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Cosmological parameters from SDSS and WMAP
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We measure cosmological parameters using the three-dimensional power spegtuirom over 200 000
galaxies in the Sloan Digital Sky Survé8DSS in combination with Wilkinson Microwave Anisotropy Probe
(WMAP) and other data. Our results are consistent with a “vanilla” flat adiabatic cold dark matter model with
a cosmological constant without tilh{=1), running tilt, tensor modes, or massive neutrinos. Adding SDSS
information more than halves the WMAP-only error bars on some parameters, tightentcanitraints on the
Hubble parameter front~0.74"33% to h~0.70" 333, on the matter density from,,~0.25+0.10 to Q,
~0.30+0.04 (1) and on neutrino masses frorill to <0.6 eV (95%). SDSS helps even more when
dropping prior assumptions about curvature, neutrinos, tensor modes and the equation of state. Our results are
in substantial agreement with the joint analysis of WMAP and the Two Degree Field Galaxy Redshift Survey,
which is an impressive consistency check with independent redshift survey data and analysis techniques. In this
paper, we place particular emphasis on clarifying the physical origin of the constraints, i.e., what we do and do
not know when using different data sets and prior assumptions. For instance, dropping the assumption that
space is perfectly flat, the WMAP-only constraint on the measured age of the Universe tightent, from
~16.3'23 Gyr to ty~14.1' 3 Gyr by adding SDSS and SN la data. Including tensors, running tilt, neutrino
mass and equation of state in the list of free parameters, many constraints are still quite weak, but future
cosmological measurements from SDSS and other sources should allow these to be substantially tightened.
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I. INTRODUCTION T i b e e e
Unpolarized CMB ]
The spectacular recent cosmic microwave background

<di

(CMB) measurements from the Wilkinson Microwave An- | §%F ]
isotropy Probe WMAP) [1-7] and other experiments have | Eaf AN 1[0 o, 1]
opened a new chapter in cosmology. However, as empha wf R ]

sized, e.g., ii6] and[8], measurements of CMB fluctuations
by themselves do not constrain all cosmological parameter
due to a variety of degeneracies in parameter space. Thes
degeneracies can be removed, or at least mitigated, by apply

ing a variety of priors or constraints on parameters, and com P e —
bining the CMB data with other cosmological measures, % 04 ez A B0 0 US00TLS 10D ARk
such as the galaxy power spectrum. The WMAP analysis in :
particular made use of the power spectrum measured fron
the Two Degree Field Galaxy Redshift Surv&dFGRS
[9-11].

The approach of the WMAP teaf6,7] was to apply Oc-
cam’s razor, and ask what minimal modgle., with the
smallest number of free parameters consistent with the
data. In doing so, they used reasonable assumptions abo . .
theoretical priors and external data sets, which allowed then k [1/h"1 Mpe]
to obtain quite small error bars on cosmological parameters.

The opposite approach is to treat all basic cosmological pa- FIG. _1. Summary of ot_)servations and _cosmologica_l models.
%ta points are for unpolarized CMB experiments combitte;

rameters as free parameters and constrain them with da
P ppendix A 3 details data usgdross-polarized CMB from WMAP

using minimal assumptions. The latter was done both in ™"
. . middle) and Galaxy power from SDS#ottom. Shaded bands
WMAP accuracy forecasts based on information théag- show the 1-sigma range of theoretical models from the Monte Carlo

16] and m many pre-WMAP_ analyses involving up to 11 arkov chains, both for cosmological parameterght) and for the
cosmologlcal parameters. This work showed thaF because q rresponding power spectfgeft). From outside in, these bands
phy5|ca_lly well-understood parameter degeneragles, accura{grrespond to WMAP with no priors, adding the priby=0, w
constra]nts on most parameters qould be o_btamed only b;é_L further adding the prior&,=r=a=0, and further adding
combining CMB measurements with something else. Bridlghe Spss information, respectively. These four bands essentially
etal. [8] argue that in some casésotably involving the  coincide in the top two panels, since the CMB constraints were
matter density),), you get quite different answers depend- included in the fits. Note that thé axis in the upper two panels
ing on your choice of “something else,” implying that the goes from logarithmic on the left to linear on the right, to show
small formal error bars must be taken with a grain of saltimportant features at both ends, whereas ktaxis of the bottom

For instance, the WMAP teanf6] quote (2,,=0.27-0.04  panel is simply logarithmic.

from combining WMAP with galaxy clustering from the

2dFGRS and assumptions about spatial flatness, negligibléns, it should be less sensitive to potential systematic
tensor modes and a reionization prior, whereas Bridlal.  errors. We emphasize the specific ways in which large-scale
[8] argue that combining WMAP with certain galaxy cluster structure data remove degeneracies in the WMAP-only
measurements prefei@,,~0.17. In other words, WMAP analysis, and explore in detail the effect of various priors that
has placed the ball in the non-CMB court. Since non-CMBare put on the data. The WMAP analysis using the 2dFGRS
measurements are now less reliable and precise than tld@ta[6,7] was carried out with various strong priors:

CMB, they have emerged as the limiting factor and weakest

link in the quest for precision cpsmology. Much O.f the near- (2) vanishing tensor fluctuations and spatial curvature
term progress in cosmology will therefore be driven by re- s
when constraining other parameters,

ductions in statistical and systematic uncertainties of non- (3) that galaxy bias was known from the 2dFGRS bispec-

CMB probes.
- trum [21], and
The Sloan Digital Sky Surve[(l?—lg (SDS3 team has (4) that galaxy redshift distortions were reliably modeled.
recently measured the three-dimensional power spectrum

P (k) using over 200 000 galaxies. The goal of that measureWe will explore the effect of dropping these assumptions,
ment[20] was to produce the most reliable non-CMB data toand will see that the first three make a dramatic difference.
date, in terms of small and well-controlled systematic errorsNote in particular that both the spectral indax and the
and the purpose of the present paper is to use this measutensor amplitude are motivated as free parameters only by
ment to constrain cosmological parameters. The SDSS powénflation theory, not by current observational dataich are
spectrum analysis is completely independent of that of theonsistent witthg=1, r=0), suggesting that one should ei-
2dFGRS, and with greater completeness, more uniform phaher include or exclude them both.

tometric calibration, analytically computed window func-  The basic observational and theoretical situation is sum-
tions and improved treatment of non-linear redshift distor-marized in Fig. 1. Here we have used our Monte Carlo Mar-
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TABLE |. Cosmological parameters used. Parameters 14—28 are determined by the first 13. Our Monte Carlo Markov chain assigns a
uniform prior to the parameters labeled “MCMC.” The last six and those labeled “Fits” are closely related to observable power spectrum
featureg24—26 and are helpful for understanding the physical origin of the constraints.

Parameter Meaning Status Use Definition

T Reionization optical depth Not optional

wp Baryon density Not optional MCMC  wp=Q,h?=p,/(1.88<10 2 kg/nT)

wqg Dark matter density Not optional MCMC  wq=04h%=p4/(1.88x 10 25 kg/n7)

f, Dark matter neutrino fraction Well motivated MCMC f,=p,/py

O\ Dark energy density Not optional MCMC

w Dark energy equation of state Worth testing MCMC p, /p, (approximated as constant

Oy Spatial curvature Worth testing

A Scalar fluctuation amplitude Not optional Primordial scalar powde=a0.05/Mpc

ng Scalar spectral index Well motivated MCMC Primordial spectral indelx=a0.05/Mpc

Running of spectral index Worth testing MCMC «a=dng/dInk (approximated as constant

r Tensor-to-scalar ratio Well motivated MCMC Tensor-to-scalar power ratio=d1.05/Mpc

n Tensor spectral index Well motivated MCMC

b Galaxy bias factor Not optional MCMC b:[Pg;ﬂaxy(k)/P(k)]l’2 (assumed constant for
k<0.2h/ Mpc)

Zion Reionization redshiftabrup) Zion~92(0.0% 7/ 0,) 220 Y3 (assuming abrupt
reionization[37])

m Physical matter density Fits wm= 0yt 0g=0,h?

Qn Matter density/critical density Q,=1-Q,-Q,

Ot Total density/critical density Qo= Ayt QA =1-Qy

A Tensor fluctuation amplitude Ai=TrAg

M, Sum of neutrino masses M,~(94.4 eV)X wyf, [38]

h Hubble parameter h=V(wg+ wp)/(1—Q—Q,)

B Redshift distortion parameter B=[Q¥7+ (1+ Q/2)(Q,/70)]/b [39,40

to Age of Universe to~(9.785 Gynxh fi[(Q,a "3+,
+0.,/a)] Yda [38]

og Galaxy fluctuation amplitude og={47[ 5[ (3% (sinx—xcos) PP(K)k?dK/(2)°1 V2,
x=kx8h~* Mpc

z CMB peak suppression factor MCMC Z=e 27

Ap Amplitude on CMB peak scales MCMC Ap=ASe’27

0, Acoustic peak scalédegrees MCMC O4(Qy, Q) ,W,04,wp) given by[25]

H, 2nd to 1st CMB peak ratio Fits H2:(0.9259%192.4”5_1)/[1+(wb/0.0164)12”?552)]0'2
[25]

Hj 3rd to 1st CMB peak ratio Fits H3=2.171+ (0p/0.0447] *03>3.6's /[ 1+1.63(1
— wp/0.071)w0y,]

A, Amplitude at pivot point Fits A, =0.825"1A,

kov chains(MCMC, described in detail beloyto show how  sections to digesting this information one piece at a time,

uncertainty in cosmological parametgiEable | translates focusing on what we have and have not learned about the
into uncertainty in the CMB and matter power spectra. Weunderlying physics, and on how robust the various conclu-

see that the key reason why SDSS helps so much is th&ions are to the choice of data sets and prior assumptions. In
WMAP alone places only very weak constraints on the matSec. VIII we discuss our conclusions and potential system-

ter power spectrur(k). As simplifying theoretical assump- atic uncertainties, assess the extent to which a robust and
tions are added, the WMAP(k) predictions are seen to consistent cosmological picture emerges, and comment on
tighten into a narrow band whose agreement with the SDS§PCOMINg prospects and challenges.

measurements is a striking manifestation of cosmological

; . . . . Il. BASIC RESULTS
consistency. Yet even this band is still much wider than the

SDSS error bars, which is why SDSS helps tighten con- A. Cosmological parameters
straints (notably on , and h) even for this restricted In this paper, we work within the context of a hot big
6-parameter class of models. bang cosmology with primordial fluctuations that are adia-

The rest of this paper is organized as follows. After pre-patic (i.e., we do not allow isocurvature modesnd Gauss-
senting our basic results in three tables, we devote a series pin, with negligible generation of fluctuations by cosmic
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strings, textures, or domain walls. Within this framework, we SDSS do and do not tell us about the underlying physics. The
follow [6,22] in parameterizing our cosmological model in one-dimensional constraints in the tables and Fig. 2 fail to
terms of 13 parameters: reveal important information hidden in parameter correla-
tions and degeneracies, so a powerful tool will be studying

p=(7,wp,wq,f, 2y W, Q Asns 1,0, b). (D) the joint constraints on key 2-parameter pairs. We will begin

The meaning of these 13 parameters is described in Table }ﬁ'th a simple 6-parameter space of models, then gradually

. g X troduce additional parameters to quantify both how accu-
togefcher W'th an add!tlpnal 16 derived parameters, and thel|rately we can measure them and to what extent they weaken
relationship to the original 13.

. . . . the constraints on the other parameters.
All parameters are defined just as in version 4.3 of P

CMBFAST [23]: in particular, the pivot point unchanged by
ng, « andn, is at 0.05/Mpc, and the tensor normalization
convention is such that=—8n, for slow-roll models.og,
the 1Iinear rms mass fluctuation in spheres of radigs In this section, we explore constraints on six-parameter
8h~~ Mpc, is determined by the power spectrum, which is“vanilla” models that have no spatial curvatur€(=0), no

in turn determined by via CMBFAST. The last six parameters gravity waves =0), no running tilt @=0), negligible

in the table are so-called normal paramef@#4, which cor-  neutrino massesf(=0) and dark energy corresponding to a
respond to observable features in the CMB power spectrurgure cosmological constantve —1). These vanilla\CDM
[25,26] and are useful for having simpler statistical proper-models are thus determined by merely six parameters: the
ties than the und_erlymg_ cosmological parameters as dismatter budget Q@ , ,wq,wp), the initial conditions Ag,ng)
cussed in Appendix A. Since currenf constraints are to0 and the reionization optical depth (When including SDSS
weak to be interesting, we make the slow-roll assumptionnformation, we bring in the bias parameteas well)

Ill. VANILLA COLD DARK MATTER MODELS WITH A
COSMOLOGICAL CONSTANT (ACDM MODELS)

ng= —r/8 throughout this paper rather than treatas a free Our constraints on individual cosmological parameters are
parameter. shown in Tables II-IV and Fig. 2 both for WMAP alone and
when including SDSS information. Several features are note-
B. Constraints worthy.

