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QCD corrections to electroweakønø j j and ø¿øÀj j production
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The production ofW or Z bosons in association with two jets is an important background to the Higgs boson
search in vector-boson fusion at the CERN Large Hadron Collider~LHC!. The purely electroweak component
of this background is dominated by vector-boson fusion, which exhibits kinematic distributions very similar to
the Higgs boson signal. We consider the next-to-leading-order QCD corrections to the electroweak production
of ,n, j j and ,1,2 j j events at the LHC, within typical vector-boson fusion cuts. We show that the QCD
corrections are modest, increasing the total cross sections by about 10%. The remaining scale uncertainties are
below 2%. A fully flexible next-to-leading-order partonic Monte Carlo program allows us to demonstrate these
features for cross sections within typical vector-boson-fusion acceptance cuts. Modest corrections are also
found for distributions.
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I. INTRODUCTION

Vector-boson fusion~VBF! processes have emerged as
particularly interesting class of scattering events from wh
one hopes to gain insight into the dynamics of electrow
symmetry breaking. The most prominent example is Hig
boson production via VBF, that is, the processqq→qqH,
which can be viewed as quark scattering viat-channel ex-
change of a weak boson, with the Higgs boson radiated
theW or Z propagator. Alternatively, one may view this pr
cess as two weak bosons fusing to form the Higgs bos
The kinematic characteristics of this process are very dist
tive: two jets, in the forward and backward region of rapidi
with the Higgs boson decay products in the central region
the detector. This characteristic signature greatly helps to
tinguish theseHjj events from backgrounds. Higgs boso
production via VBF has been studied intensively as a tool
Higgs boson discovery@1,2# and the measurement of Higg
boson couplings@3# in pp collisions at the CERN Large Had
ron Collider ~LHC!.

Analogous to Higgs boson production via VBF, the ele
troweak production of aW or Z plus two jets, with the re-
quirement that the weak boson is centrally produced and
the two jets are well separated in rapidity, will proceed w
a sizable cross section at the LHC.1 The decay leptons in
W→,n, and Z→,1,2 lead to the final states,n, j j and
,1,2 j j (,5e,m,t). These processes have already be

*Electronic address: carlo.oleari@mib.infn.it
†Electronic address: dieter@particle.uni-karlsruhe.de
1Another source ofWjj or Zjj events are QCD processes at ord

as
2a, sometimes called QCDVjj production. Within typical VBF

cuts, cross sections for these QCD processes are only some
larger than those for electroweak production@4#. One thus needs to
calculate NLO QCD corrections for both sources independently
as a function of phase space. For the QCD processes, this was
in Ref. @5#.
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considered in the literature at leading order~LO!. To name
but a few examples, they have been studied in the invest
tion of rapidity gaps at hadron colliders@6–8#, as a probe of
anomalous triple-gauge-boson couplings@9# or as a back-
ground to Higgs boson searches in VBF@10–12#. In this last
case, the,n, j j final state with an unidentified charged le
ton, or n,n̄, j j events fromZ→n,n̄, decay, form a back-
ground to invisible Higgs boson decay~see, e.g., Ref.@12#!.
t1t2 j j events are a background to the decayH→t1t2

@10#, and also toH→W1W2 when theW’s and thet’s decay
leptonically @11#. In these examples, off-shell corrections
Z→t1t2 decay need to be included, since a Higgs bos
mass in the range 114,mH,200 GeV, well above theZ
peak, is favored by electroweak data@13#.

While a LO analysis is perfectly adequate for explorato
investigation, precision measurements at the LHC requ
comparison with cross-section predictions which inclu
higher-order QCD corrections. A poignant example is t
extraction of Higgs boson couplings, where expected ac
racies of the order of 10%, or even better@3#, clearly require
knowledge of the next-to-leading-order~NLO! QCD correc-
tions. In addition, one would like to exploitW andZ produc-
tion, in VBF configurations, as calibration processes
Higgs boson production via VBF, namely as a tool to und
stand the tagging of forward jets or the distribution and v
of additional central jets in VBF~see, e.g., Refs.@7,8#!. In
fact, these processes share the same color structure: two
ored quarks are scattered via the exchange of a color
boson in thet channel. The pattern of soft gluon radiation
then the same. Understanding the gap-survival probabilit
the known case ofW andZ production can give insight into
the gap survival for the case of Higgs boson production. T
precision needed for Higgs boson studies and for the un
standing of radiation patterns then requires the knowledg
NLO QCD corrections forWjj andZjj production as well.

The NLO QCD corrections to the totalHjj cross section
from VBF have been known for many years@14#. In a recent
paper@15#, we presented the calculation of these correctio
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C. OLEARI AND D. ZEPPENFELD PHYSICAL REVIEW D69, 093004 ~2004!
in the form of a fully flexible parton-level Monte Carlo pro
gram which allows the determination of NLO corrections
arbitrary ~infrared-safe! distributions. Here, we extend thi
work and describe the calculation and first results for s
corrections toWjj andZjj production in VBF configurations
To be precise, since the decaying weak bosons are sp
particles, in order to retain all the possible angular corre
tions between the final-state particles, we consider the e
troweak processespp→,6n, j jX and pp→,1,2 j jX at
NLO. At LO, Feynman graphs for one such process,uc
→dcW1,W1→,1n, , are shown in Fig. 1. Using the term
nology introduced in@16#, we consider bremsstrahlung@~a!–
~c!#, fusion ~d!, and multiperipheral@~e! and ~f!# diagrams.
We neglect diagrams corresponding to conversion, Abel
and non-Abelian annihilation, since theseqq̄ annihilation
contributions are negligible when we impose VBF cuts,
explained in detail in Sec. II A.

In the following, in order to use a shorthand notation,
will call processes such as the one depicted in Fig. 1 ‘‘E
Vjj production,’’ or VBF production ofW/Z plus two jets,
since we consider these processes with the kinematic
typical for the selection of VBF~see Sec. IV!. It should be
understood that, in spite of this notation, multiperipheral d
grams like Figs. 1~e! and 1~f! are included, even though the
cannot be represented as the production of a weak bo
followed by its decay into two leptons.

The structure of the paper is as follows. In Sec. II, w
outline the calculation of the tree-level diagrams, of re
emission contributions, and of the virtual corrections. W
dedicate Sec. II C to a discussion of the virtual contributio
with some of the analytical details relegated to the Append

FIG. 1. Feynman graphs contributing to the processuc
→dc,1n, at tree level. For the generic VBF process discussed
this paper, seven Feynman-graph topologies contribute at tree l
the six topologies shown plus an additional bremsstrahlung gr
with the vector boson emitted off the final-state charm quark@mir-
ror image of graph~b!#.
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A list of checks which we have performed on our calculati
concludes Sec. II. Additional features of our Monte Ca
program, such as the gauge invariant handling of finiteW
and Z widths, the inclusion of anomalousWWg and WWZ
couplings, the approximations with regard to crossed d
grams in the presence of identical quark flavors, the sin
larities for incoming photons, and the choice of paramete
will be discussed in Sec. III. We then use this Monte Ca
program to present first results for EWVjj production at the
LHC. Of particular concern is the scale dependence of
NLO results, which provides an estimate for the resid
theoretical error of our cross-section calculations. We disc
the scale dependence and the size of the radiative correc
for various distributions in Sec. IV. Conclusions are given
Sec. V.

