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Splitting strong and electromagnetic interactions inKø4 decays

A. Nehme*
27 rue du Four de la Terre, F-84000 Avignon, France
~Received 31 January 2004; published 20 May 2004!

We recently consideredK,4 decays in the framework of chiral perturbation theory based on the effective
Lagrangian including mesons, photons, and leptons. There, we published analytic one-loop-level expressions
for form factorsf andg corresponding to the mixed process,K0→p0p2,1n, . We propose here a possible
splitting between strong and electromagnetic parts allowing analytic~and numerical! evaluation of isospin
breaking corrections. The latter are sensitive to the infrared divergence subtraction scheme and are sizable near
the pp production threshold. Our results should be used for the extraction of theP-wave isovectorpp phase
shift from the outgoing data of the currently running KTeV experiment at Fermilab.
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I. INTRODUCTION

Every time that a kaon decays into a couple of pions a
a lepton-neutrino pair,pp scattering occurs in the final stat
Whenever a pion scatters on its twin, it offers us an ad
tional opportunity to scrutinize the fundamental state
strong interactions~see Ref.@1# for references!. Let d l

I be the
phase of a two-pion state of angular momentuml and isospin
I and consider theK,4 decay process

K~p!→p~p1!p~p2!,1~p,!n,~pn!, ~1!

where the lepton, is either a muonm or an electrone, andn
stands for the corresponding neutrino. In the isospin lim
the decay amplitudeA for process~1! can be parametrized in
terms of three vectorial~F, G, andR! and one anomalous~H!
form factors:

A8 i
GF

&
Vus* ū~pn!gm~12g5!v~p,!H i

MK6

@~p11p2!mF

1~p12p2!mG1~p,1pn!mR#

2
1

MK6
3 emnrs~p,1pn!n~p11p2!r~p12p2!sHJ , ~2!

whereVus denotes the Cabibbo-Kobayashi-Maskawa flav
mixing matrix element andGF is the so-called Fermi cou
pling constant. Note that form factors are made dimensi
less by inserting the normalizationsMK6

21 andMK6
23. The fact

that we have used thechargedkaon mass is a purely con
ventional matter and corresponds to the choice of defin
the isospin limit in terms of charged masses. In the follo
ing, we will be interested only in two form factorsF andG
and denote by (F,G)12 and (F,G)02 those corresponding
to the physical processes

K1~p!→p1~p1!p2~p2!,1~p,!n,~pn! ~3!

and
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K0~p!→p0~p1!p2~p2!,1~p,!n,~pn!, ~4!

respectively.
Form factors are analytic functions of three independ

Lorentz invariants,

sp8~p11p2!2, s,8~p,1pn!2, ~5!

and the angleup formed byp1 , in the dipion rest frame, and
the line of flight of the dipion as defined in the kaon re
frame@2,3#. It has been shown in Ref.@4# that, in the experi-
mentally relevant region, the partial wave expansion,

F125@ f S~sp!1 f ,s,#eid0
0
~sp!1 f̃ PXYcosupeid1

1
~sp!, ~6!

G125~gP1gP8sp1g,s,!eid1
1
~sp!1g̃DXYcosupeid2

0
~sp!,

~7!

is proving sufficient to parametrize form factors. In the pr
ceding,

X8
1

2
l1/2~sp ,s, ,MK6

2
!, Y8

1

sp
l1/2~sp ,Mp6

2 ,Mp6
2

!,

~8!

with

l~x,y,z!8x21y21z222xy22xz22yz ~9!

the usual Ka¨llén function. Note the linear dependence of t
first term in the partial wave expansion of form factors
s, . Isospin symmetry, Bose symmetry, and theDI 51/2 rule
lead to

F025& f̃ PXYcosupeid1
1
~sp!, ~10!

G025&~gP1gP8sp1g,s,!eid1
1
~sp!.

~11!

It follows thatK,4 decay of the neutral kaon is dominated b
P waves. Therefore, a precise measurement of form fac
©2004 The American Physical Society12-1
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for the decay in question would allow an accurate deter
nation of theP-wave isovectorpp phase shift.

The currently running KTeV experiment@5# aims at mea-
suring form factors forK,4 decay of the neutral kaon with a
accuracy 3 times better than the one offered by previ
measurement@6,7#. The outgoing data on form factors con
tain, besides a strong interaction contribution, a contribut
coming from the electroweak interaction. The latter brea
isospin symmetry and is expected to be sizable near thepp
production threshold@8#. In order to extractpp scattering
parameters from the KTeV measurement, the isospin bre
ing correction to form factors should therefore be under c
trol. In this direction, we recently published analytic expre
sions forF02 and G02 form factors calculated at one-loo
level in the framework of chiral perturbation theory based
the effective Lagrangian including mesons, photons, and
tons @1#. In the present work, we will split analytically th
isospin limit and isospin breaking part in form factors, allo
ing a first evaluation of isospin breaking effects inK,4 de-
cays.

II. KINEMATICAL VARIABLES

In the following, we shall consider process~4! and use,
unless mentioned, notations of Ref.@1#. In the presence o
isospin breaking, the decay amplitude for process~4! can be
written as follows by Lorentz covariance,

A028
GFVus*

&
ū~pn!~11g5!H 1

MK6

@~p11p2!m f 02

1~p12p2!mg021~p,1pn!mr 02#gm

1
i

MK6
3 emnrs~p,1pn!n~p11p2!r~p12p2!sh02

1
1

2MK6
2 @gm ,gn#p1

mp2
nTJ v~pl !.

The quantitiesf, g, r, andh will be called thecorrected K,4
form factors since their isospin limits are nothing else th
the K,4 form factors,F, G, R, andH, respectively. The ten
sorial form factorT is purely isospin breaking and does n
contribute to the mixed process at leading chiral order. T
corrected form factors as well as the tensorial one are a
lytic functions of five independent Lorentz invariantssp , s, ,
up , u, , andf. u, is the angle formed byp, , in the dilepton
rest frame, and the line of flight of the dilepton as defined
the kaon rest frame.f is the angle between the normals
the planes defined in the kaon rest frame by the pion pair
the lepton pair, respectively. Let us denote bydF anddG the
next-to-leading order corrections to theF02 and G02 form
factors, respectively,

f 025
MK6

F0
~01dF !,
09401
i-

s

n
s

k-
-

-

n
p-

n

e
a-

n

d

g025
MK6

F0
~11dG!.

The analytic expressions fordF anddG were given in Ref.
@1#. We shall distinguish betweenphotonicandnonphotonic
contributions to dF and dG. The photonic contribution
comes from those Feynman diagrams with a virtual pho
exchanged between two meson legs or one meson leg a
pure strong vertex. Obviously, this contribution is propo
tional to e2, wheree is the electric charge, and depends
general on the five independent kinematical variables,sp ,
s, , up , u, , andf through Lorentz invariants such as (p2
1p,)2, say. The nonphotonic contribution comes from d
grams having similar topology as those in the pure stro
theory with isospin breaking allowed in propagators and v
tices. This contribution generates isospin breaking terms p
portional to the rate ofSU(2) to SU(3) breaking,

e8
)

4

md2mu

ms2m̂
, m̂8

1

2
~mu1md!, ~12!

and to mass square difference between charged and ne
mesons,

Dp8Mp6
2

2Mp0
2

52Z0e2F0
21O~p4!, ~13!