First of all, as emphasized by the WMAP ted6i, error

rs have shrunk dramatically compared to the situation be-
ore WMAP, and it is therefore quite impressive treaty
vanilla model is still able to fit both the unpolarized and
polarized CMB data. The best fit modéTable Il) has x?

We constrain theoretical models using the Monte Carlqb
Markov chain method27-33 implemented as described in a
Appendix A. Unless otherwise stated, we use the WMA
temperature and cross-polarization power spe¢frad4],
evaluating likelihoods with the software provided by the )
WMAP team[7]. When using SDSS information, we fit the ~143.1'5 for 89g- 449_ 6.: 1342 effective degrees of free-
nonlinear theoretical power spectruntk) approximation of dom, i.e., gbout 1 h|gh_|f tak_en at face value. The WM.AP
[34] to the observations reported by the SDSS tea6i, tegm prowde an extensive dlscus_smn of posglble origins of
assuming an unknown scale-independent linear bitsbe this S“ght exc“es_s, ?nd argue th.at.'t comes mainly from t_hree
marginalized over. This means that we use only the shape (Hnexplalned blips” [7,36], deviations from the model fit

the measured SDSS power spectrum, not its amplitude. Wever a narrow range of, in the measu_red temperature
use only the measurements wike0.2h/Mpc as suggested power spectrum. They argue that these blips have nothing to

by [20]. The WMAP team used this sankdimit when ana- do with features in any standard cosmological models, since
lyzing t.he 2dFGRS7]; we show in Sec. VIII C that cutting adding the above-mentioned non-vanilla parameters does not

I : ducey? substantially—we confirm this below, and will not
back to k=0.15h/Mpc causes a negligible change in our re X .
best-fit model. To be conservative, we do not use the SDS well further on these sharp features. Adding the 19 SDSS

measurement of redshift space distortion paramgtg20], ata points Increases the.effectlve degrees of free_zdom by
nor do we use any other informatidfpriors” ) whatsoever 19-1=18 (since .th's requires t.h%\ addition of the bias pa-
unless explicitly stated. When using SN la information, we”’?meterb)' yet raises the best-fi" by on_Iy_ 15.7. Indeed,
employ the 172 SN la redshifts and corrected magnitudeg'g' 1 Sh°W§ that even the model best f|tt[ng WMAP alone
compiled and uniformly analyzed by Tonmtal. [35], oes a fme_Job at fitting the SDSS data with no further pa-
evaluating the likelihood with the software provided by their "AMeter tuning.
team, which marginalizes over the corrected SN la “standard
candle” absolute magnitude. Note that this is an updated and
expanded data set from that available to the WMAP team Second, our WMAP-only constraints are noticeably
when they carried out their analygi8]. weaker than those reported 8], mostly because we did not
Our constraints on individual cosmological parameters arglace a prior on the value of the reionization optical depth
given in Tables II-IV and illustrated in Fig. 2, both for and adding SDSS information helps rather dramatically with
WMAP alone and when including additional information all of our six basic parameters, roughly halving the @rror
such as that from the SDSS. To avoid losing sight of thebars. The physical explanation for both of these facts is that
forest for all the threegand other digits we will spend most  the allowed subset of our 6-dimensional parameter space
of the remainder of this paper digesting this voluminous informs a rather elongated banana-shaped region. In the
formation one step at a time, focusing on what WMAP and2-dimensional projections showRigs. 3, 4, 5 and §; this is

A. The vanilla banana

103501-4
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TABLE Il. 1 o constraints on cosmological parameters using WMAP information alone. The columns compare different theoretical priors
indicated by numbers in italics. The penultimate column has only the six “vanilla” parameteis, (wq4,y, ,As,Ng) free and therefore
gives the smallest error bars. The last column uses WMAP temperature data alone, all others also include WMAP polarization information.

Using WMAP temperature and polarization information No pol.
6part Q +r+a 6part+Q, 6part+r 6partf, 6par+w 6par 6par

e 2 0.52°92 0.65"333 0.68"313 0.75°333 0.68"333 0.66"037 >0.50 (95%)
CN 0.602 5,606 0.603 5005  0.5968 gopss  0.5893 poogs  0.5966 gojos  0.5987 gonzs  0.5984 (o0
0, 0.54'0% 0.53'0% 0.823 005  0.687 (0o 0.64'917 0.75°10 0.674 5063
h*Qq 0.105 5,653 0108005  0.097°06f5  0.119°G0re 011879055 0115705  0.129°05;3
h?Q, 0.0238gog5;  0.024LGopz0  0.0256 gopze  0.0247gogie  0.0246 gogi;  0.02457Gonis  0.0237 o0y
f, 0 0 0 No constraint 0 0 0
Ns 0.97'015 1.01°57¢ 10647008 0.962 a1 1.03'07% 1.02°55¢ 0.989" 687
n+1 0.9847 00001 1 0.959'9.93° 1 1 1 1
Ap 0.593 62 060270 059200  0.60205% 0637455, 0633 ggr  0.652¢05
r <0.90 (95%) 0 <0.84 (95%) 0 0 0 0
b No constraint No constraint ~ No constraint No constraint ~ No constraint ~ No constraint ~ No constraint
w -1 -1 -1 -1 -0.72°9% -1 -1
a —0.075"008L 0 0 0 0 0 0
Qo 1.095°09% 1.086°0%3; 0 0 0 0 0
O 0570353 0.55'0:3 0177006  0.31300g7 0.36'01; 0.25'01p 0.326'5,050
h?Q,, 0.128 5657 0132505 01235555 0144700 0143957 0140755, 0153007
h 0.48"327 0.50'515 0.84'512 0.674° 555 0.63°515 0.74'5:%8 0.684 9022
T 033517 0.22°07 0.19"07 0.15' g7 0.19'010 0217937  <0.35(95%)
Zion 25.9" 34 20.1°32 17.1°28 15.5"8¢ 18.5° (2 19.6"78 <25 (95%)
As 114755 0.97°5:33 0.87"07 0.81°073 0.94°513 0.98"(:37 0.80°073
A 0.14'913 0 0.30°522 0 0 0 0
B No constraint No constraint ~ No constraint No constraint ~ No constraint ~ No constraint ~ No constraint
to (Gyn 16.53% 16.3°%3 13.00° 0% 13.75°938 13.53932 13.24° 0% 13.41°3%
g 0.90'013 0.87:013 0.84°017 0.32°93 0.95'935 0.99'013 0.94'015
H, 04417001 04581000 04541000 042670510  0.454L00ges  0.4543000ss  0.4541 Googe
Ha 0.424° 5035 0.455°003 0452003 04410033 04774505 0474003 04757005
A, 0.595 3 04 0599°05e; 058470k 0.602¢0l; 0631003  0.624°00;  0.652°G54
M, (eV) 0 0 0 <10.6 (95%) 0 0 0
ledof 1426.1/1339 1428.4/1341 1430.9/1341 1431.8/1341 1431.8/1341 1431.5/1342 972.4/893

most clearly seen in Figs. 3 and 5. Moving along this degensecond peak can be brought back down by increasipg
eracy banana, all six parameters @, ,wq,;,,As,Ng) iNn-  Adding WMAP polarization information actually lengthens
crease together, as doles rather than shortens the degeneracy banana, by stretching out

There is nothing physically profound about this one-the range of preferred values—the largest-scale polariza-
dimensional degeneracy. Rather, it is present because we aien measurement prefers very highFig. 1) while the un-
fitting six parameters to only five basic observables: thepolarized measurements prefe=0. This banana degen-
heights of the first three acoustic peaks, the large-scale noeracy was also discussed in numerous accuracy forecasting
malization and the angular peak location. Within the vanillapapers and older parameter constraint papEzsl3,15,16
model space, all models fitting these five observables will do Since the degeneracy involves all the parameters, essen-
a decent job at fitting the power spectra everywhere thaially any extra piece of information will break it. The
WMAP is sensitive[25]. As measurements improve and in- WMAP team break it by imposing a priofassuming =
clude additional peaks, this approximate degeneracy will ge<0.3), which cuts off much of the banana. Indeed, Fig. 2
away. shows that the distribution for several parameterstably

Here is how the banana degeneracy works in practicethe reionization redshift,,,) are bimodal, so this prior elimi-
increasingr and Ag in such a way thaApEAse‘ZT stays  nates the rightmost of the two bumps. In the present paper,
constant, the peak heights remain unchanged and the onlye wish to keep assumptions to a minimum and therefore
effect is to increase power on the largest scales. The largéreak the degeneracy using the SDSS measurements instead.
scale power relative to the first peak can be brought backigure 5 illustrates the physical reason that this works so
down to the observed value by increasing after which the  well: SDSS accurately measures tRék) “shape param-
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TABLE Ill. 10 constraints on cosmological parameters combining CMB and SDSS information. The columns compare different
theoretical priors indicated by italics. The second last column drops the polarized WMAP information and the last column drops all WMAP
information, replacing it by pre-WMAP CMB experiments. The 6par column includes SN la information.

Using SDSS-WMAP temperature and polarization information No pol. No WMAP

6part Q+r+a  6partQ, 6par+r 6part+f, 6par+w 6par 6par 6par
e 2 0.53"322 06903  0.7769%%  0.7763%F 0807513  0.780°3%F >0.63 (95%) >0.71 (95%)
CN 0.601°0006  0.600°000s 0.598Z (003, 0.5948 503 0.5954 5003 0.5965 Gnss 0.5968 Gins0  0.5977 0045
0y 0660 gogy  0.653005 072700,  0.620°005 0706 0g%3  0.699 0oze  0.684°00s5  0.691 gos3
h*Qq 01035055 0103055 0.119500s 0135700  0.124°0077  0.1222060s  0.1254 gioges  0.1252 5500
h?Q, 0.0238 (o056 0.023Z 0037 0.024Z 50015 0.0234 5507 0.0232 55015 0.023Z 015 0.0231 G005 0.0229 5567
f, 0 0 0 <0.12 (95%) 0 0 0 0
Ns 0.97' 015 0.0870g 1012058  0.972¢g;  0.97670oy 0.977°55%5  0.97305  1.015 (63
n+1 0.9852 3% 1 0.976" 3333 1 1 1 1 1
Ap 058470033 0584035 0.635 005  0.64505%  0.63700y; 0.633gg5  0.637003  0.588 ooz
r <0.50 (95%) 0 <0.47 (95%) 0 0 0 0 0
b 0.94°073 1037933 0.963§0s  1.06Lghs  0.956gg7e  0.962¢05  1.009°Goe;  1.068 g3
w -1 -1 -1 -1 —-1.059%3 -1 -1 -1
a —0.071° 3043 0 0 0 0 0 0 0
Qi 1.056' 3332 1.058" 5939 0 0 0 0 0 0
O 0407059 0.406550;  0.27300,;  0.3807007  0.2947003  0.301°05;5 0316750, 0.309 3
W0, 0126388 01263% 0143333% 0158208  01473% 01454358 014869%% 0.148135%
h 055055  0.550°00sa 07250055  0.645700s  0.7087003  0.6950065  0.685°555  0.693 ag
T 0.32°31° 018793 01277308  0.127°3%  0.1133%%5 0124388  <0.23 (95%) <0.17 (95%)
Zion 25.3" 38 18110 14,1738 14.9 %4 13.6"27 144532 <20 (95%) <18 (95%)
A 1.12°9%7 0.86'0% 08201 08305  080°gs 08 07207 0.64' 5
A 0.14" 333 0 0.16" 313 0 0 0 0 0
B 06330075 0.587°00e; 0506700 0554003 0533 0o5 053700  0.529008  0.493 g8
to (Gyn) 15.8"13 15.9'13 13.32° 32! 13.65° 0% 1347035 135432 135553 13.51° 3%
g 0.91°01 08601y 09197055  0.8230o7;  0.928 go7s  0.917°557  0.879°50s,  0.842 (oss
H, 044170615 04577 gooey 0.4535G00as 0.4521¢0105 0.4545 50060 0.4550 G055 0.4549 00655 0.475 00
Hy 042750 0444GEE  046HIE 047203 046IGHC 04590GE 046038 048550
A, 058700 0582005 0.6320g5;  0.648055  0.6390g5 0.635055  0.6390o5  0.586 g5
M, (eV) 0 0 0 <1.74 (95%) 0 0 0 0
x2/dof 1444.4/1357  1445.4/1359 1446.9/1359  1447.3/1359 1622.0/1531 1447.2/1360  987.8/911 134.6/163

eter’ '=hQ,=0.21+-0.03 at Z [20], which crudely
speaking determines the horizontal positiorPgk) and this
allowed region in theQ,,h) plane intersects the CMB ba-
nana at an angle. Onde-polarization results from WMAP

latest measuremenis,=0.022+0.002 from big bang nu-
cleosynthesis(BBN) [41-43. It is noteworthy that the
WMAP + SDSS preferred value is higher than the BBN pre-
ferred valuew,=0.019+0.001 of a few years agigt4], so

become available, they should provide another powerful wayhe excellent agreement hinges on improved reaction rates in
of breaking this degeneracy from WMAP alone, by directly the theoretical BBN predictionf#2] and a slight decrease in
constrainingr—from our WMAP+ SDSS analysis, we make gpserved deuterium abundance. This is not to be confused
the predictionr<<0.29 at 95% confidence for what this mea- jth the more dramatic drop in inferred deuterium abun-

surement should findUnless otherwise specified, we quote yance in preceding years as data improved, which raised the
1o limits in text and tables, whereas the 2-dimensional flg-wb prediction frome;,=0.0125- 0.00125[45,46).

ures show 2r limits.)
Figure 5 shows that the banana is well fitted hy
=0.7(1/0.3) %%, so even from WMAR- SDSS alone, we

obtain the useful precision constrainh({,/0.3)*%
=0.697" 3017 (68%).

