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Color dipoles and r,f electroproduction
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We present a detailed comparison of a variety of predictions for diffractive light vector meson production
with the data collected at the DESY HERA collider. All our calculations are performed within a dipole model
framework and make use of different models for the meson light-cone wave function. There are no free
parameters in any of the scenarios we consider. Generally we find good agreement with the data using rather
simple Gaussian motivated wave functions in conjunction with dipole cross sections which have been fitted to
other data.
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I. INTRODUCTION

In a previous paper, Forshaw, Kerley, and Shaw~FKS! @1#
reported on a successful attempt to extract the cross se
for scattering color dipoles of fixed transverse size off p
tons using both electroproduction and photoproductiongp
total cross section data, together with the constraint provi
by the measured ratio of the diffraction dissociation cro
section to the total cross section for real photons. Sub
quently, the same model has been applied to ‘‘diffract
deep inelastic scattering’’~DDIS! g* p→Xp @2# and also to
deeply virtual Compton scattering~DVCS! g* p→gp @3#. In
both cases, the model was shown to yield predictions
agreement with the data@4,5# with no adjustable parameter
The model can also be extended to diffractive vector me
production:

g* ~q!1p~p!→V~q8!1p~p8!, V5r,f or J/C,
~1!

where the squared center of mass energys5W25(p1q)2

@Q2,MV
2 . In these processes the choice of vector meson

well as of different photon virtualities, allows one to explo
contributions from dipoles of different transverse sizes. T
process also has the advantage that there is a wide ran
available data. It ought also to provide important informati
on the poorly known light-cone wave functions of the vec
mesons.

The aim of this paper is to confront the predictions of t
dipole model with the DESYep collider HERA data onr
andf electroproduction. The predictions forJ/c production
are best considered in conjunction with an analysis of o
charm production, and will be discussed elsewhere. We s
focus on the FKS model@1#, but we also compare with th
predictions of two other models: the Golec-Bierna
Wüsthoff ~GW! saturation model@6,7# and the recent ‘‘Color
Glass Condensate’’~CGC! model of Iancu, Itakura and Mu
0556-2821/2004/69~9!/094013~16!/$22.50 69 0940
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nier @8#. For the meson light-cone wave function, we sh
consider three different ansa¨tze: the Dosch, Gousset, Kulz
inger and Pirner~DGKP! @9# model; the Nemchik, Nikolaev
Predazzi and Zakharov~NNPZ! @10# model; and a simple
‘‘boosted Gaussian’’ wave function, which can be conside
as a special case of the latter.

The paper is laid out as follows. In the first two sectio
we summarize the dipole models used and discuss the fo
chosen for the vector meson wave functions. We then co
pare their predictions with experiment before drawing o
conclusions.

II. THE COLOR DIPOLE MODEL

In the color dipole model@11#, the eigenstates of the sca
tering ~diffraction! operator are ‘‘color dipoles,’’ i.e., quark
antiquark pairs of transverse sizer in which the quark carries
a fraction z of the photon’s light-cone momentum.1 In the
proton’s rest frame, the formation of the dipole occurs on
time scale far longer than that of its interaction with t
target proton. Because of this, the forward imaginary am
tude for singly diffractive photoprocessesgp→Xp is as-
sumed to factorize into a product of light-cone wave fun
tions associated with the initial and final state particlesg and
X and a universal dipole cross sectionŝ(s,r ), which con-
tains all the dynamics of the interaction of theqq̄ dipole with
the target proton. In particular for reaction~1! one obtains

ImA~s,t50!5s(
h,h̄

E d2rdzCh,h̄
g

~r ,z!ŝ~s,r !Ch,h̄
V* ~r ,z!,

~2!

1We work in light-cone coordinatesxm5(x1,x2,x) in the conven-
tion wherex65x06x3. Herez5k1/q1 where the momentumk of
the quark is (k1,k2,k).
©2004 The American Physical Society13-1
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where Ch,h̄
g (r ,z) and Ch,h̄

V (r ,z) are the light-cone wave
functions of the photon and vector meson, respectively.
quark and antiquark helicities are labeled byh andh̄ and we
have suppressed reference to the meson and photon h
ties. The dipole cross section is usually assumed to be fla
independent2 and, as implied by our notation, ‘‘geometric,
i.e. for a givens, it is assumed to depend on the transve
dipole size, but not the light-cone momentum fractionz. The
light-cone wave functions do depend on the quark flavor
their charges and masses. Finally, the corresponding real
of the amplitude~2! is either neglected or, as here, is es
mated using analyticity.

While the photon light-cone wave function can be calc
lated within perturbation theory, at least for small dipo
sizes, the vector meson light-cone wave functions are
reliably known, and must be obtained from models. This w
be discussed in the following section. The rest of this sec
is devoted to the dipole cross section, for which we sh
consider three different models.3 Since full details are given
in the original papers, our treatment will be brief.

A. The FKS model

The FKS model@1–3# is a two-component model

ŝ~s,r !5ŝsoft~s,r !1ŝhard~s,r !, ~3!

in which each term has a Regge type energy dependenc
the dimensionless energy variabler 2s:

ŝsoft~s,r !5a0
SS 12

1

11a4
Sr 4D ~r 2s!lS, ~4!