II. ELEMENTS OF THE CALCULATION

The structure of the three processes under consideratio
pp→,1n, j jX , pp→,2n̄, j jX , and pp→,1,2 j jX—is
very similar. A discussion of any single one of them is su
ficient to clarify our procedures for all, and we useW1 pro-
duction, i.e., the calculation of thepp→,1n, j jX cross sec-
tion, for this purpose. After the necessary changes have b
made, all the considerations apply to the other processes

A. Approximations and general framework

At tree level, the topological structure of the generic su
processes contributing to EWWjj production is depicted in
Fig. 1. Two additional classes of diagrams appear in cas
identical quark flavors on two of the fermion lines.

~i! Diagrams where both of the two virtual vector boso
are timelike. They correspond to diagrams called convers
Abelian, and non-Abelian annihilation in Ref.@16#, and con-
tain vector-boson pair production with subsequent decay
one of the weak bosons to a pair of jets. Using this subse
establish the name, we call this class vector-boson pair
duction in the following.

~ii ! Diagrams obtained by interchange of identical initia
or final-state~anti!quarks, such as in theuu→du,1n, or
du→dd,1n, subprocesses.

These additional diagrams are obtained from the o
shown in Fig. 1 by crossing. In our calculation, we ha
neglected contributions from vector-boson pair product
completely. In addition, any interference effects of the s
ond class with the graphs of Fig. 1 are neglected. This
justified because, in the phase-space region where VBF
be observed experimentally, with widely separated quark
of very large invariant mass, the neglected terms are stron
suppressed by large momentum transfer in one or m
weak-boson propagators. Color suppression further redu
any interference terms. We have checked withMADEVENT

@17# that, at LO, the diagrams that we have not conside
and interference effects contribute less than 0.3% to our fi
results in, e.g., Fig. 4. Since we expect QCD corrections
the neglected terms to be modest, the above approximat
are fully justified within the accuracy of our NLO calcula
tion.

Fermion masses are set to zero throughout, because
servation of either leptons or~light! quarks in a hadron-
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QCD CORRECTIONS TO ELECTROWEAK . . . PHYSICAL REVIEW D69, 093004 ~2004!
collider environment requires large transverse momenta
hence sizable scattering angles and relativistic energies.
the t-channel processes which we include, we have use
diagonal form~equal to the identity matrix! for the Cabibbo-
Kobayashi-Maskawa matrix,VCKM . This approximation is
not a limitation of our calculation. As long as no final-sta
quark flavor is tagged~no c tagging is done, for example!,
the sum over all flavors, using the exactVCKM , is equivalent
to our results, due to the unitarity of theVCKM matrix.

B. Tree-level diagrams and real corrections

For theWjj Born amplitude, we need to add the contrib
tions from the 10 Feynman graphs shown in Fig. 1~Z andg
propagators counted as different diagrams!, and sum cross
sections of all subprocesses producingW1 plus two jets. The
same is true forW2 production. For the case ofZjj produc-
tion, amplitudes which correspond to neutral-current
change~no change of quark flavors! receive contributions
from 24 Feynman graphs at tree level. To obtain the re
emission diagrams, with a final-state gluon, one needs
attach the gluon to the quark lines in all possible ways.
the diagrams in Fig. 1, this gives rise to 45 real-emiss
graphs. A total of 112 different Feynman graphs contribute
real-emission corrections toZjj production via neutral-
current exchange.

The contributions with an initial-state gluon are obtain
by crossing the previous diagrams, promoting the final-s
gluon as an incoming parton, and an initial-state~anti!quark
as a final-state particle. We again remove all diagrams wh
two timelike, final-state vector bosons appear such asgu
→,1n,dZ* , with Z* →cc̄. Such diagrams, for consistenc
must be removed since we have not considered the co
sponding Born contributions. Figure 2 clarifies this issue:
drop all initial-gluon contributions in which the gluo
couples to the fermion line of the initial quark or antiquar
In fact, these diagrams are strongly suppressed when V
cuts ~see Sec. IV! are applied to the final-state jets.

FIG. 2. Examples of Feynman amplitudes with an initial gluo
Graphs like~a! and ~b!, with the gluon coupled to the initial quar
line, correspond to vector-boson pair production and are elimina
The two gauge-invariant subsets of graphs like~c! and~d!, with the
gluon coupled to the final-state quark pair, contain allg→qq̄ split-
ting contributions and are included in our calculation.
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Our Monte Carlo program computes all amplitudes n
merically, using the formalism of Ref.@18#. The Born ampli-
tudes forW and Z production are taken from Ref.@6#. The
real-emission amplitudes forZ production were first given in
Ref. @7#. The corresponding amplitudes forW production
were partially programmed at the time. We have finaliz
and tested them for the present application.

C. Virtual corrections

At NLO, we have to deal with soft and collinear singu
larities in the virtual and real-emission contributions. O
calculation uses the subtraction method of Catani and S
mour @19# to cancel the soft and collinear divergences b
tween virtual and real-emission diagrams. Since these di
gences only depend on the color structure of the exte
partons, the subtraction terms encountered for EWVjj pro-
duction are identical in form to those found for Higgs bos
production in VBF. Thus, we can use the results describe
Ref. @15# for the case at hand. The main difference is that
finite parts of the virtual corrections are more complicat
than forHjj production~where only vertex corrections wer
present!.

The QCD corrections to EWVjj production appear as two
gauge-invariant subsets, corresponding to corrections to
upper and lower fermion lines in Fig. 1. Due to the col
singlet nature of the exchanged electroweak bosons, any
terference terms between subamplitudes with gluons
tached to both the upper and the lower quark lines van
identically at orderas . Hence, it is sufficient to conside
radiative corrections to a single quark line only, which w
take here as the upper one. Corrections to the lower ferm
line are an exact copy.

In computing the virtual corrections, we have used t
dimensional reduction scheme@20#: we have performed the
Passarino-Veltman reduction of the tensor integrals ind54
22e dimensions, while the algebra of the Dirac gamma m
trices, of the external momenta, and of the polarization v
tors has been performed ind54 dimensions.

We split the virtual corrections into two classes: the v
tual corrections along a quark line with only one weak bos
attached and the virtual corrections along a quark line w
two weak bosons attached.

~i! The virtual NLO QCD contribution to any tree-leve
Feynman subamplitudeMB

( i ) which has a single electrowea
bosonV ~of momentumq! attached to the upper fermio
line,

q~k1!→q~k2!1V~q!, ~1!

appears in the form of a vertex correction, which is factor
able in terms of the original Born subamplitude

MV
~ i !5MB

~ i !
as~mR!

4p
CFS 4pmR

2

Q2 D e

3G~11e!F2
2

e22
3

e
1cvirt1O~e!G . ~2!

