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Splitting strong and electromagnetic interactions inK,, decays
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We recently considere{,, decays in the framework of chiral perturbation theory based on the effective
Lagrangian including mesons, photons, and leptons. There, we published analytic one-loop-level expressions
for form factorsf and g corresponding to the mixed proce$€— w7 € *v,. We propose here a possible
splitting between strong and electromagnetic parts allowing analgtid numerical evaluation of isospin
breaking corrections. The latter are sensitive to the infrared divergence subtraction scheme and are sizable near
the 7 production threshold. Our results should be used for the extraction ¢i-thave isovectorrm phase
shift from the outgoing data of the currently running KTeV experiment at Fermilab.

DOI: 10.1103/PhysRevD.69.094012 PACS nuni®er13.20.Eb, 13.40.Ks

I. INTRODUCTION KO(p)— 7(py) 7 (p2) € (po)ve(p,), (4)

Every time that a kaon decays into a couple of pions andespectively.
a lepton-neutrino pairg scattering occurs in the final state. ~ Form factors are analytic functions of three independent
Whenever a pion scatters on its twin, it offers us an addiLorentz invariants,
tional opportunity to scrutinize the fundamental state of

strong interactiongsee Ref[1] for referencep Let 5{ be the S, =(p1+pP2)? S=(p,+p,)? (5)
phase of a two-pion state of angular momentwend isospin
| and consider th& ., decay process and the angl®,. formed byp,, in the dipion rest frame, and
the line of flight of the dipion as defined in the kaon rest
K(p)—m(p1) m(P2)€ " (Pe)ve(P,), (1)  frame[2,3]. It has been shown in Rd#] that, in the experi-

o mentally relevant region, the partial wave expansion,
where the leptod is either a muoru or an electrore, andv

stands for the corresponding neutrino. In the isospin limit, 5 B o

the decay amplitudel for procesg1) can be parametrized in  F*~=[f4(s,)+ f,s,]e' %S~ +T,XY cosg, e %157, (6)
terms of three vectoridF, G, andR) and one anomalou$i)

form factors:

G* = (gp+ghs,+ g€ 157 +Gp XY cosh, el %25,
Gg i (7)
A=i —Viu(p,) y.(1- J’S)U(pe)[ M_[(p1+ P2 F
V2 K= is proving sufficient to parametrize form factors. In the pre-
+(p1=P2)*G+(pe+P,)"R] ceding,
1 L1 2 1 2 2

T3 Eﬂvpg(p€+pv)v(pl+p2)p(pl_p2)aH}1 (2) XZE)\llz(S”’sf'MKt)’ Y:S_ﬂ_)\llz(sﬂ"Mﬂ'i’Mﬂn'i)’

M ®

whereV s denotes the Cabibbo-Kobayashi-Maskawa fIavor-With

mixing matrix element andsg is the so-called Fermi cou-

pling constant. Note that form factors are made dimension- N(X,Y,2)=X2+ Y2+ 22— 2xy— 2xZ— 2y Z 9)
less by inserting the normalizatiod, * andM, >. The fact

that we have used thehargedkaon mass is a purely con- the usual K#én function. Note the linear dependence of the
ventional matter and corresponds to the choice of definingirst term in the partial wave expansion of form factors on

the isospin limit in terms of charged masses. In the follow-s, . Isospin symmetry, Bose symmetry, and thie=1/2 rule
ing, we will be interested only in two form factoFsand G lead to

and denote byR,G)*~ and F,G)°" those corresponding
to the physical processes F°*=\/2~prYcos¢9 el 81(sy) (10)

K*(p)— 7" (p1)m (p2)€ " (Pe)ve(P,) ) .
G™=V2(gp+0pS,+0cSe)e 17,
and (11)

It follows thatK,, decay of the neutral kaon is dominated by
*Electronic address: miryama.nehme@wanadoo.fr P waves. Therefore, a precise measurement of form factors

0556-2821/2004/69)/09401220)/$22.50 69 094012-1 ©2004 The American Physical Society



A. NEHME PHYSICAL REVIEW D 69, 094012 (2004

for the decay in question would allow an accurate determi-

nation of theP-wave isovectorr phase shift. 9° =
The currently running KTeV experimef] aims at mea-

suring form factors foK ,, decay of the neutral kaon with an

accuracy 3 times better than the one offered by previoudhe analytic expressions fdiF and 6G were given in Ref.

measuremen(i6,7]. The outgoing data on form factors con- [1]. We shall distinguish betwegshotonicand nonphotonic

tain, besides a strong interaction contribution, a contributiorfontributions to 6F and 6G. The photonic contribution

coming from the electroweak interaction. The latter breaksomes from those Feynman diagrams with a virtual photon

isospin symmetry and is expected to be sizable neamthe €xchanged between two meson legs or one meson leg and a

production threshold8]. In order to extractr scattering —pure strong vertex. Obviously, this contribution is propor-

parameters from the KTeV measurement, the isospin breational to €%, wheree is the electric charge, and depends in

ing correction to form factors should therefore be under congeneral on the five independent kinematical variabsgs,

trol. In this direction, we recently published analytic expres-S¢, ¢ 7 0y, and ¢ through Lorentz invariants such apy(

sions forFO~ and GO~ form factors calculated at one- loop +P¢)?, say. The nonphotonic contribution comes from dia-

level in the framework of chiral perturbation theory based ongrams having similar topology as those in the pure strong

the effective Lagrangian including mesons, photons, and lepheory with isospin breaking allowed in propagators and ver-

tons[1]. In the present work, we will split analytically the tices. This contribution generates isospin breaking terms pro-

isospin limit and isospin breaking part in form factors, allow- portional to the rate 06U(2) to SU(3) breaking,

ing a first evaluation of isospin breaking effectskn, de-

cays. V3 mg—m, 1

= mme MEp(mem), (12

).

II. KINEMATICAL VARIABLES

In the following, we shall consider proce¢$) and use, and to mass square difference between charged and neutral

unless mentioned, notations of R¢L]. In the presence of MESONS,
isospin breaking, the decay amplitude for procggsan be

written as follows by Lorentz covariance, A =M2.— Mio=ZZOeZF§+O( P4, (13)
GeVy 1 .
202 a4 M M= 2200 By m) OB, (19
V2 My

; - 2
(D — D)0 + (D, + D)0~ or equivalently, thg—m)/(ms—m), Z,es, and my—m,.