ŝhard~s,r !5~a2
Hr 21a6

Hr 6!exp~2nHr !~r 2s!lH.
~5!

2For the GW model, this is only strictly so at largeQ2 since some
flavor dependence enters indirectly at smallQ2 through the defini-
tions of xmod ~see below!.

3For a more general review of phenomenological dipole mod
see, for example,@12#.

TABLE I. Parameters for the FKS model@3# in appropriate GeV
based units.

lS 0.0660.01 lH 0.4460.01
a0

S 30.0~fixed! a2
H 0.07260.010

a4
S 0.02760.007 a6

H 1.8960.03

nH 3.2760.01

B 7.0560.08 c2 0.20 ~fixed!

R 6.8460.02
mu,d,s

2 0.08 ~fixed! mc
2 1.4 ~fixed!
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This parametric form4 is chosen so that the hard term dom
nates at smallr and goes to zero liker 2 as r→0 in accor-
dance with ideas of color transparency, while the soft te
dominates at largerr'1 fm, with a hadron-like soft
Pomeron behavior. In addition, to allow for possible confin
ment effects in the photon wave function at larger, FKS
modified the perturbative wave functionscT,L

0 (r ,z) by mul-
tiplying them by an adjustable Gaussian enhancement fac

ucT,L~r ,z!u25ucT,L
0 ~r ,z!u2f ~r !, ~6!

where

f ~r !5
11B exp@2c2~r 2R!2#

11B exp~2c2R2!
. ~7!

This behavior is qualitatively suggested by an analysis@13#
of the scattering eigenstates in a generalized vector do
nance model@14# which provides a good description of th
soft Pomeron contribution to the nucleon structure funct
F2 on both protons and nuclei@15#.5 The free parameters in
both the dipole cross section and the photon wave func
were then determined by a fit to structure function and r
photoabsorption data. The resulting values are given in Ta
I. Having been obtained in this way, they were then used
predict successfully the cross sections for other proce
which depend solely on the dipole cross section and the p
ton wave function, namely diffractive deep inelastic scatt
ing ~DDIS! @2# and deeply virtual Compton scatterin
~DVCS! @3#.

The resulting dipole cross section is shown in Fig. 1.
can be seen, ass increases the dipole cross section gro
most rapidly for smallr, where the hard term dominate
eventually exceeding the typically hadronic cross sect
found for dipoles of larger'1 fm. This rise could well be

ls

4This form, taken from@3#, is actually a simplified form of that
used in the@1,2#, but gives almost identical results.

5For a more recent discussion of the relation between GVD m
els and the dipole approach, see@16#.

FIG. 1. The FKS dipole cross section atW510,75,300 GeV.
3-2
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FIG. 2. The GW dipole cross section~left! and CGC dipole cross section~right! at W575 GeV forQ252 GeV2 andQ2520 GeV2. The
Q2-independent FKS dipole cross section at the same energy is shown for comparison.
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tamed by unitarity or saturation effects@17#. However, the
authors have argued@18# that such saturation effects are u
likely to be important until the top of the HERA range an
beyond, and they are not included in the FKS model in
present form.

B. The GW model

This well-known model@6,7# combines the approximat
behaviorŝ→r 2f (x) at smallr together with a phenomeno
logical saturation effect by adopting the attractively simp
parametric form

ŝ5s0S 12expF 2r 2Q0
2

4~xmod/x0!lG D . ~8!

Herexmod is a modified Bjorken variable,

xmod5xS 11
4mf

2

Q2 D , ~9!

wheremf is the quark mass andQ051 GeV. The three free
parametersx0 , s0 andl were successfully fitted toF2 data.
The four-flavor fit which we shall use in this paper yield
s0529.12 mb, l50.277 andx050.4131024. The quark
masses are chosen to be 0.14 GeV for the light quarks
1.5 GeV for the charm quark. The model is also able
describeF2

D(3) data @7#. A recent refinement of the mode
takes into account corrections due to DGLAP evolution
largeQ2 @19#, but these are rather small corrections and
not included here. Finally, all these results are obtained w
a purely perturbative photon wave function, which is som
what enhanced at larger values by the use of a lighter quar
mass than that used in the FKS model.6 The resulting behav-
ior of the dipole cross section is illustrated and compared
that of the FKS model in Fig. 2.

6See, for example, Fig. 3 of@3#.
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C. The CGC model

The dipole model of Iancu, Itakura and Munier@8# can be
thought of as a development of the Golec-Biernat–Wu¨sthoff
saturation model. Though still largely a phenomenologi
parametrization, the authors do claim that it contains
main features of the ‘‘color glass condensate’’ regime, wh
the gluon densities are high and non-linear effects beco
important. In particular, they take

ŝ52pR2N0S rQs

2 D 2$gs1[ ln(2/rQs)/kl ln(1/x)] %

for rQs<2

52pR2$12exp@2a ln2~brQs!#% for rQs.2,
~10!

where the saturation scaleQs[(x0 /x)l/2 GeV. The coeffi-
cientsa andb are uniquely determined by ensuring contin
ity of the cross section and its first derivative atrQs52. The
leading order Balitsky, Fadin, Kuraev, and Lipatov~BFKL!
equation fixesgs50.63 andk59.9. The coefficientN0 is
strongly correlated to the definition of the saturation sc
and the authors find that the quality of fit toF2 data is only
weakly dependent upon its value. For a fixed value ofN0 ,
there are therefore three parameters which need to be fi
by a fit to the data, i.e.x0 , l andR. In this paper, we take
N050.7 and a light quark mass ofmq5140 MeV, for which
the fit values are x052.6731025, l50.253 and R
50.641 fm.