DK8MK6
2

2MK0
2

52Z0e2F0
22B0~md2mu!1O~p4!, ~14!

or equivalently, (md2mu)/(ms2m̂), Z0e2, and md2mu .
The kinematical dependence is on three Lorentz invaria
(p11p2)2, (p2p1)2, and (p2p2)2, which represent, re-
spectively, the dipion mass square, the exchange energy
tween the kaon and the neutral pion, and that between
kaon and the charged pion. In terms of independent ki
matical variables, the preceding scalars are functions ofsp ,
s, , and cosup .

A. The photonic contribution

A generic term in the photonic contribution can be

photonic contribution5e2(
i

j i„~p21p,!2,...…, ~15!

where j i is an arbitrary loop integral function of (p2
1p,)2. To the order we are working, that is, to leading ord
in isospin breaking, the power counting scheme we use
tates the following on-shell conditions to be used in the
gument ofj i ,

p25MK
2 8B0~ms1m̂!, p1

25p2
25Mp

2 82B0m̂. ~16!

Therefore, (p21p,)2 in ~15! should be replaced by the fol
lowing expression@1#,
2-2
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Mp
2 1m,

21
1

4 S 11
m,

2

s,
D ~MK

2 2s,2sp!

2
1

4 S 11
m,

2

s,
D S 12

4Mp
2

sp
D 1/2

l1/2~sp ,s, ,MK
2 !cosup

1
1

4 S 12
m,

2

s,
Dl1/2~sp ,s, ,MK

2 !cosu,

2
1

4 S 12
m,

2

s,
D S 12

4Mp
2

sp
D 1/2

~MK
2 2s,2sp!cosup cosu,

1
1

2 S 12
m,

2

s,
D S 12

4Mp
2

sp
D 1/2

~sps,!1/2

3sinup sinu, cosf.

From the foregoing, it is clear that fors,5m,
2 the photonic

contribution neither depends onu, nor on f. In order to
reduce the complexity of the study and allow the treatm
of photonic and nonphotonic contributions toA02 on an
equal footing, we will assume that

s,5m,
2 ~17!

and use for (p21p,)2 in ~15! the following expression,

~p21p,!25
1

2
~MK

2 12Mp
2 1m,

22sp!

2
1

2 S 12
4Mp

2

sp
D 1/2

l1/2~sp ,m,
2,MK

2 !cosup .

~18!

It follows that ~15! can be written as

photonic contribution5e2§~sp!1e2q~sp!cosup ,
~19!

where§ andq are analytic functions ofsp .

B. The nonphotonic contribution

In order to split strong and electromagnetic terms in
nonphotonic contribution, one has to expand the excha
energies (p2p1)2 and (p2p2)2 in powers of the fine struc
ture constanta andmd2mu . To this end, we shall first ex
09401
t

e
ge

press these scalars in terms ofsp and cosup for s,5m,
2 and

in the presence of isospin breaking. From Ref.@1#,

~p2p1!25MK0
2

1Mp0
2

2
1

2sp
@~MK0

2
2m,

21sp!~sp1Mp0
2

2Mp6
2

!

1l1/2~sp ,m,
2,MK0

2
!l1/2~sp ,Mp0

2 ,Mp6
2

!cosup#,

~20!

~p2p2!25MK0
2

1Mp6
2

2
1

2sp
@~MK0

2
2m,

21sp!~sp2Mp0
2

1Mp6
2

!

2l1/2~sp ,m,
2,MK0

2
!l1/2~sp ,Mp0

2 ,Mp6
2

!cosup#.

~21!

Let us denote bytp andup the isospin limits of the preced
ing Lorentz scalars,

tp5
1

2
~MK6

2
12Mp6

2
1m,

22sp!

2
1

2
S 12

4Mp6
2

sp
D 1/2

l1/2~sp ,m,
2,MK6

2
!cosup , ~22!

up5
1

2
~MK6

2
12Mp6

2
1m,

22sp!

1
1

2
S 12

4Mp6
2

sp
D 1/2

l1/2~sp ,m,
2,MK6

2
!cosup . ~23!

For completeness, it is convenient to note the followi
proposition,

cosup50⇒tp5up5
1

2
~MK6

2
12Mp6

2
1m,

22sp!.

~24!
Using the replacements

Mp0
2 →Mp6

2
2Dp , MK0

2 →MK6
2

2DK , ~25!

and expanding~20! and~21! to first order inDp andDK , we
obtain
~p2p1!25
1

2
~MK6

2
12Mp6

2
1m,

22sp!1
1

2sp
~MK

2 2m,
22sp!Dp2

1

2
DK

1F2
1

2
S 12

4Mp6
2

sp
D 1/2

l1/2~sp ,m,
2,MK6

2
!2

1

2sp
S 12

4Mp
2

sp
D 21/2

l1/2~sp ,m,
2,MK

2 !Dp

1
1

2 S 12
4Mp

2

sp
D 1/2

~MK
2 2m,

22sp!l21/2~sp ,m,
2,MK

2 !DKGcosup , ~26!
2-3
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~p2p2!25
1

2
~MK6

2
12Mp6

2
1m,

22sp!2
1

2sp
~MK

2 2m,
21sp!Dp2

1

2
DK

1F1

2
S 12

4Mp6
2

sp
D 1/2

l1/2~sp ,m,
2,MK6

2
!1

1

2sp
S 12

4Mp
2

sp
D 21/2

l1/2~sp ,m,
2,MK

2 !Dp

2
1

2 S 12
4Mp

2

sp
D 1/2

~MK
2 2m,

22sp!l21/2~sp ,m,
2,MK

2 !DKGcosup . ~27!
p

In

qs
y
in

e
-

ac

e

is

ing
te-
,

Note that terms of orderO(DpDK) are forbidden by our
power counting scheme since they are first order in isos
breaking. Although Eqs.~26! and ~27! are simple to derive,
their utility is of great importance to the present study.
fact, the involved expansion could be generalized to anyK,4
observable as we will see below.

C. Splitting strong and electromagnetic interactions

The first step in our program consists on injecting E
~26! and ~27! in the nonphotonic contribution to the deca
amplitudeA02. Then, we expand once more to first order
Dp and DK dropping out terms of orderO(DpDK). As a
result, form factors forK,4 decay of the neutral kaon can b
written in the following compact form, which shows explic
itly the splitting between strong and electromagnetic inter
tions,

x02
„sp ,~p2p1!2,~p2p2!2,~p21p,!2,...…

5
MK6

F0
@dxg1Ux~sp!1Vx~sp!cosup#, x5 f ,g,

~28!
where

Wx5Ws
x1Wp

x Dp1WK
x DK1We2

x e21We
x e

)
, W5U,V,

~29!

are analytic functions ofsp . If one makes the following
substitutions,

Dp→2Z0e2F0
2, ~30!
09401
in

.

