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We calculateg—2 of the muon and the QED coupling(M%), by improving the determination of the
hadronic vacuum polarization contributions and their uncertainties. We include the recently reanalyzed CMD-2
data one”e” — 7" 7. We carefully combine a wide variety of data for taée™ production of hadrons and
obtain the optimum form oR(s)Eaﬁao(s)/opt(s), together with its uncertainty. Our results for the hadronic
contributions tog—2 of the muon are*"°=(692.4- 5.9+ 2.4,9 X 10" ** and a**N"°= (- 9.8+ 0.1,
+0.0,0 %107, and for the QED couplingh a2 M3) = (275.5+ 1.9,,,* 1.3,9 X 10" *. These yield ¢
—2)/2=0.00116591763(74), which is about @.4dbelow the present world average measurement, and
a(M%)’1=128.954t 0.031. We compare owg—2 value with other predictions and, in particular, make a
detailed comparison with the latest determinatiorgef2 by Davieret al.
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[. INTRODUCTION model. In particular the comparison offers valuable con-
straints on possible contributions from supersymmetric par-
Hadronic vacuum polarization effects play a key role inticles.
the prediction of many physical quantities. Here we are con- The other quantity, the QED coupling at ttZe boson
cerned with their effect on the prediction of the anomalousmassMg, is equally important. It is the least well known of
magnetic moment of the muoa,=(g,—2)/2, and on the the three parameterfthe Fermi constantG,, M; and
running of the QED coupling to th& boson mass. We ex- a(M3)], which are usually taken to define the electroweak
plain below why it is crucial to predict these two quantities part of the standard model. Its uncertainty is therefore one of
as precisely as possible in order to test the standard mod#ie major limiting factors for precision electroweak physics.
and to probe new physics. It limits, for example, the accuracy of the indirect estimate of
First, we recall that the anomalous magnetic moments ofhe Higgs boson mass in the standard model.
the electron and muon are two of the most accurately mea- The hadronic contributions tg—2 of the muon and to
sured quantities in particle physics. Indeed the anomalouthe running of «(s) can be calculated from perturbative
moment of the electron has been measured to a few parts p@CD (PQCD) only for energies well above the heavy flavor
billion and is found to be completely described by quantumthresholds. To calculate the important non-perturbative con-
electrodynamics. This is the most precisely tested agreemetibutions from the low energy hadronic vacuum polarization
between experiment and quantum field theory. On the othensertions in the photon propagator we use the measured total
hand, since the muon is some 200 times heavier than theross sectioh
electron, its moment is sensitive to small-distance strong and
weak interaction effects, and therefore depends on all aspects opads) =0l (e"e”— y* —hadrons, 2
of the standard model. The world average of the existing
measurements of the anomalous magnetic moment of thehere the O superscript is to indicate that we take the bare
muon is cross section with no initial state radiative or vacuum polar-
ization corrections, but with final state radiative corrections.
1) Alternatively we may use

al (s)
which is dominated by the recent value obtained by the R(s)= ;a?(s) :
Muon g—2 Collaboration at Brookhaven National Labora- bt
tory [1]. Again, the extremely accurate measurement offers § nere =4ma?/3s with a= «(0). Analyticity and the op-
stringent test of theory, but this time of the whole standard;.a| theorem then yield the dispersion relations
model. If a statistically significant deviation, no matter how
tiny, can be definitively established between the measured———-
value aixp and the standard model prediction, then it will In some previous analyses PQCD has been used in certain re-

herald the existence of new physics beyond the standargions petween the flavor thresholds. With the recent data, we find
that the PQCD and data driven numbers are in agreement and not
much more can be gained by using PQCD in a wider range.
*Present address: Department of Mathematical Sciences, Univer-?Strictly speaking we are dealing with a fully inclusive cross sec-
sity of Liverpool, Liverpool L69 3BX, United Kingdom. tion which includes final state radiatioa] e~ — hadrons ¢ ).

a;®=116592088) x 10" ™,

()
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alo [ @M, 2 = R(s)K(s) sion data for. the hadronic de_cays @flepton;. _H_oweverz
aﬂa 3 S———, (4) recent experiments at Novosibirsk have significantly im-
™ Sth S proved the accuracy of the measurements of éfie™

—hadronic channels, and reveal a sizable discrepancy with
as_ (= R(s") the CVC prediction from the data; see the careful study of
Aapds)=— 37TPJ' ds’'———, ()  [2]. Even with the re-analyzed CMD-2 data the discrepancy
S(s'—9) still remains[3]. This suggests that the understanding of the
CVC hypothesis may be inadequate at the desired level of
precision. It is also possible that the discrepancy is coming
om thee*e™ or 7 spectral function data themselves, e.g.
om some not yet understood systematic effect.

The experimental discrepancy may be clarified by mea-
surements of the radiative retdrrevents, that isete”
—a 7 vy, at DA®NE [6] and BaBar[8]. Indeed the pre-

. 2 liminary measurements of the pion form factor by the KLOE
monoton2|cally frczm _0'40 an’o (the my threshold to 0.63 Collaboration [9] compare well with the recent precise
ats=4m’ (ther" 7 threshold, and thzen tolas—=. AS  cMD-2 7" 7 data[10,1] in the energy region above 0.7
compared to Eq(5) evaluated as=M7, we see that the Gev, and are significantly below the values obtained, via
integral in Eq.(4) is much more dominated by contributions cvc, from = decays 2]. We therefore do not include the
from the low energy domain. data in our analysis.

At present, the accuracy to which these hadronic correc- We have previous|y pub“sheﬂz:l a short summary of
tions can be calculated is the limiting factor in the precisiongyr evaluation of Eq(4), which gave
to which g—2 of the muon anda(M%) can be calculated.
The hadronic corrections in turn rely on the accuracy to a;‘f‘d"'oz(683.1t 5.9~ 2.0,9x 10 1° (7)
which R(s) can be determined from the experimental data,
particularly in the low energy domain. For a precision analy-When this was combined with the other contributionsgto

for the hadronic contributions toa,=(g,—2)/2 and
Aa(s)=1—ala(s), respectively. The superscript LO ary
denotes the leading-order hadronic contribution. There arg
also sizable next-to-leading ordéXLO) vacuum polariza- "
tion and so-called “light-by-light” hadronic contributions to
a,, which we will introduce later. The kern&(s) in Eq.