As for the GW dipole, we compare to the FKS dipole
two values ofQ2 in Fig. 2.

III. LIGHT-CONE WAVE FUNCTIONS

The light-cone wave functionsCh,h̄(r,z) in the mixed
representation (r ,z) used in the dipole model are obtaine
from a two-dimensional Fourier transform

Ch,h̄~r ,z!5E d2k

~2p!2
eik•rCh,h̄~k,z! ~11!
3-3
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of the momentum space light-cone wave functio
Ch,h̄(k,z), where the quark and antiquark are in states
definite helicity,h andh̄, respectively. For transversely~T! or
longitudinally ~L! polarized photons, the momentum spa
light-cone wave functions themselves are calculated per
batively @9,20# ~per fermion of chargeeef):

Ch,h̄
g(l)

~k,z!5ANc

4p

ūh~k!

Az
~eefg.«g

l!
v h̄~2k!

A12z
Fg~k,z!.

~12!

Hereafter,l denotes the polarization stateL or T. «l are the
polarization vectors and the ‘‘scalar’’ part7 of the photon
light-cone wave functionFg is given by

Fg~k,z!5
z~12z!

z~12z!Q21k21mf
2

. ~13!

For the vector mesons, the simplest approach is to ass
the same vector current as in the photon case, with an a
tional ~unknown! vertex factorGl(k,z),

Ch,h̄
V(l)

~k,z!5ANc

4p

ūh~k!

Az
~g.«V

l !
v h̄~2k!

A12z
Fl

V~k,z!,

~14!

where the scalar part of the meson light-cone wave func
is given by

Fl
V~k,z!5

z~12z!Gl~k,z!

2z~12z!MV
21k21mf

2
. ~15!

Different models are defined by specifying these scalar w
functions. In practice, it is common to choose the same fu
tional form forFT

V andFL
V ; perhaps allowing the numerica

parameters to differ.
It is instructive to consider the longitudinal wave fun

tions more explicitly. Using the polarization vectors

«g
L5S q1

Q
,

Q

q1
,0D , «V

L5S v1

MV

,2
MV

v1
,0D , ~16!

and the rules of light-cone perturbation theory given in@20#,
it follows that the longitudinal photon light-cone wave fun
tion is

Ch,h̄
g,L

~k,z!5ANc

4p
dh,2h̄eefS 2z~12z!Q

k21mf
21z~12z!Q2

2
1

QD
~17!

and that of the vector meson is

7This would indeed be the photon light-cone wave function in
toy model of scalar quarks and photons.
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Ch,h̄
V,L

~k,z!

5ANc

4p
dh,2h̄S z~12z!2MVG~k,z!

k21mf
22z~12z!MV

2
1

G~k,z!

MV
D . ~18!

On substituting~17! in ~11! the second term of~17! leads to
a dipole of vanishing size, which does not contribute to
cross section. This is in accord with gauge invariance. T
same argument cannot be used to justify the omission of
second term in the meson wave function~18!, since the latter
has ak dependence. In practice, this term is omitted in t
DGKP model@9#, but retained in the NNPZ model@10#. A
discussion of the gauge invariance issues surrounding
point can be found in@21#.

Before discussing these models more fully, we give
explicit forms for the photon wave functions inr space. The
normalized photon light-cone wave functions are@9#

Ch,h̄
L

~r ,z!5ANc

4p
dh,2h̄eef2z~12z!Q

K0~er !

2p
, ~19!

and

Ch,h̄
T(g56)

~r ,z!

56ANc

2p
eef$ ie

6 iur@zdh6,h̄72~12z!dh7,h̄6#] r

1mfdh6,h̄6%
K0~er !

2p
, ~20!

where

e25z~12z!Q21mf
2 . ~21!

Since the modified Bessel functionK0(x) decreases expo
nentially at largex, these equations imply that at highQ2,
the wave functions are suppressed for larger unlessz is close
to its end-points values 0 or 1. As can be seen from Eqs.~19!
and~20!, these end points are suppressed for the longitud
but not the transverse case. This is the origin of the statem
that transverse meson production is more inherently n
perturbative than for longitudinal meson production.

For smallr, the perturbative expressions given above
reliable. For larger-values, however, confinement corre
tions are likely to modify the perturbation theory resu
These largerr values contribute significantly at lowQ2,
where the wave functions are sensitive to the non-zero qu
massesmf , which prevent the modified Bessel function fro
diverging in the photoproduction limit. For these reasons,
photon light-cone wave functions at larger are clearly model
dependent.