-

DK→2Z0e2F0
22

4e

)
~MK

2 2Mp
2 !, ~31!

then Eqs.~28! and ~29! read

Wx5Ws
x1Wa

x e21Wmd2mu

x e

)
, ~32!

Wa
x 5We2

x
12Z0F0

2~Wp
x 1WK

x !, ~33!

Wmd2mu

x 5We
x24~MK

2 2Mp
2 !WK

x . ~34!

The aim of the present work is to determine theU functions
corresponding tof and g form factors forK,4 decay of the
neutral kaon.

III. THE PHOTONIC CONTRIBUTION

From now on, we will work under proposition~24! keep-
ing in mind that, in the isospin breaking contribution, th
power counting dictates the following,

Isospin breaking→tp5up5
1

2
~MK

2 12Mp
2 1m,

22sp!.

~35!

Taking the photonic contribution from Ref.@1#, applying as-
sumption~17!, and performing the preceding expansion, it
easy at a first sight to deriveUe2. The problem is that, in
practice, one encounters loop integrals with a vanish
Gramm determinant when reducing vector and tensor in
grals to scalar ones@9#. After a long and tedious calculation
one obtains
Ue2
f

5
1

3
~26K313K412K512K626X1!2

2

3

Mp
2

Mp
2 2Mh

2 ~6K323K422K522K612K912K10!

1B~Mp
2 ,0,Mp

2 !H 12
1

4
@~MK

2 2m,
22sp!224m,

2Mp
2 #l21~ tp ,m,

2,Mp
2 !1

3

4
m,

2Mp
2 ~sp24Mp

2 !

3~MK
2 2m,

22sp!l22~ tp ,m,
2,Mp

2 !J 1B~m,
2,0,m,

2!H 2
3

4
m,

2~MK
2 2m,

22sp!l21~ tp ,m,
2,Mp

2 !J
1B~0,m,

2,MK
2 !H m,

2

4tp

1
m,

2

4tp

~sp24Mp
2 !~Mp

2 2m,
21tp!l21~ tp ,m,

2,Mp
2 !J
2-4
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1B~m,
2,0,MK

2 !H 2m,
4Mp

2 ~sp24Mp
2 !l22~ tp ,m,

2,Mp
2 !1

1

16
m,

2~sp24Mp
2 !~MK

2 2m,
22sp!2l22~ tp ,m,

2,Mp
2 !J

1B~ tp ,m,
2,Mp

2 !H 211
1

2
@ tp~MK

2 22m,
22sp!2~Mp

2 2m,
2!~MK

2 2sp!#l21~ tp ,m,
2,Mp

2 !J
1B~ tp ,Mp

2 ,MK
2 !H 2

m,
2

4tp
2

m,
2

4tp
~sp24Mp

2 !~Mp
2 2m,

21tp!l21~ tp ,m,
2,Mp

2 !

1
1

4
m,

2~sp24Mp
2 !@2tp~3Mp

2 2m,
21tp!1~Mp

2 2m,
2!~5Mp

2 1m,
22tp!#l22~ tp ,m,

2,Mp
2 !J

1C~Mp
2 ,tp ,m,

2,0,Mp
2 ,MK

2 !H m,
2Mp

2 ~MK
2 2m,

2!l21~ tp ,m,
2,Mp

2 !

1
3

4
m,

2Mp
2 ~sp24Mp

2 !~MK
2 2m,

2!~MK
2 2m,

22sp!l22~ tp ,m,
2,Mp

2 !J
1C~m,

2,0,m,
2,0,m,

2,MK
2 !H 2

1

2
m,

2~MK
2 2m,

2!~Mp
2 1m,

22tp!l21~ tp ,m,
2,Mp

2 !J
1C~ tp ,tp,0,m,

2,Mp
2 ,MK

2 !H 2
1

2
m,

2~MK
2 2m,

2!~Mp
2 2m,

21tp!l21~ tp ,m,
2,Mp

2 !

1
m,

2

8tp
~sp24Mp

2 !~5Mp
2 1m,

22tp!~Mp
2 2m,

22tp!l21~ tp ,m,
2,Mp

2 !

1
m,

2

16tp
~sp24Mp

2 !~MK
2 2m,

22sp!~3Mp
2 23m,

22tp!l21~ tp ,m,
2,Mp

2 !1
m,

2

4tp
~Mp

2 2m,
21tp!J , ~36!

Ue2
g

52
1

18
~24K1124K218K518K6236K12112X119X6!1

1

Mp
2 A~Mp

2 !2
1

2m,
2 A~m,

2!

2
1

32p2 S 512 ln
mg

2

Mp
2 12 ln

mg
2

m,
2D 1B~Mp

2 ,0,Mp
2 !H 2m,

2Mp
2 l21~ tp ,m,

2,Mp
2 !

2~Mp
2 1m,

22tp!~Mp
2 2m,

21tp!l21~ tp ,m,
2,Mp

2 !2
3

4
m,

2Mp
2 ~sp24Mp

2 !~MK
2 2m,

22sp!l22~ tp ,m,
2,Mp

2 !J
1B~m,

2,0,m,
2!H 11

1

4
~MK

2 2m,
22sp!~MK

2 12m,
22sp!l21~ tp ,m,

2,Mp
2 !J

1B~0,m,
2,MK

2 !H 1

2
2

m,
2

4tp

2
m,

2

4tp

~sp24Mp
2 !~Mp

2 2m,
21tp!l21~ tp ,m,

2,Mp
2 !J

1B~m,
2,0,MK

2 !H 2
1

2
22m,

4Mp
2 ~sp24Mp

2 !l22~ tp ,m,
2,Mp

2 !2
1

16
m,

2~sp24Mp
2 !~MK

2 2m,
22sp!2l22~ tp ,m,

2,Mp
2 !J

1B~ tp ,m,
2,Mp

2 !H 1

2
m,

2~Mp
2 2m,

2!l21~ tp ,m,
2,Mp

2 !2
1

2
tp~2MK

2 23m,
222sp!l21~ tp ,m,

2,Mp
2 !J

1B~ tp ,Mp
2 ,MK

2 !H m,
2

4tp

1
m,

2

4tp

~sp24Mp
2 !~Mp

2 2m,
21tp!l21~ tp ,m,

2,Mp
2 !

1
1

4
m,

2~sp24Mp
2 !@ tp~3Mp

2 2m,
21tp!2~Mp

2 2m,
2!~5Mp

2 1m,
22tp!#l22~ tp ,m,

2,Mp
2 !J
094012-5
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1C~Mp
2 ,tp ,m,

2,0,Mp
2 ,MK

2 !H 2m,
2Mp

2 ~MK
2 2m,

2!l21~ tp ,m,
2,Mp

2 !

