxy bias, we
used SDSS measurements ofP(k) only for k<kmax through-
out this paper, choosingkmax50.2h/Mpc as recommended in
@20#. The WMAP team made this same choicekmax
50.2h/Mpc when analyzing the 2dFGRS data@7#. An option
would be to tighten this cut to be still more cautious. Tab
VII shows that cutting back tokmax50.15h/Mpc has essen-
tially no effect on the best-fitVm value and increases erro
bars by about 20%. Cutting back all the way down tokmax
50.1h/Mpc is seen to more than double the baseline er
bars, the baseline measurement lying about 0.6s below the
new best fit.

TABLE VII. Robustness to data and method details.

Analysis Vm

Baseline 0.29120.027
10.033

kmax50.15h/Mpc 0.29720.032
10.038

kmax50.1h/Mpc 0.33120.051
10.079

No bias correction 0.25620.024
10.027

Linear P(k) 0.33420.024
10.027

2dFGRS 0.25120.027
10.036
1-17
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As described in@20#, the SDSS measurements were c
rected for luminosity-dependent bias. Table VII shows tha
this were not done,Vm would drop by about 0.03, or 1s.
This correction is of course not optional. However, if thec
rection itself were somehow inaccurate at say the 10% le
one would expect a bias inVm around 0.003.

Just like the WMAP team@6,7#, we have used the nonlin
ear matter power spectrum for all our analyses. Table
shows that if we had used the linear spectrum instead,
Vm would rise by about 0.04, or 1.3s. This happens becaus
the linear power spectrum is redder, with less small-sc
power, which can be roughly offset by raisingVm and hence
shifting the curve to the right. Like the above-mention
correction for luminosity-dependent bias, correction for no
linearities must be included. However, given the large unc
tainties about how biasing behaves in this quasilinear regi
it may well be that this correction is only accurate to 25
say, in which case we would expect an additional uncerta
in Vm at the 0.01 level.

Finally, we have repeated the analysis using an enti
different dataset, theP(k) measurement from the 2dFGR
team @11#. Although the WMAP team usedkmax
50.2h/Mpc, we used the data available online withkmax
50.15h/Mpc here as recommended by the 2dFGRS te
@11#. Table VII shows that 2dFGRS measures a slightly r
der power spectrum than SDSS, corresponding toVm down
by 0.04, or 1.3s.

In conclusion, we see that a number of issues relate
data selection and modeling can have noticeable effect
the results. Internally to SDSS, such effects could ea
changeVm by as much as 0.01, and the 2dFGRS differen
is about 0.04, or one standard deviation—roughly what
would expect with two completely independent data sets

To quantify the effect of systematic uncertainties wh
both other parameters and WMAP data are included,
carry out a second testing exercise. Using the Fisher-ma
technique of@129#, we compute how our best-fit paramet
values shift in response to a systematic bias in the theo
cally computed power spectrumP(k). To be conservative
we make the rather extreme assumption that the meas
ments correspond to the nonlinear power spectrum but
the analysis ignores nonlinear corrections entirely, simply
ting to the linear power spectrum. Although we view this
a worst-case scenario, it provides an instructive illustrat
of how problems related to nonlinear redshift space dis
tions and scale-dependent biasing might scale withkmax, the
largestk band included.

Our results are shown in Fig. 14. The upper panel sho
how the constraints from WMAP alone~on left side of fig-
ure! gradually improve as more SDSS data are included.
dramatic neutrino improvement seen at smallkmax is due to
WMAP alone leaving the neutrino fraction unconstraine
The other parameters where SDSS helps the most are se
be vm andh, which can be understood based on our disc
sion in Sec. III. The SDSS power spectrum we have u
does not probe to scales much smaller thank;0.2, which is
why little further improvement is seen beyond this value.

The lower panel shows the ratio of the above-mention
systematic error to the statistical error for each parame
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We see that the most sensitive parameter isvm, which jus-
tifies our singling it out for special scrutiny above in Tab
VII ~wherevm is equivalent toVm since we kepth fixed!.
Although ns also partially mimics the nonlinear correctio
and perhaps scale-dependent bias, it is seen to be some
less sensitive. Our Fisher matrix estimate is seen to be so
what overly pessimistic forVm , predicting that neglecting
nonlinearities shifts vm by of order 2s for kmax
50.2h/Mpc whereas the brute force analysis in Table V
shows the shift to be only about half as large even wh
WMAP is ignored. The sensitivity toh is linked to theVm
sensitivity by the banana in Fig. 5. TheVn sensitivity comes
from the small-scale neutrinoP(k) suppression being simila
to the suppression in going from nonlinear to linearP(k)
modeling.