(P1=P2)"g (Pt Py, The kinematical dependence is on three Lorentz invariants,
i (P1+P2)% (P—py)? and (—p,)? which represent, re-

+ €*"P7(Pe+P,) ,(P1+P2) ,(P1— P2)oh0” spectively, the dipion mass square, the exchange energy be-
K= tween the kaon and the neutral pion, and that between the
1 kaon and the charged pion. In terms of independent kine-
+——— [0, ¥, 1PEPST bu(py). matical variables, the preceding scalars are functiors, of
2M - S¢, and co9,,.
The quantitied, g, r, andh will be called thecorrected K, A. The photonic contribution

form factors since their isospin limits are nothing else than
the K., form factors,F, G, R, andH, respectively. The ten-
sorial form factorT is purely isospin breaking and does not
contribute to the mixed process at leading chiral order. The  photonic contributior€?Y, &((p2+pe)2,..), (15
corrected form factors as well as the tensorial one are ana- '

lytic functions of five independent Lorentz invariasts, s,

0., 0,, and¢. 6, is the angle formed by, , in the dilepton  where & is an arbitrary loop integral function ofpg

rest frame, and the line of flight of the dilepton as defined in+ p,)?. To the order we are working, that is, to leading order
the kaon rest frameg is the angle between the normals to in isospin breaking, the power counting scheme we use dic-
the planes defined in the kaon rest frame by the pion pair antites the following on-shell conditions to be used in the ar-
the lepton pair, respectively. Let us denotedfyandsG the  gument of¢;,

next-to-leading order corrections to tR€~ and G°~ form
factors, respectively,

A generic term in the photonic contribution can be

p?=M2=By(ms+ ), pi=p5=M2=2Bym. (16)

_ M= (0+ 6F), Therefore, p,+p,)? in (15 should be replaced by the fol-
Fo lowing expressioni],
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1 m?
M2Z+mi+ | 1+ —|(M2—s,—s,)
4 Sy
1 m? 4 2\ 1/2
- - _ ™ 1/2, 2
7 1+ 5 (1 Sw) NT4s,,Se,Mi)coso.,
1 m?
+= 1——€>A1’2(sw,sg,Mﬁ)cosag
4 S¢
1 . m? . aM? 1’2M2
7 _S_e - s, (Mg —s,—s,)cosé, cosb,
1 m?Z 4M2\ 12 .
il IR | ) 2
+2 1 S{)(l s (S#S¢)

Xsing,.sinf, coseg.

From the foregoing, it is clear that fay,= m% the photonic
contribution neither depends ofy nor on ¢. In order to
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press these scalars in termssgfand co9,, for s,= mﬁ and
in the presence of isospin breaking. From Réi,

(P—p1)2=MZo+ M2,
1 2 2 2 2
- g[(MKO_mg‘Fsﬂ.)(Sﬂ."‘ Mﬂ_o_ Mﬂ_t)
+AY(s mZ,MENYY(s, M2, M2 )cosh, ],

(20
(p—p2)?= Mio"’ Mi:

1
5o [(Mgo=mi+s,)(s,~M2o+ M7 )

A5, m2MENYA(s, ,M20,M? .)cosH.,,].

(21)

reduce the Complexity of the Study and allow the treatmenLet us denote byﬂ_ and u, the isospin limits of the preced_

of photonic and nonphotonic contributions #°~ on an
equal footing, we will assume that

ing Lorentz scalars,

1 2 2 2
ty=5 (Mg +2M2.+mi—s,)

Se=m; (17)
and use for p,+ p,)? in (15) the following expression, 1 4am?.\1?
. -5 1—3—” A2(s, ,m2M:.)cosh,, (22
(P2+Pe)?=5 (M+2M7+mi—s,)
2\ 12 _Loe 2 2_
1 4M7T UW_E(MKi_FZM’TTi—’_m{ S’IT)
-=l1- \Y4(s, ,mZ,MZ%)cosé,, .
2 S, '
1 4M2,\ 2
(18 +5|1- T AYqs, ,m?,Mii)cosaﬁ. (23
It follows that (15) can be written as o . )
For completeness, it is convenient to note the following
photonic contributiorr e%s(s,,) +e29(s,)cosb,,, proposition,
(19 1
_ T g2 2 2_
wheres and ¢ are analytic functions os... €080, =0=1,=U;=5 (My=+2M7-+m;—s;).
(24)
B. The nonphotonic contribution Using the replacements
In order to split strong and electromagnetic terms in the MioHMi:—Aw MioﬁMﬁr—AK, (25)

nonphotonic contribution, one has to expand the exchange

energies p—p;)? and (p— p,)? in powers of the fine struc- and expanding20) and(21) to first order inA ; andAy , we

ture constantx and myg—m,,. To this end, we shall first ex-

obtain

1 1 1
(p—p1)2=—(M§t+2Mii+m§—sw)+E(Mﬁ—mﬁ—swmw—EAK

2
1 4|V|i: 1/2 1 31' -1/2
+ -3 l—s—> Al’z(sﬁ,mﬁ,Mit)—g 1-— AY2(s, ,m2M2)A
1 PIVEARS
+5|1-— ) (MZ—mZ=s, )\~ Y4s,,m?,MZ)A |cosé,,, (26)
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2 2 1
(P—p2) :—(M - +2M? Cetmi—s,)— (M m€+sﬂ')Aﬂ'_§AK
1 2 \12 1 2\ —1/2
+H5| 1= AAs mEM)+ o (1— S ) NA(s,,mi M)A
1 4 2\ 1/2
- 5(1— ”) (MZ—m2—s )\~ Y4s_,m2MZ)Ag |cosd,,. (27)
|
Note that terms of orde©(A ,Ay) are forbidden by our de
power counting scheme since they are first order in isospin A—2Z0e°Fi— —(MZ—M?2), (31
breaking. Although Eqgs26) and (27) are simple to derive, V3
their ut|I|Fy is of great mportance to the pre.sent study. Inthen Eqs(28) and (29) read
fact, the involved expansion could be generalized totapy
observable as we will see below.
WH= WS+ WX 2+WX g (32)
C. Splitting strong and electromagnetic interactions
The first step in our program consists on injecting Egs. W2 =W+ 2ZoF (W5 + W), (33
(26) and (27) in the nonphotonic contribution to the decay
amplitude.4°~. Then, we expand once more to first order in Win,—m, =W —4(ME—M2)Wj . (34

A and Ag dropping out terms of orde®(A Ay). As a

result, form factors foK ,, decay of the neutral kaon can be The aim of the present work is to determine thdunctions
written in the following compact form, which shows explic- corresponding td and g form factors forK,, decay of the
itly the splitting between strong and electromagnetic interacheutral kaon.

tions,
X2 (s, (P— P12 (P—P2)2,(P2+Pe)?,...)

Mg+
=—FK [ O¢gt UX(s,) +V(s,)c0os6,], x=f,g,
0

(28)
where
€
WX=W§+W’;AW+W)|§AK+W’;2€2+W’;‘/—§, w=Uu,V,
(29

are analytic functions of,. If one makes the following

substitutions,

A, —2Z,€°F2, (30)

1 2 M2
Ue2= 5(_6K3+ 3K4+ 2K5+ 2K6_6X1)_

™ 7

1
+B<Mi,o,Mi>[1—Z[(Mﬁ—mﬁ—spz—m%Mi]x‘

X (Mg —=mi=s )\ "2(t,,mZ, M%) t +B(m7,0m?)
+B(0,m2,M2) m%+ m (s,—4M2)(M?2
nHg VK 4t77 4tﬂ— T T T

3 2 2
4 €( K

mZ+t, )\~ Y(t,,m2,M?2)

Ill. THE PHOTONIC CONTRIBUTION

From now on, we will work under propositiai24) keep-
ing in mind that, in the isospin breaking contribution, the
power counting dictates the following,

Sy)-
(35

Taking the photonic contribution from RdfL], applying as-
sumption(17), and performing the preceding expansion, it is
easy at a first sight to derivB¢2. The problem is that, in
practice, one encounters loop integrals with a vanishing
Gramm determinant when reducing vector and tensor inte-
grals to scalar ond®]. After a long and tedious calculation,
one obtains

. . 1 2 2 2
Isospin breaking-t .= uwzz(M kt2MZo+m;—

EW(GKS 3K,4—2K5—2Kg+ 2K g+ 2K 1)