2
3

4
m,

2Mp
2 ~sp24Mp

2 !~MK
2 2m,

2!~MK
2 2m,

22sp!l22~ tp ,m,
2,Mp

2 !J
1C~m,

2,0,m,
2,0,m,

2,MK
2 !H 1

2
m,

2~MK
2 2m,

2!~Mp
2 1m,

22tp!l21~ tp ,m,
2,Mp

2 !J
1C~ tp ,tp,0,m,

2,Mp
2 ,MK

2 !H 2
m,

2

4tp

~Mp
2 2m,

21tp!1
1

2
m,

2~MK
2 2m,

2!~Mp
2 2m,

21tp!l21~ tp ,m,
2,Mp

2 !

2
m,

2

8tp

~sp24Mp
2 !~5Mp

2 1m,
22tp!~Mp

2 2m,
22tp!l21~ tp ,m,

2,Mp
2 !1

1

4
m,

2~sp24Mp
2 !~MK

2 2m,
22sp!l21~ tp ,m,

2,Mp
2 !

2
3m,

2

16tp

~sp24Mp
2 !~MK

2 2m,
22sp!~Mp

2 2m,
21tp!l21~ tp ,m,

2,Mp
2 !J 2~MK

2 2m,
22sp!C~m,

2,tp ,Mp
2 ,mg

2,m,
2,Mp

2 !.

~37!
ra

oi

o-
IV. THE NONPHOTONIC CONTRIBUTION

A. One-point functions

Let P denotes a pionp or a kaonK, andDP the difference

DP8M P6
2

2M P0
2 . ~38!

We shall expand the one-point function,

A~M P0
2

!82 im42DE dDl

~2p!D

1

l 22M P0
2 , ~39!

to leading order in isospin breaking.
In dimensional regularization, the preceding integ

reads,

A~M P0
2

!5M P0
2 F22l̄2

1

16p2 lnS M P0
2

m2 D G .

By ~38!, this is equivalent to

A~M P0
2

!522l̄~M P6
2

2DP!2
1

16p2 ~M P6
2

2DP!

3 lnF S M P6
2

m2 D S 12
DP

M P
2 D G .

Expanding to first order inDP , we obtain the splitting be-
tween strong and electromagnetic interactions in one-p
functions,
09401
l

nt

A~M P0
2

!5A~M P6
2

!1F 1

16p22
1

M P
2 A~M P

2 !GDP . ~40!

B. Two-point functions

The loop integral

B~p1 ,m0 ,m1!

82 im42DE dDl

~2p!D

1

~ l 22m0
2!@~p11 l !22m1

2#
~41!

is function of three scalarsp1
2, m0

2, and m1
2. In order to

obtain isospin breaking corrections generated from~41! we
shall expandB(p1

21d,m0
21d0 ,m1

21d1) to first order ind,
d0 , andd1 , where these quantities are leading order in is
spin breaking,

d,d0 ,d15O~a,md2mu!. ~42!

In dimensional regularization,

B~p1
2,m0

2,m1
2!5

1

16p2 F 2

42D
1 ln~4pm2!1G8~1!G

2
1

16p2 E
0

1

dx ln@xm0
21~12x!m1

2

2x~12x!p1
2#.

One then has
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B~p1
21d,m0

21d0 ,m1
21d1!

5
1

16p2 F 2

42D
1 ln~4pm2!1G8~1!G

2
1

16p2 E
0

1

dx ln@x~m0
21d0!1~12x!~m1

21d1!

2x~12x!~p1
21d!#.

Expanding to first order ind, d0 , and d1 , the preceding
equation takes the form

B~p1
21d,m0

21d0 ,m1
21d1!

5B~p1
2,m0

2,m1
2!

2
1

16p2E
0

1

dx
x

xm0
21~12x!m1

22x~12x!p1
2 d0
09401
2
1

16p2E
0

1

dx
12x

xm0
21~12x!m1

22x~12x!p1
2 d1

2
1

16p2E
0

1

dx
2x~12x!

xm0
21~12x!m1

22x~12x!p1
2 d.

If we denote byt the generic integral

t~p1
2,m0

2,m1
2!8E

0

1

dx
1

xm0
21~12x!m1

22x~12x!p1
2 ,

~43!

then the splitting between strong and electromagnetic in
actions in two-point functions is easily obtained from t
following compact formula,
B~p1
21d,m0

21d0 ,m1
21d1!5B~p1

2,m0
2,m1

2!2
1

32p2p1
2 F lnS m0

2

m1
2D 1~p1

21m1
22m0

2!t~p1
2,m0

2,m1
2!Gd0

1
1

32p2p1
2 F lnS m0

2

m1
2D 2~p1

22m1
21m0

2!t~p1
2,m0

2,m1
2!Gd1

2
1

32p2p1
4 H 2p1

21~m1
22m0

2!lnS m0
2

m1
2D 1@~m1

22m0
2!22p1

2~m1
21m0

2!#t~p1
2,m0

2,m1
2!J d. ~44!

As an application, consider the two-point function,B(p12p,Mp0,MK0), selected from thet-channel contribution toA02.
The following replacements in~44!,

d→2
1

sp
~Mp

2 1m,
22tp!Dp2

1

2
DK , d0→2Dp , d1→2DK ,

lead to the expression

B~p12p,Mp0,MK0!

5B~ tp ,Mp6
2 ,MK6

2
!1

Dp

32p2tp
H 2

sp

~Mp
2 1m,

22tp!1F11
1

sptp

~Mp
2 1m,

22tp!~MK
2 2Mp

2 !G lnS Mp
2

MK
2 D

1FMK
2 2Mp

2 1tp2
1

sp

~MK
2 1Mp

2 !1
1

sptp

~Mp
2 1m,

22tp!~MK
2 2Mp

2 !2Gt~ tp ,Mp
2 ,MK

2 !J
1

DK

32p2tp
H 11

1

2tp

~MK
2 2Mp

2 22tp!lnS Mp
2

MK
2 D 2F1

2
~3MK

2 2Mp
2 22tp!2

1

2tp

~MK
2 2Mp

2 !2Gt~ tp ,Mp
2 ,MK

2 !J .

~45!
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C. Isospin limit

We have

Us
f50, ~46!

Us
g52

1
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2 H 1
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2
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2
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2
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9

tp

~Mh
22MK6

2
!~Mh

21MK6
2

!G
148@2~Mp6

2
1MK6

2
2tp!L312~Mp6

2
12MK6

2
!L42m,

2L9#1A~Mp6
2

!F52
6
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tp
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6
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6
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18

tp
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22MK6
2

!3G J . ~47!