We now turn back to the meson wave functions. These
subject to two constraints. The first is the normalization co
dition @20,22#
3-4
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COLOR DIPOLES ANDr,f ELECTROPRODUCTION PHYSICAL REVIEW D69, 094013 ~2004!
15(
h,h̄

E d2k

~2p!2
dzuCh,h̄

V(l)
~k,z!u2

5(
h,h̄

E d2rdzuCh,h̄
V(l)

~r ,z!u2, ~22!

which embodies the assumption that the meson is comp
solely of qq̄ pairs. Note that this normalization is consiste
with Eq. ~2! and differs by a factor 4p relative to the con-
ventional light-cone normalization.

The second constraint comes from the electronic de
width @9,22#

e fVMV«g* .«V

5(
h,h̄

E d2k

~2p!2

dz

z~12z!
@z~12z!Q21k21mf

2#

3Ch,h̄
V

~k,z!Ch,h̄
g* ~k,z!, ~23!

TABLE II. Parameters and normalizations of the DGKP ligh
cone wave functions in appropriate GeV based units. For the tr
verse case, the first and second values are for the FKS and
quark masses, respectively.

DGKP vL vT NL NT

r 0.331 0.206,0.218 15.091 5.573,8.68
f 0.368 0.244,0.262 15.703 5.689,8.00
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ed
t

y

where the couplingf V of the meson to electromagnetic cu
rent can be determined from the experimentally measu
leptonic width GV→e1e2 since 3MVGV→e1e254paem

2 f V
2 .

We shall prefer to implement the constraint directly in term
of the r-space wave functions. For our purposes, we c
write the meson wave functions inr space as

Ch,h̄
V,L

~r ,z!5ANc

4p
dh,2h̄

1

MVz~12z!

3@z~12z!MV
21d~mf

22¹ r
2!#fL~r ,z!,

~24!

where¹ r
2[(1/r )] r1] r

2 , and

Ch,h̄
V,T(g56)

~r ,z!

56ANc

4p

A2

z~12z!
$ ie6 iur@zdh6,h̄72~12z!dh7,h̄6#] r

1mfdh6,h̄6%fT~r ,z!. ~25!

Note the second term in square brackets which occur
the longitudinal meson case. This is a direct consequenc
keeping the second term in Eq.~18!. For the DGKP wave
functions this term is absent, i.e.d50, whilst NNPZ keep
this term, i.e.d51. In terms of these wave functions,~23!
becomes@assuming thatrfT(r ,z)→0 at r 50 andr 5`]

s-
W

ote
FIG. 3. Ther wave functionsuCLu2 ~left! anduCTu2 ~right! in the DGKP model with the quark mass used in the FKS dipole model. N
the different scales for the ordinate.
3-5



e

g

n
ar

o

of
lues

ear

that
han

d

ht
II C.
ns-
c-
e
e
he

on at

e
K

tio
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f VMV5
Nc

p
êfE

0

1 dz

z~12z!

3@z~12z!MV
21d~mf

22¹ r
2!#fL~r ,z!ur 50

~26!

and

f VMV52
Nc

2p
êfE

0

1 dz

@z~12z!#2

3@~z21~12z!2!¹ r
22mf

2#fT~r ,z!ur 50 . ~27!

In computing f f and all other observables involving thef
meson we in all cases take the quark mass to be equal to
light quark mass plus 150 MeV.

A. DGKP meson wave function

In the DGKP approach@9#, ther andz dependences of th
wave function are assumed to factorize.8 Specifically, the
scalar wave function is given by9

fl
V~r ,z!5G~r ! f l~z!z~12z!. ~28!

A Gaussian dependence onr is assumed, that is

G~r !5
p f V

NcêfMV

e2vl
2r 2/2, ~29!

and f l(z) is given by the Bauer-Stech-Wirbel model@24#:

f l~z!5NlAz~12z!e2MV
2(z21/2)2/2vl

2
. ~30!

Settingd50 @recall that this is equivalent to neglectin
the second term in~18!# in Eq. ~24! results in

Ch,h̄
V,L

~r ,z!5z~12z!dh,2h̄

Ap f V

2ANcêf

f L~z!e2vL
2r 2/2, ~31!

for the DGKP longitudinal meson light-cone wave functio
êf is the effective charge arising from the sum over qu

flavors in the meson:êf51/A2,1/3, and 2/3 for ther, f and
J/C, respectively. Similarly, the DGKP transverse mes
light-cone wave functions can be written as

8Note that the theoretical analysis of Halperin and Zhitnitsky@23#
shows that such a factorizing ansatz must break down at the
points ofz. However, since the latter are suppressed in the DG
wave function, this has no practical consequence.

9DGKP do not actually include the factorz(12z) in the scalar
wave function. This is because they define the scalar wave func
to be the right-hand side of Eq.~15! divided byz(12z).
09401
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Ch,h̄
V,T(g56)

~r ,z!56S ivT
2re6 iur

MV

@zdh6,h̄72~12z!dh7,h̄6#

1
mf

MV

dh6,h̄6D Ap f V

A2Ncêf

f T~z!e2vT
2r 2/2.

~32!

The normalization condition~22! on the DGKP wave
function leads to the relations

vl5
p f V

A2Ncêf

AI l, ~33!

with

I L5E
0

1

dzz2~12z!2f L
2~z!, ~34!

and

I T5E
0

1

dz
@z21~12z!2#vT

21mf
2

MV
2

f T
2~z!. ~35!