3
Yt ,m;,M2)+ Zm?Mi(sw—4Mi>

—sm—l(tﬁ,m%,Mi)]
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+B(m2,0M2)

1
2miM2(s,—4M2)\ ~2(t,,m?, M2 T me(s 4M,27)(Mﬁ—m%—sw)z)\‘z(tw,mﬁ,MfT)]

1
+B(t,,m,M2) —1+§[t7<Mﬁ—2m?—s»—(Mi—m%)(Mﬁ—smrl(tw,mﬁ.Mf»]

m2  m?
+B(t,,M K)( at. ap, (SeAMD(MI—mi+ Aty mE,M2)

™

1
- Zm%(sw—4M727)[—tw(3M727—m§+tw)+(Mi— m?2)(5M2 + m%—tw)])\‘z(tw,mﬁ,Mi)}

+C(M?2

m 771

m2,0M?2 MK)[meM (M2—m?\"X(t,,m2,M2)

3
+Zm%Mi(sw—wi)(Mﬁ—m%)(Mi—m%—sm2<tw,m§,Mi>]

+C(m?,0m?,0mz,M K){ ~mZ(M2 m%)(Mfﬁm?—tw))\1(t7,,m§,M,27)]

+C(t,,t,,0mz,M2 K){ —mA(MZ—m2)(M2—m2+t )\~ (t,,m2,M2)

2
+ gr (57— AMZ)(BMZ 4+ m—t) (M2 —mf—t )\~ *(t,.,m?,M?)

2 2

m
+#(sw—4Mi)(Mﬁ—m%—sw)(3Mi—3m§—tw))\ Ut ,mi M%)+ —-

C(M2—mZ+t,), (36)

4t .

1 1 1
U= — — (24K, + 24K+ 8K 5+ 8K 5= 36K 1+ 12X, +9Xg) + —5 A(M2) — — A(MY)

18 M2 2m?
1 m’ m’
- 5+2In— +2In— | +B(M2,0M2)] —m2M2\"L(t,,m%,M?)

3
—(M24+m2—t,)(M2—mZ+t, )\ " (t,,m7,M2)— Zm?Mi(sw—4Mi)(Mﬁ—m%—sw))\‘z(tw,mﬁ,Mi)]

1
+B(m2,0m2){ 1+ Z(Mﬁ—m?—s,,)(Mﬁ-FZm?—sﬁ))\_l(t,,,m?,MfT)

1 mZ m?
s (s~ AME)(M2—mE+t N (L, mEM2)

+BO,m,
(0Omg K)z at, 4,

1 1
+B(m?7,0M 'ﬁ)[ - 5—2m§|v| 2(s,—4M2)\"2(t, ,m7,M2)— Em?(sﬁ—4Mi)(Mﬁ— m?—sw)zxz(tw,mjf,mi)]

1 1
+B(t,,m3M )[ m2(M2—mH)\~%(t,,mZ,M2 )=t (2M2 3m§—25w))\‘1(t,r,m§,MfT)J

2 m2

Me Mo 22 1 2 0p2
+ (Sz—A4M) (Mo —mg+t )N~ ~(t,,m;, M%)

+B(t.,M2,M?2
('n’ T K) 4t 4t

ks w

1
+ Zmﬁ(sw—4Mi)[tw(3Mi— m2+t,)—(M2—m?)(5M2+mZ—t,) ]\ %(t,,mZ,M?)
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+C(Mi,tw,mf,0,Mi,Mﬁ)[ —mZME(MZ—mHN"Y(t,,m7,M2)
3
= L MME(8, = AMD) (M= m) (Mg —mé —s )\ ~2(t,,m, M)

1
+C(m?,0m?,0m?,M ﬁ)[a m2(M&z—m?)(M2+m2—t )\~ (t,,m2,M i)}

2

my 1
——(M2—mZ+t,)+ Emﬁ(Mﬁ—mﬁ)(Mi— m2+t, )\~ %(t,,mZ,M?2)

+C(t,,t,0m?,M2,M2) p

™

2

my 1
g (Sem AMD(BME 4 mf— ) (M= m— t)\ ™t mE, M)+ Zmi(s,—4M7) (Mg~ me—s )\ (t,,m,M2)
3m?
~ T (S AMDME=m7 =) (ME=me+ )Nty mEME) f = (M —mj—s)C(me,t, M7, mé, M?).
(37)
|
IV. THE NONPHOTONIC CONTRIBUTION 1
2\ 2 T 2
A. One-point functions A(Mpo) =A(Mp-) + 1672 MéA(MP) Ap. (40
Let P denotes a pionar or a kaonK, andAp the difference
ApiMﬁt_ Mio. (38 B. Two-point functions
The loop integral
We shall expand the one-point function,
) "D dPl 1 B(p1,mg,my)
A(M%o)=—iu*" _—, 39
(Mpo)=—1p f(zw)D 12-M2, 39 dP 1
P - _iM4—Df . > . (41)
(2m)° (12=mg)[(py+1)?—m]

to leading order in isospin breaking. is functi f th lare?. m2 2
In dimensional regularization, the preceding integralS function of three scalarpi, mgp, and mj. In order to
reads, obtain isospin breaking corrections generated fi@gh we
shall expandB(p3+ &,m3+ 8, m>+ &) to first order iné,

1 M2 dp, and d,, where these quantities are leading order in iso-
2\ g2 — PO spin breaking,
A(Mgo)=Mpo| =2\ — 16w2|n 2
5,50,51=(9(a,md—mu). (42)
By (38), this is equivalent to In dimensional regularization,
A(MZ)=—2\(M2.—A )—L(M2 —Ap) 1] 2
po/ ™ p* P 2 \WVip= P
16 B(p?,ma,m?)= ——+In(4mu?)+T'(1
(p1,mg,mi) 16721 2-D (4 p°) (1)
Mp-\ [ A
L R v - fldxln[x 24 (1—x)m?
® P 1672 Jo Mo !
Expanding to first order il\p, we obtain the splitting be- —x(l—x)p'ﬂ.
tween strong and electromagnetic interactions in one-point
functions, One then has
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B(p2+ 8,m3+ 8y,ma+ 64)
1
1672

2
——+In(47u?)+T' (1
g ATt ()

1 1
- zf dxIn[x(mj+ &) + (1—x)(mi+ &y)
167< Jo

—X(1—x)(p3+8)].

Expanding to first order in5, &y, and §;, the preceding
equation takes the form

B(p2+ 6,m3+ 8y,ma+ 84)

=B(p%,m3,m?)

1 Jl X
- dx 1)
16m2Jo  xmi+(1—x)m2—x(1—x)p2 °

B(p5+8,mj+ 8g,mi+ &) =B(pi,mj,mi) — ———|In
327°p3

1
_|_ [
3272p3

1

3272p]

Mo
2,2 2 2.2 2
— | +(p1+mi—mg) 7(p1,mg,m3)

2
Mo
o] 7|~ o1 mé it

[2pi+<m§—mé)ln(

PHYSICAL REVIEW D 69, 094012 (2004

1—x

1 1
_ Jd
167<Jo

1 1
N fd
1672Jo

X )
Xmg+ (1—x)mi—x(1—x)p? !
—X(1—x)
X— > 26.
xmp+ (1—=x)mi—x(1—x)p]

If we denote byr the generic integral

1

1
2 m2,m? if dx ,
7(P1. Mg, mi) 0 xmi+(1—x)mi—x(1—x)p?