D. The e terms

We have

Ue
f 5231
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094012-8



SPLITTING STRONG AND ELECTROMAGNETIC . . . PHYSICAL REVIEW D 69, 094012 ~2004!
Ue
g5
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E. The Dp terms

We have
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In the preceding expressions,
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F. The DK terms
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tp

1
2

tp
2 MK

2 1
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tp
3 MK

2 DpK2
1

tp
4 DpK
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2

1

512p2F0
2 lnS Mh

2

MK
2 D ~DhK1tp!F 2

tp

1
2

tp
2 ~Mh

223MK
2 !2

2

tp
3 ~5Mh

223MK
2 !DhK1

6

tp
4 DhK

3 G
2

1

384p2F0
2 ~4MK

2 2sp!t~sp ,MK
2 ,MK

2 !1
1

768p2F0
2 t~ tp ,Mp

2 ,MK
2 !F2MK

2 18Mp
2 13tp

2
1

tp

~19MK
4 28Mp

2 MK
2 15Mp

4 !2
1

tp
2 ~21MK

4 216Mp
2 MK

2 13Mp
4 !DpK1

2

tp
3 ~4MK

2 2Mp
2 !DpK

3 2
1

tp
4 DpK

5 G
1

1

512p2F0
2 t~ tp ,Mh

2,MK
2 !S 22MK

2 1tp1
1

tp

DhK
2 D F21

2

tp

~Mh
223MK

2 !2
2

tp
2 ~5Mh

223MK
2 !DhK1

6

tp
3 DhK

3 G
1

1

6F0
2 B~sp ,MK

2 ,MK
2 !1

1

8F0
2 B~ tp ,Mp

2 ,MK
2 !F221

3

tp

~2MK
2 2Mp

2 !2
5

tp
2 DpK

2 2
2

tp
3 DpK

3 G
1

1

16F0
2 B~ tp ,Mh

2,MK
2 !F22

2

tp

~2Mh
225MK

2 !2
2

tp
2 ShKDhK1

12

tp
3 DhK

3 G . ~55!
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no
s
e
he

ar
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to
the
V. RESULTS

A. Input

The numerical values of the physical parameters mus
fixed through experimental input. However, this input m
not necessarily consist of direct measurements of the re
malized parameters; it may be obtained from any suitable
of experimental results. In practice one uses those exp
ments that have the highest experimental accuracy and t
retical reliability. This criterion is certainly fulfilled for the
following set of parameters whose numerical values
taken from Ref.@10#:

~1! the fine structure constant,

a51/137.03599976~50!,

corresponding to the classical electron chargee5A4pa;
~2! the masses of the charged leptons,

me50.510998902~21! MeV, mm5105.658357~5! MeV;

~3! the Fermi constant,

GF51.16639~1!31025 GeV22,

which is directly related to the muon lifetime;
~4! the Cabibbo-Kobayashi-Maskawa quark-mixing m

trix element,

uVusu50.219660.0026,

coming from the analysis ofKe3 decays;
~5! the masses of the light mesons,
09401
e

r-
et
ri-
o-

e

-

Mp65139.57018~35! MeV, Mp05134.9766~6! MeV,

MK65493.67760.016 MeV,

MK05497.67260.031 MeV,

Mh5547.3060.12 MeV, M r5771.160.9 MeV;

~6! the charged light meson decay constants,

Fp6592.41960.325 MeV,

FK65112.99661.301 MeV,

coming from the analysis ofpm2 and Km2 decays, respec
tively.

Let us consider the parametersMp , MK , ande, related to
light quark masses. SinceMp andMK figure in our expres-
sions only at next-to-leading order, it is completely safe
replace them by their leading order expressions. In fact,
quantityMp will be identified by the neutral pion mass,

Mp→Mp05134.9766~6! MeV,

while MK
2 will be replaced by

MK
2 → 1

2
~MK6

2
1MK0

2
1Mp0

2
2Mp6

2
!

to get

MK5495.04260.034 MeV.

For e, we will use the value@11#,

e5~1.06160.083!31022,
2-12
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extracted from the mass splitting in the baryon octet.
We will turn now to the determination of low-energy co

stants in the strong sector. Following Ref.@12#, these con-
stants will be evaluated at one-loop accuracy, that is, by
ting experimental measurements of the concer
observables to their ChPT expressions at next-to-leading
der. Note that all of our expressions will be evaluated at
scalem equal to the rho mass. TheK,4 form factors are
sensitive to variations of the low-energy constantsL1 , L2
andL3 . By fitting experimental results onK,4 form factors
@13# to their ChPT expressions at next-to-leading chiral or
we obtain@14#

L1
r 5~0.4660.24!31023,

L2
r 5~1.4960.23!31023,

L3
r 5~23.1860.85!31023.

The constantL5 can be extracted from the ratio of the kao
to the pion decay constant in the isospin limit@12#,

FK6

Fp6

511
4

Fp6
2 ~MK6

2
2Mp6

2
!L5

r 1
5Mp6

2

128p2Fp6
2 ln

Mp6
2

m2

2
MK6

2

64p2Fp6
2 ln

MK6
2

m2 2
3Mh

2

128p2Fp6
2 ln

Mh
2

m2 ,

and reads

L5
r 5~1.4960.14!31023.

Having L5 , it is easy to determineL8 from the quantityDM
accounting forSU(3) breaking@12#,

DM5
8

Fp6
2 ~MK6

2
2Mp6

2
!~2L8

r 2L5
r !2

Mp6
2

32p2Fp6
2 ln

Mp6
2

m2

1
Mh

2

32p2Fp6
2 ln

Mh
2

m2 ,

the value of which reads@11#

DM50.06560.065.

The result is

L8
r 5~1.0260.22!31023.

The constantL7 is obtained fromL5 andL8 with the help of
the isospin limit quantity,

DGMO8~4MK6
2

2Mp6
2

23Mh
2 !/~Mh

22Mp6
2

!50.2027~15!,
~56!

by matching its value to the ChPT expression at next
leading order@12#,
09401
t-
d
r-
e

r

-

DGMO52
6

Fp6
2 ~Mh

22Mp6
2

!~12L716L8
r 2L5

r !

1
2

Mh
22Mp6

2 S Mp6
4

32p2Fp6
2 ln

Mp6
2

m2

2
MK6

4

8p2Fp6
2 ln

MK6
2

m2 1
3Mh

4

32p2Fp6
2 ln

Mh
2

m2 D . ~57!

We obtain forL7 the value

L75~20.4460.12!31023.

The constantL9 is fixed from the electromagnetic charg
radius of the pion@15#,

L9
r 5~5.560.2!31023.

Finally, it is difficult to fix the constantsL4 andL6 by direct
experimental determination. These constants are suppre
by the Okubo-Zweig-Iizuka~OZI! rule and measure the
amount by whichms affects the values of the order param
etersF and^q̄q&. The constantL4 was derived from Roy and
Steiner equations forS andP waves ofp-K scattering am-
plitude @16#,

L4
r 5~0.5360.39!31023.

The constantL6 has been obtained from a chiral sum ru
@17#,

L6
r 5~0.460.2!31023.

To end the discussion about the strong sector we hav
fix the parameterF0 . At leading chiral order this paramete
is given by the pseudoscalar decay constants,Fp , FK , or
Fh . One can then see the latter as the ‘‘renormalized’’ qu
tities corresponding to the ‘‘bare’’ quantityF0 and thus re-
place it by one of them after accounting for next-to-leadi
order contributions. But the main question is which expr
sion for the decay constants should be used especially s
the difference between their numerical values is relativ
big. For instance, the expressions for the pion and kaon
cay constants at next-to-leading order are given in the iso
limit by @12#

Fp65F0F11
4

Fp6
2 ~Mp6

2
12MK6

2
!L4

r 1
4Mp6

2

Fp6
2 L5

r

2
Mp6

2

16p2Fp6
2 ln

Mp6
2

m2 2
MK6

2

32p2Fp6
2 ln

MK6
2

m2 G ,
2-13



s

a
du
n
ct

b

-
be
le

ed
er
e
the
the

der

ne

tors.
be

he
to a

nd
n-

n-

tion
.