B. Consistency with other measurements

Figure 3 shows that the WMAPSDSS allowed value of
the baryon densityw,=0.023+0.001 agrees well with the

1035

The existence of dark matter could be inferred from CMB
alone only as recently as 20Q022] (cf. [47]), yet Fig. 4
shows that WMAP alone requires dark matter at very high
significance, refuting the suggestion [@fg] that an alterna-
tive theory of gravity with no dark matter can explain CMB
observations.

Table 1ll shows that once WMAP and SDSS are com-
bined, the constraints on three of the six vanilla parameters
(wy, wg andng) are quite robust to the choice of theoretical
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TABLE IV. 10 constraints on cosmological parameters as progressively more information/assumptions are added. First column uses
WMAP data alone and treats the 9 parameter$)(,Q, ,0q4,wp,As,Ns,a,r) as unknown, so the only assumptions &ye0, w=—1.
Moving to the right in the table, we add the assumptiorsy=0, then add SDSS information, then add SN la information, then add the
assumption that<0.3. The next two columns are for 6-parameter vanilla mod@ls<r = «=0), first using WMAP+ SDSS data alone,
then adding small-scale non-WMAP CMB data. The last two columns use WVBIPSS alone for 5-parameter models assunmigrg 1
(“vanilla lite” ) andng=0.96, r=0.15 (Vo ¢? stochastic eternal inflationrespectively.

9 parameter§r,Q, , Q0 ,0q4,0y,As,Ns,a,r) free WMAP+SDSS, 6 vanilla parameters free

WMAP +r=a=0 +SDSS +SN la +7<0.3 + other CMB +ng=1 + V() x p?
e 0.52'0% 0.65'03; 0.69°933 0.44°513 07531  0.78000%%  0.813§g5  0.720353  0.833§53
ON 0.602555  0.6030os  0.600°G55;  0.6067go1p  0.597Lgegss 059650503 0.5956 gogse  0.5979G6054  0.5953 503
Q4 0.54'0% 0530% 065300 072545 0695005  0.6990%;:  0.69LGo; 0707055 0.685 ggif
h2Q4 0.10595%3 0.1083%%2 010359  0.000°3%2¢  0.1159%13  0.12223%%%0  0.123T5%%05  0.1233 3008 0.1233 55552
h?Q, 0.0238 gogs;  0.0241¢G60% 0.023Zgg0r;  0.0263 50035  0.0230 ooy 0.023255035  0.0228 5560 0.0238 og0e  0.0226'65060
f, 0 0 0 0 0 0 0 0 0
ns 0.97°513 1017538 0.98'5%8 110341 0.979°3%¢  0.977°3%% 0.966' 352> 1 0.96
ne+1 0.9847 5:597 1 1 1 1 1 1 1 0.993
Ap 0593505  0.602003; 0584057 058200  0.613053 063300 06305 0.64255%  0.629°G0%
r <0.90(95%) 0 0 0 0 0 0 0 0.15
b 1 1 1.03°513 09391 009809 0962993  0990°9%9  09189%¢  1.006'0%%
w -1 -1 -1 -1 -1 -1 -1 -1 -1
@ -0.075' 994 0 o 0 0 0 0 0 0
Qior 1.095'3:9% 1.086'3%7 1.058" 3359 1.054" 338 1.012°398 0 0 0 0
Qi 0.57°5%3 05533 04067055  0.328503 031708  030L0g;3  0.309°08%  0.293353  0.315°083
h2Qp 012855  0.1320g% 0126705  0.117.0gls  0.138555 014544550,  0.1459 o5y 0.1471 800  0.1459 5008
h 0.48'0%; 050015  0.55000¢% 0599558  0.660°05g;  0.6957055  0.685700y 070805  0.680" o)
T 03331 0.22°313 018515 041702 01430588  0.124°5%8% 010305 0165057  0.092 703
Zion 25.9' ¢4 20.1°32 18°3° 26.7°32, 15.6"23 14.4°32 12.8"43 17.0'22 11.9'29
As 1.14°05 0.97°033 0.86'0%% 1.30°03) 0.82'01] 081055  0.7770a5 089370 0.758 oo
A, 0.14'912 0 0 0 0 0 0 0 0.1137.5:5073
p 0738%  07ZB%  0SeTONS  osTPEN  053000R  0SITR oSl 0ssN 05250l
to (Gyn 16.573% 16.3°%3 15.9°13 15.6'15 14.0°59 135405 13.62°0%0 13407035 13.67°07
s 0.90'933 0.87:013 086017 09487075 088245  0917¢g;  0.89405%  0.966350 087900
H, 04415517 0.458LG00 0.4577(oges  0.458500005  0.4558 oges  0.4550 50,  0.45520ogre  0.4543 0005 0.4556 o061
Hs 0.424'085 0455033 0444058  0457.00% 0449055 0459058 045470513 046705  0.45100)
A, 0.59550s  0.5990ng; 0582055  0.567 0o  0.616G53  0.635700; 0634000  0.642553  0.634°¢0%
M, (eV) 0 0 0 0 0 0 0 0 0
x/dof 1426.1/1339  1428.4/1341  1445.4/1359  1619.6/1530  1621.8/1530  1447.2/1360  1475.6/1395  1447.9/1361  1447.1/1361

priors on the other parameters. This is because the CMBood agreement wijhthose from the HST projech=0.72
information that constrains them is mostly the relative +0.07 [49], which is of course a completely independent
heights of the first three acoustic peaks, which are left unafmeasurement based on entirely different physiBat see
fected by all the other parameters excepfThe four param- the next section for the crucial caveat®ur results also
eters (0, ,r,w,f,) that are fixed by priors in many published agree well with those from the WMAP team, who obtained
analyses cause only a horizontal shift of the pedkg &nd  h=~0.73+0.03[6] by combining WMAP with the 2dFGRS.
w) and modified CMB power on larger angular scallege  Indeed, our value fon is about I lower. This is because the
ISW effect from(), andw, tensor power front). SDSS power spectrum has a slightly bluer slope than that of
Figure 5 illustrates that two of the most basic cosmologi-2dFGRS, favoring slightly highef),, values (we obtain
cal parameters(),, and h, are not well constrained by ,=0.30£0.04 as compared to the WMAR2AFGRS
WMAP alone even for vanilla models, uncertain by factorsvalue(),,=0.26+0.05). As discussed in more detail in Sec.
of about two and five, respective(gt 95% confidencge Af- VIII, this slight difference may be linked to differences in-
ter including the SDSS information, however, the constraintsnodeling of non-linear redshift space distortions and bias.
are seen to shrink dramatically, giving Hubble parameteiFor a thorough and up-to-date review of recénand (),

constraintsh~0.70" 003 that are even tighter thatand in  determinations, sef].
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FIG. 2. Constraints on individual cosmological quantities using WMAP alshaded yellow/light gray distributiopgnd including
SDSS informatior{narrower red/dark gray distribution€ach distribution shown has been marginalized over all other quantities in the class
of 6-parameter £,Q) , ,w4,y,As,Ng) “vanilla” models as well as over a galaxy bias paramdidor the SDSS case. The distributions
are also marginalized overand (), . The parameter measurements and error bars quoted in the tables correspond to the median and the
central 68% of the distributions, indicated by three vertical lines for the WMABSS case above. When the distribution peaks near zero
(as forr), we instead quote an upper limit at the 95th percerislagle vertical ling. The horizontal dashed lines indicase2 for x
=1 and 2, respectively, so if the distribution were Gaussian, its intersections with these lines would correspendntb Zr limits,
respectively.

Whereas the constraints af,, wq andng are rather ro- involves not only independent experiments but also partly
bust, we will see in the following section that our constraintsindependent physics, with much of the information coming
on h and(Q, hinge crucially on the assumption that space isfrom small angular scale6=600 where WMAP is insensi-
perfectly flat, and become substantially weaker when droptive. In other words, our basic results and error bars still
ping that assumption. stand even if we discard either WMAP or pre-WMAP data.

The last columns of Table 11l demonstrate excellent con-Combining WMAP and smaller-scale CMB ddatéable 1V,
sistency with pre-WMAP CMB datéAppendix A3, which  3rd last columh again reflects this consistency, tightening
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Baryon density w,
<)
o
©

Baryon density o,
o
o
©

0.01 0.01

0.8 1 1.2 1.4 0 0.05 0.1 0.15 0.2
Scalar spectral index n, Dark matter density o,

FIG. 3. 95% constraints in then{,wp) plane. The shaded dark  FIG. 4. 95% constraints in thew(,w,) plane. Shaded dark
red/gray region is ruled out by WMAP alone for 6-parameter “va- red/gray region is ruled out by WMAP alone for 6-parameter “va-
nilla” models, leaving the long degeneracy banana discussed in theilla” models. The shaded light red/gray region is ruled out when
text. The shaded light red/gray region is ruled out when addingadding SDSS information. The hatched band is required by big
SDSS information. The hatched band is required by big bang nubang nucleosynthesi®BN).
cleosynthesigBBN). From right to left, the three vertical bands

correspond to a scale-invariant Harrison-Zel'dovich spectrum and . . .
to the common inflationary predictions.=1—2/N~0.96 andn, ter fluctuations 0.925 times their present value and hence a

=1-3/N~0.94(Table Vi), assuming that the number efoldings  Physical bias factorb, =b/0.925=0.918/0.925-0.99, in

between horizon exit of the observed fluctuations and the end o§ood agreement with the completely independent measure-

inflation is 50<N<60. mentb, =1.04+0.11 [21] based on the bispectrum a&f,
2dFGRS galaxies. A thorough discussion of such bias cross

the error bars around essentially the same central values. checks is given by70].

Figure 6 compares various constraints on the linear clus-
tering amplitudeog. Constraints from both galaxy clusters
[50-52 (black and weak gravitational lensings3—-55
(gray) are shown as shaded bands in thk,(og) plane for ) ) ]
the recent measurements listed in Table V and are seen to all L&t us now spice up the vanilla model space by adding
be consistent with the WMAP SDSS allowed region. How- spatial curvaturé€), as a free parameter, both to constrain the
ever, we see that there is no part of the allowed region thagurvature and to quantify how other constraints get weak-
simultaneously matches all the cluster constraints, indicatingned when dropping the flatness assumption.
that cluster-related systematic uncertainties such as the mass-Figures 7 and 8 show that there is a strong degeneracy
temperature relation may still not have been fully propagatedbetween the curvature of the univel@g=1— (), and both
into the quoted cluster error bars. the Hubble parametdrand the age of the universg, when

Comparing Fig. 6 with Fig. 2 fromi68] demonstrates ex- constrained by WMAP alonéven with only the seven pa-
cellent consistency with an analysis combining the weakameters we are now considering allowed to changéh-
lensing data of[54] (Table V) with WMAP, small-scale out further information or priors, one cannot simultaneously
CMB data and arnwy, prior from big bang nucleosynthesis. demonstrate spatial flatness and meabwet,. We see that
Figure 6 also shows good consistency with, estimates although WMAP alone abhors open models, requiribg;
from cluster baryon fractiong8], which in turn are larger =Q,+Q,=1-0,=0.9(95%), closed models witlf), as
than estimates based on mass-to-light ratio techniques réarge as 1.4 are still marginally allowed provided that the
ported in[8] (see[69] for a discussion of this Hubble parameteh~0.3 and the age of the Universg

The constraints on the bias paramdten Tables Ill and  ~20 Gyr. Although most inflation models do predict space
IV refer to the clustering amplitude of SD3S galaxies at to be flat and closed inflation models require particularly
the effective redshift of the survey relative to the clusteringugly fine-tuning[71], a number of recent papers on other
amplitude of dark matter &=0. If we takez~0.15 as the- subjects have considered nearly flat models either to explain
effective redshift based on Fig. 31 [i#0], then the “vanilla  the low CMB quadrupol¢72] or for anthropic reasong3—
lite” model (second last column of Table )\gives dark mat- 75], so it is clearly interesting and worthwhile to test the

IV. CURVED MODELS
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Hubble parameter h
o

Clustering amplitude oy

©
o

0 0.2 0.4 0.6 0 0.2 0.4 0.6
Matter density Q_ Matter density Q

FIG. 5. 95% constraints in the&X,,h) plane. Shaded dark red/ FIG. 6. 95% constraints in the(X,,o) plane. Shaded dark
gray region is ruled out by WMAP alone for 6-parameter “vanilla” red/gray region is ruled out by WMAP alone for 6-parameter “va-
models, leaving the long degeneracy banana discussed in the texfilla” models. The shaded light red/gray region is ruled out when
The shaded light red/gray region is ruled out when adding SDS@dding SDSS information. The 95% confidence regions are hatched
information, which can be understood as SDSS accurately measufor various recent clustgblack and lensing(green/gray analyses
ing the P(k) “shape parameterh(),,=0.21=0.03 at 2r (sloping  as discussed in the text. The vertical lines indicate the constraints
hatched band The horizontal hatched band is required by the HSTdescribed in8] from mass-to-light ratios in galaxies and clusters

key project [49]. The dotted line shows the fith  (0.06<0,<0.22) and from cluster baryon fractions (022,
=0.7(Q,/0.3)" %%, explaining the origin of the accurate constraint <0.37).

h(Q/0.3)°%=0.70+0.01 (1o).