(4) is a known function[see Eq.(45)], which increases

sis, the reliance on the experimental valuesRifs) or —2 we found that
o, {(S) poses several problems. o
First, we must study how the data have been corrected for a;"=(g—2)/2=(11659166.8 7.4 X 10"  (8)

radiative effects. For example, to expré’®6s) in Egs. (4)
and (5) in terms of the observed hadron production crosdn the standard model, which is about three standard devia-

section, o, S), we have tions below the measured value given in EL). The purpose
of this paper is threefold. First, to describe our method of
0 2 analysis in detail, and to make a careful comparison with the
_ ThadS) o Thad S) :
R(s)= o= T (6)  contemporary evaluation of Ref3]. Second, the recent
4ma®i3s \a(S)] 4ma’l3s CMD-2 data for thee'e -7 7,7 7 #° and KXK?

channelg11,13,14 have just been re-analyzed, and the mea-

if the data have not been corrected for vacuum polarizatioRreq values re-adjusteftl0]. We therefore recompute
effects. The radiative correction factors, suchl asa(s)]? a0 5 see how the values given in Ed3) and (8) are

in Eq. (6), depend on each experiment, and we discuss ther@ﬁanged. Third, we use our knowledge of the dataFs)
in detail in Sec. II.

) , to give an updated determination &fy,,{s), and hence of
Second, below about/s~1.5 GeV, inclusive measure- the QED couplinga(Mi).

ments ofaﬂao(s) are not ava}ilable, and instead a sum of the  1he outline of the paper is as follows. As mentioned
mfasiur%merltsiof exclusive processes’e( "7, apove, Sec. Il describes how to process and combine the
7 aom, KTKT, L ) is uged. ) data, from a wide variety of different experiments, so as to
To obtain the most reliable “experimental” values for give the optimum form oR(s), defined in Eq(3). In Sec.
R(s) or o, {(S) we have to combine carefully, in a consistent || we describe how we evaluate dispersion relatiofisand
way, data from a variety of experiments of differing preci- (5) for a"24L0 and A a4 respectively, and, in particular,
sion and covering different energy intervals. In Sec. Il wegiye tables and plots to show which energy intervals give the

show how this is accomplishéad using a clustering methodjominant contributionsnd dominant uncertainties. Section
which minimizes a non-lineay“ function.

In the region 1.5 Js<2 GeV where both inclusive and

exclusive experimental determinations aff,{s) have been  3ype energy dependence of the discrepancy beteéen and r
made, there appears to be some difference in the values. fata is displayed in Fig. 2 dB]. One possible origin would be an
Sec. Il we introduce QCD sum rules explicitly designed tounexpectedly large mass difference between charged and neutral
resolve this discrepancy. mesons; see, for examplet].

Finally, we have to decide whether to use the indirect “See[5] for a theoretical discussion of the application of “radia-
information one*e~— hadrons obtained fok/s< m,, via  tive return” to measure the cross sections faz'e”
the conserved-vector-curre(@VC) hypothesis, from preci- — 7KK, ... at¢ andB factories[6,7.
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TABLE I. Experiments and references for teée™ data sets for the different exclusive and inclusive
channels as used in this analysis. The recent re-analysis from CMD{2supersedes their previously
published data forr™ 7~ [11], 7w #° [13] andK2K? [14].

Channel Experiments with references
ata OLYA [16-18, OLYA-TOF [19], NA7 [20],
OLYA and CMD [21,22, DM1 [23], DM2 [24], BCF[25,26,
MEA [27,28, ORSAY-ACO[29], CMD-2 [10,11,3Q
w0y SND[31,37
Yy SND[32,33, CMD-2 [34-36
a0 ND [22], DM1 [37], DM2 [38],
CMD-2[10,13,34,39 SND[40,41], CMD [42]
KTK™ MEA [27], OLYA [43], BCF[26], DM1 [44],
DM2 [45,46, CMD [22], CMD-2 [34], SND[47]
KK DM1 [48], CMD-2 [10,14,49, SND [47]
at 70 M3N [50], DM2 [51], OLYA [52], CMD-2 [53], SND[54],

o(—m0y)m°

ata at e

ata w T a aw°
at 7 7000
o(—my) T T
atr at et
ata ot 7m0
at 7 70000
pata

KTK ™70

K2mK

0

KX
Tt T KYK™

pp
nn

ORSAY-ACO[55], yy2 [56], MEA [57]
ND and ARGUS[22], DM2 [51], CMD-2 [53,5§,
SND [59,60, ND [61]
ND [22], M3N [50], CMD [62], DM1 [63,64), DM2 [51],
OLYA [65], yy2 [66],

CMD-2 [53,67,68, SND [54], ORSAY-ACO[55]
MEA [57], M3N [50], CMD [22,62, yy2 [56]
M3N [50]

DM2 [38], CMD-2 [69], DM1 [70]

M3N [50], CMD [62], DM1 [71], DM2 [72]
M3N [50], CMD [62], DM2 [72], yy2 [56],
MEA [57]
isospin-related
DM2 [73], CMD-2 [69]

DM2 [74,75
DML1 [76], DM2 [74,75
DM1 [77]

DM2 [74]

FENICE[78,79, DM2 [80,81], DM1 [82]
FENICE[78,83

Inclusive (<2 GeV)

Inclusive (>2 GeV)

y2 [84], MEA [85], M3N [86],
BARYON-ANTIBARYON [87]
BES[88,89, Crystal Ball[90-92, LENA [93], MD-1 [94],
DASP[95], CLEO [96], CUSB[97], DHHM [98]