.

d.
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C. OLEARI AND D. ZEPPENFELD PHYSICAL REVIEW D69, 093004 ~2004!
HeremR is the renormalization scale, and the boson virtu
ity Q252(k12k2)252q2 is the only relevant scale in th
process, since the quarks are assumed to be masslesk1

2

5k2
250. In dimensional reduction, the finite contribution

given by cvirt5p2/3– 7 (cvirt5p2/3– 8 in conventional di-
mensional regularization!.

~ii ! The second class of diagrams are the virtual Q
corrections to the Feynman graphs where two electrow
bosonsV1 and V2 ~of outgoing momentaq1 and q2) are
attached to the same fermion line@see, for example, the up
per quark line in Figs. 1~a! and 1~b!#. It suffices to consider
one of the two possible permutations ofV1 and V2 , as de-
picted in Fig. 3. The kinematics is given by

q~k1!→q~k2!1V1~q1!1V2~q2!, ~3!

where k1
25k2

250 and momentum conservation readsk1

5k21q11q2 . In the following, it is convenient to use th
Mandelstam variables for a 2→2 process which we take a
qq̄→V1V2 . We then define

s5~k12k2!25~q11q2!2,

t5~k12q1!25~k21q2!2,

u5~k12q2!25~k21q1!2. ~4!

In order to use the same notation as in Eq.~2!, we define
Q252k1k252s.

The two electroweak bosons are always virtual in our c
culation, i.e., the effective polarization vectorse1(q1) and
e2(q2) actually correspond to fermion currents@the charm-
quark current and the leptonic-decay currents in the Fe
man graphs of Figs. 1~a! and 1~b!#. Since fermion masses ar
neglected, current conservation implies transversity of
effective polarization vectors:e1q15e2q250. The expres-
sions that we give in the Appendix exploit this relationsh
Our numerical code permits us to switch on the missinge1q1
ande2q2 terms, allowing us to test gauge invariance. Due
the trivial color structure of the corresponding tree-level d
gram, the divergent part~soft and collinear singularities! of

FIG. 3. Virtual corrections for a fermion line with two attache
electroweak bosons,V1(q1) andV2(q2). The finite part of the sum
of these graphs defines the reduced amplitudeM̃t(q1 ,q2) of Eq.
~5!.
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the sum of the four diagrams in Fig. 3 is a multiple of th
Born subamplitude, just like for the vertex corrections,

Mboxline
~ i ! 5MB

~ i !
as~mR!

4p
CFS 4pmR

2

Q2 D e

3G~11e!F2
2

e22
3

e
1cvirtG

1
as~mR!

4p
CFM̃t~q1 ,q2!~2e2!gt

V1f 1gt
V2f 2

1O~e!. ~5!

Heret denotes the quark chirality and the electroweak c
plings gt

V f follow the notation of Ref.@18#, with, e.g.,g6
g f

5Qf , the fermion electric charge in units ofueu, g2
W f

51/(& sinuW), and g2
Z f5(T3 f2Qf sin2 uW)/(sinuWcosuW),

where uW is the weak mixing angle andT3 f is the third
component of the isospin of the~left-handed! fermions.

A finite contribution of the virtual diagrams, which is pro
portional to the Born amplitude~the cvirt term!, is pulled out
in correspondence with Eq.~2!. The remaining nonuniversa
term, M̃t(q1 ,q2), is also finite and can be expressed
terms of the finite parts of the Passarino-Veltman,B0 , C0 ,
and Di j functions, which we denote asB̃0 , C̃0 , and D̃ i j .
Analytical expressions for these functions, along with t
expression forM̃t(q1 ,q2), are given in the Appendix.

An equivalent form for Eq.~5! has been derived where a
the D̃ i j have been reduced toB̃0 , C̃0 , andD̃0 functions. We
have checked numerically that the two expressions ag
within the numerical precision of the twoFORTRAN codes.

The factorization of the divergent contributions to the v
tual subamplitudes, as multiples ofMB

( i ) , implies that the
overall infrared and collinear divergence multiplies the co
plete Born amplitude~the sum of the Feynman graphs of Fi
1!. We can summarize this result for the virtual corrections
the upper fermion line by writing the complete virtual am
plitude MV as

MV5MB

as~mR!

4p
CFS 4pmR

2

Q2 D e

G~11e!F2
2

e22
3

e
1cvirtG

1
as~mR!

4p
CF~2e2!@M̃t~q1 ,q2!gt

V1f 1gt
V2f 2

1M̃t~q2 ,q1!gt
V2f 1gt

V1f 2#1O~e!

5MB

as~mR!

4p
CFS 4pmR

2

Q2 D e

G~11e!F2
2

e22
3

e
1cvirtG

1M̃V , ~6!

where M̃V is finite. The interference contribution in th
cross-section calculation is then given by
4-4
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2 Re@MVMB* #5uMBu2
as~mR!

2p
CFS 4pmR

2

Q2 D e

G~11e!

3F2
2

e22
3

e
1cvirtG12 Re@M̃VMB* #.

~7!

This expression replaces the analogous result for the N
corrections toqq→qqH, Eq. ~11! in Ref. @15#. The diver-
gent piece appears as the same multiple of the Born am
tude squared as in theqq→qqH cross section. It cancel
explicitly against the phase-space integral of the dipole te
@see Ref.@19# and Eq.~10! of Ref. @15##,

^I ~e!&5uMBu2
as~mR!

2p
CFS 4pmR

2

Q2 D e

G~11e!

3F 2

e2 1
3

e
192

4

3
p2G , ~8!

which absorbs the real-emission singularities. After this c
cellation, all remaining integrals are finite and can, hence
evaluated ind54 dimensions. This means that the values
MB andM̃V need to be computed in four dimensions on
and we use the amplitude techniques of Ref.@18# to obtain
them numerically.

D. Checks

We have verified, both analytically and numerically, t
gauge invariance of Eq.~6!: once the extrae1q1 and e2q2
terms have been reinserted in this expression, the individ
finite subamplitudesM̃t(qi ,qj ) vanish upon the replace
mentse1→q1 or e2→q2 . This is a strong check of the tenso
reduction and manipulation of the virtual contributions d
picted in Fig. 3.

We have taken the Born amplitudes forW andZ produc-
tion from Ref. @6# and use the real-emission amplitudes
Ref. @7# for Z production. In addition, theZjj results at the
Born level were successfully checked withCOMPHEP code
@21#. For W production, the real-emission amplitudes we
obtained by modifying the previously testedZjjj amplitudes
@7#. We have generated equivalent amplitudes withMAD-

GRAPH @17#, checking their consistency numerically.
For theW1 case, we have built two totally independe

codes. This has allowed us to check the overall structur
the dipole-formalism terms~common to all the vector-boso
fusion processes!, and to compare tree-level, real-emissio
and virtual amplitudes. The two codes agree within the
merical precision of the twoFORTRAN programs for the tota
cross sections and for final-state kinematic distributions.