(43

then the splitting between strong and electromagnetic inter-
actions in two-point functions is easily obtained from the
following compact formula,

%o

o

2
Mg
2

m—) +[(mi—m§)?— pi(mi+m§)]r<pim5,m§)] 5. (44

1

As an application, consider the two-point functi@(p; — p,M ,0,M o), selected from thé-channel contribution to4°~.

The following replacements it¥4),

1 2 2 1
5_>_S_(M7T+m€_t7T)A7T_§AK’ 50_>_A7T’ 51_)_AK1

lead to the expression

B(p1—p,M ,0,Mo)
A, 2

=B(t.,M%. M2 )+ ———
(tr M Mic:) 327t

Sﬂ'

+

™ T
Mz

2
MK

(MZ—M2-2t_)In

Ag 1
+—i 1+ —
327%t, 2t

—(MZ+mi—t,)+

1 1
Mi—MiHﬁ—S—(M%MiH—t<Mi+m%—tw><Mﬁ—Mi>2

1 M2
1+ — (M24+m—t,)(Mg—M?2) |In| —
7Ttﬂ' MK
(t,, MZ,M)
77 1 2 2 1 2 2,2 2 a2
- E(SMK_MW_ZtTr)_E(MK_MW) T(tﬂ'1M~rr’MK) .

(49
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C. Isospin limit

We have

ui=0,

1
24F2

1

U -
1672

g
s

3 9
—;«Mit—Mitxmit+mitwwemit—u»+;«M

w ™

+AG2(M2+ M. —t)Lg+2(M2. +2M5% . )L~ meLe] +A(MZ,)

+A(M?)

6 o, 18
=3 —(5M7=6My)+ o (M3 —My.)

12
—2+t—(Mth—Mii)+

w

12

t

+AMZ.)

(46)

[4(2Mi++4Mi+—sﬁ)+(2Mi++4Mi+—tw)

2
n

2 2
~Mp=)(M2+ M)

6 6
2 2 2
5—t—Mw+—t—z(Mw+—MK+)2}

m

M2_M2 E 2 ag2 2_1_8 2 g2 N2
( 7 Kf)+t2(Mwi M=) tz(Mn M=)

+4(4M2.—5,)B(s,,M%. M%) +2(4M% . —5,)B(S, , M5, M2 )

2

L=
P

2 2 6
~6(MZ.— M.t + — (M

™

+B(t,,M2,M2.)

2 2
+B(t,,M2,MZ-)

6
Mﬁi)2+t—2(|v|ji—|v|§1)3

—6(M2—3M2. +t )+E(M2—M2
] K* "t t ] K

|

2 2 18 2 2 3
2(5M=3Mi) = 7 (M7= M) .

w

(47

D. The e terms

We have

1
_|_ —_—
24F2

15

1
1672

w

2

2(6M%+28Mﬁ+20Mf,—9t7)+t—(Mf,—Mﬁ)(MfﬁMﬁ)—

9
;«Mi—MixMi+Mi>

+ E[2(|v|§+5|\/|§T—2s7,—t,T)L3+ 6(M2+2M2)L,+48 M2 —M2)(3L;+Lg)—3m?Lg]

0

1
+ —_
8F3

32m2 2 10
————+15+ —M2— —(M2-M
M2 —M?2 t, tz( N

—A(M2)

m

n w

+3A(M?)

2 2
3+t—(3|v|3,—4|v|§ —t—z(Mi—Mﬁ)Z

w

16M2
[VESYERS

m n

1 5
o (BMg=4M2) — 5 (M2~

w

+2A(M32)

—12(2M2—s.)B(s,,M2,M?%)+2(4MZ—3s,)B(S, ,M

+2B(t,,M2,M32)

ko

+2B(t,,M2,M%)

3 3
Mi)2- t—(2M§7—3M§)+t—2(M§—M§)2

1
TMZ+13M2 -9t + t—(Mi—Mﬁ)(SM§+ M2)—

9
3Mf]—5M§+3tw—t—(Mf]—Mﬁ)2+

2
k)’

w

MR +4(3M2+M?2~3s,)B(s,,M?,M?)

5 2 253
2 (MZ=MQ)

, (48)

3 2 243
t_2(M7;_MK)
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1 2 2
Ud= — pre [3 1+ —M2Z|A(M2)— 3—t—(3|v|3,—4|v|§) A(M?)
3 2 1 2 2 2 6 2,012 2 2 \12 2 02
-2 t_MK+t_(3M7;_4MK) A(MK)_t_MK(MTr_MK)B(tquvaK)+ZB(tw-MnrMK)
1
X S(Mf]—Mﬁ)—t—(Mfy—Mﬁ)(3Mfy—4Mﬁ)“. (49
E. The A, terms
We have
. 2 Ak 1 1 ) 1 6 ) )
U,=-— F 1—5— Lg—m (4M +20M<, 3Sw)—m 4(M +m€ )+t—(M7}+Mﬂ.)AgK
0 T T
—i(M2+6M2+M2)s +£[(5M2—3M2)A —5(3M2—M2)A_«]A —E(AZ +A20)A KA
t n K /O t2 K /=K 7 K nK1=€K t3 K 7K/ 2 LK=2 7K
1 1 6 s, 3 3 5 5 6 5
+24F0 —A(M?) 40+I_WA7TK+ t_ZAWKSW+ t_z(MK_ZMw)A€K_t_3A€KATrK
1 1 5 1 1 1 5 5 2
—ES—A M”) t_STr_t_zA”sz_l— t_2(6M77_7MK)A€K+ t_3A€KA7TKA77K
[0t ™ T T T
1 1 5 9 3 9 ) ) ) 6
+ 24F2 _A( K 8- t_s'n'_ t_z(AﬂTK+A77K)SﬂT+ t_z(Mn_ZMK+Mﬁ)A(K+ t_3(A77K+A7)K)A€KATrK
0 “m ™ T T m
1 1 MfT 2 2 1 , 2 , 1 y
- Ms+ 5> MiAkSr— 5 (Mg +3MD) A A+ 5 A ATk + 7 AAT
256772Fg S M2 K th K K ti( K ) K K t?T €K K ti K K
1 1 M§7 2 o, " 4 , , 2 ,
+ms M2 2(3M K)AfKAﬂK_t_s(sMn_ZMK)AfKAnK_FAfKATFKAnK
0 T T

1 1

- ——— —(t,,M%,Mg
256m2F2 s, ( K

1 1
2Mgs,— t_(Mi+3qur)EwKAeK+ t_2(3M§+5M§T)A€KA§TK

m

2
_t_zM KAZKS, +t3(3M2 M2)A A3y~ " A(KAETK

™ w

1 1 2 4 2
“sizFls, (M2 MQA (A2 =3 it ) t—2<3Mi—Mﬁ>—t—3<3Mi—2Mﬁ>AnK—t—4AWKAiK}
—ii(sm2 2s.)B(s, ,M? Mz)—ii(Mz—s )B(s, ,M2,M2)
3F2s, mmTm gR2s, s T e K
1 1 2 2 1 2 2 1 2 2 2 2 3
—8—FSS—B(tW,MW,MK) sﬁ—t—(SMK—ZMﬂ)sWJrt—2(2MK—2m(+s,,)A,TK—t—3A€KAwK
1 1 2 A 4
+ 16FZS_B(t K) M S _t_A KS + 2(3M 2MK)A€KA7]K+t AeKAWKAnK y (50)
0 > m T T
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—18M{(3M? —8ME —m?) +3(M%+Mg)s, —6M2(7TM2 +2Mg +m7)]
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t2 S [4A2s, +3MR(TME—M2+3m))A [« —3MZ(2ME—2MZ+ M)A — IME(1OMZ—5ME —m))A ¢
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+3M2(66M? —81IME —13m7)A ]~ 3[(M +2MZ+mf)A% +3(6M5—9Mg—m))A3, ]
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+—— —AM?2) 5S,— —(3M2+2s)— — (2Mg—3M2)ME + - (BME—2M2 + m)) M2
24F2 s, 2 . t2 t2

1 2|v|§ 6

2 7-—5 A,,Ks,,+t—3(M§+2M§T+m§)A§TK
+ 12iA(M2) —i(5M2—6M§—SW)—EZA,,KS,T—EZ(ISMZ—NMﬁ 5m;)M?