IV shows how QCD sum rules may be used to resolve disa(M3); comparison is made with earlier determinations. We
crepancies between the inclusive and exclusive measuredso give the implications of the updated value for the esti-
ments ofR(s). Section V contains a comparison with other mate of the standard model Higgs boson mass. Finally in
predictions ofg—2, and in particular a contribution-by- Sec. IX we present our conclusions.
contribution comparison with the very recent DEHZ 03 de-
termination[3]. In Sec. VI we calculate thnternaP had-
ronic light-by-light contributions toa,. Section VI
describes an updated calculation of the NLO hadronic con- The data that are used in this analysisRgs), in order to
tribution, a/**"°. In this section we give our prediction for evaluate dispersion relatiorid) and (5), are summarized in
g—2 of the muon. Section VIII is devoted to the computa- Table |, for both the individual exclusive channels®g™
tion of the value of the QED coupling at tieboson mass, —# 7 , 7 7 7° K"K, ...) and theinclusive process
(e"e”— y* —hadrons)? In Secs. Il A—Il C we discuss the

Il. PROCESSING THE DATA FOR ete”—HADRONS

SIn this notation, the familiar light-by-light contributions are

calledexternaj see Sec. VI. A complete compilation of these data can be foungl1is].
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radiative corrections to the individual data sets, and then inf, for example,|cosé,,{=1, thena(t,,,)=a, and the cor-
Sec. Il D we address the problem of combining different dataection factor(13) would be nearer to E410). On the other

sets for a given channel. hand, if|cosé,{=0.5, thena(t,) ~a(s), and the correc-
Incidentally, we need to assume that initial state radiativeion (13) would be near to Eq(11).
corrections(which are described by pure QEDave been In most of the old data, the leptonfelectron and muon

properly accounted for in all experiments. We note that thecontribution to the photon vacuum polarization function has
interference between initial and final state radiation cancelseen accounted for in the analydiShis does not affect data

out in the total cross section. that uses(u™ 1 ~) as the normalization cross section, since
the correction cancels out, and &) still applies] How-
A. Vacuum polarization corrections ever, for those experiments that use Bhabha scattering to
. oy L . normalize the data, the correction factt3) should be
The observed cross sectionsghie™ annihilation contain modified to

effects from thes-channel photon vacuum polarizati¢viP)
corrections. Their net effect can be expressed by replacing
the QED coupling constant by the running effective coupling
as follows:

o la(s)a(s)]

P (i) (i) 12

C (15
a’—a(s)?. 9

whereq,(s) is the running QED coupling with only the elec-

On the other hand, the hadronic cross section which entetg,, ang muon contributions to the photon vacuum polariza-
the dispersion integral representations of the vacuum polag,, fynction included. In the case of the older inclusRe
ization contribution in Eqgs(4) and (5) should be the bare ata, only the electron contribution has been taken into ac-
cross section. We therefore need to multiply the experiment our;t and we take only=e in Eq. (15):

data by the factor '

2 la(s)]?
P | a(s) (10 PO L ate(tmin) (i) 12

(16)

if no VP corrections have been applied to the data and if the
luminosity is measured correctly by taking into account allWe summarize the information we use for the vacuum polar-
the VP corrections to the processes used for the luminositization corrections in Table Il where we partly use informa-
measurement. These two conditions are met only for somgon given in Table Il of[99] and in addition give correc-
recent data. tions for further data sets and recent experiments not covered
In some early experiment®©M2, NA7), the muon-pair there. It is important to note that the most recent data from
production process is used as the normalization cross sectioGMD-2 for #"o#~, =" 7 #° and KgK0 , as re-analyzed in
onom- FOr these measurements, all the corrections to thg10], and thngKE data above theb [49], are already pre-
photon propagator cancel out exactly, and the correction faGsented as undressed cross sections, and hence are not further
tor Is unity: corrected by us. The same applies to the inclufvmea-
Co—cB_1 (11 surements from BES, CLEO, LENA and Crystal Ball. In the
vpT MvpT last column of Table Il we present the ranges of vacuum

. . rPolarization correction factoi§,,, if we approximate—as is
However, most experiments use Bhabha scattering as tc?one in many analyses—the required time-likgs) by the
normalization(or luminosity-defining process. If no VP cor- y y q y

; : : o . h space-likex(—s). The numbers result from apply-
rection has been applied to this normalization cross secuonsmOOt e
the correction is do?nﬁnated by the contribution to tlolan- ihg formulas(10), (11), (15), (16) as specified in the second

nel photon exchange amplitudestgt,, since the Bhabha to Ias_t column, over the energy ranges releva_nt f°T the_ re-
: . 2,9 spective data sefsThe correction factors obtained in this
scattering cross section behaveslagdto o“/t* at small|t|.

Thus we may approximate the correction factor for theVay are very close to, but pe_low, one, decreage With increas-
Bhabha scattering cross section by ing energy, and are very similar to the corrections factor; as
given in Table Il of[99]. However, for our actual analysis
a?—[a(tyn ]2 (12 we make use of a recent parametrizatiorwofwhich is also
available in the time-like regimgl01]. For the low energies
In this case, the cross section should be multiplied by thé@round thew and ¢ resonances relevant here, the running of
factor a exhibits a striking energy dependence, and so do our cor-

rection factorsC,,. We therefore do not include them in

_~C_ [ala(s)]? :<a’(tmin))2 (13 Table 11 but display the energy dependent fadBy}, in Fig.
T ldla(tm? | als) ]
where "To obtain these numbers we have used the parametrization of
Burkhardt and Pietrzyk100] for a(q?) in the space-like region,
tmin= —S(1—C0S0.)/2. (14  g°<o.
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TABLE II. Information about vacuum polarization correction factors for different data sets as explained
in the text. The letters A,B,D,E indicate that the correction factor is given by @, (11), (15), (16
respectively. Ther” 7~ and most recentr* 7~ #° and KEK% data from CMD-2, as well as thR measure-
ments from BES, are given as undressed quantities and are already corrected for vacuum polarization effects.
According to their publications th& data from CLEO, LENA and Crystal Ball also have leptonic and
hadronic VP corrections applied in both the Bhabha and the hadronic cross sections. The correction factors of
type A, D and E displayed in the last column are obtained usifigs) as an approximation te(s).
However in the actual analysis we evaluate the corrections usigyy see Fig. 1.