The leptonic decay width constraints~26! and~27! on the
DGKP wave function yield

15E
0

1

dzz~12z! f L~z!

5E
0

1

dz
2@z21~12z!2#vT

21mf
2

2MV
2z~12z!

f T~z!. ~36!

The values ofvl andNl are found by solving Eqs.~33! and
~36! simultaneously, and are given in Table II. The values
the decay constants used are the central experimental va
@25#: f r50.15360.004 GeV, andf f50.07960.001 GeV.

The resulting behavior of ther wave functions is shown
for the case of the FKS quark masses in Fig. 3. As is cl
from Eqs.~28!–~32!, the wave functions peak atz50.5 and
r 50, and go rapidly to zero asz→0,1 andr→`, so that
large dipoles are suppressed. From the figures, we see
the transverse wave function has a broader distribution t
the longitudinal wave function. Thef wave functions are
qualitatively similar to, but slightly more sharply peake
than, ther wave functions.

The GW model uses a much smaller value for the lig
quark masses than the FKS model, as we saw in Sec.
We might expect this to have a striking effect on the tra
verse wave function of ther, since the transverse wave fun
tion ~32! vanishes atr 50 for zero quark masses, while th
longitudinal wave function~31! does not. The transvers
DGKP wave function with the light quark mass used in t
GW dipole model is shown in Fig. 4 for ther. As can be
seen, the smaller quark mass decreases the wave functi
the origin and shifts the peak to slightly largerr.

nd
P

n
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COLOR DIPOLES ANDr,f ELECTROPRODUCTION PHYSICAL REVIEW D69, 094013 ~2004!
B. Boosted wave functions

In this approach the scalar part of the wave function
obtained by taking a given wave function in the meson r
frame. This is then ‘‘boosted’’ into a light-cone wave fun
tion using the Brodsky-Huang-Lepage prescription, in wh
the expressions for the off-shellness in the center-of-m
and light-cone frames are equated@26# ~or equivalently, the

expressions for the invariant mass of theqq̄ pair in the
center-of-mass and light-cone frames are equated@27#!.

The simplest version of this approach assumes a sim
Gaussian wave function in the meson rest frame. Alter
tively NNPZ @10# have supplemented this by adding a ha
‘‘Coulomb’’ contribution in the hope of improving the de
scription of the rest frame wave function at smallr. We refer
to @10# for details of this procedure. Here we simply state t
result, which is that the NNPZ meson light-cone wave fun
tions are given by Eqs.~24!,~25! with d51, where the scala
wave functionsfl(r ,z) are taken to be a sum of a so
~Gaussian in the rest frame! part and a hard~Coulomb! part:

FIG. 4. Ther wave functionuCTu2 in the DGKP model with the
quark mass used in the GW dipole model.
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fl~r ,z!5NlF4z~12z!A2pR2expS 2
mf

2R2

8z~12z!
D

3expS 2
2z~12z!r 2

R2 D expS mf
2R2

2
D

116C4
a3~r !

A~r ,z!B3~r ,z!
rK 1@A~r ,z!r /B~r ,z!#G .

~37!

Here

A~r ,z!5A11
C2a2~r !mf

2

z~12z!
24C2a2~r !mf

2, ~38!

B~r ,z!5
Ca~r !

Az~12z!
, ~39!

and

a~r !5
3

4mfas~r !
~40!

is a running Bohr radius. The strong couplingas is chosen to
run according to the prescription@28,22#

as5a0 for r .r s

and

as~r !5
4p

b0log„1/~LQCD
2 r 2!…

for r ,r s, ~41!

wherer s50.42 fm, a050.8, LQCD50.2 GeV andb05(33
22nf)/3. Apart from the normalization constantsNl , these
wave functions depend on two free parameters which
independent of the meson helicity: a ‘‘radius’’ parameterR
and a parameterC, introduced to control the transition be
tween the hard Coulomb-like interaction and the soft con
ing interaction in the rest-frame wave function. The case o
simple Gaussian wave function in the rest frame, which
will refer to as a ‘‘boosted Gaussian wave function’’ can
obtained by simply settingC50 ~we still choosed51 when
considering this wave function!.

At this point we comment on two issues associated w
the behavior of the Coulomb part of the scalar wave funct
ether
ues

09
67
TABLE III. Parameters of the NNPZ light-cone wave functions in appropriate GeV based units, tog
with the resulting values for the decay constantsf V . Where two values are given, the first and second val
are for the FKS and GW quark masses, respectively.

NNPZ R2 C NL NT f V(L) f V(T)

r 25.0 0.36 0.0123,0.0121 0.0125,0.0137 0.143,0.147 0.157,0.1
f 18.0 0.53 0.0122,0.0124 0.0124,0.0131 0.078,0.078 0.087,0.0
3-7
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TABLE IV. Parameters of the boosted Gaussian wave function in appropriate GeV based units, to
with the resulting values for the decay constantsf V . Where two values are given, the first and second val
are for the FKS and GW quark masses, respectively.