III. THE PARTON-LEVEL MONTE CARLO
PROGRAM

The cross-section contributions discussed above h
been implemented in a parton-level Monte Carlo program
,1n, j j , ,2n̄, j j , and,1,2 j j production at NLO in QCD,
09300
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which is very similar to the program forHjj production by
weak-boson fusion described in Ref.@15#. As in our previous
work, the tree-level and the finite parts of the virtual amp
tudes are calculated numerically, using the helicity-amplitu
formalism of Ref.@18#. The Monte Carlo integration is per
formed with a modified version ofVEGAS @22#. While many
aspects of our present calculation are completely analog
to those described in Ref.@15#, several new problems appea
for the vector-boson production processes which require
planation.

In order to deal withW/Z boson decay,

W/Z~p,1
1p,2

!→,1~p,1
!1,2~p,2

!, ~9!

we have to introduce a finiteW/Z width, GV , in the resonant
poles of thes-channel weak-boson propagators. However,
the presence of nonresonant graphs, like those of Figs.~e!
and 1~f!, this introduces changes in a subclass of Feynm
graphs only, which leads to a violation of electroweak gau
invariance, which is guaranteed for the zero-width amp
tudes. Such non-gauge-invariant finite-width effects can l
to huge unphysical enhancements at very small photon
tuality and should be avoided@23#. For the case at hand
transverse-momentum cuts on the two final-state tagging
~see Sec. IV! largely eliminate the dangerous phase-spa
regions with low-virtuality gauge bosons. Nevertheless
careful handling of the finite-width effects is called for.

We have accomplished this using two different schem
~i! In the overall-factor scheme@24#, one multiplies all the

diagrams shown in Fig. 1, and all virtual and real-emiss
contributions as well, by an overall factor

~p,1
1p,2

!22mV
2

~p,1
1p,2

!22mV
21 imVGV

, ~10!

whereGV has been assumed to be constant. This way, c
to resonance@(p,1

1p,2
)2;mV

2 #, where the sum of the dia
grams is dominated by the vector-boson propagator, we
cover the result of the resonance approximation. Away fr
resonance, and, thus, in a subdominant phase-space re
the error that we make, by multiplying all the diagrams
the factor in Eq.~10!, is of the order ofGV /mV'2.7%, for
both Z andW boson production.

The advantage of this scheme is that it preserves
SU(2)3U(1) gauge invariance, since the gauge-invaria
set of zero-width diagrams is multiplied by an overall fact

~ii ! In the complex-mass scheme@25#, one globally re-
placesmV

2→mV
22 imVGV , also in the definition of the weak

mixing angle, sin2 uW512mW
2 /mZ

2. We have implemented a
modified complex-mass scheme where we replacemV

2→mV
2

2 imVGV in the weak-boson propagators appearing in Fig
but we keep a real value for sin2 uW. With this prescription,
the electromagnetic Ward identity relating the tree-le
triple-gauge-boson vertex,2 ieGWWg

abm , and the inverseW
propagator, (DW)ab

21(q), is preserved@26#,

~q12q2!mGWWg
abm 5 i ~DW!ab

21~q1!2 i ~DW!ab
21~q2!. ~11!
4-5
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C. OLEARI AND D. ZEPPENFELD PHYSICAL REVIEW D69, 093004 ~2004!
This relation removes potential problems with smallq2

photon propagators, where gauge-invariance-violating ter
proportional toGW /mW , may be enhanced by factorsET

2/q2,
where the hard scaleET is set by typical transverse momen
of the process. The corresponding enhancement forZ-boson
propagators is of orderET

2/(uq2u1mZ
2) and, hence, small fo

the energies available at the LHC. Also, we note that
imaginary part of sin2 uW512(mW

2 2imWGW)/(mZ
22imZGZ), in

the full complex-mass scheme, is 200 times smaller than
real part and hence well below the naive expectat
GV /mV'2.7% for the size of finite-width corrections.

We have used the two different schemes to compute t
cross sections with VBF cuts and find agreement at the le
of the 0.5% or better. This ambiguity thus represents a m
contribution to higher-order electroweak corrections.

Inspection of the Feynman graphs of Fig. 1 shows that
non-Abelian triple-gauge-boson vertices~TGV! enter via the
WWZandWWg couplings in diagrams like Fig. 1~d!. These
graphs receive QCD vertex corrections only and, theref
factorize according to Eq.~2! in terms of the tree-level TGV
graphs, independent of the form of the TGV. In particul
the presence of anomalousWWZ or WWg couplings can
easily be taken into account by a simple modification of
Born amplitude. Our program supports anomalous coupli
kg , kZ , lg , lZ , etc. @27# and thus allows us to extend th
analysis of anomalous-coupling effects in vector-boson
sion processes@9# to NLO QCD accuracy.

The requirement of two observable jets, of finite tran
verse momentum~see Sec. IV!, is sufficient to render the LO
cross section for EWWjj and Zjj events finite. At NLO,
initial-state collinear singularities appear. Forg→qq̄ and q
→qg splitting, these are properly taken into account via
renormalization of quark and gluon distribution function
An additional collinear divergence exists, however, beca
of the presence oft-channel photons in tree-level graph
such as in Figs. 1~a!, 1~b!, 1~d!, and 1~e!. Real-emission
corrections lead to Feynman graphs such as the one show
Fig. 2~d!: the final-stated and ū quarks may lead to observ
able jets, allowing vanishing momentum transfer for the v
tual photon and a corresponding collinear singularity, rep
senting, in the case shown, a QED correction to the
processgg→dūW1. This singularity would have to be ab
sorbed into the renormalization of the photon distributi
function inside the proton. Alternatively, one may impose
cut, utu.Qg,min

2 , on the virtuality of the photon and replac
the missing piece by thepg→V j jX cross section, folded
with the appropriate photon density in the proton@24,28#. We
have chosen this latter approach: all divergent amplitudes
set to zero belowQg,min

2 54 GeV2 andpg→V j jX is consid-
ered to be a separate electroweak contribution toVjj events,
which we do not calculate here.

When imposing typical VBF cuts, with their large
rapidity separation and concomitant invariant mass of
two tagging jets, thepg→V j jX contribution to the EWVjj
cross section is quite small. For the VBF cuts defined in
next section, withpT j.20 GeV and a rapidity separation o
the two tagging jets ofDyj j .4, the NLOW1 j j cross sec-
tion, for example, increases by a mere 0.2% when lower
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the photon cutoff toQg,min
2 50.1 GeV2 from our 4 GeV2 de-

fault value.2 This number increases to 0.7% forDyj j .2.
Because these contributions are negligible, we have not
implemented the calculation of this small missing piece
our program.

In the computation of cross sections and distributions p
sented below, we have used the CTEQ6M parton distribu
functions~PDFs! @29# with as(mZ)50.118 for all NLO re-
sults and CTEQ6L1 parton distributions for all LO cro
sections. The CTEQ6 fits includeb quarks as an active fla
vor. For consistency, theb quark is included as an initial
and/or final-state massless parton in all neutral-current p
cesses, i.e., we include only those processes with externb
quarks, where no internal top-quark propagator appears
the btW vertex, being forbidden by Feynman rules. To
quark contributions, obviously, go beyond our massle
fermion approximation and would have to be treated a
separate process. Allowed neutral-current processes wib
quarks appear forZ production only. Theb-quark contribu-
tions are quite small, however, affecting theZ-boson produc-
tion cross section at the 1% level only.