Experiment Process Normalization |cos6g,{ Type Cyp(a@ spacelike)
NA7 [20] ata o - B 1.000
OLYA [16-18,21,22,4B ="7 ,KK eetuu <0.71 D 0.998-0.993
[52,659 4 D 0.995-0.993
CMD [21,22 77 KK eetuu <0.60 D 0.999-0.994
[42,62 3,417 D 0.996-0.994
OLYA-TOF [19] Tt eetuu <0.24 D 0.999-0.998
MEA [27] ata KK ee <0.77 D 0.992
[28] ata” o - B 1.000
[57] 4 ee <0.77 D 0.993-0.992
DM1 [23,44,48 ata T KK ee <0.50 D 0.998-0.994
[37,63,64 3,4 D 0.998-0.994
DM2 [24,45,46 a7 KK i - B 1.000
[38,51 3,417 ee Unknown - No corrections applied
SND [31,32,47 70y, KK ee (<0.89) A 0.974-0.967
[40,41,54 3,41 A 0.973-0.963
CMD-2[14,34 KK ee (<0.64) A 0.968-0.967
[13,34,39,53,67,68 3,4 A 0.972-0.963
vy2 [84] R ee <0.64 E 0.992-0.991
DASP[95] R ee <0.71 E 0.985
DHHM [98] R ee <0.70 D 0.990-0.989
BES[88,89 R ee (<0.55) B 1.000
Crystal Ball[90-92 R ee B 1.000
LENA [93] R ee B 1.000
CLEO[96] R ee Various B 1.000

1. For comparison, the correction using space-lie  in which case eitheCEp (if Tnorm=07,,) OF C\Ep (if Tnom

a(—s), is displayed as dashed and dotted lines forée@s =) should be used. However, those corrections turn out

=0.5 and 0.8 respectively. _ _ to be small compared to the error in the corresponding en-
For all exclusive data sets not mentioned in Table Il NOgrgy regimes. In addition, we conservatively include these

corrections are applied. In most of these cases the possm{%certainties in the estimate of an extra eréa’® . as dis-
M L)

effect is very small compared to the large systematic eITors  <ced below.

or even included already in the error estimates of the experi- The anplication of the stronaly eneray dependent VP cor-
ments. For all inclusive data sets not cited in Tabléblit . PP . N gy gy dep
rections leads to shlfté‘aMp of the contributions taa, as

used in our analysis as indicated in TableMe assume, in '~ ; /
line with earlier analyses, that only electronic VP correctionsdiSPlayed in Table lil. Note that these VP corrections are

have been applied to the quoted hadronic cross section vapignificant and of the order of the experimental error in these
ues. We therefore do correct for missing leptonic ) and channels. In view of this, the large positive shift for the lead-

) g .
hadronic contributions, using a variant of E40) without N9 7 7 channel—expected from the correction factor as
the electronic corrections: displayed in Fig. 1—is still comparably small. This is due to

the dominant role of the CMD-2 data which do not require

. [ala(s)]? (ae(s)>2 correction, as discussed above. Similarly, for the inclusive

T Ll ag(9)]

(17)  data(above 2 GeY, the resulting VP corrections would be

a(s) larger without the important recent data from BES which are

more accurate than earlier measurements and have been cor-

This may, as is clear from the discussion above, lead to arected appropriately already.
overcorrection due to a possible cancellation between correc- To estimate the uncertainties in the treatment of VP cor-
tions to the luminosity defining and hadronic cross sectionstections, we take half of the shifts for all channels summed in
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;& 11 [ T UL L UL L all channelsi
i solid and dashed: cos(8,,) = 0.5 ] oA axg,dexcmnclzz 2 A(Aahad)vp’I =1.07x10 4'
LO75 N dotted: cos(9,,)=0.8 ] (19
i ] B. Final state radiative corrections
L5 1= 7] For all the ete”—=*#~ data (except CMD-2[11],
- 1 whose values forrfw(,/) already contain final state photons
i i ande*e” —K'K™ data, we correct for the final state radia-
1.025 = ; with a(s) for o, N tion (FSR) effects by using the theoretical formula
ﬂ Cis=1+ n(s)alm, (20
1 [Frmnmnn.
i R where 7(s) is given e.g. in[102].° In the expression for
- with a(-s) for 6,4 1 7(s), we takem=m_ for =" 7, andm=my for K"K~
0975 | _ production. Although the formula assumes point-like charged
r 7 scalar bosons, the effects ef andK structure are expected
i i to be small at energies not too far away from the threshold,
095 L ] where the cross section is significant. The above factor cor-
L 1 rects the experimental data for the photon radiation effects,
i i including both real emissions and virtual photon effects. Be-
= . cause there is not sufficient information available as to how
0925 |- 7] the various sets of experimental data are corrected for final
L . state photon radiative effects, we include 50% of the correc-
i ] tion factor with a 50% error. That is, we take
0.9 1 | | | | T | | I I | | | |

0.5 1 1.5 2 2.5 3

Vs (GeV) Crm
Sr

a a
1+0.5%(s) ;) +0.59(s) pr (21
FIG. 1. Vacuum polarization correction factfi]{?p in the low
energy regime. The continuous line is the full result as applied in

our analysis, whereas the dashed line is obtained when using0 that the entire range, from omitting to including the cor-
a(—s) as an approximation fox(s). Both curves are for co&,,  rection, is spanned. The estimated additional uncertainties

=0.5 whereas the dotted lines are obtained forégs-0.8. from final state photon radiation in these two channels are
~ P
then numericallyz‘>‘af,fr"7+7T =0.68<10 1% and saj;"*
quadraturé. The total error due to VP is then given by =0.42<10°1% and for Aay,g, OA aﬁara”+”_=0.04>< 104

o and SAa"K K =0.06x10°4 For all other exclusive
4 modes we do not apply final state radiative corrections, but
> (Aa\;ltp")z) =1.20x10°*°. assign an additional 1% error to the contributions of these
(18)  channels in our estimate of the uncertainty from radiative
corrections. This means that we effectively take

( all channelsi
2

vp,exch-incl _
oa,

Alternatively, we may assume these systematic uncertainties

are highly correlated and prefer to add the shifts linearly. For Cir=1+0.01 (22
a,, this results in a much smaller error due to cancellations of

the VP corrections, and we prefer to take the more conserv
tive result(18) as our estimate of the additional uncertainty.
However, forAay,q, NO significant cancellations are found o,
to take place between channels, so adding the shifts linearly
gives the bigger effect. Hence faxay,q We estimate the sal>"*"*=0.81x 10 *°, (23
error from VP as