16F§ S, Loty t2 te K

4 12
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+t—2(5A,,Ks,,—62€KM,T—15A7,KMK+3A(,TMK)+t—zAnK - t2(3M L+2mHm?
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+ z (5Mi+mi—=3M7)Mi — ] (Mg+2Mo+mp)AL,— ] (6M7,—9OMic—mp) AT«
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768 ZFS s, Mﬁ K T T tw K /) ST K ()= 7K

1 1
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1

M2
n

————ln
5127°F2
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Mz /)7

2 2 2 2 2 2 2 6 3
K t_+t_z(M”_3MK)_t_3(5M7]_3MK)AnK+ t_4A77K

m

1 1 1

—m("r'\ﬂi—sw)T(SmMi,Mi)‘*‘WZFSS—T(%,M?M@(—AWK"H)
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{2(32,7,( 25”)+t (M2+2M2+m2)A%, t—3[ZAwKs,T—SMf,A(KJr3M§(5Mﬁ+3m§)]AiK

m

1 1
— < [3MZ(Ak+4AM2) +ME(2TME+9m] =25, )]A L — t—[SMi(AeK—st)Jr Mﬁ(21M§+3m§—4sw)]]
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1 A 1 1
+—B(s,,M2,M2)+
3F2 ( )

—B(t, ,M2,M2)
2 Vi VK
0 4F5 So
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w

—231,4‘ t—[6A127K_(7Mﬁ_4M§7)SW]
—t—s(M§+2M§T+m§)A§,K]
1 1 2 2 2 2 2 2 2

+ 16F25—B(tW,M,],MK) [25M5=3MiA = (2M5 = Mig)s, ]

0 °w m

—t—2(15M§—6MfT+3m§—7sﬁ)AfTK

ks

12
— = [~M%(18M? —9Mg —5m}) — A ks, +3ME(1OM2—=5ME —m))JA  + = (Mg +2M2+mH)A S,
In the preceding expressions,

. (51
App=mZ—M32, 3,p=mZ+M2, (52
Apg=M3—M3, Spo=MZ+M3. (53
F. The Ay terms
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Ug= - {— Mi+2Mi+lZ+—(3M2—6M2—M2)+—[2(M2—3M2)A —9A? ]—iﬁ]
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+E€EAWKA(M2>—24F3M—iA<Mi> -8

w
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+F7T2F3In M_ﬁ C(SMFMK)_E(?’Mn_ZMK)AnKJFEAnK
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(A’?TK+ 3t17)
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t—+—2MK+t—3MKAﬂ.K—t—4Aﬂ.K

m™ T T s

12 , 1 2
+— (A2, —3A%2 )t ———In| —
ti( K ) 76872F2 | M2

2 2 2

2 6
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t_+_2(M77_3MK)_t_3(5M 7]—3MK)A,7K+ t_AA”K

m™ T s T

1
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51272F2 (Bt t)

_7
MK
1 1

= Saaapz (ME= 82 7S MM+ — 5 7t MZ M) | 2ME+8M 43t
0 0

1 1 2 1
- t—(19M§—8M§TM§+5Mj‘,)— t—2(21Mﬁ—16MfTM§+3MfT)AWK+ t—3(4M§—M§T)A§TK— t—4A§;4

m™ T T

+$2F37(%M%’M§)(_ZMﬁﬂﬁéAiK 2+E(Mi_g’Mﬁ)_%(5M3,—3Mﬁ)A,,K+%A§7K}
! ! 3 5 2
+G—FSB(SW,I\/Iﬁ,Mﬁ)JrS—FSB(tW,MfT,Mﬁ) —2+C(2mﬁ—M§T>_EA§TK_EA§TK
! 2 2 12
+ SB(tw,Mf?,Mﬁ) 2_C(ZM%_5M§)_EE”KA”'CFEA??K} 5
[
V. RESULTS M ,-=139.5701835 MeV, M ,o=134.97666) MeV,

A. Input
Mg+=493.677#0.016 MeV,

The numerical values of the physical parameters must be
fixed through experimental input. However, this input may M, o=497.672-0.031 MeV,
not necessarily consist of direct measurements of the renor-
malized parameters; it may be obtained from any suitable set M, =547.30-0.12 MeV, M, =771.1+0.9 MeV,
of experimental results. In practice one uses those experi-
ments that have the highest experimental accuracy and theo- (6) the charged light meson decay constants,
retical reliability. This criterion is certainly fulfilled for the _
following set of parameters whose numerical values are Fr2=92413-0.325 MeV,

taken from Ref[10]: _
(1) the fine structure constant, Fr==112.996-1.301 MeV,

a=1/137.035999760), coming from the analysis ofr,, andK ,, decays, respec-

tively.
_ ) Let us consider the parametd¥ls,, My , ande, related to
corresponding to the classical electron chaege\/m; light quark masses. Sindd . and M figure in our expres-
(2) the masses of the charged leptons, sions only at next-to-leading order, it is completely safe to

replace them by their leading order expressions. In fact, the
me=0.5109989021) MeV, m,=105.65835(5) MeV;  quantityM, will be identified by the neutral pion mass,

(3) the Fermi constant, M,—M _0=134.97666) MeV,
GF:11663$1)X10—5 Gev—2 while Mi will be replaced by
1
which is directly related to the muon lifetime; M2 — E(Mii*' Mi0+ Mfro— Mii)
(4) the Cabibbo-Kobayashi-Maskawa quark-mixing ma-
trix element, to get

IV, =0.2196+ 0.0026, Mk=495.042£0.034 MeV.

) ) For €, we will use the valug11],
coming from the analysis df .5 decays;

(5) the masses of the light mesons, €=(1.061-0.083 X 10 2,
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extracted from the mass splitting in the baryon octet.

We will turn now to the determination of low-energy con-
stants in the strong sector. Following REf2], these con-
stants will be evaluated at one-loop accuracy, that is, by fit-
ting experimental measurements of the concerned
observables to their ChPT expressions at next-to-leading or-
der. Note that all of our expressions will be evaluated at the
scale u equal to the rho mass. The,, form factors are
sensitive to variations of the low-energy constahis L,
andLs. By fitting experimental results o ,, form factors
[13] to their ChPT expressions at next-to-leading chiral order

PHYSICAL REVIEW D 69, 094012 (2004

Agwo=— F—(MZ— M2 .)(12L,+6L5—LE)

+

. MAL
a a
u?