We choosemZ591.188 GeV,mW580.419 GeV, and the
measured value ofGF as our electroweak input parameter
from which we obtain aQED51/132.51 and sin2 uW
50.2223, using LO electroweak relations. The decay wid
are then calculated asGW52.099 GeV and GZ
52.510 GeV, which agrees with their Particle Data Gro
@30# values at the level of 0.9% and 0.6%, respective
which is better than the overall theoretical uncertainty we
striving for.

In order to reconstruct jets from the final-state partons,
kT algorithm @31#, as described in Ref.@32#, is used, with
resolution parameterD50.8.

IV. RESULTS FOR THE LHC

The parton-level Monte Carlo program described in t
previous section has been used to determine the size o
NLO QCD corrections to EWVjj cross sections at the LHC
Using thekT algorithm, we calculate the partonic cross se
tions for events with at least two hard jets, which are
quired to have

pT j>20 GeV, uyj u<4.5. ~12!

Hereyj denotes the rapidity of the~massive! jet momentum
which is reconstructed as the four-vector sum of mass
partons of pseudorapidityuhu,5. The two reconstructed jet
of highest transverse momentum are called ‘‘tagging je
and are identified with the final-state quarks which are ch
acteristic for vector-boson fusion processes.

2The finite proton mass provides an absolute lower bound on
photon virtuality,Qg

2>mp
2(mV j j

2 /xs)2, wheremV j j is the invariant
mass of the produced system andx denotes the Feynmanx of the
colored parton in the subprocesses forpg→V j jX. We have chosen
the lower cutoff ofQg,min

2 50.1 GeV2 for a very rough simulation of
the resulting finite photon flux.
4-6
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FIG. 4. Scale dependence of the total cross section at LO and NLO within the cuts of Eqs.~12!–~15! for W2 andW1 production at the
LHC. Here and in all subsequent figures, the decay branching ratio of theW is included in the definition of the cross section. Th
factorization scalemF and/or the renormalization scalemR have been taken as multiples of the vector-boson mass,jmW , andj is varied in
the range 0.1,j,10. The NLO curves are formF5mR5jmW ~solid line!, mF5mW and mR5jmW ~dashed line!, andmR5mW and mF

variable~dot-dashed line!. The dotted curve shows the dependence of the LO cross section on the factorization scale. At this order,as(mR)
does not enter.
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We consider decaysZ→,1,2 andW→,n, into a single
generation of leptons. In order to ensure that the char
leptons are well observable, we impose the lepton cuts

pT,>20 GeV, uh,u<2.5, DRj ,>0.4, ~13!

whereRj , denotes the jet-lepton separation in the rapidi
azimuthal angle plane. In addition, the charged leptons
required to fall between the rapidities of the two tagging je

yj ,min,h,,yj ,max. ~14!

We do not specifically require the two tagging jets to
side in opposite detector hemispheres for the present an
sis. Backgrounds to VBF are significantly suppressed by
quiring a large rapidity separation of the two tagging je
Unless stated otherwise, we require

Dyj j 5uyj 1
2yj 2

u.4. ~15!

Cross sections, within the cuts of Eqs.~12!–~15!, are
shown in Fig. 4 forWjj production, and in Fig. 5 for theZjj
case. In both figures, the scale dependence of the LO
NLO cross sections is shown for fixed renormalization a
factorization scales,mR andmF , which are tied to the masse
of the produced vector bosonsmV ,

mR5jRmV , mF5jFmV . ~16!

The LO cross sections only depend onmF5jmV . At NLO
we show three cases:~a! jF5jR5j ~solid line!; ~b! jF
5j,jR51 ~dot-dashed line!; and ~c! jR5j,jF51 ~dashed
line!. While the factorization-scale dependence of the
result is sizable, the NLO cross sections are quite insens
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to scale variations: allowing a factor 2 variation in eith
direction, i.e., considering the range 0.5,j,2, the NLO
cross sections change by less than 1% in all cases.

As a second option, we have considered scales tied to
virtuality of the exchanged electroweak bosons. Specifica
independent scalesQi are determined as in Eqs.~2! and ~5!
for radiative corrections on the upper and on the lower qu
line, and we set

mFi5jFQi , mRi5jRQi . ~17!

FIG. 5. Same as Fig. 4, but forZ production at the LHC, with
the Z→m1m2 branching ratio included in the definition of th
cross section here and in all subsequent figures.
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FIG. 6. Transverse-momentum distribution
the highest-pT tagging jet inW1 production at
the LHC. In panel~a! the NLO result~solid line!
and the LO curve~dashed line! are shown for the
scale choicemF5mR5mW ~M scheme!. In panel
~b!, we show the ratios of the NLO differentia
cross section in theM scheme~solid line!, of the
LO one in theM scheme~dashed line!, and of the
LO one in theQ scheme~dotted line! to the NLO
distribution in theQ scheme, which is defined via
the scale choicemF5mR5Qi .
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This choice is motivated by the picture of VBF as two ind
pendent deep-inelastic-scattering type events, with indep
dent radiative corrections on the two electroweak-boson
tices. ResultingVjj cross sections at NLO are about 1
lower for mF5mR5Qi than for mF5mR5mV . In the fol-
lowing, we refer to the latter choice as the ‘‘M scheme’’
while the choicemF5mR5Qi is called the ‘‘Q scheme.’’ As
we will see below, a residual NLO scale dependence of ab
1–2 % is also typical for distributions, resulting in ve
stable NLO predictions forVjj cross sections.

In addition to these quite small scale uncertainties,
have estimated the error of theW6 j j cross sections due t
uncertainties in the determination of the PDFs. This erro
determined by calculating the totalWjj cross section, within
the cuts of Eqs.~12!–~15!, using two different sets of PDF
with errors, computed by the CTEQ@29# and MRST@33#
Collaborations. Together with the PDF that gives the bes
to the data, the CTEQ6M set provides 40 PDFs and
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MRST2001E provides 30 PDFs, which correspond to
tremal plus-minus variations in the directions of the er
eigenvectors of the Hessian in the space of the fitting par
eters. To be on the conservative side, we have added
maximum deviations for each error eigenvector in quad
ture, and we have found a total PDF uncertainty of64%
with the CTEQ PDFs, and of roughly62% with the MRST
set.