For the other exclusive modes such asr, 3%y, ny,4m,
KKnsr, etc., which gives

SA SO 0.10x 104, (24)

8For data sets with no correction applied, the sfﬁa;‘lf are ob-
viously zero. To be consistent and conservative for these sets
(CLEO, LENA and Crystal BaJl we assign vacuum polarization  °For the =" 7~ contribution very close to threshold, which is
corrections, but just for the error estimate. This results in a totatomputed in chiral perturbation theory, we apply the exponentiated
shift of the inclusive data oAa‘Lp"”c': —0.94x10 % rather than correction formula47) of [102]. For a detailed discussion of FSR
the — (0.54+ 0.07)x 10~ 1° implied by Table III. related uncertainties im* 7~ production see alsfL03].
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TABLE IlI. Shifts of the contributions tca, and Aahac(Mﬁ) from the different channels due to the
application of the appropriate vacuum polarization corrections to the various data sets. Themzfm.lase
derived as the difference @i, calculated with and without VP corrections.

Channel ata wtw A wtw T at o w00
Aa'Px 104 +1.77  —0.68 -0.10 -0.28
A[Aap,dM2)]*®x10* +0.06 —0.07 -0.02 ~0.05
Channel KK™ KX? oy Inclusive (<2 GeV) Inclusive &2 GeV)
AajPx 10" -1.05 -0.17 -0.16 —0.54 -0.07
A[AapdM2)PX10*  —0.14 —0.02 -0.01 -0.18 ~0.54
C. Radiative corrections for the narrow (J/¢,3',Y) four numbers in Eqg.(29) are the contributions from
resonances I, " Y (1S) andY (25—69S).

The narrow resonance contributions to the dispersion in-
tegral are proportional to the leptonic width§(V
—e"e”). The leptonic widths tabulated ifl04] contain
photon vacuum polarization corrections, as well as final state To evaluate the dispersion integr&/y and (5) and their
photon emission corrections. We remove those corrections tancertainties, we need to input the functi®{s) and its

D. Combining data sets

obtain the bare leptonic width error. It is clearly desirable to make as few theoretical as-
sumptions as possible on the shape and the normalization of
I =C.J'(V—ete) (25) R(s). Two typical such assumptions are the use of Breit-
Wigner shapes for resonance contributions and the use of
where perturbative QCD predictions in certain domainssoff we

adopt these theoretical parametrizationdR¢$), then it be-
comes difficult to estimate the error of the integral. There-
fore, we do not make any assumptions on the shap¥ s,
and use the trapezoidal rule for performing the integral up to
Since a reliable evaluation of(m\z,) for the very narrow /s=11.09 GeV, beyond which we use the most recent per-
Jig,y’ and Y resonances is not available, we useturbative QCD estimates, including the complete quark mass
a(—m?) in the place ofa(m?) in Eq. (26). The correction  corrections up to orde; see e.g[107]. This approach has
factors obtained in this way are small, nam€ly~=0.95 for  been made possible because of the recent, much more pre-
Jly an_d Y, attd O._93 forY resonances, in agreement with cise, data on a,3leKTro%m, channels in thes and ¢
the estimate given ifl05]. A more precise evaluation of the egonant region¥. Although this procedure is free from the-
correction factor(26) will be discussed elsewhefe06]. oretical prejudice, we still have to address the problem of
_ To estimate the uncertainty in the treatment of VP Co”ec'combining data from different experimentfor the same
tions, we take half of the errors summed linearly over all thenadronic channgl each with their individual uncertainties. If
narrow resonances. In this way we found we performed the dispersion integra!9, (5) for each data

set from each experiment separately and then averaged the

[l a(m{)]?
=11 (3/d)al 7’ (26)

5a\;p,res: E 2 6a‘l’f’v resulting contributions ta, (or A_ahad), th.is, i_n generat,_
V=3l Y would lead to a loss of information resulting in unrealistic
error estimatesas discussed e.g. [108]), and is, in addi-
=(0.15+0.04+0.00 x 10~ 1° (27)  tion, impracticable in the case of data sets with very few
points. On the other hand, a strict point-to-point integration
=0.19x10° 10 (28 over all data points from different experiments in a given

channel would clearly lead to an overestimate of the uncer-

1 tainty because the weighting of precise data would be
SA aphi®= 3 > sAaRY heavily suppressed by nearby data points of lower quality.
V=dlyp Y The asymmetry of fluctuations in poorly measured multi-

particle final states and in energy regions close to the thresh-
=(0.17+0.06+0.02+0.00 x 10~ * (299 olds could in addition lead to an overestimate of the mean
values ofa,, and A apyg.
=0.25x10 4, (30

where the three numbers in E@7) mean the contributions  °TheJ/y,y’ andY resonances are still treated in the zero-width
from J/4,¢" and Y(1S—6S), respectively. Similarly, the approximation.
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For these reasons, data should be combined before th _
integration is performed. As different experiments give data -2
points in different energy bins, obviously some kind of “re- o
binning” has to be applied! The bin size of the combined
data will depend, of course, on the available data and has t
be much smaller in resonance as compared to continuun
regimes(see below. For the determination of the medh 2.5
value, within a bin, theR measurements from different ex-
periments should contribute according to their weight. 2

The problem that the weight of accurate, but sparse, dat:
may become lower than inaccurate, but densely populated L5
data is well illustrated by the toy example shown in Fig. 2.