2 2
Mﬂ_Mwi

4
Mg=  Mi=  3M%  M?

(57)

- In + n—s;
8m?F2.  w®  B2mr’Fi. uf

we obtain[14]
L} =(0.46=0.24 X103,
L5=(1.49+0.23 X 10 3,

L5=(—3.18-0.85x10 3.

The constant 5 can be extracted from the ratio of the kaon

to the pion decay constant in the isospin liffig],

Fy- 4 5MZ.  MZ.
:1+T(MK1_M7i)L'r5+ o2 In 5
F.= Flx 128m°F - M
2 2
- M InMKt 3M§7 InM—fy
64m2F2. p®  128a%Fi.  pf
and reads

Le=(1.49+0.14 %103,

HavingLs, it is easy to determinkg from the quantityA y,

accounting forSU(3) breaking[12],

A 8 2 2 ) r r) Mii [ Mii
— (M2 —M2.)(2L— L) — ————In
M F727i K 8 ° 32’772F121_t /-lv2

2 2
MM
32mF2. wt
the value of which readgl1]
Ay =0.065+0.065.

The result is

Lg=(1.02-0.22 X103,

The constant ; is obtained fronlLg andLg with the help of

the isospin limit quantity,

Agmo™=(4ME-—M?.—3M2)/(M2—M?.)=0.202715),
(56)

by matching its value to the ChPT expression at next-to-

leading ordeff12],

We obtain forL, the value
L,=(—0.44+0.12x10 3.

The constantLq is fixed from the electromagnetic charge
radius of the piorj15],

Lo=(5.5+0.2)x10 3,

Finally, it is difficult to fix the constantt, andLg by direct
experimental determination. These constants are suppressed
by the Okubo-Zweig-lizuka(OZIl) rule and measure the
amount by whichmg affects the values of the order param-
etersF and(qq). The constant , was derived from Roy and
Steiner equations fos and P waves ofw-K scattering am-
plitude [16],

L,=(0.53-0.39 %10 3.

The constant g has been obtained from a chiral sum rule
[17],

LE=(0.4+0.2)x10 3.

To end the discussion about the strong sector we have to
fix the parameteF. At leading chiral order this parameter
is given by the pseudoscalar decay constaRts, Fy, or
F,. One can then see the latter as the “renormalized” quan-
tities corresponding to the “bare” quantitly, and thus re-
place it by one of them after accounting for next-to-leading
order contributions. But the main question is which expres-
sion for the decay constants should be used especially since
the difference between their numerical values is relatively
big. For instance, the expressions for the pion and kaon de-
cay constants at next-to-leading order are given in the isospin
limit by [12]

4 2 2 4Mit
— r r
F e =Fol 1 5= (M7 + 2M) Lt 5 L

2 2 2 2
M * Mﬂ.t MKt MKt
/.L2

s
In ,

16m2F2. 32m2F2. pP
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4 ) - 4M§1 r ReU/ (s,)
Fe-=Fo 1+FT(M77¢+2MK¢)L4+ LE 0 06
E ’T‘ —— Fy=67.53MeV !
3M2. M2, 3Mi.  Mi. 0.
o ;7 In—5— 7 In—;
1287%F . wm°  64mFl.  u 0
2 2
o My
12872F%.  p?|
_ _ _ 1 1.5 2 2.5 3
Taking as input the aforecited values .=, M=, F_+, 5_“2
Fk=, Ly, andLg, we obtain forF, the central value$, AMZ

=67.53 MeV andF,=57.40 MeV fromF .+ and Fx=, re-
spectively. If, for comparison, we take fdr, its largeN.
estimate, the central values modify g=79.16 MeV and
Fo=71.62 MeV from F_+ and Fg+, respectively. This
amounts for a 15% to 20% deviation for the valuergf. In
our calculation we will use foF the two values given by
the bounds of the following inequality,

FIG. 1. The real part of the first term in the partlal wave expan-
sion forf form factor under the assumptiasp= me m The error
band comes exclusively from the uncertainty in the determination
of low-energy constants and has been developed in quadrature.

As can be easily seen, the singularity is outside the allowed
kinematical region form,#0 and approaches the upper
bound from the right whem, tends to zero. Therefore, there
is no apparent reason for subtracting Coulomb terms in the
case of the nonvanishing lepton mass. In order to see the

and give the difference between the two obtained results a3
. Impact of such terms on the whole correction, let us consider
an error on the final result.

In the electroweak sector it is quasi-impossible to have athe following imaginary part,

57.40<Fy=<67.53,

experimental determination of the low-energy constants due 3 4M2\ 12
to the relatively big number of constants from one side and ImU'(s,)= 397F2 _(5 —2Mm? 2|1
to the relatively small magnitude of the electroweak effects 0v3 m
from the other side. We will use for the constaHtsin the A 5M2 aM2\ 12
mesonic sector the following central values obtained by + " ( ——"1= ”)
means of resonance saturatids], 487F3 S, S,
2
Ki=-6.4x10"3 K,=-3.1x103, K}=6.4x10"3, 3e? m;
l i : o (MmN L, mE M),
T 7T
Ki=—6.4x10"3 KL[=19.9x10 3 K{=8.6x10"3, 60
Kg=0, Kj=0, K|,=—9.2x1073 The plot of the preceding expression as a functiors pfs

given by Fig. 3. It is easy to see thet (singula) terms are
with an error of+6.3x 10" 3 assigned to each of them com- almost negligible with respect ta . or e terms.
ing from naive dimensional analysis. The latter will also be
used to fix the bounds on low-energy constants in the elec- C. The g form factor

troweak leptonic sector, Unlike the f form factor, theg form factor is infrared

-3 divergent. We have shown in Réfl] that this divergence is
|X;|<6.3x107°, . -
canceled at the level of differential decay rate by the one
coming from real soft photon emission. Ky, experiments,
one has to measure modules and phases for form factors.
Therefore, a subtraction of the infrared divergence should be
applied at the level of form factors. The trouble is that the

since these constants have not been yet determined.

B. The f form factor

In what follows we will refer to the inequality subtraction is not unique. A possible choice corresponds to a
) minimal subtractionand consists of dropping out therim,
AMZ.<s <(Mg=—my)?, (58)  term. Another possible choice that we qualify byeason-

able subtractionconsists of treatindg and g form factors on
as theallowed kinematical regionThe first term in the par- an equal footing. While th&form factor is infrared finite, the
tial wave expansion fof form factor is infrared finite. It infrared divergence in thg form factor comes from wave

contains, however, singul@€oulomb terms for function renormalization of external charged particles and
from virtual photon exchange. The latter contribution is gen-
s,=(M—my)?+2m,(Mc¥2M _,—m,). (590  erated from theC, function,

094012-14



SPLITTING STRONG AND ELECTROMAGNETC . ..

Co(—pi,p2,m,,m,M,), (62)

expressed by formul@A.71) in the Appendix of Ref[1]. In
the reasonable subtraction scheme, one drops out g In
term coming from wave function renormalization and thi¢
contribution of theC, function. Formally, one introduces a
subtraction parametef which equals 1 in the minimal sub-

traction scheme and vanishes in the reasonable one. Having _; g5

this, we define the subtracted real part,
eZ
gp(s,,&)=1+ReUY(s_)+ ﬁln m

e? t,—M2—m?