In conclusion, as long as errors in the modeling of no
linear redshift distortions and bias are not larger than
nonlinear correction itself, we expect our uncertainties w
kmax50.2h/Mpc to be dominated by statistical rather tha
systematic errors. The fact that cutting back tokmax
50.15h/Mpc left our results virtually unchanged~Table VII!
supports this optimistic conclusion. Indeed, Fig. 14 sho
that withkmax50.15h/Mpc, the reader wanting to perform
simple analysis can even use the linearP(k) to good ap-
proximation.

However, both statistical errors and the systematic err
we have discussed in this section are dwarfed by the eff
of changing theoretical priors. For instance, Table II sho
thatVm increases by 0.08 when dropping either the assum
tion of negligible neutrinos or the assumption of negligib
curvature. Moreover, to place this in perspective, all Ba

FIG. 14. Effect of increasing the amount of SDSS data us
given by the maximumk value used. Top panel shows how th
relative errors on various parameters shrink as more data is
cluded. For the neutrino densityVn[ f nVd , the absolute rather
than relative error is shown. Bottom panel shows the ratio of s
tematic errors to statistical errors~from top panel! grows as smaller
scales are included. This is for the extreme case where nonli
corrections are present but completely ignored, which we view a
worst-case scenario.
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sian analysis using Monte Carlo Markov Chains implici
assumes a uniform prior on the space of the parame
where the algorithm jumps around, and different autho
make different choices for these parameters, which can m
a substantial difference.4

A final source of potential uncertainties involves bugs a
algorithmic errors in the analysis software. To guard aga
this, we performed two completely independent analyses
many of the parameter spaces that we have tabulated,
using the Monte Carlo Markov chain method described
Appendix A ~coded up from scratch! and the second usin
the publicly availableCOSMOMCpackage@32# with appropri-
ate modifications. We found excellent agreement between
two sets of results, with all differences much smaller than
statistical errors and prior-related uncertainties.

D. What have we learned about physics?

The fact that any simple model fits such accurate a
diverse measurements is impressive evidence that the b
theoretical framework of modern cosmology is correct, a
that we need to take its implications seriously however s
prising they may be. What are these implications?

1. Inflation

The two generic predictions of perfect flatne
(uVku&1025) and near scale invariance have passed yet
other test with flying colors. We find no evidence for runni
tilt. We also find no evidence for gravitational waves, and
therefore unable to measure the tensor spectral index and
the inflationary consistency relationr 528nt . The most in-
teresting confrontation between theory and observation
now occurring in the (ns ,r ) plane~Fig. 10!. We confirm the
conclusion@5# that most popular models are still allowe
notably even stochastic eternal inflation with its predicti
(ns ,r )'(0.96,0.16), but modest data improvements over
next few years could decimate the list of viable inflationa
candidates and rival models@130#.

2. Dark energy

Since its existence is now supported by three indepen
lines of evidence~SN Ia, power spectrum analysis such
ours, the late ISW effect@131–136#! and its current density
is well known ~the last column of Table II givesVL50.70

4For instance, we useAp[Ase
22t where the WMAP team usesAs

@7#, and both we and the WMAP team use the CMB peak locat
parameterQs where many other groups useVL . The difference
between these implicit priors is given by the Jacobian of the tra
formation, which describes how the volume element changes
generically will have variations of order unity when a parame
varies by a factor of two. For a parameterp that is tightly con-
strained with a small relative erroruDp/pu!1, this Jacobian be-
comes irrelevant. For weakly constrained parameters liket, how-
ever, this can easily shift the best-fit value by 1s. For example,
changing to a uniform prior on the reionization redshiftzion}t2/3 as
done by@68# corresponds to using at prior }t21/3, which strongly
weights the results toward lowt.
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60.04), the next challenge is clearly to measure whethe
density changes with time. Although our analysis adds
proved galaxy and SN Ia data to that of the WMAP team@6#,
our conclusions are qualitatively the same: all data are c
sistent with the density being time independent as fo
simple cosmological constant (w521), with uncertainties
in w at the 20% level.