The plots show two hypothetical sets Bf data. The set 1
shown by circles has many data points with large statistical

error and a 30% systematic error. The second set has onl 0.5
two data points, shown by squares, but has small statistica

error and only a 1% systematic err6Fhe length of the error (=SSN SN FN N SN SN NN T
bars of each point is given by the statistical and systematic L3 14 15 16 17 18 19
errors added in quadrature, whereas the little horizontal line Vs (GeV)
inside the bar indicates the size of the statistical error alone.
Two alternative ways of treating the data are shown in Fig. 2,
together with the corresponding contributionsatp, which
follows from the trapezoidal integration. In the first plot, the
impact of the two accurate data points is logaith a 5 MeV 3
cluster size no combination with the other set takes place ant

only two of the less accurate points around 1.7 GeV are 2.5
combined, and we see that the integral has a 30% error. In

the second plot, we have assumed &) does not change 2
much in a 50 MeV interval, and hence have combined data

points which lie in 50 MeV “clusters.” In this clustering 15
process, the overall normalization factors of the two data set:

are allowed to vary within their uncertainties. In the toy ex- 1
ample, this means that in the upper plot no renormalization
adjustment takes place, as there is no cluster with points
from both data sets. In the lower plot, however, the points of
the more accurate set 2 are binned together in the cluster il L
with mean energies 1.51 and 1.83 GeV and lead to a renor 0 13 14 15 16 17 18 1.9
malization of all the points of the less accurate set by a factor N

1/1.35.[Vice versa, the adjustment of set 2 is marginal, only s (GeV)
(1/0.9995, due to its small error$lt is through this renor- _

malization procedure that the sparse, but very accurate, data F'G- 2. Two toy data sets chosen to illustrate the problems of
can affect the integral. As a result, in the example shown, thE°MPining precise with less precise data. The upper plot shows the
value of the integral is reduced by about 30% and the error i§SUIt obtained with a very small “cluster” size. The lower shows
reduced from 30% to 15%. The goodness of the fit can b e data clys_tered in 50 MeV _blns, which allows renormallzapon of
judged by the)(rznin per degree of freedom, which is 0.61 in e data within their systematic errors. Here ¢hich less precige

. . . . . _points of set 1 are renormalized by 1/1.35 whereas the two precise
this toy example. We find that by increasing the cluster SiZ€pqints of set 2 are nearly unchanged0.9995. The length of the

that is by strengthening our theoretical assumption about thgor pars gives the statistical plus systematic errors added in

piecewise constant nature Bf the error of the integral de- quadrature for each data point. The small horizontal lines in the bars

creasegand they?2,, per degree of freedom risedNote that indicate the size of the statistical errors. The error band of the clus-

the “pull down” of the meanR values observed in our toy tered data is defined through the diagonal elements of the covari-
ance matrix.

IIIIIIII[I[I[[TIIIYIYIIIIIIII

3.5 A =5 MeV, 16 clusters

X il d-0.f. = 0.02

AN

a, = (0.90+0.27) - 10 10

I|II[IIII|IIII|IIIIIII[IlIIIIlIIIIlII
IllllllI\llllllIIII|II\]|I\II|IIII|IIA

35

G (nb)

A =50 MeV, 9 clusters
X min/d-0.f. = 0.61

AN 1 1

0.5 1
a, = (0.65+0.10) - 10

III\|II]I|!III‘IIIIlI\IIl\IIIlII[IlII
_III1|II1I|[IIIllllllllllllllllIIII|II_

Uanother possibility to “combine” data, is to fit them simultane- €xample isnotan artifact of the statistical treatmefsee the
ously to a function with enough free parameters, typically 'émark below but a property of the data.
polynomials and Breit-Wigner shapes for continuum and resonance More precisely, to combine all data points for the same
contributions, see, e.g.99]. We decided to avoid any such preju- channel which fall in suitably chosemarrow energy bins,
dices about the shape & and possible problems of separating we determine the meaR values and their errors for all clus-
continuum and resonance contributions. ters by minimizing the non-lineay? function
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Nexp S’—\ 517‘5 :_I T T T T T T T T T T T T T T T I |_:
xz(Rm,fk)=k§l[(1—fk)/dfk]2 2 515 | E
Neust N{k,m} qu: S12.3 ;_ _;

+ 2 2 (R fiRy) (R si0 F g

meh 507.5 | =

(3D 505 F 3

HereR,, andf are the fit parameters for the melawalue of 5025 =
the mth cluster and the overall normalization factor of the s00 E
kth experiment, respectivel®*™ and dR*™ are theR E e e T 1
values and errors from experimekicontributing to cluster 915 E E
m. For dR*™ the statistical and, if given, point-to-point 495 |F E
systematic errors are added in quadrature, whetéais the S S T W

0 2 4 6 8 10

overall systematic error of theth experiment. Minimization
8 (MeV)

of Eq. (31) with respect to the Nyt Neus) parametersfy
and R,,, gives our best estimates for these parameters to

gether with their error correlations. § CE T T T
In order to parameterizB(s) in terms ofR,, we needa ¢ 275 £ -
prescription to determine the location of the clustes g 25 & E
=E,,. We proceed as follows. When the original data points, <1 T F 3
which contribute to the clustem, give o225 B =
=y E 7
R(Vs=Ef“mh=R{km+ (dRF™)?2+(dfy2 @2 o8 *F E
175 4
from thekth experiment, we calculate the cluster enelgy s 3
by L5 =
Nik.mp 1 1.25 o E
e | 3 efn| / ' :
k i=1 (dRi{k'm})2+(dfk)2 FEo ol v v b v v v v b v by b 4
N 0 2 4 6 8 10
{k.m} 1 5 (MeV)
{2 > ] (33
k i=1 (d Ri{k'm})2+(dfk)2 FIG. 3. Dependence of the fit on the cluster size parameter

_ _ the case of ther* #~ channel: the band in the upper plot shows the
where the sum ovek is for those experiments whose data contribution toa,, and its errors for different choices of the cluster

points contribute to the clusten. Here we use the point-to- gjze. The three lines shoay, (solid), a,+Aa, anda,—Aa, (dot-

. k,m} . . . . " 1P /2 /2 A
point errors,dR™™ , added in quadrature with the system- ted), respectively. The lower plot displays thé,/Npor (continu-
atic error,dfy, to weight the contribution of each data point ous ling together with the error sizAa,, in percent(dashed ling
to the cluster energl,,,. Alternatively, we could use just the
statistical errors to determine the cluster energigs We  with V(m,m)=(dR,)?, is obtained from the covariance ma-
have checked that the results are only affected very slightlyrix V(m,n) of the fit, that is
by this change for our chosen values for the cluster sizes.