Gaussian R2 NL NT f V(L) f V(T)

r 12.3 0.0213,0.0244 0.0221,0.0259 0.153,0.161 0.203,0.19
f 10.0 0.0214,0.0243 0.0219,0.0251 0.075,0.079 0.095,0.08
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r→0 at z50.5. This divergence is, however, regulated
observables. For example, while the resulting squared w
functionsuCV(l)u2 exhibit a narrow, singular peak atr 50,z
50.5, the quantityr uCV(l)u2 which enters the normalizatio
condition~22! is zero in this limit. Nevertheless, this singul
behavior does have a~finite! effect when computing the me
son decay constant which depends upon the behavior o
wave function atr 50. The second issue is that when t
scalar wave function~37! is substituted into Eqs.~24!–~27!,
the derivatives inr give rise to inverse power divergences
r 50 when acting upon the running coupling~41!. However,
these divergences occur solely in terms which are stri
higher order inas . Henceforth we discard these higher ord
terms, which is equivalent to omitting all derivatives
as(r ) with respect tor when differentiating the scalar wav
function ~37!. We stress that none of these issues arise w
using the boosted Gaussian wave function.

It remains to determine the various constants. NNPZ@10#
determined bothR and C by using a standard variationa
procedure for the initial center-of-mass wave function us
a non-relativistic potential. They then checked that the res
ing predictions~23! were in reasonable accord with the o
served leptonic decay widths.10 Here we follow a slightly
modified procedure, since we want to be able to easily ad
the quark masses to those assumed in the various d
models. Specifically, we fixedC at the value chosen b
NNPZ and vary the value ofR to give approximate agree
ment with the decay width constraints~23!. In practice, we
found it adequate to use the sameR value for both the FKS
and GW mass choices. The resulting values ofR andC, with
the associated values of the normalization constants,
shown in Table III, and are not very different from the orig
nal parameters of NNPZ. In addition we show the results
the boosted Gaussian case (C50) in Table IV.

The behavior of the resultingr wave functions is shown
in Figs. 5 and 6 with the FKS choice of quark masses. T
divergence atr 50,z50.5 is not visible since we do not plo
down to r 50. Like the DGKP wave functions, they peak
z50.5 andr 50, and go rapidly to zero asz→0,1 andr
→`. However, on comparing these figures with each oth
and with Fig. 3, two clear differences emerge.

Firstly, the peak inz is less sharp in the boosted Gauss
case than in the DGKP and NNPZ cases. Secondly, the l
difference between the longitudinal and transverse w

10Note that a shortcoming of this model is that Eqs.~23!–~25!
give slightly different predictions for the decay constant for the c
of transverse and longitudinal meson helicities, because NNPZ
helicity independent values ofR,C.
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functions found in the DGKP case is much less marked in
NNPZ and boosted Gaussian wave functions. In both ca
the peak in the transverse wave function is still broader t
that in the longitudinal wave function, but it is a small effe
in comparison with the DGKP case. This presumably refle
the fact that in the NNPZ and boosted Gaussian wave fu
tions, the parameterR has the same value for both helicitie
since both wave functions are generated from the same
relativistic wave function by the Brodsky-Huang-Lepa
procedure.

IV. REAL PARTS, SLOPE PARAMETERS AND CROSS
SECTIONS

We now have all the ingredients required to calculate
absorptive parts~2! of the forward amplitudes for vector me
son production. For the case of the NNPZ wave functio
we substitute the photon wave functions11 ~19!,~20! and the
vector meson wave functions~24!,~25! with d51 into ~2!.
Summing over the quark/antiquark helicities and averag
over the transverse polarization states of the photon,
obtain12

ImA NNPZ
L 5s

NcêfA4paem

~2p!2

2Q

MV
E d2rŝ~s,r !

3E
0

1

dz$@mf
21z~12z!MV

2 #K0~er !fL~r ,z!

2K0~er !¹ r
2!fL~r ,z!% ~42!

ImA NNPZ
T 5s

NcêfA4paem

~2p!2
E d2rŝ~s,r !E

0

1 dz

z~12z!

3$@z21~12z!2#] rK0~er !] rfT~r ,z!

1mf
2K0~er !fT~r ,z!%, ~43!

wherefL,T(r ,z) are given by Eq.~37!. Similarly, using the
DGKP wave functions~31! and ~32!, we obtain

e
se

11For the FKS case, we must also include the effect of the
hancemect factor~7!.

12These results reduce to Eq.~8! of @10# if, in Eq. ~42!, we inte-
grate the second term by parts assuming anr-independent dipole
cross section.
3-8
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FIG. 5. Ther wave functionsuCLu2 ~left! anduCTu2 ~right! in the NNPZ model with the quark mass used in the FKS dipole model
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ImA DGKP
L 5sE d2rŝ~s,r !E

0

1

dzAaem

4p
f Vz~12z!

3 f L~z!e2vL
2r 2/22z~12z!QK0~er !, ~44!

ImA DGKP
T 5sE d2rŝ~s,r !E

0

1

dzAaem

4p
f Vf T~z!e2vT

2r 2/2

3S vT
2er

MV

@z21~12z!2#K1~er !1
mf

2

MV

K0~er !D .

~45!