TABLE V. Recent constraints in the();,,,og) plane.

Analysis Measurement
Clusters
Voevodkin and Vikhlinin 2003 [56] 0g=0.60+0.28025+0.04
Bahcall and Bode 200%<0.2 [50] 05(0,/0.3)°6°=0.68+ 0.06
Bahcall and Bode 200%>0.5 [50] 05(Q/0.3)°14=0.92+0.09
Pierpaoliet al. 2002 [57] 0g=0.77"553
Allen et al. 2003 [52] 05(02,/0.3)%2°=0.69+0.04
Schueckeet al. 2002 [58] 0g=0.71133%
Vianaet al. 2002 [59] 05=0.78" 533 (for Q,,=0.35)
Seljak 2002 [60] 05(02,/0.3)%44=0.77+0.07
Reiprich and Baringer 2002 [61] 0g=0.96"313
Borganiet al. 2001 [62] og=0.66+ —0.06
Pierpaoliet al. 2001 [51] 0(Q,,/0.3)6°=1.02" 3972
Weak lensing
Heymanset al. 2003 [63] 05(0,/0.306=0.67+0.10
Jarviset al. 2002 [64] 0(Q,/0.3)°5=0.71 55
Brown et al. 2002 [53] 05(02,,/0.3)%5°=0.74+0.09
Hoekstraet al. 2002 [54] 05(Q/0.3)*5%=0.86"555
Refregieret al. 2002 [65] 05(Q2/0.3)°4=0.94"324
Baconet al. 2002 [55] 05(0,,/0.3)%68=0.97+0.13
Van Waerbekeet al. 2002 [66] 05(Q)/0.3)(0:247 0182, =0.49— 947014
Hamanaet al. 2002 [67] 0(Q,/0.3)7%%=(0.78732
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FIG. 8. 95% constraints in the(X,,t;) plane. Shaded dark
dred/gray region is ruled out by WMAP alone for 7-parameter curved
models, showing that CMB fluctuations do not simultaneously

neously show space to be flat and measure the Hubble arametghOW space to be flat and measure the age of the Universe. The
Y p p haded light red/gray region is ruled out when adding SDSS infor-

The shaded light red/gray region is ruled out when adding SDS mation. Continuing inwards, the next two regions are ruled out

information. Continuing inwards, the next two regions are ruled out h : : :
<0. -
when adding ther<0.3 assumption and when adding SN la infor- when adding ther=0.3 assumption and when adding SN Ia infor

mation as well. The light hatched band is required by the HST ke
project[49]. The dotted line shows the fit=0.70),,°, explaining
the origin of the accurate constraintsQ2,=0.703 532 and
Q6(h/0.7)°?=1.001 3558 (10). with either galaxy clustering information or SN la informa-
tion (as also pointed out b}6]). This stems from the well-
flatness assumption observationally. In the same spirit, me&nown geometric degeneracy whei and{}, can be al-
suring the Hubble parametérindependently of theoretical tered so as to leave the acoustic peak locations unchanged,
assumptions about curvature and measurements of galaxyhich has been exhaustively discussed in the pre-WMAP
distances at low redshift provides a powerful consistencyiterature—see, e.g[12,13,15,16,78
check on our whole framework. In conclusion, we obtain sharp constraints on spatial cur-
Including SDSS information is seen to reduce the curvavature and interesting constraints bty andQ), , but only
ture uncertainty by about a factor of three. We also show thevhen combining WMAP with SDSS and/or other data. In
effect of adding the above-mentioned prie£ 0.3 and SN la  other words, within the class of almost flat models, the
information from the 172 SN la compiled §$5], which is ~ WMAP-only constraints orh, ty and(}, are weak, and in-
seen to further tighten the curvature constraints{lg, Cluding SDSS gives a huge improvement in precision.
=1.01+0.02 (1o), providing a striking vindication of the Since the constraints dmandt, are further tightened by
standard inflationary predictiof),,,=1. Yet even with all a large factor if space is exactly flat, can one justify the
these constraints, a strong degeneracy is seen to persist m@nvenient assumptiof),,=1? Although WMAP alone
tween curvature and, and curvature ant}, so that the HST marginally allowsQ,=1.5 (Fig. 7), WMAP+ SDSS shows
key project[49] remains the most accurate measurement ofhat (), is within 15% of unity. It may therefore be possible
h. If we add the additional assumption that spacexactly  to bolster the case for perfect spatial flatness by demolishing
flat, then uncertainties shrink by factors around 3 and sfor competing theoretical explanations of the observed approxi-
andt,, respectively, still in beautiful agreement with other mate flathess—for instance, it has been argued that if the
measurements. The age linj>12 Gyr shown in Fig. 8 is near-flatness is due to an anthropic selection effect, then one
the 95% lower limit from white dwarf ages y6]; for thor-  expects departures frof,~1 of order unity[ 73,75, per-

FIG. 7. 95% constraints in the(),h) plane. Shaded dark
red/gray region is ruled out by WMAP alone for 7-parameter curve
models, showing that CMB fluctuations alone do not simulta-

mation as well. Stellar age determinatiofsee text rule outt,
Y<12 Gyr.

ough reviews of recent age determinations, [€:@7]. haps larger than we now observe. This approach is particu-
This curvature degeneracy is also seen in Fig. 9, whictiarly promising if one uses a prior oh. Imposing a hard
illustrates that the existence of dark energ@y >0 is re- limit 0.58<h<0.86 corresponding to theo2range from the

quired at high significance only when augmenting WMAPHST key project[49], we obtain Q,=1.030" 5059 from
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WMAP alone, Q=1.023 5539 adding SDSS and,y 1
=1.010"33:8when also adding SN la and the<0.3 prior!

0.8
V. TESTING INFLATION

A. The generic predictions

e
o

Two generic predictions from inflation are perfect flatness
(Q=0,i.e.,Qu=1-Q,=1) and approximate scale invari-
ance of the primordial power spectrummg(-1). Tables
[I-IV show that despite ever-improving data, inflation still
passes both of these tests with flying cofbrs.

The tables show that although all cases we have explore
are consistent witl),,,=ns=1, adding priors and non-CMB
information shrinks the error bars by factors around 6 and 4 0.2
for QO andng, respectively.

For the flatness test, Table IV shows ti&{, is within
about 20% of unity with 68% confidence from WMAP alone

Dark energy density Q,
o
~

without priors(evenQ,,~ 1.5 is allowed at the 95% confi- 0 0.2 0.4 0.6 0.8 1
dence contoyr When we include SDSS, the 68% uncer- Matier density .

tainty tightens to 10%, and the errors shrink impressively to

the percent level with more data and prior€dy FIG. 9. 95% constraints in the(),,,Q,) plane. Shaded dark
=1.012 5538 using WMAP, SDSS, SN la and<0.3. red/gray region is ruled out by WMAP alone for 7-parameter curved

For the scalar spectral index, Table IV shows that 1 models, illustrating the well-known geometric degeneracy between
to within about 15% from WMAP alone without priors models that all have the same acoustic peak locations. The shaded
. . 0.039 . " light red/gray region is ruled out when adding SDSS information.
tightening tons=0.977_ g, when adding SDSS and assum- Continuing inwards, the next two regions are ruled out when adding
ing the vanilla scenario, so the cosmology community is rapthe r<0.3 assumption and when including SN la information as
idly approaching the milestone where the departures fromvell. Models on the diagonal dotted line are flat, those below are
scale invariance that most popular inflation models predicfPen and those above are closed. The constraints in this plot agrees
become detectable. well with those in Fig. 13 fron{6] when taking ther prior into

account.

I L B. Tensor fluctuation
within the framework of Bayesian inference, such an argument

would run as in the following example. Let us take the current best The first really interesting confrontation between theory
measurement from above to bg,=1.01=0.02 and use it to com- and observation was predicted to occur in ting,() plane
pare an inflation model predictin@,=1=10"° with a non-  (Fig. 10, and the first skirmishes have already begun. The
inflationary Friedmann-Robertson-WalkéfRW) model predicting  standard classification of slow-roll inflation mod¢&0—82

that a typical observer seék,=1+1 because of anthropic selec- characterized by a single field inflation potenti&ls) con-

tion effects[73—75. Convolving with the 0.02 measurement uncer- veniently partitions this plane into three pat&g. 10 de-
tainty, our two rival models thus predict that our observed best-fithending on the shape &f(¢):

value is drawn from distribution§),,;=1+0.02 andQ,,=1=*1, (1) Small-field models are of the form expected from
respectively. If we approximate these distributions by GaUSSia”§pontaneous symmetry breaking, where the potential has

- — (72 1 — — . .
f(Quo) =€ (e DT \27g with 0=0.02 ando=1, respec-  negative curvature/(4)”<0 and the fieldg rolls down
tively, we find that the observed value is about 22 times more likelYfrom near the maximum. and all predicK%(l—nS) Ne

given inflation. In other words, if we view both models as equally 1

likely from the outset, the standard Bayesian calculation (2) Large-field models are characteristic of so-called cha-

Explanation Prior prob. Obs. likelihood Posterior prob. OtiC initial conditions, in which¢ starts out far from the
. minimum of a potential with positive curvatureV/((¢)
Infl . 17. . .
: at'or_] 0.5 6 0.96 >0), and all predic(1—ng)<r<8(1—ny), n=1.

Anthropic 0.5 0.80 0.04 (3) Hybrid models are characterized by a field rolling to-
strongly favors the inflationary model. Note that it did not have toWard & minimum withV=0. Although they generally in-
come out this way: observing,=0.90+0.02 would have given volve more than one inflation field, they can be treated dur-
99.99% posterior probability for the anthropic model. ing the |nflat|_onar3g epoch as single-field inflation wivtf

2Further successes, emphasized by the WMAP teanjz8idare >0 and predicr >3(1—n,), also allowingng>1.
the inflationary predictions of adiabaticity and phase coherence These model classes are summarized in Table VI together
which account for the peak/trough structure observed in the CMBwith a sample of special cases. For details and derivations of
power spectrum. the tabulated constraints, s¢B,80—89. For comparison
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1.5 shown that 56eN=<60 is required for typical inflation mod-
els. The quartic modeV/~ ¢* is an anomaly, requiringN
~64 with very small uncertainty. Figure 10 shows that
power law modelsvVx ¢P are ruled out by CMB alone for
p=6 and above. Figure 10 indicates that the textb&bk

5 = ¢* model (indicated by a star in the figurés marginally

£ ! allowed. Referencps] found it marginally ruled out, but this

" assumed\N =50—the subsequent resiit~64 [86] pushes

2 the model down to the right and make it less disfavoiéd.

‘f* «¢? has been argued to be the most natural power-law
flz model, since the Taylor expansion of a generic function near
5 its minimum has this shape and since there is no need to
§ 0.5 explain why quantum corrections have not generated a qua-
B

dratic term. This potential is used in the stochastic eternal
inflation model[88], and is seen to be firmly in the allowed
region, as are the small-field “tombstone model” from Table
VI and the grant unified theoryGUT) scale model of89]
(predictingng=1—1/N~0.98,r~109).