For precise comparisons with future LHC data, the
sidual theoretical error on the jet and lepton distributio
must be estimated. As a first example, we show
transverse-momentum distribution of the highest-pT tagging
jet for W1 j j production in Fig. 6~a!: the shape of thepT
distribution is fairly similar at LO~dashed curve! and NLO
~solid line!. Both curves were obtained with a scale choice
mR5mF5mW . In the right-hand panel their ratio to the NLO
curve withmR5mF5Qi is shown. The ratio of the two NLO
distributions deviates from unity by 2% or less over the e
s.
FIG. 7. W2 production cross section as a function of~a! the smaller and~b! the larger absolute value of the two tagging-jet rapiditie
Results are shown for a rapidity separation between the two tagging jets greater than 2 and 4~higher and lower pairs of curves, respectively!.
The LO cross section is always slightly below the NLO result. Due to the rapidity cut of Eq.~12!, the distributions are truncated atuyj u
54.5.
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FIG. 8. Transverse-momentum distributions of the charged final-state lepton inW1 production@panels~a! and~b!# and of the softest of
the two final-state leptons inZ production@panels~c! and~d!#. The solid curves in panels~a! and~c! represent the NLO cross sections a
the dashed curves the LO ones, for scalesmR5mF5mV ~M scheme!. Panels~b! and ~d! show the ratio of the NLO transverse-momentu
distribution computed in theM andQ schemes~solid line! and theK factors in theQ ~dashed line! andM ~dot-dashed line! schemes.
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tire range, which, again, points to the small QCD dep
dence of our calculation.

In contrast to the stability of the NLO result, the L
curves depend appreciably on the scale choice. The do
line and the dashed line in Fig. 6~b! give the ratio of the LO
curves formF5Qi and mF5mW , respectively, to the NLO
result. The shape of the LO curves, in particular for a c
stant scale choice likemF5mW , is quite different from the
more reliable NLO result. For transverse-momentum dis
butions, we generally find that the ‘‘dynamical’’ scale choi
mF5Qi , at LO, better reproduces the shape of the N
distributions, and is thus preferable to a fixed scale. At NL
or higher order, where the definition of the momentum tra
fer Qi becomes more problematic, the fixed-scale choice
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comes more natural. However, because of the greater st
ity of the cross-section prediction, the scale selection a
becomes less of a phenomenological issue.

Rapidity distributions of the two tagging jets are shown
Fig. 7, at LO and NLO, and for two choices of the rapidit
gap requirement,Dyj j .2 and Dyj j .4. The shapes of the
rapidity distributions for the more central tagging jet, pan
~a!, and the more forward tagging jet, panel~b!, are quite
similar at LO and NLO. In fact, theK factors for these dis-
tributions are fairly flat, and adequately described by a c
stant value of about 1.1. The results in Fig. 7 were obtain
for a fixed scalemF5mR5mW and are forW2 j j production.
Curves for theW1 j j andZjj cross sections are very simila
in shape and show the preservation of shape between LO
4-9
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FIG. 9. Angular correlations of leptons and jets inZ production. Panels~a! and ~b! show the minimum rapidity separation between t
two leptons and the two tagging jets. Panels~c! and~d! are for the minimum rapidity-azimuthal angle separations between the lepton
any reconstructed jets~not necessarily the two tagging jets!. The NLO differential cross sections are shown as solid lines, while the LO o
are displayed as dashed lines. Scales are fixed in theM scheme. Panels~b! and ~d! show the ratio between the two NLO differential cro
sections in theM andQ scheme~solid lines! and their respectiveK factors.
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NLO curves.
While tagging-jet distributions are quite similar for ele

troweakWjj andZjj events at the LHC, the presence of tw
charged leptons in theZjj case results in somewhat mo
noticeable differences. When considering changes in the
ton pT cut of Eq.~13!, the transverse momentum of the soft
lepton is critical forZ production, while the single charge
lepton must be considered forWjj events. These distribution
are shown in Fig. 8 forW1 production~top panels! and Z
production~bottom panels!. At NLO, the scale variations ar
again very small, at the 1% level, as demonstrated by
ratios of the NLOpT distributions for mF5mR5mV and
09300
p-
r

e

mF5mR5Qi ~solid lines! in Figs. 8~b! and 8~d!. Varying
either scale by a factor of 2 leads to the same conclusio
1–2 % scale uncertainties for the NLO results. Compar
the LO predictions~dashed and dot-dashed curves! with the
very precise NLO results shows theoretical errors of the
der of 10%. Again, as for the jetpT distributions discussed
earlier, the choicemF5Qi is better for simulating the shap
of the lepton pT distribution at LO. A fixed scale,mF
5mV , predicts too steep a fall-off at largepT . One should
note, however, that for the electroweakV j j processes con
sidered here, these differences are exceptionally smal
ready at LO: the differences between the LO curves in Fig
4-10
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FIG. 10. Dijet invariant-mass
distributions for W1 production,
with scales in theM scheme.
Shown are~a! the minimum dijet
invariant-mass distribution for any
final-state reconstructed jets~not
necessarily the two tagging jets!
and ~b! the invariant mass of the
two tagging jets. NLO results are
shown by solid lines, while the
dashed lines are for LO distribu
tions.
bu
st
an
-
u

id
ts

gh

th
ny

o

f
n

ex
d
le

tw
ra

LO

s

t
in
o

o
ro-
rs
s a

e
s in
O
e
ig.
the

lec-
tur-

ost
via

n

the

cal
LO

ly

ypi-
s.

lt:
is is
er-

ton
are of the order of 10% only.
In contrast to the lepton transverse-momentum distri

tions described above, the shape of the lepton-rapidity di
butions is virtually unaffected by the NLO corrections:
overall constantK factor is sufficient to describe NLO ef
fects. Larger changes are found when considering ang
correlations of the leptons and jets, which we show forZjj
production in Fig. 9. The top panels show the minimal rap
ity between any of the two leptons and the two tagging je
Dytag,l

min . As before, the tagging jets are taken as the two hi
est transverse-momentum jets in the event (pT selection!.
The two bottom panels show the minimal separation in
rapidity-azimuthal angle plane of the two leptons from a
jet ~not necessarily the two tagging jets! in the event,Rj ,l

min .
In both cases, the two scale choices for the NLO result sh
excellent agreement@solid lines in Figs. 9~b! and 9~d!#. How-
ever, the dynamicalK factors

K~x!5
dsNLO /dx

dsLO /dx
~18!

for x5Dytag,l
min and x5Rj ,l

min show qualitatively different be-
havior. WhileK(Dytag,l

min ) is fairly constant, i.e., the shape o
the distribution is well described by the LO approximatio
the minimal lepton-jet separation,ds/dRj ,l

min , shifts notice-
ably to smaller values at NLO. This behavior was to be
pected, since additional parton emission in the higher-or
calculation reduces lepton isolation. What is remarkab
then, is that the selection of the tagging jets as the
highest-pT jets does not affect the lepton-tagging jet sepa
tion. As for the Higgs boson case@15#, this selection of the
tagging jets provides excellent correspondence of the
and NLO-event topology.