The minimization of the non-lineay? function with re- by 2 et Nelus — _
spect to the free parameteRs, andf, is performed numeri- X"= Xmint mZtl nzl (Rn=Rm)V"A(m,n)(Ry—Ry).
cally in an iterative procedutéand we obtain the following (36)

parametrization oR(s):
Here the normalization uncertainties are integrated out. We

R(s=E2)=R,=R,*dRy, (34)  keep the fitted values of the normalization factbgs

where the correlation between the errdR,, anddR,, fio="f. (37)

PeordM,N) =V(m,n)/(dRy)(dRy), (35  The x? function takes its minimum valug?,, when R,

=R, andf,=f,. The goodness of the fit can be judged from
20ur non-linear definitior{31) of the y? function avoids the pit- i i
falls of simpler definitions without rescaling of the errors which N = , (38
would allow for a linearized solution of the minimization problem; DOF E (N,—1)—N
k cluster

see e.g[109,11Q. K
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TABLE |V. Details of the clustering and fit for the dominant channels as described in the text. The valyearmd its error have been
multiplied by 13° and energy ranges are given in GeV. For ther~ 7° channel the bands of clustered datadoand ¢ displayed in Fig.

9 were obtained using a clustering size of 0.6 MeV, which leads to a slightly vyégﬁe but a better eyeball fit, than for the 0.2 MeV
clustering. For the numerics we have used the 0.2 MeV clustering size. The differences are small.

Channel Data range é (MeV) X2/ Npor Range used a, Aa, Without fit
L 0.32-3 35 1.07 0.32-1.425 502.76 5.01 500.10
mta w0 0.483-2.4 20, 0.6, 0.6 2.11 0.66-1.425 46.05 0.63 46.54
20,0.2,0.2 1.44 0.66-1.425 46.42 0.76 47.38
T mt e 0.765-2.245 11 2.00 0.765-1.432 6.18 0.23 5.70
LK s 0.915-2.4 10 1.28 0.915-1.438 9.89 0.57 9.44
K*K~ 1.009-2.1 5,0.6 1.00 1.009-1.421 21.58 0.76 21.31
K%KE 1.004-2.14 10, 0.1 0.86 1.004-1.442 13.16 0.16 13.11
Inclusive 1.432-3.035 20 0.28 1.432-2.05 32.95 2.58 31.99
2-11.09 20 0.74 2-11.09 42.02 1.14 41.51

where 2N, stands for the total number of data points,

2 (—1) stands for the overall normalization uncertainty per (Al)?= 2 z

experiment, andNpor is the number of degrees of freedom.
Once a good fit to the functioR(s) is obtained, we may

estimate any integral and its error as follows. Consider the

definite integral

b2 b —
I(a,b)=LzdSF(S)K(s)ZZLdEEF{EZ)K(EZ)zliAI.

(39

Whena=E,<E,=Db, the integral is estimated by the trap-
ezoidal rule to be

> > aRkV(k |) (42)

n

= Zm [(Ex+1— Ex-1)EKy]

V(KDI(E 11— E-DEK], (42)

whereE,,_,=E,, andE,, =E, at the edges, according to
Eqg. (40). When the mtegratlon boundaries do not match a
cluster energy, we use the trapezoidal rule to interpolate be-
tween the adjacent clusters.

We have checked that for all hadronic channels we find a

> Em+1_EmE R K & En— En—lE R K stable value and error fa***°, together with a godd x?
2 memem 2 neneen fit if we vary the minimal cluster size around our chosen
- default valuegwhich are typically about 0.2 MeV for a nar-
Evi1—Ero1 row resonance and about 10 MeV or larger for the con-
+k=§n:+l TEKRKKK ' (40 tinuum). For the most important* 7~ channel we show in

whereK,=K(E2), and its errorAl is determined, via the
covariance matriy/, to be

R(s)

35 LIS L s e e e B B B B

exclusive

L

2.5

LA L L Y L

inclusive
1.5

coa e by

1 co b b b b e By

14 1.5 1.6 1.7 1.8 1.9 2 2.1
Vs (GeV)

FIG. 4. The behavior oR obtained from inclusive data and

Fig. 3 the behavior of the contribution t,, its error and

the quality of the fit expressed through,,/Npor as a func-
tion of the typical cluster sizé. It is clear that very large
values of§, even if they lead to a satisfactog,,,, should

be discarded as the fit would impose too much theoretical
prejudice on the shape &(s). Thus, in practice, we also
have to check how the curve of the clustered data, and its
errors, describe the data. One would, in general, try to avoid
combining together too many data points in a single cluster.

However, there are three channels for whigh,/Npor>1.2,
indicating that the data sets are mutually incompatible. These are
the ete —=m n w a7 o 7,7t 7 7°7° channels with

szin/NDOF:Z.OO, 1.44, 1.28 respectively. For these cases the error

is enlarged by a factor o{/)(,znin/NDo,:. Note that for the four pion
channel a re-analysis from CMD-2 is under way which is expected
to bring CMD-2 and SND data into much better agreenight]. If

we were to use the same procedure, but now enlarging the errors of
the data sets witly2, /Npoe=>1, then we find that the experimental

from the sum of exclusive channels, after clustering and fitting theerror on our determination a4 s increased by less than 3%
various data sets. Note the suppressed zero of the vertical scale.from the values given in Eq$125 and(126) below.
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In Table IV we give the details of the clustering and non-states were not included in these analyses. Therefore we cor-
linear fit for the most relevant channels. The fits take intorect theR data fromyy2, MEA and ADONE for missing
account data as cited in Table | with energy ranges as indicontributions from#"#~, K*K~ and K‘S’KO, estimating
cated in the second column of Table IV. We use clusteringhem from our exclusive data compilatiGhThe corrections
sizesé as displayed in the third column. In the" 7~ 7°,  are small compared to the large statistical and systematic
K*K™ anngKE channels the binning has to be very fine in errors and energy dependent, ranging from up to 7% at 1.4
the w and ¢ resonance regimes; the corresponding values oGeV down to about 3% at 2 GeV. In addition, we add some
the clustering sizes in the continuung @nd ¢ regions are  purely neutral modes to the inclusive data, see below. Sur-
given in the table. The?,/Npor displayed in the fourth prisingly, even after having applied these corrections, the
column is always good, apart from the three channelsum of exclusive channels overshoots the inclusive data. The
o atw, 7T 7% and 7T 7w~ 24°, in which we in-  discrepancy is shown in Fig. 4, where we display the results
flate the error as mentioned above. In most cases the fit quapf our clustering algorithm for the inclusive and the sum of
ity and result is amazingly stable with respect to the choiceexclusive data including error bars defined by the diagonal
of the cluster size, indicating that no information is lostelements of the covariance matrigesrors added in quadra-
through the clustering. Table IV also gives information aboutture for the exclusive channel$Ve study the problem of this
the contribution of the leading channels &, within the  exclusive/inclusive discrepancy in detail in Sec. IV.
given ranges. For comparison, the last column shows the