In conclusion, Fig. 10 shows that observations are now
beginning to place interesting constraints on inflation models
in the (ng,r) plane. As these constraints tighten in coming

FIG. 10. 95% constraints in the{,r) plane. Shaded dark red/ Years, they will allow us to distinguish between many of the
gray region is ruled out by WMAP alone for 7-parameter modelsprime contenders. For instance, the stochastic eternal infla-
(the vanilla models plus). The shaded light red/gray region is tion model predicting Ifs,r)~(0.96,0.15) will become dis-
ruled out when adding SDSS information. The two dotted linestinguishable from models with negligible tensors, and in the
delimit the three classes of inflation models known as small-fieldJatter category, small-field models with, sag=<0.95, will
large-field and hybrid models. Some single-field inflation modelshecome distinguishable from the scale-invariant casel.
make highly specific predictions in this plane as indicated. From top
to bottom, the figure shows the predictions Yé{r¢) = ¢° (line seg-
ment; ruled out by CMB aloneV(¢)x ¢* (star; a textbook infla-
tion model; on verge of exclusigmndV(¢)= ¢? (line segment; the Typical slow-roll models predict not only negligible spa-
eternal stochastic inflation model; still allowedand V()1  tial curvature, but also that the running of the spectral index
—(¢l¢,)? (horizontal line segment wittr~0; still allowed. a is unobservably small. We therefore assunigg= a=0
These predictions assume that the numbee-&dldings between  when testing such models above.
horizon exit of the observed fluctuations and the end of inflation is  Let us now turn to the issue of searching for departures
64 for the ¢* model and between 50 and 60 for the others as pefrom a power law primordial power spectrum. This issue has
[86]. generated recent interest after the WMAP team claim that

a<0 was favored overr=0, at least at modest statistical
with other papers, remember that we use the same normagignificance, with the preferred value beiag- —0.07[5,6].
ization convention for as cMBFAST and the WMAP team, Slow-roll models typically predicte| of orderN~2; for
wherer = —8n, for slow-roll models. The limiting case be- these modelsla/| is rarely above 10%, much smaller than
tween small-field and large-field models is the linear potenthe WMAP-team preferred value. Those inflation models that
tial V(¢)x ¢, and the limiting case between large-field anddo predict such a strong second derivative of the primordial
hybrid models is the exponential potenti&fl¢)ce?¢s. The  power spectruntin log-log spacgtend to produce substan-
WMAP team[5] further refine this classification by splitting tial third and higher derivatives as well, so that a parabolic
the hybrid class into two: models with,<1 and models curve parametrized b&s, ng and« is a poor approximation
with ng>1. of the model(e.g.,[90]). Lacking strong theoretical guidance

Many inflationary theorists had hoped that early dataone way or another, we therefore drop our priorsthnand
would help distinguish between these classes of models, butwhen constrainingy.

Fig. 10 shows that all three classes are still allowed. Tables Il and Il show that our best-fit values agree with

What about constraints on specific inflation models as opthose of[5], but are consistent witke=0, since the 95%
posed to entire classes? Here the situation is more interestror bars are of order 0.1. They show ty@tdrops by only
ing. Some models, such as hybrid ones, allow two-5 relative to vanilla models, which is not statistically signifi-
dimensional regions in this plane. Table VI shows that manyant because a drop of 3 is expected from freeing the three
other models predict a one-dimensional line or curve in thipparameter$),, r anda. Moreover, we see that our WMAP-
plane. Finally, a handful of models are extremely testablepnly constraint is similar to our WMAR SDSS constraint,
making firm predictions for bothg andr in terms ofN, the  showing that any hint of running comes from the CMB
number ofe-foldings between horizon exit of the observed alone, most likely from the low quadrupole powd]; see
fluctuations and the end of inflation. Recent wiBK,87 has  also[91,92. This is at least qualitatively consistent with the

0.8 1 12 1.4
Scalar spectral index n,

C. Arunning spectral index?
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TABLE VI. Sample inflation model prediction® is the number oe-folds between horizon exit of the
observed fluctuations and the end of inflation.

Model Potential r ng
Small field V<0 r<3(1-ny ne<1
Parabolic Vocl—(d)i)z r=8(1-ny)e ¢ "9<0.06 ne<1
5
Tombstone Vo<1—(i)4 r<10°3 n :1_E~0 95
bs STON T
le_(d}ii)p’ p>2 r<103 nS:1—§%20.93
Linear Ve r=3%(1-ny ne<1
Large field V'>0 g(1—-ny<r<8(1-ny) ne<1
Power-law Vo pP r= 4Wp ne=1— 1+Np/2
Quadratic Vor p? r= % ~0.15 ne=1- %~0.96
Quartic Ve gt =2 029 ne=1— 3 095
N N
Sextic Vo ¢p° 2 044 ne=1- 2 093
N N
Exponential Vo éx r=8(1-ny) ne<1
Hybrid V'>0 r>3%(1-ny Free

WMAP team analysig§6]; apart from the low quadrupole, The sum of the three neutrino massassuming standard
most of the evidence that# 0 comes from CMB fluctuation freezeoutis [38] M ,~(94.4 eV)wyf,. The neutrino energy
data on small scale.g., the CBI dat493]) and measure- density must be very close to the standard freezeout density
ments of the small-scale fluctuations from thealjorest;  [101-103, given the large mixing angle solution to the solar
indeed, including the 2dFGRS data slightigakenshe case neutrino problem and near maximal mixing from atmo-
for running. .For the Ly forest case, the key issue is the spheric results—sef104,104 for up-to-date reviews. Any
extent to which the measurement uncertainties have been aggpstantial asymmetries in neutrino density from the stan-
equately modeled94], and this should be clarified by the §arg value would be “equilibrated” and produce a primor-
forthcoming Ly forest measurements from the SDSS. dial “He abundance inconsistent with that observed.
Our upper limit is complemented by the lower limit from
VI. NEUTRINO MASS neutrino oscillation experiments. Atmospheric neutrino oscil-

It has long been knowfo5] that galaxy surveys are sen- lations show that there is at least one neutrijpeesumably
sitive probes of neutrino mass, since they can detect the sup20stly a linear combination of, and v;) whose mass ex-
pression of small-scale power caused by neutrinos streamirfggeds a lower limit around 0.05 e\200,104. Thus the at-
out of dark matter overdensities. For detailed discussion ofospheric neutrino data corresponds to a lower limit
post-WMAP astrophysical neutrino constraints, $§6€96—  =0.0005, orf ,=0.004. The solar neutrino oscillations occur
99], and for an up-to-date review of the theoretical and ex-at a still smaller mass scale, perhaps around 0.008 eV
perimental situation, sge.00]. [100,105,106 These mass splittings are much smaller than

Our neutrino mass constraints are shown inlthgpanel 1.7 eV, suggesting that all three mass eigenstates would need
of Fig. 2, where we allow our standard 6 “vanilla” param- to be almost degenerate for neutrinos to weigh in near our
eters and , to be free. The most favored valuehis,=0, and  upper limit. Since sterile neutrinos are disfavored from being
obtain a 95% upper limiM ,<1.7 eV. Figure 11 shows that thermalized in the early univerdd07,10§, it can be as-
WMAP alone tells us nothing whatsoever about neutrinosumed that only three neutrino flavors are present in the neu-
masses and is consistent with neutrinos making up 100% dfino background; this means that none of the three neutrinos
the dark matter. Rather, the power of WMAP is that it con-can weigh more than about 1.#3.6 eV. The mass of the
strains other parameters so strongly that it enables large-scaieaviest neutrino is thus in the range 0.04—0.6 eV.
structure data to measure the small-sda{&) suppression A caveat about nonstandard neutrinos is in order. To first
that massive neutrinos cause. order, our cosmological constraint probes only tin@ss den-
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FIG. 11. 95% constraints in thew(,f,) plane. Shaded dark

red/gray region is ruled out by WMAP alone when neutrino mass is  FIG. 12. Constraints in thef(, o) plane. Shaded dark red/gray

added to the six “vanilla” models. The shaded light red/gray regionregion is ruled out by WMAP alon€95%) when neutrino mass is

is ruled out when adding SDSS information. The five curves corre-added to the six “vanilla” models. The shaded light red/gray region

spond toM ,, the sum of the neutrino masses, equaling 1, 2, 3, 4is ruled out when adding SDSS information. The recent claim that

and 5 eV, respectively—barring sterile neutrinos, no neutrino carf,>0 [109] hinges on assuming that galaxy clusters require dgw

have a mass exceedingM , /3. values(shaded horizontal bap@nd dissolves when using what we
argue are more reasonable uncertainties in the cluster constraints.

sity of neutrinos, p,,, which determines the small-scale

power suppression factor, and thelocity dispersionwhich  (Tables IIl and I\j. A powerful consistency test is that our
determines the scale below which the suppression occursorresponding valuef=0.54"3%¢ from WMAP+SDSS
For the low mass range we have discussed, the neutrino vagrees well with the valug~0.5 measured from redshift
locities are high and the suppression occurs on all scalespace distortions ifi20].

where SDSS is highly sensitive. We thus measure only the Seemingly minor assumptions can make a crucial differ-
neutrino mass density, and our conversion of this into a limitence for neutrino conclusions, as discussed in detail in
on the mass sum assumes that the neutrino number density[{§ 96 97. A case in point is a recent claim that nonzero neu-
known and given by the standard model freezeout calculaging mass has been detected by combining WMAP, 2dFGRS

. 73 . . .
tion, 112 cm*. In more general scenarios with sterile or and galaxy cluster dafd09]. Figure 2 in that papemiddle

otherwise non-standard neutrinos where the freezeout abujyg pane) shows that nonzero neutrino mass is strongly dis-
dance is different, the conclusion to take away is an uppey,

- ) . . avored only when including data on x-ray cluster abun-
limit on the total light neutrino mass density @f,<4.8 y 9 y

X 10" 2 kg/m® (95%). To test arbitrary nonstandard models, di?rigli;lg:ilgrr: sz sgr%(lorwe; (r)n ;do‘f% ggnglég)prifiezi Ii\g
a future challenge will be to independently measure both th8 T =L [ 0. lg

mass density and the velocity dispersion, and check wheth@rm\’ides intuition for the physical origin on the claimed neu-
they are both consistent with the same \;alueh/n)‘ trino mass detection. Since WMAP fixes the normalization at

The WMAP team obtains the constraikt,<0.7 eV [6] early times before neutrinos have had their suppressing ef-
by combining WMAP with the 2dFGRS. This limit is a fac- f€ct, we see that the WMAP-alloweg; value drops as the
tor of three lower than ours because of their stronger priorgyeutrino fractionf, increases. A very lowrg value therefore
most importantly that on galaxy bids determined using a requires a nonzero neutrino fraction. The particular cluster
bispectrum analysis of the 2dF galaxy clustering dam.  analysis used b{109] happens to give one of the lowes§

This bias was measured on scales(0.2—0.4h/Mpc and  Vvalues in the recent literature. Table V and Fig. 6 show a
assumed to be the same on the sckte9.2h/Mpc that were  range ofog values larger than the individual quoted errors,
used in the analysis. In this paper, we prefer not to includémplying the existence of significant systematic effects. If we
such a prior. Since the bias is marginalized over, our SDS&xpand the error bars on the cluster constraintsde 0.8
neutrino constraints come not from the amplitude of the+0.2, to reflect the spread in the recent literature, we find
power spectrum, only from its shape. This of course allowghat the evidence for a cosmological neutrino mass detection
us to constrairb from WMAP+ SDSS directly; we find val- goes away. The sensitivity of neutrino conclusions to cluster
ues consistent with unitffor L* galaxieg in almost all cases og normalization uncertainties was also discussefLD9).
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fects are seen to be similar to those of dropping the flatness
assumption, but weaker, which is easy to understand physi-

-0.6
cally. As long as there are no spatial fluctuations in the dark
energy(as we have assumgdhangingw has only two ef-

: o fects on the CMB: it shifts the acoustic peaks sideways by

altering the angle-distance relation, and it modifies the late
integrated Sachs-WolfdSW) effect. Its only effect on the
Allowed matter power spectrum is to change its amplitude via the
linear growth factor. The exact same things can be said about
the parameter€), and (), so the angle-diameter degen-
eracy becomes a two-dimensional surface in the three-
dimensional space(l,,Q,,w), broken only by the late
ISW effect. Since the peak shifting is weaker fethan for

Q, (for changes generating comparable late ISW modifica-
tion), addingw to vanilla models wreaks less havoc with,
say, h than does addin@), to vanilla modelgSec. V).

gy equation of sta
e

Dark ener
|
=
[

|
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N

16 VIIl. DISCUSSION AND CONCLUSIONS

0 0.2 0.4 0.6
Matter density Q We have measured cosmological parameters using the
S three-dimensional power spectrua(k) from over 200 000
o d'/:'g' 1rz igrﬁoi/; ﬁﬁgjt(rﬁtn:)s '\;'Vl\tﬂh:g@“’(‘;‘ge 5\';2?{ eSTJ?a?i?)?] gfagt(at galaxies in the Sloan Digital Sky Survey in combination with
gray reg jec out by q ) SWMAP and other data. Let us first discuss what we have and
w is added to the six “vanilla” parameters. The shaded light red/ .
have not learned about cosmological parameters, then sum-

gray region is ruled out when adding SDSS information, and the_ " :
yellow/very light gray region is excluded when including SN la marize what we have and have not learned about the under-

information as well. lying physics.