In order to stress this point, we show dijet invariant-ma
distributions for the reconstructed jets~not necessarily the
two tagging jets! for W1 j j events at LO~dashed lines! and
at NLO ~solid lines! in Fig. 10. The distribution with respec
to the minimal dijet invariant mass in the event is shown
Fig. 10~a! while Fig. 10~b! uses the invariant mass of the tw
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tagging jets,mtags. At LO, there are only two final-state
quarks of pT.20 GeV in each event and, hence, the tw
curves are identical. At NLO, additional parton emission p
vides for soft third jets which form low invariant-mass pai
with one of the tagging jets, and this pair shows up a
low-mass peak inds/dmj j

min . Generic selections of the two
tagging jets in a multijet environment tend to pick up som
of these low-mass pairs and lead to substantial difference
the invariant-mass distribution of the two tagging jets at L
and at NLO. ThepT selection of tagging jets, which we hav
used throughout and for which results are shown in F
10~b!, is remarkable in that it preserves the shape of
tagging jet invariant-mass distribution,ds/dmtags, when go-
ing from LO to NLO.

V. CONCLUSIONS

Vector-boson fusion at the LHC represents a class of e
troweak processes which are under excellent control per
batively. This has been known for some time for the m
interesting process in this class: Higgs boson production
VBF has a modestK factor of about 1.05 for the inclusive
production cross section@14# and this result also holds whe
applying realistic acceptance cuts@15#.

In the present paper, we have extended this result to
electroweak production ofW andZ plus two jets, when the
final-state particles are in a kinematic configuration typi
of VBF events. More precisely, we have calculated the N
QCD corrections to electroweak production of,n, j j and
,1,2 j j at LHC, and we have implemented them in a ful
flexible NLO Monte Carlo program.K factors are of the
same size as for the Higgs boson production process, t
cally ranging between 1.0 and 1.1 for most distribution
What is more important is the stability of the NLO resu
residual scale dependence is at the 2% level or below. Th
smaller than the present parton-distribution-function unc
tainties, which we have calculated for theW6 j j cross sec-
tions. We estimate 4% PDF errors using CTEQ6M par
4-11
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C. OLEARI AND D. ZEPPENFELD PHYSICAL REVIEW D69, 093004 ~2004!
distributions and roughly half that size using MRST200
PDFs.

Given the excellent theoretical control which we no
have for EWV j j production, these processes can be use
testing grounds for Higgs boson production in VBF: tec
niques should be developed to measure hadronic prope
such as forward-jet tagging efficiencies or central-jet-v
probabilities, inWjj or Zjj production at the LHC and to
extrapolate these results to Higgs boson production, thus
ducing the systematic errors for Higgs boson coupling m
surements. We leave such applications for the future.
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APPENDIX: VIRTUAL CORRECTIONS

In this appendix, we give the expression for the fini

reduced amplitudeM̃t(q1 ,q2) that appears in Eqs.~5! and
~6!, in terms ofB̃0 , C̃0 , and D̃ i j functions. HereB̃0 , C̃0 ,
andD̃ i j are the finite parts of the Passarino-VeltmanB0 , C0 ,
and Di j functions @34#, and are given explicitly below. We
have also derivedM̃t(q1 ,q2) in terms ofB̃0 , C̃0 , and D̃0
functions, but do not show this expression here, due to
length. We write

M̃t~q1 ,q2!5c̄~k2!@c1e” 11c2e” 21cq~q” 12q” 2!

1cbe” 2~k” 21q” 2!e” 1#
11tg5

2
c~k1!, ~A1!

wheree15e1(q1) ande25e2(q2) are the effective polariza
tion vectors of the two electroweak gauge bosons. The c
ficient functionc15c1(q1 ,q2) is given by
c152e2k2Te~q2
2,t !22@D̃12~k2 ,q2 ,q1!1D̃24~k2 ,q2 ,q1!#e2k2~q1

21q2
223s24t !

22@D̃12~k2 ,q2 ,q1!2D̃24~k2 ,q2 ,q1!#e2q1~q2
22t !14@2D̃11~k2 ,q2 ,q1!e2k2s2D̃12~k2 ,q2 ,q1!e2k1t

1D̃13~k2 ,q2 ,q1!e2k2~q2
22s2t !1D̃13~k2 ,q2 ,q1!e2q1q2

22D̃21~k2 ,q2 ,q1!e2k2s2D̃22~k2 ,q2 ,q1!e2k2t

2D̃22~k2 ,q2 ,q1!e2q1q2
21D̃23~k2 ,q2 ,q1!e2k2q1

21D̃25~k2 ,q2 ,q1!e2k2~q2
22s22t !

2D̃26~k2 ,q2 ,q1!e2k2~q2
22s2t !1D̃26~k2 ,q2 ,q1!e2q1t12D̃27~k2 ,q2 ,q1!e2q12D̃32~k2 ,q2 ,q1!e2k2q2

2

2D̃34~k2 ,q2 ,q1!e2k2~q2
22t !1D̃36~k2 ,q2 ,q1!e2k2~2q2

22t !1D̃37~k2 ,q2 ,q1!e2k2q1
2

1D̃35~k2 ,q2 ,q1!e2k2~q2
22s2t !1D̃38~k2 ,q2 ,q1!e2k2~q1

21q2
22s!2D̃39~k2 ,q2 ,q1!e2k2q1

2

2D̃310~k2 ,q2 ,q1!e2k2~q1
212q2

222s2t !24D̃311~k2 ,q2 ,q1!e2k216D̃312~k2 ,q2 ,q1!e2k2

12D̃313~k2 ,q2 ,q1!e2q1#, ~A2!

where

Te~q2,t !5
1

t2q2 H @B̃0~ t !2B̃0~q2!#
2t13q2

t2q2 12B̃0~q2!1122q2C̃0~q2,t !J ~A3!

is defined in terms of the finite parts of theB0 andC0 functions

B̃0~q2!522 ln
q21 i01

s
~A4!

and
C̃0~q2,t !5

1

2~ t2q2!
S ln2

q21 i01

s
2 ln2

t1 i01

s
D . ~A5!

These expressions are obtained by pulling a common factorG(11e)(2s)2e[G(11e)/(Q2)e out of all amplitudes and
Passarino-Veltman functions, e.g.,
4-12



QCD CORRECTIONS TO ELECTROWEAK . . . PHYSICAL REVIEW D69, 093004 ~2004!
B0~q2!5E ddk

ipd/2

1

k2~k1q!2 5
G~11e!

e

G~12e!2

G~222e!
~2q22i01!2e

5
G~11e!

~2s!e F1

e
122 ln

q21 i01

s
1O~e!G5

G~11e!

~Q2!e F1

e
1B̃0~q2!1O~e!G . ~A6!

For the other coefficient functionsci5ci(q1 ,q2) we find

c2522@D̃12~k2 ,q2 ,q1!1D̃24~k2 ,q2 ,q1!#@e1k2~q1
21q2

22s22t !1e1q2~q2
22s23t !#

14@D̃13~k2 ,q2 ,q1!e1k2q1
22D̃13~k2 ,q2 ,q1!e1k1~2s1t !1D̃22~k2 ,q2 ,q1!e1k1q2

22D̃23~k2 ,q2 ,q1!e1k2t

1D̃23~k2 ,q2 ,q1!e1q2~q1
22t !2D̃24~k2 ,q2 ,q1!e1k1q2

21D̃25~k2 ,q2 ,q1!e1k2q1
21D̃25~k2 ,q2 ,q1!e1k1~q2

222s2t !