87\t —(m+M )%t~ (m—M,)>

Vt,—(me=M )2+ Vt,— (mg+ M )2
X1In Inm
Vt,—(m=M ) 2=t~ (m;+M )2

+2e(t,—M2—m2)(1—¢&)

Y

X ReC(m,t,,M%,m2,m?, M%), (62)

Finally, from the imaginary part,

ImU9(s,)
A 4M2 1/2
= 5h(s,)+ —— ( e
1(Sq) 32mF2 s,
2
+ A2 t,,,mz,Mz
32mt,, (LM M)

X[m2(5t,+M2—m2)+4t,(M2—t,)]

—2e%(t,—MZ—m))ImC(m7,t, M2, m3,m7,M2),

(63)
where
s, 4|V|i: 312
81(s,) = r— (1— s , (64)
we define the subtracted phase as
e2
Sp(5,,6)=ImU%(s,)+ E(t” 2 _m?)
XNV, mEM2)EInm?
+2e(t,—M2—m?)(1—¢)
XImC(m,t, ,M2,m2,m7,M2). (65)

VI. CONCLUSION

PHYSICAL REVIEW D 69, 094012 (2004

ReU/(s,)

0.015

0.01
0.005
0

-0.01

FIG. 2. The real part of the first term in the partial wave expan-
sion for f form factor under the assumptions,g:m%, Fo
=67.53 MeV. The error band comes exclusively from the uncer-
tainty in the determination of low-energy constants and has been
developed in quadrature.

kaon, K°— 707 ¢*v,. It consists of working at the pro-
duction threshold for the lepton pa's€=m§. The latter as-
sumption simplifies the splitting significantly by allowing a
partial wave expansion of form factors with exactly the same
structure as in pure strong theory. This constitutes a good
approximation as long as the dependence of form factors on
s, remains linear and the slope poor.

The interest in the present process is at first theoretical. In
fact, the partial wave expansion of form factors involves the
P-wave isovectorrm phase shift,st 1(S4), which can be re-
lated to 7w scattering lengths via Roy equations. In turn,
scattering lengths are sensitive to the way chiral symmetry is
spontaneously broken. Consequently, a theoretical study of
the process in question including all possible contributions is
imperative. We gave here the first analytic and numerical
evaluation of the isospin breaking contribution. This would
allow the extraction ofs} 1(s,) from the experimental mea-
surement of form factors.

We started with the evaluation of the first term in the
partial wave expansion for thieform factor. This term van-
ishes in the absence of isospin breaking and is free from
infrared divergences in its presence. Motivated by these two
features, we studied the sensitivity of the isospin breaking

0.005
—— ImU/(s)
0.004}—-— ec-term
-—-—- Aj-term -
0.003}------- 2. -
>
0.002
0.001f -7 aemmmmm T
Lt
o
1 1.5 2 > 5 s
sﬂ
4M72ri

In this work we proposed a possible splitting between FIG. 3. The imaginary partin radians of the first term in the

strong and electromagnetic interactionsKi, decay form

partial wave expansion for thfeform factor under the assumptions

factors. The technique was applied to the decay of the neutral=m?=m2, F,=F,=92.419 MeV.
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ReU9(s,) PR

1\Sn
ol —= —-—-- 0p(54,0)
0.2 1 1.5 2, 2.5 3
4M2, . . ) . ) .
“ FIG. 6. The imaginary partin radiang of the first term in the

partial wave expansion fay form factor under the assumptiosg
=m?=m?, Fo=F,=92.419 MeV. The infrared divergence has
been removed applying a minima=1, as well as a reasonable,
£=0, subtraction scheme.

FIG. 4. Radiative correction to the real part of the first term in
the partial wave expansion forform factor under the assumptions
s;=m2=m2, F,=67.53 MeV. The infrared divergence has been
removed applying a minimak=1, as well as a reasonablé&s=0,
subtraction scheme. Error bands come exclusively from the uncer-

tainty in the determination of low-energy constants and have beef?’os’pin b_reaking Correct_ion _to thB-wave isovectormm
developed in quadrature. phase shift was plotted in Fig. 6. Our results are of great

utility for the interpretation of the outgoing data from the
KTeV experiment at Fermilab.

correction to variations df, andm, . This was achieved by
plotting the graph of the correction as a functionsgf for .
two values ofFq in Fig. 1 and fom,=m,, m,, in Fig. 2. We APPENDIX: LOOP INTEGRALS
then compared in Fig. 3 the relative size for the different 1. B integrals

contributions to the correction coming from virtual photons,

O(e?), mass square difference between charged and neutral We have
mesons,O(Z,e?), and mass difference between up and 1 M2
down quarksO(mg—m,). B(M2,0M2)=—2\+ 2[1—|n<—2) . (A1)
We pursued the evaluation of the first term in the partial 16m
wave expansion fog form factor. The comparison between 5
the size of isospin breaking correction to the real part of the ) 2 _ 1 my
term in question and the one-loop level correction to the B(mg,0mp)=—2A+ 1672 1=In Pl
same quantity and in the absence of isospin breaking was (A2)
made in Fig. 4.0(myg—m,) and O(a) contributions to the
preceding correction were compared in Fig. 5. Finally, theB(O,m?,Mﬁ)
2 2 2
ReU9(s;) —Re U (s — 1 myg Mg m
0.08 eU¥(sx) e Us(sx) =—2\— 5 In | 2In — | (A3)
16 " -m
— O(a,myg —my,) J k— Mg K
0.06 /!
---- O(o) 7 2
0.04 /7 _ 1 Mg
i R O(mg — ma) .22 B(M;,0M{)=—2\+ —|1-In| —
0.02ccccccc=c——=== ___’/’ ) 167 y
S ——e 1 1 Mﬁ | (1 mﬁ) (Ad)
- - —|In| 1-—
2 2 2]
-0.02 167 z M2
1 1.5 2 8x 2.5 3 ReB(sw,Mi,Mi)
M 1 1+o
= —AM2)+ 1-0,In an A5
FIG. 5. Isospin breaking correction to the real part of the first MET (M%) 1672 T -0, } (A5)
term in the partial wave expansion fgr form factor under the
assumptionss,=mZ=m2, F,=67.53 MeV. The infrared diver-
gence has been removed applying a reasondlst#d), subtraction 22,2, Om
scheme. Error bands come exclusively from the uncertainty in the ImB(s,,M7.M7)= 167’ (AB)

determination of low-energy constants and have been developed in
quadrature. where
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aM2
o,= 1- , (A7)
Sﬂ'
, o, 1 , 1 1 [4mMZ |12 4MZz -\ T2
B(s. Mg ,Mg)=—AMy)+ —— — -1 arctal -1 . A8
( T K K) Mﬁ ( K) 16772 87TZ S7T Sﬂ. ( )

For the following integral, we shall distinguish between two cases.
(@) The lepton is an electron:

2

B(s,,M2,M2)= ! 2)+ ! 1—i(M2—MfT)In l

7 2M? 2 16m2| " 2s, 7 M2
+If[4M2<s,<(M,—M )]16 o \/(M,}+M7T)2—S7T\/(M,,—M7T)2—

V(M +M )2—s,+ J(M,,—Mm—sw
x1n IfL(M,—M ,)2<s,<(Mg—me)?]

VM, +M)2=s,—(M,—M )?—s,
Vs, —(M,—M)?