VII. DARK ENERGY EQUATION OF STATE A. The best fit model

Although we now know its present density fairly accu- _ All data we have considered are consistent with a “va-
rately, we know precious little else about the dark energy”'“a flat adlab.atchCDM model with no tilt, running '[Il'[,.
and post-WMAP research is focusing on understanding itiensor fluctuations, spatial curvature or massive neutrinos.
nature[110—118. Above we have assumed that the dark en-Readers wishing to choose a concordance model for calcula-
ergy behaves as a cosmological constant with its density irfion@l purposes using Occam's razor can adopt the best fit

dependent of time, i.e., that its equation of state —1. vanilla lite” model
Figure 2 and Fig. 13 show our constraints wnassuming QO A)=(0.17.0.72.0.12.0.024.0.89 (2
that the dark energy is homogeneous, i.e., does not cfuster. (7.5 @04, @5,A9) =(0.17,0.72,0.12,0.024,0.89 (2)
Although our analysis adds improved galaxy and SN la data
to those of the WMAP tearf6] and uses different assump- (Table IV, second last columnNote that this is even simpler
tions, Fig. 13 agrees well with Fig. 11 frofi6] and our than 6-parameter vanilla models, since it _h@sl and_only
conclusions are qualitatively the same: addimgs a free 5 free parameter$119]. A more theoretically motivated
parameter does not help improyé for the best fit, and all 5-parameter model is that of the arguably most testable in-
data are consistent with the vanilla cage — 1, with uncer-  flation model,V ¢? stochastic eternal inflation, which pre-
tainties inw at the 20% level. Referencgs10,117 obtained  dicts (ng,r)=(0.15,0.96)(Fig. 10 and prefers
similar constraints with different data and hrprior.

Tables I ar)d Il show the effect of drop.ping the (1,Q 4, 04,0, ,As)=(0.09,0.68,0.123,0.023,0.75 (3)
= —1 assumption on other parameter constraints. These ef-

(Table IV, second last column

3Dark energy clustering can create important modifications of the Note that these numbers are in SUD.Stam'al agreemer_n with
CMB power spectrum and can weaken theonstraints by increas- the results of the ,WMAR tearft], despite a,completely In- .
ing degeneraciegl17]. We have ignored the effect of dark energy erendent analys[s anq mdepent_ient redshift survey data.; this
clustering since it depends on the dark energy sound speed, which§ & Powerful confirmation of their results and the emerging
in turn model dependent and at present completely unknown. InStandard model of cosmology. Equally impressive is the fact
deed, all evidence for dark energy so far traces back to the observdfat we get similar results and error bars when replacing
cosmic expansion histori(z) departing from the), =0 Fried- WMAP by the combined pre-WMAP CMB dat&compare
mann equation, and if this departure is caused by modified gravitfhe last columns of Table il In other words, the concor-
rather than some sort of new substance, then there may be no da@i@ance model and the tight constraints on its parameters are
energy fluctuations at all. no longer dependent on any one data set—everything still
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stands even if we discard either WMAP or pre-WMAP CMB TABLE VII. Robustness to data and method details.
data and either SDSS or 2dFGRS galaxy data. No single data
set is indispensable. Analysis Qn

As emphasized by the WMAP team, it is remarkable that g,seline 0.201+0933
such a broad range of data are describable by such a small- K= 0.150/ Mpc 0.297ﬁ8:8§§
number of parameters. Indeed, as is apparent from Tables K= 0.10/Mpc 0.331f8i8§§’
lI-1V, x? does not improve significantly upon the addition No bias correction 0-25@3:831
of further parameters for any set of data. However, the “va- Linear P(k) 0.33 8:851

nilla lite” model is not a complete and self-consistent de- 5 rgRs
scription of modern cosmology; for example, it ignores the
well-motivated inflationary arguments for expecting# 1.

025185

C. Robustness to data details

B. Robustness to physical assumptions How robust are our cosmological parameter measure-

On the other hand. the same criticism can be Ievele(ﬁnents to the choice of data and to our modeling thereof?

against 6-parameter vanilla models, since they assua@ For the (.:MB’ most of the st:_:ltlsucal power comes from
) : the unpolarized WMAP data, which we confirmed by repeat-
even though some of the most popular inflation models pre-

dict onificant t d Hributi Fortunately. N9 our 6-parameter analysis without polarization informa-
TICbI a”IS|grr11| |canh ensor mode Cor.'"“ u 'c:jn'l o_r#na €W:tion. The main effect of adding the polarized WMAP data is
able 1l shows that augmenting vanilla models with tensor;, give a positive detection of (Sec. VIII D 4 below. The

modes has little effect on other parameters and their unce[q'uantity oge " determines the amplitudes of acoustic peak
tainties, mainly just raising the best fit spectral inaiXrom 5 pjitudes, so the positive detectionofeads to a value of

0.98 to 1.01. o ] _og 15% higher than without the polarization data included.
Another common assumption is that the neutrino density gy the galaxyP(k) data, there are options both for what
f, is negligible, yet we know experimentally thef>0 and  data set to use and how to model it. To get a feeling for the
there is an anthropic argument for why neutrinos shoulcjuantitative importance of choices, we repeat a simple
make a small but non-negligible contributiph20]. The ad-  benchmark analysis for a variety of cases. Let us measure the
dition of neutrinos changes the slope of the power spectrummatter density),,, using galaxy data alone, treatidg as a
on small scales; in particular, when we alldyto be a free second free parameter and fixing all others at the values
parameter, the value afg drops by 10% and},, increases Q,=f,=a=0, 0w,=0.024, ng=1, w=-1, b=1 andh
by 25% (Table ). =0.72. Roughly speaking, we are thus fitting the measured
We found that the assumption with the most strikinggalaxy power spectrum to a power spectrum curve that we
implications is that of perfect spatial flatness, can shift horizontallywith our “shape parameter{}.) and
Q.= 1—dropping it dramatically weakens the limits on the Vvertically (with Ag). We have chosen this particular example
Hubble parameter and the age of the Universe, allowing because, as described in Sec. Il B, it is primarily this shape
=0.5 andt,=18 Gyr. Fortunately, this flatness assumptionparameter measurement that breaks the WMAP banana de-
is well motivated by inflation theory; while anthropic expla- generacy. The parameterandr of course have no effect on
nations exist for the near flatness, they do not predict th&(k), and the remaining two are determined by the matter
Universe to be quite as flat as it is now observed to be. ~ density via the identitie$) , =1—Qy,, wg=h*Qp—wy,.
Constraints on other parameters are also somewhat weak- Our results are summarized in Table VII. We stress that
ened by allowing a running spectral index: 0 and an equa- they should not be interpreted as realistic measurements of
tion of statew# —1, but we have argued that these results{}m, since the other parameters have not been marginalized
are more difficult to take seriously theoretically. It is cer- over. This is why the error bars are seen to be smaller even
tainly worthwhile testing whetheng depends onk and than when WMAP was included abotast column of Table
whetherQ , depends om, but parametrizing such departures V).
in terms of constantsx andw to quantify the degeneracy To avoid uncertainties associated with nonlinear redshift
with other parameters is unconvincing, since most inflatiorsPace distortions and scale-dependent galaxy bias, we have
models predict observably large| to depend strongly ok~ used SDSS measurementsRik) only for k<kpay through-
and observably larghw+ 1| can depend strongly on out this paper, choosirki,= 0.2h/Mpc as recommended in
It is important to parametrize and constrain possible det20]. The WMAP team made this same choidg
partures the current cosmological framework: any test that 0-2VMpc when analyzing the 2dFGRS d4f@. An option
could have falsified it, but did not, bolsters its credibility. Would be to tighten this cut to be still more cautious. Table

. . o . . VIl shows that cutting back té,,,=0.15h/Mpc has essen-
Post-WMAP work in this spirit has included constraints ontially no effect on the best-fif), value and increases error

the dark energy sound spe¢til7] and time dependence bars by about 20%. Cutting back all the way downkig,

[121,123, the fine structure constaf123], the primordial - 1n/Mpc is seen to more than double the baseline error
helium abundancgl24,123, isocurvature modegl26] and  bars, the baseline measurement lying aboutr(eélow the
features in the primordial power spectryd?7,128§. new best fit.
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As described if20], the SDSS measurements were cor- 0.05 0.1 0.15 02 025 0.3
rected for luminosity-dependent bias. Table VII shows that if REEES BEEEN REERE EEERE RN
this were not donef),, would drop by about 0.03, ordl.
This correction is of course not optional. However, if thecor-
rection itself were somehow inaccurate at say the 10% level
one would expect a bias i}, around 0.003.

Just like the WMAP teanm6,7], we have used the nonlin-
ear matter power spectrum for all our analyses. Table VII
shows that if we had used the linear spectrum instead, thel
Q, would rise by about 0.04, or 163 This happens because
the linear power spectrum is redder, with less small-scale
power, which can be roughly offset by raisifily,, and hence
shifting the curve to the right. Like the above-mentioned
correction for luminosity-dependent bias, correction for non- e
linearities must be included. However, given the large uncer- 0.05 0.1 0.15 02 025 03
tainties about how biasing behaves in this quasilinear regime k (h Mpc-t)
it may well be that this correction is only accurate to 25%,
say, in which case we would expect an additional uncertainty
in Q,, at the 0.01 level. _ FIG. 14. Effect_ of increasing the amount of SDSS data used,

Finally, we have repeated the analysis using an entirelgiven by the maximurk value used. Top panel shows how the
different dataset, th@(k) measurement from the 2dFGRS relative errors on various para}meters shrink as more data is in-
team [11]. Although the WMAP team usedKgy cluded. Fpr the ngutrlno densitf ,=f 4, the absolute .rather
—0.2n/Mpc, we used the data available online with.., than relative error is shown. Bottom panel shows the ratio of sys-

_ tematic errors to statistical erroffom top panel grows as smaller
=0.1h/Mpc here as recommended by the 2dFGRS teangcales are included. This is for the extreme case where nonlinear

[11]. Table VIl shows that 2dFGRS measures a slightly recj'corrections are present but completely ignored, which we view as a
der power spectrum than SDSS, correspondin@tpdown \\J <t ~~ce scenario.

by 0.04, or 1.3
In conclusion, we see that a number of issues related to
data selection and modeling can have noticeable effects oife see that the most sensitive parametenjs which jus-
the results. Internally to SDSS, such effects could easilyiifies our singling it out for special scrutiny above in Table
changeQ),, by as much as 0.01, and the 2dFGRS differenceVll (where w, is equivalent to(), since we keph fixed).
is about 0.04, or one standard deviation—roughly what oné\lthough ng also partially mimics the nonlinear correction
would expect with two completely independent data sets. and perhaps scale-dependent bias, it is seen to be somewhat
To quantify the effect of systematic uncertainties whenless sensitive. Our Fisher matrix estimate is seen to be some-
both other parameters and WMAP data are included, wavhat overly pessimistic fof),, predicting that neglecting
carry out a second testing exercise. Using the Fisher-matrironlinearities shifts w,, by of order 2r for Kkpa
technique of[129], we compute how our best-fit parameter =0.2h/Mpc whereas the brute force analysis in Table VII
values shift in response to a systematic bias in the theoretshows the shift to be only about half as large even when
cally computed power spectruf(k). To be conservative, WMAP is ignored. The sensitivity th is linked to the(},,
we make the rather extreme assumption that the measureensitivity by the banana in Fig. 5. Tlik, sensitivity comes
ments correspond to the nonlinear power spectrum but thdtom the small-scale neutrin®(k) suppression being similar
the analysis ignores nonlinear corrections entirely, simply fitto the suppression in going from nonlinear to lind&(k)
ting to the linear power spectrum. Although we view this asmodeling.
a worst-case scenario, it provides an instructive illustration In conclusion, as long as errors in the modeling of non-
of how problems related to nonlinear redshift space distorlinear redshift distortions and bias are not larger than the
tions and scale-dependent biasing might scale Wjthy, the  nonlinear correction itself, we expect our uncertainties with
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largestk band included. Kmax=0.2n/Mpc to be dominated by statistical rather than
Our results are shown in Fig. 14. The upper panel showsystematic errors. The fact that cutting back kg,
how the constraints from WMAP alon@n left side of fig- =0.15/Mpc left our results virtually unchangeddable VII)

ure) gradually improve as more SDSS data are included. Theupports this optimistic conclusion. Indeed, Fig. 14 shows
dramatic neutrino improvement seen at snkall, is due to  that withk,,,,=0.15h/Mpc, the reader wanting to perform a
WMAP alone leaving the neutrino fraction unconstrained.simple analysis can even use the liné¥ik) to good ap-
The other parameters where SDSS helps the most are seeng@ximation.
be w,,, andh, which can be understood based on our discus- However, both statistical errors and the systematic errors
sion in Sec. lll. The SDSS power spectrum we have useave have discussed in this section are dwarfed by the effects
does not probe to scales much smaller tharD.2, which is  of changing theoretical priors. For instance, Table Il shows
why little further improvement is seen beyond this value. that(}, increases by 0.08 when dropping either the assump-
The lower panel shows the ratio of the above-mentionedion of negligible neutrinos or the assumption of negligible
systematic error to the statistical error for each parametecurvature. Moreover, to place this in perspective, all Baye-
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sian analysis using Monte Carlo Markov Chains implicitly =0.04), the next challenge is clearly to measure whether its

assumes a uniform prior on the space of the parametedensity changes with time. Although our analysis adds im-

where the algorithm jumps around, and different authorsproved galaxy and SN la data to that of the WMAP td&

make different choices for these parameters, which can makaur conclusions are qualitatively the same: all data are con-

a substantial differenck. sistent with the density being time independent as for a
A final source of potential uncertainties involves bugs andsimple cosmological constanwE& —1), with uncertainties

algorithmic errors in the analysis software. To guard againsin w at the 20% level.