A. NEHME PHYSICAL REVIEW D 69, 094012 ~2004!
FK65F0F11
4

Fp6
2 ~Mp6

2
12MK6

2
!L4

r 1
4MK6

2

Fp6
2 L5

r

2
3Mp6

2

128p2Fp6
2 ln

Mp6
2

m2 2
3MK6

2

64p2Fp6
2 ln

MK6
2

m2

2
3Mh

2

128p2Fp6
2 ln

Mh
2

m2 G .

Taking as input the aforecited values forMp6, MK6, Fp6,
FK6, L4

r , and L5
r , we obtain forF0 the central valuesF0

567.53 MeV andF0557.40 MeV fromFp6 and FK6, re-
spectively. If, for comparison, we take forL4 its large-Nc
estimate, the central values modify toF0579.16 MeV and
F0571.62 MeV from Fp6 and FK6, respectively. This
amounts for a 15% to 20% deviation for the value ofF0 . In
our calculation we will use forF0 the two values given by
the bounds of the following inequality,

57.40<F0<67.53,

and give the difference between the two obtained result
an error on the final result.

In the electroweak sector it is quasi-impossible to have
experimental determination of the low-energy constants
to the relatively big number of constants from one side a
to the relatively small magnitude of the electroweak effe
from the other side. We will use for the constantsKi in the
mesonic sector the following central values obtained
means of resonance saturation@18#,

K1
r 526.431023, K2

r 523.131023, K3
r 56.431023,

K4
r 526.431023, K5

r 519.931023, K6
r 58.631023,

K9
r 50, K10

r 50, K12
r 529.231023,

with an error of66.331023 assigned to each of them com
ing from naive dimensional analysis. The latter will also
used to fix the bounds on low-energy constants in the e
troweak leptonic sector,

uXi u<6.331023,

since these constants have not been yet determined.

B. The f form factor

In what follows we will refer to the inequality

4Mp6
2 <sp<~MK62m,!2, ~58!

as theallowed kinematical region. The first term in the par-
tial wave expansion forf form factor is infrared finite. It
contains, however, singular~Coulomb! terms for

sp5~MK2m,!212m,~MK72Mp2m,!. ~59!
09401
as

n
e
d
s

y

c-

As can be easily seen, the singularity is outside the allow
kinematical region form,Þ0 and approaches the upp
bound from the right whenm, tends to zero. Therefore, ther
is no apparent reason for subtracting Coulomb terms in
case of the nonvanishing lepton mass. In order to see
impact of such terms on the whole correction, let us consi
the following imaginary part,

Im U f~sp!5
3

32pF0
2

e

)
~sp22Mp

2 !S 12
4Mp

2

sp
D 1/2

1
Dp

48pF0
2 S 22

5Mp
2

sp
D S 12

4Mp
2

sp
D 1/2

1
3e2

32p

m,
2

tp

~ tp1Mp
2 2m,

2!l21/2~ tp ,m,
2,Mp

2 !.

~60!

The plot of the preceding expression as a function ofsp is
given by Fig. 3. It is easy to see thate2 ~singular! terms are
almost negligible with respect toDp or e terms.

C. The g form factor

Unlike the f form factor, theg form factor is infrared
divergent. We have shown in Ref.@1# that this divergence is
canceled at the level of differential decay rate by the o
coming from real soft photon emission. InK,4 experiments,
one has to measure modules and phases for form fac
Therefore, a subtraction of the infrared divergence should
applied at the level of form factors. The trouble is that t
subtraction is not unique. A possible choice corresponds
minimal subtractionand consists of dropping out the lnmg
term. Another possible choice that we qualify by areason-
able subtractionconsists of treatingf andg form factors on
an equal footing. While thef form factor is infrared finite, the
infrared divergence in theg form factor comes from wave
function renormalization of external charged particles a
from virtual photon exchange. The latter contribution is ge
erated from theC0 function,

FIG. 1. The real part of the first term in the partial wave expa
sion for f form factor under the assumptions,5m,

25me
2. The error

band comes exclusively from the uncertainty in the determina
of low-energy constants and has been developed in quadrature
2-14
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C0~2pl ,p2 ,mg ,ml ,Mp!, ~61!

expressed by formula~A.71! in the Appendix of Ref.@1#. In
the reasonable subtraction scheme, one drops out themg
term coming from wave function renormalization and thefull
contribution of theC0 function. Formally, one introduces
subtraction parameterj, which equals 1 in the minimal sub
traction scheme and vanishes in the reasonable one. Ha
this, we define the subtracted real part,

gP~sp ,j!511ReUg~sp!1
e2

8p2 ln mg
2

2
e2

8p2

tp2Mp
2 2m,

2

Atp2~m,1Mp!2Atp2~m,2Mp!2
j

3 ln
Atp2~m,2Mp!21Atp2~m,1Mp!2

Atp2~m,2Mp!22Atp2~m,1Mp!2
ln mg

2

12e2~ tp2Mp
2 2m,

2!~12j!

3ReC~m,
2,tp ,Mp

2 ,mg
2,m,

2,Mp
2 !. ~62!

Finally, from the imaginary part,

Im Ug~sp!

5d1
1~sp!1

Dp

32pF0
2 S 12

4Mp
2

sp
D 1/2

1
e2

32ptp

l21/2~ tp ,m,
2,Mp

2 !

3@m,
2~5tp1Mp

2 2m,
2!14tp~Mp

2 2tp!#

22e2~ tp2Mp
2 2m,

2!Im C~m,
2,tp ,Mp

2 ,mg
2,m,

2,Mp
2 !,

~63!

where

d1
1~sp!5

sp

96pF0
2 S 12

4Mp6
2

sp
D 3/2

, ~64!

we define the subtracted phase as

dP~sp ,j!8Im Ug~sp!1
e2

8p
~ tp2Mp

2 2m,
2!

3l21/2~ tp ,m,
2,Mp

2 !j ln mg
2

12e2~ tp2Mp
2 2m,

2!~12j!

3Im C~m,
2,tp ,Mp

2 ,mg
2,m,

2,Mp
2 !. ~65!

VI. CONCLUSION

In this work we proposed a possible splitting betwe
strong and electromagnetic interactions inK,4 decay form
factors. The technique was applied to the decay of the neu
09401
ing

ral

kaon, K0→p0p2,1n, . It consists of working at the pro
duction threshold for the lepton pair,s,5m,

2. The latter as-
sumption simplifies the splitting significantly by allowing
partial wave expansion of form factors with exactly the sa
structure as in pure strong theory. This constitutes a g
approximation as long as the dependence of form factors
s, remains linear and the slope poor.