So far, we have focussed on the imaginary amplitu
Taking into account the real part contribution, the different
cross section is given by

dsT,L

dt
U

t50

5
1

16ps2
uImA T,Lu2~11b2!, ~46!

whereb is the ratio of real to imaginary parts of the amp
tude. It is most straightforward to reconstruct the real par
the amplitude in the FKS dipole model, where the dipo
cross section~3!, and hence the amplitude~2!, is given as the
09401
.
l

f

sum of hard and soft Regge pole terms. In this case, the
part is given by

ReAFKS52ImAsoftcotS paS

2 D2ImAhardcotS paH

2 D ,

~47!

whereaS,H511lS,H51.06,1.44 andImAsoft and ImAhard
are the contributions from the soft and hard Pomeron pie
of FKS dipole cross section~3!, respectively.

It follows from ~47! that, in the FKS model,b lies be-
tween 0.09 and 0.83, corresponding to pure soft and h
Pomeron dominance, respectively; within this range,
value of b reflects directly the relative importance of th
hard Pomeron. Other things being equal,b will therefore
increase with increasing energy, because the hard term in
dipole cross section increases more rapidly with energy t
the soft term. It will also increase withQ2, because the hard
term is dominant for small dipoles, which are increasing
explored asQ2 increases. These features are illustrated
Fig. 7, which shows the values ofb obtained as functions o
W and Q2 obtained using the DGKP wave functions. He
we also see thatb is larger for the longitudinal than for the
transverse case, reflecting sharper peaking of the longitud
vector meson wave functions. Similar results for the r
parts are obtained using the NNPZ wave functions.

From the above figures, we see that while the correcti
from the real parts in the cross section formulas~46! are
clearly significant in some kinematic ranges, they are
where dominant. Because of this and because the ratiob is
3-9
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FIG. 6. Ther wave functionsuCLu2 ~left! anduCTu2 ~right! in the boosted Gaussian model with the quark mass used in the FKS d
model.
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expected to be similar in the different models,13 we shall use
the estimates~47! of the ratiob obtained in the FKS mode
in all dipole models.

Assuming the usual exponential ansatz for thet depen-
dence, the total cross sections are given by

sT,L~g* p→Vp!5
dsT,L/dtu t50

B
. ~48!

Unfortunately, the values of the slope parameterB are not
very accurately measured. Here we use a parametrizatio

B50.60S 14

~Q21MV
2 !0.26

11D ~49!

obtained from a fit to experimental data by Mellado@29#, and
used in their analysis of the predictions of the GW dipo
model by Caldwell and Soares@30#. The resulting values for
B are shown in Fig. 8, where we also show the results of
alternative parametrization of Kreisel@31# to illustrate the
range of values that can be obtained from different fits to
data. When comparing the predictions of~48! for the vector
meson cross sections with data, it is important to bea
mind that this uncertainty in the input value of the slo

13This was confirmed explicitly for two distinct dipole models
@3#.
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parameter can easily introduce errors up to of order 30%
so and that, within this range, this error may beQ2 depen-
dent.

Finally, on comparing with experimental data, we sho
sTOT5sT1esL with e50.98 in all our plots, although the
HERA data range from 0.96 to 1.00.

V. RESULTS

In this section we will compare the predictions of th
three dipole models with the experimental data for our th
choices of the vector meson wave function, without any
justment of parameters. Before doing so, however, we e
phasize again that the uncertainty in the slope parameter
give rise toQ2-dependent errors of up to 30% in the cro
section, which should be borne in mind when compar
with experiment. This effect should, hopefully, be mu
smaller in the ratioR. However, it ought not to be completel
negligible since the longitudinal and transverse cross s
tions will presumably have slightly different slope param
eters, as to some degree they explore dipoles of diffe
sizes.

A. r meson production

The predictions of the FKS model for theQ2 dependence
of the cross section and for the longitudinal to transve
ratio R are shown in Fig. 9 for the three different wave fun
3-10
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FIG. 7. Left:W dependence of the ratiob of the real to imaginary part of the forward amplitude in the FKS model, using the DGKP w
functions, forQ2510 GeV2. Right: Q2 dependence ofb in the FKS model, using the DGKP wave functions, forW575 GeV.

FIG. 8. Left: Parametrization of the slopeB by Mellado@29# for the r andf. Right: Parametrization of the slopeB by Kreisel@31# for
the r andf.

FIG. 9. TheQ2 dependence of~left! the total cross section and~right! the longitudinal to transverse cross section ratio forr production
at W575 GeV in the FKS model using the three different meson wave functions. Data from~left! @32,34# and ~right! @32,33#.
094013-11
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FIG. 10. TheQ2 dependence of~left! the total cross section and~right! the longitudinal to transverse cross section ratio forr production
at W575 GeV in the GW model using the three different meson wave functions. Data from~left! @32,34# and ~right! @32,33#.

FIG. 11. TheQ2 dependence of~left! the total cross section and~right! the longitudinal to transverse cross section ratio forr production
at W575 GeV in the CGC model using the three different meson wave functions. Data from~left! @32,34# and ~right! @32,33#.

FIG. 12. TheW dependence of the total cross section forr production at various values ofQ2. We use the FKS dipole model an
compare the boosted Gaussian and DGKP wave functions. Data from~left! @34# and ~right! @32#.
094013-12
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FIG. 13. TheWdependence of the total cross section forr production at various values ofQ2. We use the GW dipole model and compa
the boosted Gaussian and DGKP wave functions. Data from~left! @34# and ~right! @32#.