this, we performed two completely independent analyses for

many of the parameter spaces that we have tabulated, one 3. Cold and hot dark matter

using the Monte Carlo Markov chain method described in

Appendix A (coded up from scratghand the second using wy=0.12+0.01 fairly robustly to theoretical assumptions,

the publicly availablecosmomc packagd 32] with appropri- which corresponds to a physical density of 2E) 27

ate modifications. We found excellent agreement between thl?g/m3+10% Given the WMAP information. SDSS shows

two sets of results, W'th.a" differences mugh .smaller than thefhat no more than about 12% of this dark matter can be due
statistical errors and prior-related uncertainties. . : L L

to massive neutrinos, giving a 95% upper limit to the sum of
the neutrino masseldl ,<<1.7 eV. Barring sterile neutrinos,
this means that no neutrino mass can excddd/3

The fact that any simple model fits such accurate and=0.6 eV. [6] quotes a tighter limit by assuming a strong

diverse measurements is impressive evidence that the bagicior on galaxy biad. We show that the recent claim of a
theoretical framework of modern cosmology is correct, ancheutrino mass detectiobl ,=0.6 eV by Allenet al. hinges
that we need to take its implications seriously however surerucially on a particular low galaxy clusterg measurement
prising they may be. What are these implications? and goes away completely when expanding the cluster

uncertainty to reflect the spread in the literature.

We measure the density parameter for dark matter to be

D. What have we learned about physics?

1. Inflation

The two generic predictions of perfect flatness 4. Reionization and astronomy parameters

(1€4]=10"°) and near scale invariance have passed yet an- we confirm the WMAP teani6] measurement of early

other test with flying colors. We find no evidence for running rejonization, 7=0.12"558  This hinges crucially on the

tilt. We also find no evidence for gravitational waves, and argypap polarization data: using only the unpolarized WMAP

therefore unable to measure the tensor spectral index and tesdwer spectrum, our analysis prefers 0 and gives an up-
the inflationary consistency relatior= —8n,. The most in- per limit 7-<0.23’(95%).

teresting confrontation between theory and observation is Assuming the vanilla model, our Hubble parameter mea-

now occurring in the s, r) plane(Fig. 10. We confirm the o\, -emenh~0.70" 9% agrees well with the HST key project
conclusion[5] that most popular models are still allowed, :

) . . o .~ measuremerti=0.72+0.07[49]. It is marginally lower than
notably even stochastic eternal inflation with its prediction,, . "\vMAP team valueh~0 73+0.03 because the SDSS
(ns,r)~(0.96,0.16), but ”?°deSt datg Improvements over th(?)ower spectrum has a slightly bluer slope than that of the
next few years could decimate the list of viable |nflat|onary2d|:GRS favoring slightly highe€),, values (we obtain

. . ’ m
candidates and rival mode]$30]. Q,,=0.30+0.04; the WMAP team quoté), = 0.26+0.05
[6]).
2. Dark energy

Since its existence is now supported by three independent E. What have we not learned?
lines of evidencgSN la, power spectrum analysis such as
ours, the late ISW effedt131-138) and its current density
is well known (the last column of Table Il give& ,=0.70

The cosmology community has now established the exis-
tence of dark matter, dark energy and near-scale invariant
seed fluctuations. Yet we do not know why they exist or the
physics responsible for generating them. Indeed, it is striking
that standard model physics fails to explain any of the four

4 i = —27
For instance, we usk,=Ase" “” where the WMAP team uses : . f o
1 P S .
[7], and both we and the WMAP team use the CMB peak IOCationmgrements of the cosmic matter budget: it gives too small

) CP violation to explain baryogenesis, does not produce dark
parameter®, where many other groups uge, . The difference it ticl d i d dark t th b
between these implicit priors is given by the Jacobian of the trans!1& e& Ipar Ilc esd f (?Ies no Fl)rc.) ur(l:e ar” energy at the ob-
formation, which describes how the volume element changes angerved level and fails to explain the small yet non-zero neu-

generically will have variations of order unity when a parameterl/iN0 Masses. _ _ _

varies by a factor of two. For a parameferthat is tightly con- Fortunately, upcoming measurements will provide much
strained with a small relative errddp/p|<1, this Jacobian be- Needed guidance for tackling these issues: constraining dark
comes irrelevant. For weakly constrained parametersdikeow- ~ Matter propertiestemperature, viscosity, interactions, gtc.
ever, this can easily shift the best-fit value by.1For example, dark energy propertiegdensity evolution, clustering neu-
changing to a uniform prior on the reionization redskift7#3as  trino properties(with galaxy and cmb lensing potentially
done by[68] corresponds to using aprior o 7~ 3, which strongly ~ sensitivity down to the experimental mass limit€.05 eV
weights the results toward low. [137-139) and seed fluctuation propertiegmodel-
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independent measurements of their power specfd2i]). 1. Monte Carlo Markov chain summary

The Sloan Digital Sky Survey should be able to make The Monte Carlo Markov chaifMCMC) method is a

important contributions to many of these questions. Red- . . o
shﬁts have now been measurgd for abou(';'1 350000 mainell-established techniqug7-29 for constraining param-

sample galaxies and 35000 luminous red galaxies, whichkters from observed data, espe_cially_ suitec_i for Fhe case when
will allow substantially tighter constraints on even larger the parameter space has a high dimensionality. It was re-
scales where nonlinearities are less important, as will analycently introduced to the cosmology community [84] and

sis of three-dimensional clustering using photometric reddetailed discussions of its cosmological applications can be
shifts[140] with orders of magnitude more galaxies. There isfound in[7,32,33.

also a wealth of cosmological information to be extracted The basic problem is that we have a vector of cosmologi-
from analysis of higher moments of galaxy clustering, clustetcal datad from which we wish to measure a vector of cos-
abundancgl141], quasar clustering, small-scale galaxy clus-mojogical parameterg. For instanced might be the 1367-
tering[142], Ly« forest clustering, dark matter halo proper- dimensional vector consisting of the 899 WMAP

ties[143], etc., and using this information to bolster our un-
derstanding the gastrophysics of biasing and nonlinea@éasure;?)(e)nt‘:’hOf 22169 t\e;\r/nlvlla;;ature powclar _sp?_cfn@rfor ¢
redshift distortions will greatly reduce systematic uncertain-_ < - 2% the Cross-polarization measure-

ties associated with galaxy surveys. In other words, this pal€nts and the 19 SDSB(k) measurements we use. The

per should be viewed not as the final word on SDSS precicosmological parameter vectpr might contain the param-

sion Cosmo|ogy' mere|y as a promising beginning_ eters of Eq(l) or some subset thereof. TheOWiS con-
nected to data by the so-called likelihood functiog(p,d),
ACKNOWLEDGMENTS which gives the probability distribution for observing differ-

i entd given a theoretical modgl. In Bayesian analysis, one
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riaga for helpful discussions and Dulce de Oliveira-Costa for 4 single parameter, say;, one needs to marginalize
invaluable help. We thank the WMAP team for producing (integraté over all the others '
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the Legacy Archive for Microwave Background Data Analy- this problem. One is the grid approa¢h.g., [144—148),

sis (LAMBDA) at http://lambda.gsfc.nasa.gov. We thank luatinal(o.d i in th i ional
John Tonry for kindly providing software evaluating the SN evaluating£(p,d) on a grid in the multidimensional param-
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the creation and distribution of the SDSS Archive has beefhis method to about 10 paramet¢@?]. The other is the
provided by the Alfred P. Sloan Foundation, the participatingMCMC approach, where a large set of poings, i
institutions, the National Aeronautics and Space Administra=1, . .. n, achain is generated by a stochastic procedure
tion, the National Science Foundation, the U.S. Departmenrguch that the points have the probability distributitip,d).

of Energy, the Japanese Monbukagakusho, and the MaMarginalization now becomes trivial: to read off the con-
Planck Society. The SDSS web site is http://www.sdss.org/straints on say the seventh parameter, one simply plots a
The SDSS is managed by the Astrophysical Research Comistogram ofp-.

sortium (ARC) for the participating institutions. The partici- The basic MCMC algorithm is extremely simple, requir-
pating ir]stitutions are The University of Chicago, Fgr_mila_b,mg only about ten lines of computer code.

the Institute for Advanced Study, the Japan Participation (1) Gjven p;, generate a new trial poinp, =p;+Ap
Group, The Johns Hopkins University, Los Alamos Nationalyhere the jumpAp is drawn from a jump probability distri-
Laboratory, the Max-Planck-Institute for Astronomy pytion f(Ap).

(MPIA), t_he Max-PIar)ck-Institutg for _Astrop_hysic(MPA), . (2) Accept the jump(setp; . ,=p, ) or reject the jumgiset
New Mex!co State Umversny, University of Pittsburgh, Prin- pi.1=p;) according to the Metropolis-Hastings rj7,28;
ceton University, the United States Naval Observatory, an%lways accept jumps to higher likelihoods, i.e.£ip, ,d)

the University of Washington. M.T. was supported by NSF>£(pi ,d), otherwise accept only with probability
grants AST-0071213 and AST-0134999, NASA grantsﬁ(p* d)/ﬁ(p| d)

NAG5-9194 and NAG5-11099 and by the David and Lucile

. _ The algorithm is therefore completely specified by two
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knowledges support from NSF grant AST-0307409, and£ d). We describe how we compufeand 2 below in
A.J.S.H. from NSF grant AST-0205981 and NASA grant sé%;.' A) 2 and A3 respectively, P

NAG5-10763. Table VI lists the chains we used and their basic prop-
erties: dimensionality of the parameter space, parameters
used, datal used in likelihood function, number of steps

In this appendix, we briefly summarize the technical de-(i.e., the length of the chainthe success ratéraction of
tails of how our analysis was carried out. attempted jumps that were accepted according to the above-

APPENDIX A: COMPUTATIONAL ISSUES
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TABLE VIIl. Monte Carlo Markov chains used in the chain. The figure of merit for a chain is the effective I¢ihgttactual length
divided by the correlation lengthHere we have chosen to tabulate correlation lengths for-tharameter, since it is typically the largest
(together with that fomg and w,, because of the banana degeneracy of Sec).IT@e success rate is the percentage of steps accepted.
“Vanilla” denotes the six parametersr(wy, ,wq,{, ,As,Ng). In the data column, T denotes the unpolarized power spectrum, X denotes the
temperaturdZ-polarization cross power spectrum, andienotes the prior<0.3.