3. Cold and hot dark matter

We measure the density parameter for dark matter to
vd50.1260.01 fairly robustly to theoretical assumption
which corresponds to a physical density of 2.3310227

kg/m3610%. Given the WMAP information, SDSS show
that no more than about 12% of this dark matter can be
to massive neutrinos, giving a 95% upper limit to the sum
the neutrino massesM n,1.7 eV. Barring sterile neutrinos
this means that no neutrino mass can exceedM n /3
50.6 eV. @6# quotes a tighter limit by assuming a stron
prior on galaxy biasb. We show that the recent claim of
neutrino mass detectionM n*0.6 eV by Allenet al. hinges
crucially on a particular low galaxy clusters8 measurement
and goes away completely when expanding the clusters8
uncertainty to reflect the spread in the literature.

4. Reionization and astronomy parameters

We confirm the WMAP team@6# measurement of early
reionization, t50.1220.06

10.08. This hinges crucially on the
WMAP polarization data; using only the unpolarized WMA
power spectrum, our analysis preferst50 and gives an up-
per limit t,0.23 ~95%!.

Assuming the vanilla model, our Hubble parameter m
surementh'0.7020.03

10.04 agrees well with the HST key projec
measurementh50.7260.07@49#. It is marginally lower than
the WMAP team valueh'0.7360.03 because the SDS
power spectrum has a slightly bluer slope than that of
2dFGRS, favoring slightly higherVm values ~we obtain
Vm50.3060.04; the WMAP team quoteVm50.2660.05
@6#!.

E. What have we not learned?

The cosmology community has now established the e
tence of dark matter, dark energy and near-scale invar
seed fluctuations. Yet we do not know why they exist or t
physics responsible for generating them. Indeed, it is strik
that standard model physics fails to explain any of the fo
ingredients of the cosmic matter budget: it gives too sm
CP violation to explain baryogenesis, does not produce d
matter particles, does not produce dark energy at the
served level and fails to explain the small yet non-zero n
trino masses.

Fortunately, upcoming measurements will provide mu
needed guidance for tackling these issues: constraining
matter properties~temperature, viscosity, interactions, etc!,
dark energy properties~density evolution, clustering!, neu-
trino properties~with galaxy and cmb lensing potentiall
sensitivity down to the experimental mass limits;0.05 eV
@137–139#! and seed fluctuation properties~model-
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TEGMARK et al. PHYSICAL REVIEW D 69, 103501 ~2004!
independent measurements of their power spectrum@127#!.
The Sloan Digital Sky Survey should be able to ma

important contributions to many of these questions. R
shifts have now been measured for about 350 000 m
sample galaxies and 35 000 luminous red galaxies, wh
will allow substantially tighter constraints on even larg
scales where nonlinearities are less important, as will an
sis of three-dimensional clustering using photometric r
shifts@140# with orders of magnitude more galaxies. There
also a wealth of cosmological information to be extrac
from analysis of higher moments of galaxy clustering, clus
abundance@141#, quasar clustering, small-scale galaxy clu
tering @142#, Lya forest clustering, dark matter halo prope
ties @143#, etc., and using this information to bolster our u
derstanding the gastrophysics of biasing and nonlin
redshift distortions will greatly reduce systematic uncerta
ties associated with galaxy surveys. In other words, this
per should be viewed not as the final word on SDSS pr
sion cosmology, merely as a promising beginning.
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APPENDIX A: COMPUTATIONAL ISSUES

In this appendix, we briefly summarize the technical d
tails of how our analysis was carried out.
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1. Monte Carlo Markov chain summary

The Monte Carlo Markov chain~MCMC! method is a
well-established technique@27–29# for constraining param-
eters from observed data, especially suited for the case w
the parameter space has a high dimensionality. It was
cently introduced to the cosmology community by@31# and
detailed discussions of its cosmological applications can
found in @7,32,33#.