FIG. 14. TheW dependence of the total cross section forr production at various values ofQ2. We use the CGC dipole model an
compare the boosted Gaussian and DGKP wave functions. Data from~left! @34# and ~right! @32#.

FIG. 15. TheQ2 dependence of~left! the total cross section and~right! the longitudinal to transverse cross section ratio forf production
at W590 GeV in the FKS model using the three different meson wave functions. Data from~left! @35,36# and ~right! @37,38#.
094013-13
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FIG. 16. TheQ2 dependence of~left! the total cross section and~right! the longitudinal to transverse cross section ratio forf production
at W590 GeV in the GW model using the three different wave functions. Data from~left! @35,36# and ~right! @37,38#.
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tions considered. The equivalent plots for the GW and C
model are in Figs. 10 and 11, respectively.

The ZEUS total cross-section data are at the follow
center-of-mass energies:Q250 GeV2, W575 GeV, other-
wise W551.1 GeV. The H1 total cross-section data are
W575 GeV. The H1 data on the longitudinal to transve
ratio are for Q259.8, 18.25 GeV2, in the range 40 GeV
,W,140 GeV, otherwise they are atW575 GeV. Simi-
larly, the ZEUS data are forQ250.33 and0.62 GeV2, at
W547 GeV, otherwise atW567 GeV. For the theory
curves we always takeW575 GeV.

For all three dipole models, the data favor the boos
Gaussian wave function, whilst the DGKP wave functi
produces reasonable agreement for FKS and is rather
satisfactory for the GW and CGC models. The NNPZ wa
function is well below the total cross section data for
three models and, for the GW and CGC models, in disag
ment with the data on the longitudinal to transverse ra
However, as noted in Sec. III B, although the spurious s
gularity in this wave function does not contribute directly
the predicted cross sections, it influences them indirectly
cause it influences the value of the radial parameterR de-
duced from the decay width. In what follows, we will ther
fore focus on the DGKP and boosted Gaussian w
functions.

Figures 12, 13, and 14 show theW dependence at fixed
values ofQ2 for ther meson. Apart from the normalization
the W dependence is good in all cases. The normalizatio
best described by the boosted Gaussian wave function. W
this wave function, the FKS model is in reasonably go
agreement with the data, except for the ZEUS data at v
low Q2; while the GW and CGC models give reasonab
agreement everywhere.

This last comment contrasts somewhat with the work
Caldwell and Soares@30#, who have already presented pr
dictions for the GW model using a boosted Gaussian w
function. These authors also found good agreement with
data on the longitudinal to transverse ratio and with theW
dependence at fixedQ2 apart from the normalization. How
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ever, their results for the normalization, and hence, imp
itly, for the Q2 dependence of the production cross secti
were relatively poor. However, these authors did not imp
ment the leptonic decay width constraint but fixed the rad
parameterR in the boosted Gaussian by requiring that t
exponential inR of the wave function gives a value of 1/e

when theqq̄ invariant mass is equal to the meson’s ma
This yieldedR2515.5 GeV22 for r andR258.3 GeV22 for
f compared to our values shown in Table IV. In additio
they neglected real parts, which can result in a 20% red
tion in the cross section for largeQ2.

B. f meson production

The corresponding plots to those in the previous sec
are repeated for thef meson in Figs. 15, 16 and 17. The H
total cross section data are at the following center-of-m
energies: for Q257.5,8.3,12.5,14.6,17.3 GeV2, W
5100 GeV, otherwiseW575 GeV. Similarly for the ZEUS
data, for Q250.0,8.2,14.7 GeV2, W570,94,99 GeV, re-
spectively. The H1 data on the longitudinal to transverse
tio are in the range 40 GeV,W,130 GeV. Similarly the
ZEUS data are in the range 25 GeV,W,120 GeV. For the
theory curves we always takeW590 GeV.

The situation is rather similar, as one might expect, to t
of the r, i.e. all three dipole models tend to do rather w
with either of the DGKP or boosted Gaussian wave fun
tions, while the NNPZ wave function is less satisfactory.

VI. CONCLUSIONS

We have performed a detailed study, comparing the p
dictions onr and f meson electroproduction arising from
three different models of the meson wave function in co
bination with three different models for the fundamental
pole cross section. Our results are broadly encouraging
support the use of the dipole approach.

The data can be explained rather well using the dip
model of Forshaw, Kerley and Shaw, or those of Gole
3-14
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FIG. 17. TheQ2 dependence of~left! the total cross section and~right! the longitudinal to transverse cross section ratio forf production
at W590 GeV in the CGC model using the three different wave functions. Data from~left! @35,36# and ~right! @37,38#.
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Biernat and Wu¨sthoff and of Iancu, Itakura and Munier, i
conjunction with either the boosted Gaussian or DGKP m
son wave function. Certainly, we anticipate that excell
agreement could be obtained if one decided to tune the
son wave functions. Note that agreement extends to the
of longitudinal to transverse meson production. The NN
wave function, which has, as noted, an unphysical singula
at z50.5, r 50, is not so successful.

For the future, it is clear that one could use the hi
quality data from HERA to constrain the meson wave fun
ys

ov
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tions provided the dipole cross section is sufficiently co
strained.
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