1D̃26~k2 ,q2 ,q1!e1k2t2D̃26~k2 ,q2 ,q1!e1k1~q1
22s!22D̃27~k2 ,q2 ,q1!e1q21D̃33~k2 ,q2 ,q1!e1k2q1

2

1D̃33~k2 ,q2 ,q1!e1q2q1
21D̃37~k2 ,q2 ,q1!e1k1~q2

22s2t !1D̃38~k2 ,q2 ,q1!e1k1q2
22D̃39~k2 ,q2 ,q1!e1k1~q1

21q2
22s!

2D̃310~k2 ,q2 ,q1!ek1~q2
22t !12D̃311~k2 ,q2 ,q1!e1k212D̃312~k2 ,q2 ,q1!e1q226D̃313~k2 ,q2 ,q1!e1k1#

12e1k1Te~q1
2,t !, ~A7!

cq5@D̃12~k2 ,q2 ,q1!1D̃24~k2 ,q2 ,q1!#e1e2s

12@4D̃12~k2 ,q2 ,q1!e2k2e1k213D̃12~k2 ,q2 ,q1!e2k2e1q21D̃12~k2 ,q2 ,q1!e2q1e1k224D̃13~k2 ,q2 ,q1!e2k2e1k2

22D̃13~k2 ,q2 ,q1!e2k2e1q222D̃13~k2 ,q2 ,q1!e2q1e1k22D̃13~k2 ,q2 ,q1!e1e2s12D̃22~k2 ,q2 ,q1!e2k2e1q2

2D̃22~k2 ,q2 ,q1!e1e2t22D̃23~k2 ,q2 ,q1!e2q1e1k222D̃23~k2 ,q2 ,q1!e2q1e1q22D̃23~k2 ,q2 ,q1!e1e2t

16D̃24~k2 ,q2 ,q1!e2k2e1k213D̃24~k2 ,q2 ,q1!e2k2e1q21D̃24~k2 ,q2 ,q1!e2q1e1k226D̃25~k2 ,q2 ,q1!e2k2e1k2

22D̃25~k2 ,q2 ,q1!e2k2e1q222D̃25~k2 ,q2 ,q1!e2q1e1k22D̃25~k2 ,q2 ,q1!e1e2s24D̃26~k2 ,q2 ,q1!e2k2e1q2

14D̃26~k2 ,q2 ,q1!e2q1e1k212D̃26~k2 ,q2 ,q1!e2q1e1q21D̃26~k2 ,q2 ,q1!e1e2~s12t !2D̃32~k2 ,q2 ,q1!e1e2q2
2

1D̃33~k2 ,q2 ,q1!e1e2q1
212D̃34~k2 ,q2 ,q1!e2k2e1k222D̃35~k2 ,q2 ,q1!e2k2e1k21D̃36~k2 ,q2 ,q1!e1e2~q2

22t !

22D̃37~k2 ,q2 ,q1!e2q1e1k212D̃36~k2 ,q2 ,q1!e2k2e1q21D̃37~k2 ,q2 ,q1!e1e2~q2
22s2t !12D̃38~k2 ,q2 ,q1!e2q1e1q2

1D̃38~k2 ,q2 ,q1!e1e2~q1
212q2

22s!22D̃39~k2 ,q2 ,q1!e2q1e1q22D̃39~k2 ,q2 ,q1!e1e2~2q1
21q2

22s!

22D̃310~k2 ,q2 ,q1!e2k2e1q212D̃310~k2 ,q2 ,q1!e2q1e1k22D̃310~k2 ,q2 ,q1!e1e2~2q2
22s22t !

14D̃312~k2 ,q2 ,q1!e1e224D̃313~k2 ,q2 ,q1!e1e2#, ~A8!

cb522$@D̃36~k2 ,q2 ,q1!1D̃37~k2 ,q2 ,q1!22D̃310~k2 ,q2 ,q1!#~q2
22t !1D̃38~k2 ,q2 ,q1!~q1

212q2
2!

2D̃39~k2 ,q2 ,q1!~2q1
21q2

2!%22@D̃0~k2 ,q2 ,q1!1D̃11~k2 ,q2 ,q1!1D̃12~k2 ,q2 ,q1!

22D̃13~k2 ,q2 ,q1!1D̃24~k2 ,q2 ,q1!2D̃25~k2 ,q2 ,q1!1D̃26~k2 ,q2 ,q1!2D̃37~k2 ,q2 ,q1!2D̃38~k2 ,q2 ,q1!

1D̃39~k2 ,q2 ,q1!1D̃310~k2 ,q2 ,q1!#s12$@D̃22~k2 ,q2 ,q1!1D̃23~k2 ,q2 ,q1!22D̃26~k2 ,q2 ,q1!#t22D̃27~k2 ,q2 ,q1!

1D̃32~k2 ,q2 ,q1!q2
22D̃33~k2 ,q2 ,q1!q1

226@D̃312~k2 ,q2 ,q1!2D̃313~k2 ,q2 ,q1!#%

2
1

t FTb~q1
2,t !1Tb~q2

2,t !1B̃0~ t !251
p2

3 G , ~A9!
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with

Tb~q2,t !5
1

t2q2 $2q2@B̃0~ t !2B̃0~q2!#1tB̃0~ t !

2q2B̃0~q2!%22q2C̃0~q2,t !. ~A10!

For the crossed functionM̃(q2 ,q1), the same expressions a
above apply, with the obvious interchangeq1↔q2 , e1↔e2 ,
and t→u.

The finite part of theD0 function is defined by

D̃0~k2 ,q2 ,q1!5
1

2st
F ln2

q1
2q2

2

t2 14 Li2S 12
t

q1
2D

14 Li2S 12
t

q2
2D 2

p2

3
G . ~A11!

This expression is well defined when all invariants—q1
2, q2

2,
andt—are spacelike. In our application, we always have o
spacelike and one timelike weak boson, i.e., exactly one
the two quotientst/qi

2 is positive. In the other quotient, sim
/
a
-

.
,
e-
ri,

r-

re
nf

.

,

. D
d,

-

09300
e
of

ply replace the timelike invariant byt→t1 i01 or qi
2→qi

2

1 i01, as in Eqs.~A4! and ~A5!.
The remaining finiteD̃ i j functions are obtained from th

above expressions for theB̃0 , C̃0 , andD̃0 functions with the
usual Passarino-Veltman recursion relations given in R
@34#, adapted to the Bjorken-Drell metric,qi

2.0, for a time-
like momentumqi . In these recursion relations, we need t
additional finiteB̃0 and C̃0 functions

B̃0~0!50, ~A12!

C̃0~k2 ,q11q2!5C̃0~s,0,0!5
1

s

p2

6
,

~A13!

while

C̃0~q1 ,q2!5C0~q1
2,q2

2,s! ~A14!

is the infrared- and ultraviolet-finiteC0 function for massless
internal propagators but with nonzero invariantsq1

2, q2
2, and

s.
S-

r,

rk-

ys.
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