The basic problem is that we have a vector of cosmolo
cal datad from which we wish to measure a vector of co
mological parametersp. For instance,d might be the 1367-
dimensional vector consisting of the 899 WMA
measurements of the temperature power spectrumC, for ,
52, . . .,900, the 449 WMAP cross-polarization measu
ments and the 19 SDSSP(k) measurements we use. Th
cosmological parameter vectorp might contain the param
eters of Eq.~1! or some subset thereof. Theoryp is con-
nected to datad by the so-called likelihood functionL(p,d),
which gives the probability distribution for observing diffe
ent d given a theoretical modelp. In Bayesian analysis, on
inserts the actual observed data and reinterpretsL(p,d) as an
unnormalized probability distribution over the cosmologic
parametersp, optionally after multiplication by a probability
distribution reflecting prior information. To place constrain
on an single parameter, sayp7 , one needs to marginaliz
~integrate! over all the others.

Two different solutions have been successfully applied
this problem. One is the grid approach~e.g., @144–146#!,
evaluatingL(p,d) on a grid in the multidimensional param
eter space and then marginalizing. The drawback of this
proach is that the number of grid points grows exponentia
with the number of parameters, which has in practice limi
this method to about 10 parameters@22#. The other is the
MCMC approach, where a large set of pointspi , i
51, . . . ,n, a chain, is generated by a stochastic procedu
such that the points have the probability distributionL(p,d).
Marginalization now becomes trivial: to read off the co
straints on say the seventh parameter, one simply plo
histogram ofp7 .

The basic MCMC algorithm is extremely simple, requ
ing only about ten lines of computer code.

~1! Given pi , generate a new trial pointp* 5pi1Dp
where the jumpDp is drawn from a jump probability distri-
bution f (Dp).

~2! Accept the jump~setpi 115p* ) or reject the jump~set
pi 115pi) according to the Metropolis-Hastings rule@27,28#:
always accept jumps to higher likelihoods, i.e., ifL(p* ,d)
.L(pi ,d), otherwise accept only with probability
L(p* ,d)/L(pi ,d).

The algorithm is therefore completely specified by tw
entities: the jump functionf (Dp) and the likelihood function
L(p* ,d). We describe how we computef and L below in
Secs. A 2 and A 3 , respectively.

Table VIII lists the chains we used and their basic pro
erties: dimensionality of the parameter space, parame
used, datad used in likelihood function, number of stepsn
~i.e., the length of the chain!, the success rate~fraction of
attempted jumps that were accepted according to the ab
1-20
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TABLE VIII. Monte Carlo Markov chains used in the chain. The figure of merit for a chain is the effective length~the actual length
divided by the correlation length!. Here we have chosen to tabulate correlation lengths for thet parameter, since it is typically the large
~together with that forns and vb , because of the banana degeneracy of Sec. II C!. The success rate is the percentage of steps acce
‘‘Vanilla’’ denotes the six parameters (t,vb ,vd ,VL ,As ,ns). In the data column, T denotes the unpolarized power spectrum, X denote
temperature/E-polarization cross power spectrum, andt denotes the priort,0.3.