Chain Dim. Parameters Data Length  Success Corr. length  Eff. length
1 9 Vanillat+ Q+r+a WMAP T+X 189202 22% 218 868
2 7 Vanillatf, WMAP T+X 133361 8% 78 1710
3 7 Vanillat+w WMAP T+X 352139 3% 135 2608
4 7 Vanillat Q WMAP T+X 101922 7% 213 479
5 7 Vanilla+r WMAP T+X 178670 13% 29 6161
6 6 Vanilla WMAP T+X 311391 16% 45 6920
7 6 Vanilla WMAP T 298001 15% 25 11920
8 5 Vanilla—ng WMAP T+X 298001 29% 7 42572
9 10 Vanillat Qp+r+a+b WMAP T+X+SDSS 298001 4% 69 4319
10 8 Vanillat f,+b WMAP T+X+SDSS 46808 18% 24 1950
11 8 Vanillat w+b WMAP T+X+SDSS 298002 4% 98 3041
12 8 Vanillat Q+b WMAP T+X+SDSS 298001 6% 83 3590
13 8 Vanillatr +b WMAP T+X+SDSS 298001 12% 31 9613
14 7 Vanillat+b WMAP T+X+SDSS 298001 16% 18 16556
15 7 Vanillat+b SDSStWMAP T 298001 16% 17 17529
16 6 Vanilla— ng+b WMAP T+X+SDSS 298001 25% 8 37250
17 6 Vanilla—ng+b WMAP T+X+SDSSt+¢? 298001 25% 8 37250
18 8 Vanillat w+b WMAP T+X+SDSS+SN la 298001 12% 25 11920
19 8 Vanillat+r +b WMAP T+X+SDSS+SN la 298001 5% 89 3348
20 8 Vanillat+r +b WMAP T+X+SDSSt+r 151045 6% 26 5809
21 8 Vanillat+r +b WMAP T+X+SDSSt+SN lat 7 68590 6% 30 2286
22 7 Vanillat b Other CMB+SDSS 315875 30% 24 13161
23 7 Vanillat+b WMAP + other CMB+SDSS 559330 20% 10 55933
24 2 Qnt+Ag SDSS 48001 41% 6 8000
25 2 QptAg SDSSKpay=0.15 48001  36% 6 8000
26 2 O+ A SDSSKppay=0.10 48001  31% 9 5333
27 2 Qnt+Ag SDSS no bias corr. 48001 38% 7 6857
28 2 Qut+Ag SDSS linearP (k). 48001  50% 5 19600
29 2 Q+A 2dFGRS 48001 33% 9 5333
mentioned Metropolis-Hastings ryjethe correlation length 2. The jump function f

(explained belowand the effective length. We typically ran  aq ijustrated in Fig. 15, consecutive points,, i

a test chain with about 10000 points to optimize our choice:1 ..., of aMCMC are correlated. We quantify this by the

of jump functionf as described in Sec. A2, then used this j;nansionless autocorrelation functian shown for the
jump function to run about 40 independent chains with d'f'reionization parameter in Fig. 16 and defined by

ferent randomly generated starting poimpts. In total, this
used about 30 CPU years of Linux workstation time. Each

chain has a period of “burn-in” in the beginning, before it A{mimiep—(m)?
converges to the allowed region of parameter space: we com- €= <7'-2>_<7">2 '
puted the median likelihood of all chains combined, then ' '
defined the end of the burn-in for a given chain as the first

step where its likelihood exceeded this value. Most chainsvhere averages are over the whole chain. The correlation is
burned in within 100 steps, but a small fraction of themby definition unity at zero lag, and we define tharelation
failed to burn in at all and were discarded, having started inength as the number of steps over which the correlation
a remote and unphysical part of parameter space and becordeops to 0.5. The figure of merit for a chain is its effective
stuck in a local likelihood maximum. After discarding the lengthN, defined as the number of steps divided by the cor-
burn-in, we merged these independent chains to produceelation length. SincéN is roughly speaking the number of
those listed in Table VIII. This standard procedure of concatindependent points, the MCMC technique measures statisti-
enating independent chains preserves their Markov characteral quantities such as the standard deviatigrand the mean
since they are completely uncorrelated with one another. (p) for cosmological parameters to an accuracy of order

(A1)
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In the multiparameter case, strong degeneracies can cause
a huge correlation length if the jump size is chosen indepen-
dently for each parameter, with the chain taking a very long
iL time to wander from one end of the banana to the other. A
clever choice of parameters that reduces degeneracies there-
fore reduces the correlation length. For this reason, the
WMAP team used the parameters suggestefby, and we
] do the same with the minor improvement of replachkgby
i A, as the scalar normalization parameter as[24].> To
1 minimize the remaining degeneracies, we compute the pa-
L ] rameter covariance matr@=(pp") — (p){p)" from the chain
02 . itself, diagonalize it asC=RAR', RR'=R'R=1, A;
i ] =5ij)\i2, and work with the transformed parameter vector
L p’'=A"Y2R[p—(p)] which has the benign properti¢p’)
0 1000 2000 2000 4000 =0, (p'p’"Y=1. Inspired by the above-mentioned one-
Step dimensional example, we then use the simple jump function
f(Ap')xe 1AP'1727° We uses=1 for all chains except
number 1 in Table VIII, where we obtain a shorter correla-
tion length usingo=0.7. When running our test chains to

o, /N2 UnlessN>1, the results are useless and mislead-OPtimizef, we start by guessing a diagor@land after the
ing, a problem referred to as insufficient mixing in the Purn-in, we update our estimates of b&hand the eigenba-
MCMC literature[29]. sis every 100 steps. A very similar approach is used in other
We attempt to minimize the correlation length by tailoring "€cént MCMC codes, e.d.32,147. _ _
the jump function to the structure of the likelihood function. ~ The WMAP team perform extensive testing to confirm
Consider first a toy model with a one-dimensional parametefhat their chains are properly mixdd], and we have fol-
e —p22 lowed the WMAP team in using the Gelman and RuBin
space and a Gaussian likelihogdp)«e and a Gauss- istic[30 i th hai ficientl
P : "AP20% \hat s the best ohor statistic[30] to verify that our chains are sufficiently con-
ian jump functionf (Ap)=e” =" . What is the best choice erged and mixed. Indeed, we find that the above-mentioned
of the characteristic jump size? In the limit o—, all  gjgenbasis technique helps further improve the mixing by
jumps will fail; p;=p,= ..., ¢;=1 for allj and the corre-  cytting our correlation length by about an order of magnitude
lation length becomes infinite. In the opposite limit-0,  relative to that obtained with the WMAP jump function,

almost all steps succeed _a/nd we obtain Brownian motiohence greatly increasing the effective length of our chains.
with the rms value|p;|~ai'? so it takes of ordefr 2

— steps to wander from one half of the distribution to the o _
other, again giving infinite correlation length. This implies 3. The likelihood function £

that there must be an optimal jump size between these ex- For a detailed discussion of how to compute cosmological
tremes, and numerical experimentation shows tatl Jikelihood functions, se€7,148. Our calculation ofZ(p,d)
minimizes the correlation length. does little more than combine public software described in
other papers, so the details in this brief section are merely of
interest for the reader interested in exactly reproducing our
results.

The total likelihoodZ is simply a product of likelihoods
corresponding to the data sets used, e.g., WMAP, SDSS and
SN la. For the CMB, we compute theoretical power spectra
: using version 4.3 oEMBFAST [23], with both the ‘RECFAST
Lo ............................................................................................ i and “PRECISION options turned on. We compute the WMAP

; likelihood corresponding to these spectra using the public
software provided by the WMAP teafiT]. Since this soft-
ware is designed for physically reasonable models, not for
crazy models that may occur during our burn-in, we augment
it to produce large negative likelihoods for unphysical mod-
els where it would otherwise give negatiyé values. For

0 S S R s some of the WMAP-SDSS chains, we evaluate the WMAP
100 200 300

Steps

e~2T
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FIG. 15. The reionization paramet& as a function of the
MCMC step. This example is for chain 6 from Table VIII.
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FIG. 16. The autocorrelation functidisolid curve for the ex- SWhen imposing a flatness pri6t, =0, we retainedd, as a free
ample in Fig. 15 is seen to be approximately fitted by an exponenparameter and droppéd, . When additionally imposing a prior on
tial (dashed curve dropping to 50% at a correlation length of 45 h (for the last 6 chains in Table Vil we dropped botl® and() ,
steps as indicated by the dotted lines. as free parameters, settifig, = 1— (wq+ wp,)/h?.
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FIG. 17. CMB data used. Error bars shown do not include the £ 18 Example of the likelihood fitting technique we use for
calibration and beam uncertainties that we include as described ifyying. The shaded histogram shows the distribution of the 311391
the text. Solid curve corresponds to the “vanilla lite” model of , '\ 1 es from chain 6 in Table VIIL. The black curve shows our fit
Eq. (2. eP(") for the 6th ordeP(ng) maximizing the Poisson likelihood as
L - . . described in the text. The vertical lines show the quantiles of the
likelihood Lwwap by fitting a quartic polynomial 10 isinution that we use to quote confidence intervals: the median
In Lymap from the corresponding WMAP-only chains. For (heayy ling, the central 68%between thin solid lingsthe central

this fit, we replacavy by wm, wp by Ha, ngby Hz andA, 900 (between dashed linpsind the central 95%between dotted
by A, inspired by the normal parameter method24]. This  |ineg of the distribution.

approach, described in detail [149], is merely a numerical )

tool for accelerating the computations, and we verify that itPuted the CMB power spectra with tibasH package 158].

has negligible impact on our results. For SI_Z)SS, we compute the likelihood by _flttntn@ times
When combining non-WMAP CMB data with WMAP, we the nonlinear power spectruR(k) to the first 19 band

include the latest band-power detections from Boomeran@OWer measurementefor k<Kkgq,~0.2W/Mpc) using the

indow functions and likelihood software provided by that
[150] (madcap, DASI [151], MAXIMA [152], VSA [153], n _
CBI (mosaic, even binning[154] and ACBAR [155] with paper20]. For more details about the SDSS data, [969—

probing effective multipoleg =600 (where they are collec- 166]. We compute the nonlined(k) using the method and

. . ) software provided byf34]. This software takes the linear
tively more sensitive than WMAPand ¢ <2000 (to avoid ower spectrunP(k) as input, and we compute it using the

complications related to repqrted small-scale excess, Whicﬁtting software provided by167] for the transfer function,
mﬁl_y r:)e due to seé:ondaryhang%trogez or6no£r)1—_C3l\£/ILB deffects the approximation of39] for the linear growth factor and the
w .'Ct clort:ezp_on ; ti7t _?h + \;LVM;PJFd t_ h ats approximation thaP (k) is as a product of these two quan-
pﬁ'n S F;O s In I'g.t t. b tﬁ pr;a— I ga .tﬁv\?VMi%ntities as per Eq(C3) from [47]. For k=0.2, this typically
shown to be consistent both internally and wi . agrees withcMBFAST 4.3 to better than a few percent. In the
[156]. We marginalize over the quoted calibration uncertam'absence of massive neutrinok,€0), the separability ap-

; 0 0 ;

ties of 10% for Boomerang, 4% for MAXIMA and DASI, proximation becomes exact and the transfer function fits
5% for CBI, 3.5% for VSA and 10% for ACBAR as well as 67] become identical to those of Eisenstein and[H68]

o 1
over quoted beam uncertainties of 15% for Boomerang, 50)% For SN la. we use the 172 redshifts and corrected
: , peak
for ACBAR and 14% for MAXIMA (this last number pro- magnitudes compiled and uniformly analyzed by Tonry

vides a good fit to the combined beam and pointing UNCelet al, [35] and compute the likelihood with software kindly

tainties for the three measurements used from Table 1 Zg ; o LLal
S . rovided by Tonry. This likelihood depends only on
[152]). We make the approximation that all experiments ar (Q,,Q,,w), and is marginalized over the corrected SN la

uncor_related with each qther and with WMAP, which S.hOU|d“standard candle” absolute magnitude.
be quite accurate both since sample variance correlations are
negligible (given their small sky coverage relative to . - Lo
WMAP) and since the WMAP errors are dominated by de- 4. Confidence limits and likelihood plots

tector noise fo =600. When using non-CMB data without  All confidence limits quoted in the tables and text of this
WMAP, we use all 151 pre-WMAP band power measure-paper are quantiles, as illustrated in Fig. 18. For instance, our
ments compiled ih1157]. For the non-WMAP data, we com- statement in Table Il thail ,<1.74 eV at 95% confidence
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simply means that 95% of thil, values in that chain are that these smooth curves visually match the raw histograms
smaller than 1.74 eV. Similarly, the entng=0.972"3%Zin extremely well(see Fig. 18 for a rather non-Gaussian ex-
ample and have the advantage of avoiding both the Poisson

the same column means that the distributiomofalues has . = . .
median 0.972, that erfc(29)/2~15.87% of the values lie jaggedness and the excessive smoothing inherent in a histo-
. ' gram.

below 0.972-0.027 and that 15.87% of the values lie above . . .
0.972+0.041, so that 68.27% lie in the range, Our 2-dimensional conto;lrs are plotted where the point
—0.972° 2% There is thus no assumption about the distri-density has dropped bg™ X" from its maximum, where
butions being Gaussian. In a handful of cases involvirg, ~ Ax”=6.18 as recommended in Sec. 15.6[&69]. These
andM,, the distribution(see Fig. 2 for exampleépeaks at contours would enclose 95% of the points if the distribution
zero rather than near the median; in such cases, we simpWere Gaussian. When computing the point density, there is
guote an upper limit. tradeoff between insufficient smoothin@iving contours

When plotting 1-dimensional distributiorigp) in Fig. 2, dominated by Poisson noiseand excessive smoothing
we fit each histogram to a smooth function of the form(which artificially broadens the contours, particularly in the
f(p)=e"® where P(p) is the 6th order polynomial that narrow direction of a degeneracy bananéle found that this
maximizes the likelihood IT_,f(p;) that the points was alleviated by computing the contours in the linearly
P1, ...,pn in the chain are drawn from the distribution transformed 2-dimensional space defined in Sec. A 2 where
f(p), subject to the constraint thdif (p)dp=1. We found the covariance matrix is the identity matrix.
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