The interest in the present process is at first theoretica
fact, the partial wave expansion of form factors involves t
P-wave isovectorpp phase shift,d1

1(sp), which can be re-
lated to pp scattering lengths via Roy equations. In tur
scattering lengths are sensitive to the way chiral symmetr
spontaneously broken. Consequently, a theoretical stud
the process in question including all possible contribution
imperative. We gave here the first analytic and numeri
evaluation of the isospin breaking contribution. This wou
allow the extraction ofd1

1(sp) from the experimental mea
surement of form factors.

We started with the evaluation of the first term in th
partial wave expansion for thef form factor. This term van-
ishes in the absence of isospin breaking and is free fr
infrared divergences in its presence. Motivated by these
features, we studied the sensitivity of the isospin break

FIG. 2. The real part of the first term in the partial wave expa
sion for f form factor under the assumptionss,5m,

2, F0

567.53 MeV. The error band comes exclusively from the unc
tainty in the determination of low-energy constants and has b
developed in quadrature.

FIG. 3. The imaginary part~in radians! of the first term in the
partial wave expansion for thef form factor under the assumption
s,5m,

25me
2, F05Fp592.419 MeV.
2-15
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correction to variations ofF0 andm, . This was achieved by
plotting the graph of the correction as a function ofsp for
two values ofF0 in Fig. 1 and form,5me , mm in Fig. 2. We
then compared in Fig. 3 the relative size for the differe
contributions to the correction coming from virtual photon
O(e2), mass square difference between charged and ne
mesons,O(Z0e2), and mass difference between up a
down quarks,O(md2mu).

We pursued the evaluation of the first term in the par
wave expansion forg form factor. The comparison betwee
the size of isospin breaking correction to the real part of
term in question and the one-loop level correction to
same quantity and in the absence of isospin breaking
made in Fig. 4.O(md2mu) and O~a! contributions to the
preceding correction were compared in Fig. 5. Finally,

FIG. 4. Radiative correction to the real part of the first term
the partial wave expansion forg form factor under the assumption
s,5m,

25me
2, F0567.53 MeV. The infrared divergence has be

removed applying a minimal,j51, as well as a reasonable,j50,
subtraction scheme. Error bands come exclusively from the un
tainty in the determination of low-energy constants and have b
developed in quadrature.

FIG. 5. Isospin breaking correction to the real part of the fi
term in the partial wave expansion forg form factor under the
assumptionss,5m,

25me
2, F0567.53 MeV. The infrared diver-

gence has been removed applying a reasonable,j50, subtraction
scheme. Error bands come exclusively from the uncertainty in
determination of low-energy constants and have been develope
quadrature.
09401
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isospin breaking correction to theP-wave isovectorpp
phase shift was plotted in Fig. 6. Our results are of gr
utility for the interpretation of the outgoing data from th
KTeV experiment at Fermilab.

APPENDIX: LOOP INTEGRALS

1. B integrals

We have

B~Mp
2 ,0,Mp

2 !522l̄1
1

16p2 F12 lnS Mp
2

m2 D G , ~A1!

B~m,
2,0,m,

2!522l̄1
1

16p2 F12 lnS m,
2

m2D G ,

~A2!

B~0,m,
2,MK

2 !

522l̄2
1

16p2 F lnS m,
2

m2D 2
MK

2

MK
2 2m,

2 lnS m,
2

MK
2 D G , ~A3!

B~m,
2,0,MK

2 !522l̄1
1

16p2 F12 lnS MK
2

m2 D G
2

1

16p2 S 12
MK

2

m,
2 D lnS 12

m,
2

MK
2 D , ~A4!

ReB~sp ,Mp
2 ,Mp

2 !

5
1

Mp
2 A~Mp

2 !1
1

16p2 F12sp lnS 11sp

12sp
D G , ~A5!

Im B~sp ,Mp
2 ,Mp

2 !5
sp

16p
, ~A6!

where

r-
n

t

e
in

FIG. 6. The imaginary part~in radians! of the first term in the
partial wave expansion forg form factor under the assumptionss,

5m,
25me

2, F05Fp592.419 MeV. The infrared divergence ha
been removed applying a minimal,j51, as well as a reasonable
j50, subtraction scheme.
2-16
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sp5A12
4Mp

2

sp

, ~A7!

B~sp ,MK
2 ,MK

2 !5
1

MK
2 A~MK

2 !1
1

16p22
1

8p2 S 4MK
2

sp

21D 1/2

arctanS 4MK
2

sp

21D 21/2

. ~A8!

For the following integral, we shall distinguish between two cases.
~a! The lepton is an electron:

B~sp ,Mh
2,Mp

2 !5
1

2Mh
2 A~Mh

2 !1
1

2Mp
2 A~Mp

2 !1
1

16p2 F12
1

2sp

~Mh
22Mp

2 !lnS Mh
2

Mp
2 D G

1If @4Mp
2 ,sp,~Mh2Mp!2#

1

16p2sp

A~Mh1Mp!22spA~Mh2Mp!22sp

3 ln
A~Mh1Mp!22sp1A~Mh2Mp!22sp

A~Mh1Mp!22sp2A~Mh2Mp!22sp

2If @~Mh2Mp!2,sp,~MK2me!
2#

3
1

8p2sp

A~Mh1Mp!22spAsp2~Mh2Mp!2arctan
Asp2~Mh2Mp!2

A~Mh1Mp!22sp

, ~A9!

~b! The lepton is a muon:

B~sp ,Mh
2,Mp

2 !5
1

2Mh
2 A~Mh

2 !1
1

2Mp
2 A~Mp

2 !1
1

16p2 F12
1

2sp

~Mh
22Mp

2 !lnS Mh
2

Mp
2 D G

1
1

16p2sp

A~Mh1Mp!22spA~Mh2Mp!22sp ln
A~Mh1Mp!22sp1A~Mh2Mp!22sp

A~Mh1Mp!22sp2A~Mh2Mp!22sp

. ~A10!

ReB~ tp ,m,
2,Mp

2 !5
1

2m,
2 A~m,

2!1
1

2Mp
2 A~Mp

2 !1
1

16p2 F12
1

2tp

~m,
22Mp

2 !lnS m,
2

Mp
2 D G

2
1

16p2tp

Atp2~m,1Mp!2Atp2~m,2Mp!2 ln
Atp2~m,2Mp!21Atp2~m,1Mp!2

Atp2~m,2Mp!22Atp2~m,1Mp!2
, ~A11!

Im B~ tp ,m,
2,Mp

2 !5
1

16ptp

Atp2~m,1Mp!2Atp2~m,2Mp!2. ~A12!

B~ tp ,Mp
2 ,MK

2 !5
1

2Mp
2 A~Mp

2 !1
1

2MK
2 A~MK

2 !1
1

16p2 F12
1

2tp
~Mp

22MK
2 !lnS Mp

2

MK
2 D G

1
1

16p2tp

A~Mp1MK!22tpA~Mp2MK!22tp ln
A~Mp1MK!22tp1A~Mp2MK!22tp

A~Mp1MK!22tp2A~Mp2MK!22tp

, ~A13!