Chain Dim. Parameters Data Length Success Corr. length Eff. len

1 9 Vanilla1Vk1r 1a WMAP T1X 189202 22% 218 868
2 7 Vanilla1 f n WMAP T1X 133361 8% 78 1710
3 7 Vanilla1w WMAP T1X 352139 3% 135 2608
4 7 Vanilla1Vk WMAP T1X 101922 7% 213 479
5 7 Vanilla1r WMAP T1X 178670 13% 29 6161
6 6 Vanilla WMAP T1X 311391 16% 45 6920
7 6 Vanilla WMAP T 298001 15% 25 11920
8 5 Vanilla2ns WMAP T1X 298001 29% 7 42572
9 10 Vanilla1Vk1r 1a1b WMAP T1X1SDSS 298001 4% 69 4319
10 8 Vanilla1 f n1b WMAP T1X1SDSS 46808 18% 24 1950
11 8 Vanilla1w1b WMAP T1X1SDSS 298002 4% 98 3041
12 8 Vanilla1Vk1b WMAP T1X1SDSS 298001 6% 83 3590
13 8 Vanilla1r 1b WMAP T1X1SDSS 298001 12% 31 9613
14 7 Vanilla1b WMAP T1X1SDSS 298001 16% 18 16556
15 7 Vanilla1b SDSS1WMAP T 298001 16% 17 17529
16 6 Vanilla2ns1b WMAP T1X1SDSS 298001 25% 8 37250
17 6 Vanilla2ns1b WMAP T1X1SDSS1f2 298001 25% 8 37250
18 8 Vanilla1w1b WMAP T1X1SDSS1SN Ia 298001 12% 25 11920
19 8 Vanilla1r 1b WMAP T1X1SDSS1SN Ia 298001 5% 89 3348
20 8 Vanilla1r 1b WMAP T1X1SDSS1t 151045 6% 26 5809
21 8 Vanilla1r 1b WMAP T1X1SDSS1SN Ia1t 68590 6% 30 2286
22 7 Vanilla1b Other CMB1SDSS 315875 30% 24 13161
23 7 Vanilla1b WMAP1other CMB1SDSS 559330 20% 10 55933
24 2 Vm1As SDSS 48001 41% 6 8000
25 2 Vm1As SDSSkmax50.15 48001 36% 6 8000
26 2 Vm1As SDSSkmax50.10 48001 31% 9 5333
27 2 Vm1As SDSS no bias corr. 48001 38% 7 6857
28 2 Vm1As SDSS linearP(k). 48001 50% 5 19600
29 2 Vm1As 2dFGRS 48001 33% 9 5333
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mentioned Metropolis-Hastings rule!, the correlation length
~explained below! and the effective length. We typically ra
a test chain with about 10000 points to optimize our cho
of jump function f as described in Sec. A 2, then used th
jump function to run about 40 independent chains with d
ferent randomly generated starting pointsp1 . In total, this
used about 30 CPU years of Linux workstation time. Ea
chain has a period of ‘‘burn-in’’ in the beginning, before
converges to the allowed region of parameter space: we c
puted the median likelihood of all chains combined, th
defined the end of the burn-in for a given chain as the fi
step where its likelihood exceeded this value. Most cha
burned in within 100 steps, but a small fraction of the
failed to burn in at all and were discarded, having started
a remote and unphysical part of parameter space and bec
stuck in a local likelihood maximum. After discarding th
burn-in, we merged these independent chains to prod
those listed in Table VIII. This standard procedure of conc
enating independent chains preserves their Markov chara
since they are completely uncorrelated with one another
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2. The jump function f

As illustrated in Fig. 15, consecutive pointspi , i
51, . . . , of aMCMC are correlated. We quantify this by th
dimensionless autocorrelation functionc, shown for the
reionization parametert in Fig. 16 and defined by

cj[
^t it i 1 j&2^t i&

2

^t i
2&2^t i&

2
, ~A1!

where averages are over the whole chain. The correlatio
by definition unity at zero lag, and we define thecorrelation
length as the number of steps over which the correlat
drops to 0.5. The figure of merit for a chain is its effecti
lengthN, defined as the number of steps divided by the c
relation length. SinceN is roughly speaking the number o
independent points, the MCMC technique measures stat
cal quantities such as the standard deviationsp and the mean
^p& for cosmological parameters to an accuracy of or
1-21
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sp /N1/2. UnlessN@1, the results are useless and mislea
ing, a problem referred to as insufficient mixing in th
MCMC literature@29#.

We attempt to minimize the correlation length by tailorin
the jump function to the structure of the likelihood functio
Consider first a toy model with a one-dimensional parame
space and a Gaussian likelihoodL(p)}e2p2/2 and a Gauss-
ian jump functionf (Dp)}e2Dp2/2s2

. What is the best choice
of the characteristic jump sizes? In the limit s→`, all
jumps will fail; p15p25 . . . , cj51 for all j and the corre-
lation length becomes infinite. In the opposite limits→0,
almost all steps succeed and we obtain Brownian mo
with the rms valueupi u;s i 1/2, so it takes of orders22

→` steps to wander from one half of the distribution to t
other, again giving infinite correlation length. This implie
that there must be an optimal jump size between these
tremes, and numerical experimentation shows thats;1
minimizes the correlation length.

FIG. 15. The reionization parameterZ as a function of the
MCMC step. This example is for chain 6 from Table VIII.