XM, + M )2=s s, —(M,— M ;)?arctan : (A9)
8m°s, VM, +M )2=s_
(b) The lepton is a muon:
, 1 1 , 1 o M2
B(s, ,M2,M2)= ——A(M?)+ —— A(M2) + 1— — (M2=M2)In| —
(S My, M) 2M? (M) 2M2 T 25,7( 7~ M) M2
VM, +M_)2—s_+V(M,—M _)%—s
— VM, +M)2=5, (M, M )25, In——e—— N IN )
16ms, VM, +M)2=s,—(M,—M )?—s,
1 2
ReB(t,,m?,M2)= — A(m? M2)+ — —(m2=M?2)In| —
( 4 'rr) 2m§ ( €) 2 ( 77) 16’7T2 2t,n.( 4 11') i
1 Vi, — (M= M) 2+t —(m+ M,)?
— ——— V(M + M)A, — (M= M )% In . (A1)
167, Vit —(m—M ) 2=t —(m+M )2
1
ImB(t,,mf,M?%)= Vi, = (m+M )2t~ (m—M )2 (A12)
167t
2 2 1 2 1 1 2 _ 2 Mi’
B(t,,M2,M2)= —— A(M2)+ A(M 1- —(M2~M2)In| —
( ™ T K) 2M2 ( ) ZMi ( K) 167T2 2t ( K) Mi
1 VM +M)2=t,+ V(M —M)2—t,
——— V(M +M)2—t (M, ~M)2—t, In . (A13)
167t VM +M)2=t,— (M, —M )2t
2
1 , 1 1 . 1 2 M2
B(t,,M2,M2)= A(M - n
(tr M%,Mp) = o AMt o 0+ T | 1™ g, (M Min|
1 Vt,—(M,—My)?
— —— (M, + M)~ t,\t,— (M, —My)Zarctan . (A14)
8mt, VM, +My)2-t,
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2. 7integrals (

These integrals appeared while splitting strong and elec-
tromagnetic parts in two-point functions. Their definition is

2
Ttw,l\/l,],

PHYSICAL REVIEW D 69, 094012 (2004

M)

4

given by Eq.(43). We are interested in the following particu-
lar 7 integrals:

2 1+o,

X arctan

Rer(s,,M2,M2)=— In , (A15)
S0, \l1—0o,
5 21
Im 7(s,,M2,M%)= . (A16)
S’ITO”)T
4 4|V|2 —-1/2
2 N2y K
T(SWYMK'MK)_SW( S7T 1)
4M2 —-1/2
xarctar( K—1) . (A17)
tions:
(t, , M2,M)
2
V(M =M )2 =t (M +M)2—t, L
V(M4 M2t + V(M —M)?—t, " 1672
xIn . (A18) 16m
\/(MW+MK)2_t7T_\/(Mﬂ'_MK)z_t’TT
2 2 2 1 1
C(t,,t,,0mz,M2 M2)= ——— ———
( ¢ K 327, M2 —m?2
m? MZ—M2+t_+X,
2 2
XYV (Mg=M7Z+t)Inl — | +x9In— >
M2 MZ—M2+t.—X,

(Xo+ME—m7)2=\(t,,mf,M2)

Vt,— (M, —M)2V(M,+M)2—t .

\/tﬂ'_(Mn_MK)Z
M, + M2t

(A19)

3. Cintegrals

These are scalar three-point functions whose definition
and expressions were given in the appendix of REF. In
what follows, we sketch some of the particular cases that we
need for the numerical evaluation of isospin breaking correc-

C(mz,0mz,0mz,M2)

1 my 1 mg
—In|1-—|+ In| — 11,
Lt L g MR g
(A20)
MZ—M2+t_+x,
_Xll

n
2 2
MZ—M2+t,—x

(X +ME—=m7)2=\(t, ,m7,M2)

—XpIn +X4In

(Xo— Mg +mp)?=\(t,,m;,M?%)
(Xo+Mg—m?)?=\(t,,m7,M%)

—(M2=m?)In
MmO M2 22 n (1, M)

MZ—mZ+xo+ A YAt ,mZ,M2)

—(Mg—mp)in

—\Y4t,,mZ,M2%)In
T Mg M X Nt mE,M7)

i , MZ—m?Z—xo+AYA(t,,mZ,M2)
—\Yqt,,m;,M2)In

ME —mf—xo— YAt m7,M2)

MZ—mZ—x,+ AVt ,mZ,M2)

+AYA(t,,m2,M2%)In
‘ MZ—mZ—x,—\ At ,mZ,M2)

MZ—mZ+x,+ AVt ,mZ,M2)

+AYA(t,,m2,M2%)In

where

094012-18

ME—mi+x,— A\t mE,M2) |

(x1= Mg +m)?=\(t,,m;,M?%)

(Xo—ME+m})2=\(t,,m7,M?)

(x1= Mg +mg)?=\(t,,m7,M2)

(A21)
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)\llz(tw rmﬁvM Er) = \/tﬂ'_ (mf_ M 17)2\/t77_ (m€+ M 77)2 (AZZ)

and
Xo=VA(t,, M2, M2)+4t (MZ—m), (A23)
X =AYt , M2, M2) = (M, — M) 2=t (M, +M)2—t,,. (A24)

1 1 Oy

16m* mM , 1— o2

C(MZ,t,,m;,0M2 M§)=

m,Mg M My w1 [ me fme) 1
X3 In(—o In +In ——+—=In? | —|—=In“| —|—=In(—0o
(Zoe) 2 —m? MZ-mZ)| 6 2 M, My 2 e
1 mg 1 M,n. 1 mg O'gﬂ.
—In¥ (o) —=IN?|1— —o0p, | —=IN?|1— —o0(, |+ =IN?| 1— — —
2 M,n. 2 m€ 2 K O 7K
1 MK Tom 1 me 1 MK
+—|n2 1___ +—|n2 1__0'(770'7”( +—|n2 1__0-€7TO-77K
2 me o,k MK 2 my
my M, me Mg
—Liy| ——— | —Li, +Li, +Li,| ——mmm
me—M o, M, —mMyo(, My~ My 0,0 7k Mk =m0 (70 -k
Meo 7k Myo -«
+Li, +Liy| ——| ¢, (A25)
mfo-ﬁK_MKo-€7T MKO-*n'K_mea-fﬂrr

where

\/t’n'_(m€+ Mﬂ')z_ \/t'n'_(me_ M'n’)z
At (e M) — (=M )2

O¢r (A26)

VIM_+M)2—t_—(M_—My)>—t,
VM, M2t + (M~ M2t

(A27)

(o

K=

1 1 O¢r

ReC(m?,t_,M2 m2 mZM2)=
(m oMy M, M) 1672 MM, 1— o2

m2

1 me 1
+ 7%+ —In?l — | — =In*(—0oy,,)

2In(1—<f§w)—ln( vl

¢Vl

1 m, 1 M.,
- 1-—o, |- =N 1-—0oy,
2 M 2 m,

w

X{In(_a-fﬂn')

M.
+Li2(0'?ﬂ.)—|_i2 m
T (Y0

m

me
- Liz( —) } : (A28)

m€_MWU€W

1 1

ImC(mf.t, M2, m2,m;,M2%)=

16w In(m2)+In(t,,) — 2 Int, — (M~ M ,)?
167 \/t"_(me_M‘ﬂ')z\/tn-_(mg-l-l\/lﬂ_)z[n(my)—l— n(t,) nyt,—(m; )

=2 InVt,—(mg+M,)?]. (A29)
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