B~ tp ,Mh
2,MK

2 !5
1

2Mh
2 A~Mh

2 !1
1

2MK
2 A~MK

2 !1
1

16p2 F12
1

2tp

~Mh
22MK

2 !lnS Mh
2

MK
2 D G

2
1

8p2tp

A~Mh1MK!22tpAtp2~Mh2MK!2arctan
Atp2~Mh2MK!2

A~Mh1MK!22tp

. ~A14!
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2. t integrals

These integrals appeared while splitting strong and e
tromagnetic parts in two-point functions. Their definition
given by Eq.~43!. We are interested in the following particu
lar t integrals:

Ret~sp ,Mp
2 ,Mp

2 !52
2

spsp

lnS 11sp

12sp
D , ~A15!

Im t~sp ,Mp
2 ,Mp

2 !5
2p

spsp
. ~A16!

t~sp ,MK
2 ,MK

2 !5
4

sp
S 4MK

2

sp
21D 21/2

3arctanS 4MK
2

sp
21D 21/2

. ~A17!

t~ tp ,Mp
2 ,MK

2 !

5
2

A~Mp2MK!22tpA~Mp1MK!22tp

3 ln
A~Mp1MK!22tp1A~Mp2MK!22tp

A~Mp1MK!22tp2A~Mp2MK!22tp

. ~A18!
09401
c-
t~ tp ,Mh

2,MK
2 !

5
4

Atp2~Mh2MK!2A~Mh1MK!22tp

3arctan
Atp2~Mh2MK!2

A~Mh1MK!22tp

. ~A19!

3. C integrals

These are scalar three-point functions whose definit
and expressions were given in the appendix of Ref.@1#. In
what follows, we sketch some of the particular cases that
need for the numerical evaluation of isospin breaking corr
tions:

C~m,
2,0,m,

2,0,m,
2,MK

2 !

5
1

16p2 F 1

m,
2 lnS 12

m,
2

MK
2 D 1

1

MK
2 2m,

2 lnS m,
2

MK
2 D G ,

~A20!
C~ tp ,tp,0,m,
2,Mp

2 ,MK
2 !5

1

32p2tp

1

MK
2 2m,

2

3H ~MK
2 2Mp

2 1tp!lnS m,
2

MK
2 D 1x0 ln

MK
2 2Mp

2 1tp1x0

MK
2 2Mp

2 1tp2x0

2x1 ln
MK

2 2Mp
2 1tp1x1

MK
2 2Mp

2 1tp2x1

2x0 ln
~x01MK

2 2m,
2!22l~ tp ,m,

2,Mp
2 !

~x02MK
2 1m,

2!22l~ tp ,m,
2,Mp

2 !
1x1 ln

~x11MK
2 2m,

2!22l~ tp ,m,
2,Mp

2 !

~x12MK
2 1m,

2!22l~ tp ,m,
2,Mp

2 !

2~MK
2 2m,

2!ln
~x01MK

2 2m,
2!22l~ tp ,m,

2,Mp
2 !

~x11MK
2 2m,

2!22l~ tp ,m,
2,Mp

2 !
2~MK

2 2m,
2!ln

~x02MK
2 1m,

2!22l~ tp ,m,
2,Mp

2 !

~x12MK
2 1m,

2!22l~ tp ,m,
2,Mp

2 !

2l1/2~ tp ,m,
2,Mp

2 !ln
MK

2 2m,
21x01l1/2~ tp ,m,

2,Mp
2 !

MK
2 2m,

21x02l1/2~ tp ,m,
2,Mp

2 !

2l1/2~ tp ,m,
2,Mp

2 !ln
MK

2 2m,
22x01l1/2~ tp ,m,

2,Mp
2 !

MK
2 2m,

22x02l1/2~ tp ,m,
2,Mp

2 !

1l1/2~ tp ,m,
2,Mp

2 !ln
MK

2 2m,
22x11l1/2~ tp ,m,

2,Mp
2 !

MK
2 2m,

22x12l1/2~ tp ,m,
2,Mp

2 !

1l1/2~ tp ,m,
2,Mp

2 !ln
MK

2 2m,
21x11l1/2~ tp ,m,

2,Mp
2 !

MK
2 2m,

21x12l1/2~ tp ,m,
2,Mp

2 !
J , ~A21!

where
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l1/2~ tp ,m,
2,Mp

2 !5Atp2~m,2Mp!2Atp2~m,1Mp!2 ~A22!

and

x05Al~ tp ,Mp
2 ,MK

2 !14tp~MK
2 2m,

2!, ~A23!

x15l1/2~ tp ,Mp
2 ,MK

2 !5A~Mp2MK!22tpA~Mp1MK!22tp. ~A24!

C~Mp
2 ,tp ,m,

2,0,Mp
2 ,MK

2 !5
1

16p2

1

m,Mp

s,p

12s,p
2

3H ln~2s,p!F lnS m,MK

MK
2 2m,

2D 1 lnS MpMK

MK
2 2m,

2D G2
p2

6
1

1

2
ln2S m,

Mp
D 2 ln2S m,

MK
D 2

1

2
ln2~2s,p!

2 ln2~spK!2
1

2
ln2S 12

m,

Mp

s,pD 2
1

2
ln2S 12

Mp

m,

s,pD 1
1

2
ln2S 12

m,

MK

s,p

spK
D

1
1

2
ln2S 12

MK

m,

s,p

spK
D 1

1

2
ln2S 12

m,

MK

s,pspKD 1
1

2
ln2S 12

MK

m,

s,pspKD
2Li2S m,

m,2Mps,p
D 2Li2S Mp

Mp2m,s,p
D 1Li2S m,

m,2MKs,pspK
D 1Li2S MK

MK2m,s,pspK
D

1Li2S m,spK

m,spK2MKs,p
D 1Li2S MKspK

MKspK2m,s,p
D J , ~A25!

where

s,p5
Atp2~m,1Mp!22Atp2~m,2Mp!2

Atp2~m,1Mp!21Atp2~m,2Mp!2
, ~A26!

spK5
A~Mp1MK!22tp2A~Mp2MK!22tp

A~Mp1MK!22tp1A~Mp2MK!22tp

. ~A27!

ReC~m,
2,tp ,Mp

2 ,mg
2,m,

2,Mp
2 !5

1

16p2

1

m,Mp

s,p

12s,p
2

3H ln~2s,p!F2 ln~12s,p
2 !2 lnS mg

2

m,Mp
D G1p21

1

2
ln2S m,

Mp
D 2

1

2
ln2~2s,p!

2
1

2
ln2S 12

m,

Mp

s,pD 2
1

2
ln2S 12

Mp

m,

s,pD 1Li2~s,p
2 !2Li2S Mp

Mp2m,s,p
D

2Li2S m,

m,2Mps,p
D J , ~A28!

Im C~m,
2,tp ,Mp

2 ,mg
2,m,

2,Mp
2 !5

1

16p

1

Atp2~m,2Mp!2Atp2~m,1Mp!2
@ ln~mg

2!1 ln~ tp!22 lnAtp2~m,2Mp!2

22 lnAtp2~m,1Mp!2#. ~A29!
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