FIG. 16. The autocorrelation function~solid curve! for the ex-
ample in Fig. 15 is seen to be approximately fitted by an expon
tial ~dashed curve!, dropping to 50% at a correlation length of 4
steps as indicated by the dotted lines.
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In the multiparameter case, strong degeneracies can c
a huge correlation length if the jump size is chosen indep
dently for each parameter, with the chain taking a very lo
time to wander from one end of the banana to the othe
clever choice of parameters that reduces degeneracies t
fore reduces the correlation length. For this reason,
WMAP team used the parameters suggested by@26#, and we
do the same with the minor improvement of replacingAs by
Ap as the scalar normalization parameter as in@24#.5 To
minimize the remaining degeneracies, we compute the
rameter covariance matrixC[^ppt&2^p&^p& t from the chain
itself, diagonalize it asC5RLRt, RRt5RtR5I , Li j

5d i j l i
2 , and work with the transformed parameter vec

p8[L21/2Rt@p2^p&# which has the benign properties^p8&
50, ^p8p8t&5I . Inspired by the above-mentioned on
dimensional example, we then use the simple jump funct
f (Dp8)}e2uDp8u2/2s2

. We uses51 for all chains except
number 1 in Table VIII, where we obtain a shorter corre
tion length usings50.7. When running our test chains t
optimize f, we start by guessing a diagonalC and after the
burn-in, we update our estimates of bothC and the eigenba-
sis every 100 steps. A very similar approach is used in ot
recent MCMC codes, e.g.,@32,147#.

The WMAP team perform extensive testing to confir
that their chains are properly mixed@7#, and we have fol-
lowed the WMAP team in using the Gelman and RubinR
statistic @30# to verify that our chains are sufficiently con
verged and mixed. Indeed, we find that the above-mentio
eigenbasis technique helps further improve the mixing
cutting our correlation length by about an order of magnitu
relative to that obtained with the WMAP jump function
hence greatly increasing the effective length of our chain

3. The likelihood function L
For a detailed discussion of how to compute cosmolog

likelihood functions, see@7,148#. Our calculation ofL(p,d)
does little more than combine public software described
other papers, so the details in this brief section are merel
interest for the reader interested in exactly reproducing
results.

The total likelihoodL is simply a product of likelihoods
corresponding to the data sets used, e.g., WMAP, SDSS
SN Ia. For the CMB, we compute theoretical power spec
using version 4.3 ofCMBFAST @23#, with both the ‘‘RECFAST’’
and ‘‘PRECISION’’ options turned on. We compute the WMAP
likelihood corresponding to these spectra using the pu
software provided by the WMAP team@7#. Since this soft-
ware is designed for physically reasonable models, not
crazy models that may occur during our burn-in, we augm
it to produce large negative likelihoods for unphysical mo
els where it would otherwise give negativex2 values. For
some of the WMAP1SDSS chains, we evaluate the WMA

5When imposing a flatness priorVk50, we retainedQs as a free
parameter and droppedVL . When additionally imposing a prior on
h ~for the last 6 chains in Table VIII!, we dropped bothQs andVL

as free parameters, settingVL512(vd1vb)/h2.

n-
1-22
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likelihood LWMAP by fitting a quartic polynomial to
ln LWMAP from the corresponding WMAP-only chains. Fo
this fit, we replacevd by vm, vb by H2 , ns by H3 andAp
by A* inspired by the normal parameter method of@24#. This
approach, described in detail in@149#, is merely a numerica
tool for accelerating the computations, and we verify tha
has negligible impact on our results.

When combining non-WMAP CMB data with WMAP, w
include the latest band-power detections from Boomer
@150# ~madcap!, DASI @151#, MAXIMA @152#, VSA @153#,
CBI ~mosaic, even binning! @154# and ACBAR @155# with
probing effective multipoles,>600 ~where they are collec
tively more sensitive than WMAP! and ,<2000 ~to avoid
complications related to reported small-scale excess, w
may be due to secondary anisotropies or non-CMB effec!,
which corresponds to the 91313141619534 data
points plotted in Fig. 17. The pre-WMAP data have be
shown to be consistent both internally and with WMA
@156#. We marginalize over the quoted calibration uncerta
ties of 10% for Boomerang, 4% for MAXIMA and DASI
5% for CBI, 3.5% for VSA and 10% for ACBAR as well a
over quoted beam uncertainties of 15% for Boomerang,
for ACBAR and 14% for MAXIMA ~this last number pro-
vides a good fit to the combined beam and pointing unc
tainties for the three measurements used from Table 1
@152#!. We make the approximation that all experiments
uncorrelated with each other and with WMAP, which shou
be quite accurate both since sample variance correlation
negligible ~given their small sky coverage relative
WMAP! and since the WMAP errors are dominated by d
tector noise for,>600. When using non-CMB data withou
WMAP, we use all 151 pre-WMAP band power measu
ments compiled in@157#. For the non-WMAP data, we com

FIG. 17. CMB data used. Error bars shown do not include
calibration and beam uncertainties that we include as describe
the text. Solid curve corresponds to the ‘‘vanilla lite’’ model
Eq. ~2!.
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puted the CMB power spectra with theDASH package@158#.
For SDSS, we compute the likelihood by fittingb2 times

the nonlinear power spectrumP(k) to the first 19 band
power measurements~for k,kmax;0.2h/Mpc) using the
window functions and likelihood software provided by th
paper@20#. For more details about the SDSS data, see@159–
166#. We compute the nonlinearP(k) using the method and
software provided by@34#. This software takes the linea
power spectrumP(k) as input, and we compute it using th
fitting software provided by@167# for the transfer function,
the approximation of@39# for the linear growth factor and the
approximation thatP(k) is as a product of these two quan
tities as per Eq.~C3! from @47#. For k*0.2, this typically
agrees withCMBFAST 4.3 to better than a few percent. In th
absence of massive neutrinos (f n50), the separability ap-
proximation becomes exact and the transfer function
@167# become identical to those of Eisenstein and Hu@168#.

For SN Ia, we use the 172 redshifts and corrected p
magnitudes compiled and uniformly analyzed by Ton
et al. @35# and compute the likelihood with software kindl
provided by Tonry. This likelihood depends only o
(VL ,Vk ,w), and is marginalized over the corrected SN
‘‘standard candle’’ absolute magnitude.

4. Confidence limits and likelihood plots

All confidence limits quoted in the tables and text of th
paper are quantiles, as illustrated in Fig. 18. For instance,
statement in Table III thatM n,1.74 eV at 95% confidence

e
in

FIG. 18. Example of the likelihood fitting technique we use f
plotting. The shaded histogram shows the distribution of the 311
ns values from chain 6 in Table VIII. The black curve shows our
eP(ns) for the 6th orderP(ns) maximizing the Poisson likelihood a
described in the text. The vertical lines show the quantiles of
distribution that we use to quote confidence intervals: the med
~heavy line!, the central 68%~between thin solid lines!, the central
90% ~between dashed lines! and the central 95%~between dotted
lines! of the distribution.
1-23
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simply means that 95% of theM n values in that chain are
smaller than 1.74 eV. Similarly, the entryns50.97220.027

10.041 in
the same column means that the distribution ofns values has
median 0.972, that erfc(221/2)/2'15.87% of the values lie
below 0.97220.027 and that 15.87% of the values lie abo
0.97210.041, so that 68.27% lie in the rangens

50.97220.027
10.041. There is thus no assumption about the dis

butions being Gaussian. In a handful of cases involvingr, f n

and M n , the distribution~see Fig. 2 for examples! peaks at
zero rather than near the median; in such cases, we sim
quote an upper limit.

When plotting 1-dimensional distributionsf (p) in Fig. 2,
we fit each histogram to a smooth function of the fo
f (p)5eP(p) where P(p) is the 6th order polynomial tha
maximizes the likelihood ) i 51

n f (pi) that the points
p1 , . . . ,pn in the chain are drawn from the distributio
f (p), subject to the constraint that* f (p)dp51. We found
n

R.

s-

10350
-

ly

that these smooth curves visually match the raw histogra
extremely well ~see Fig. 18 for a rather non-Gaussian e
ample! and have the advantage of avoiding both the Pois
jaggedness and the excessive smoothing inherent in a h
gram.

Our 2-dimensional contours are plotted where the po

density has dropped bye2Dx2/2 from its maximum, where
Dx256.18 as recommended in Sec. 15.6 of@169#. These
contours would enclose 95% of the points if the distributi
were Gaussian. When computing the point density, ther
tradeoff between insufficient smoothing~giving contours
dominated by Poisson noise! and excessive smoothin
~which artificially broadens the contours, particularly in th
narrow direction of a degeneracy banana!. We found that this
was alleviated by computing the contours in the linea
transformed 2-dimensional space defined in Sec. A 2 wh
the covariance matrix is the identity matrix.
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