contributions toa,, obtained by combining data without al- =, "ry/A| UATION OF THE DISPERSION RELATIONS
lowing for renormalization of individual data sets through had,LO
. . . . FOR au AND Aahad
the fit parameter$, . In this case, we use the same binning
as in the full clustering, but calculate the mean valigs Here we use dispersion relatio@® and(5) to determine

just as the weighted average of tRedata within a cluster:  a)**"°and A ap,,{ M3) respectively,® which in turn we will
use to predicg—2 of the muon(in Sec. VIl and the QED

R St coupling @(M3) (in Sec. VIIl). The dispersion relatio4)
Rn=Rn=| 22 2, k,m}y 2 2R'{k’m} / has the form
koi=1 (dRi{ MH24 (df,)
N{k,m} 1 had Lo 1 - o mi
: 4 al™ =—f dsolfs)| 22K(s) |, (44
{Ek % (dRi{k’m}>2+<dfk>2] “ “oantly T T 3s

(TheseR,, values are actually used as starting values for outvhere opadS) is the total cross section fore"e”
iterative fit procedur.The point-to-point trapezoidal inte- —hadrons{-y) at genter-of-mass en_ergxé, as defined in
gration (40) with theseR,, values from Eq(43) without the ~ Ed- (2). For s>4m, the kernel functiorK(s) is given by
fit neglects correlations between different energies. As i§112]

clear from the comparison of columns six and eight of Table

IV, such a procedure leads to wrong results, especially in the 3s [ x2 (1+x2)(1+x)2
most importantr™ 7~ channel. K(s>4m’)= — 5(2—x2)+ —
As explained above, the dispersion integrgds and (5) m, X

are evaluated by integratirjgising the trapezoidal rulgtQ) W2\ 14x

for the mean value an@2) for the error and thus including X[ IN(1+%)—x+ =| + ——x2Inx{,
correlation$ over the clustered data directly for all hadronic 2 1-x

channels, including the and ¢ resonances. Thus we avoid (45)

possible problems due to missing or double counting of non-

resonant backgrounds. Moreover interference effects are

taken into account automatically. As an example we displayith x=(1—-23,)/(1+8,) where g,= \/1—4mi/s; while

in Fig. 7 the most important ™ 77~ channel, together with an for s< 4mi the form of the kernel can be found[ih13], and
enlargement of the region gfw interference. As in Fig. 2, is used to evaluate the smat’y contribution toa}***©.

the error band is given by the diagonal elements of the coThe dispersion relatiorf5), evaluated as=M2, may be
variance matrix of our fit, indicating the uncertainty of the yritten in the form

mean values. Data points are displaybdre and in the fol-

lowing) after application of radiative corrections. The error

bars show the statistical and systematic errors added N4y go not correct the data from M3N as they quote an extra
quadrature and the horizontal markers inside the error bargor of 15% for the missing channels which is taken into account in
indicate the size of the statistical error alone. the analysis.

In the region between 1.43 and2 GeV we have the 19t s conventional to computd a4 for 5 quark flavors, and to
choice between summing up the exclusive channels or relydenote it byA of2),. For simplicity of presentation we often omit the
ing on the inclusive measurements from the2, MEA,  superscript(5), but make the notation explicit when we add the
M3N and ADONE experiment$84—87. Two-body final  contribution of the top quark in Sec. VIII.
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TABLE V. Contributions to the dispersion relatiof$) and (5) from the individual channels.

Inclusive(1.43, 2 GeV Exclusive(1.43, 2 GeV
Channel ato AapdM2) ajto AapdM2)
%y (ChPT) 0.13+0.01 0.06:0.00 0.13:0.01 0.06:£0.00
my (datg 4.50+0.15 0.36£0.01 4.50:0.15 0.36:0.01
a* @~ (ChPT) 2.36£0.05 0.04£0.00 2.36:0.05 0.04£0.00
at7~ (datg 502.78t5.02 34.3%0.29 503.3&5.02 34.5%0.29
ot m 7% (ChPT) 0.01+0.00 0.06:0.00 0.01-0.00 0.06:0.00
a7 70 (datg 46.43+0.90 4.33:0.08 47.04-0.90 4.52-0.08
7y (ChPT) 0.00+0.00 0.0G-0.00 0.08-0.00 0.0G-0.00
7y (data 0.73+0.03 0.09-0.00 0.73-0.03 0.09-0.00
KK~ 21.62+0.76 3.0t0.11 22.350.77 3.23-0.11
KK 13.16+0.31 1.76:0.04 13.3¢0.32 1.80-0.04
27 27" 6.16+0.32 1.270.07 14.77-0.76 4.04-0.21
w20 9.71+0.63 1.86-0.12 20.551.22 5.510.35
2720 70 0.26+0.04 0.06-0.01 2.85-0.25 0.99-0.09
w30 0.09+0.09 0.02-0.02 1.19-0.33 0.41-0.10
37 37w 0.00+=0.00 0.06-0.00 0.22-0.02 0.08-0.01
2727w 270 0.12+0.03 0.03:0.01 3.32£0.29 1.22:0.11
w740 (isospin 0.00+£0.00 0.06:0.00 0.12:0.12 0.05£0.05
K"K~ 70 0.00+0.00 0.0G:-0.00 0.2%-0.07 0.13:-0.03
K2K P70 (isospin 0.00+0.00 0.08-0.00 0.29-0.07 0.16:0.03
Kem K= 0.05+0.02 0.0t-0.00 1.06:0.11 0.33-0.04
KEWIK: (isospin 0.05+0.02 0.01x0.00 1.06:0.11 0.33:0.04
KK (isospin 0.00+0.00 0.0G-0.00 3.63-1.34 1.33-0.48
wo(—m0y)m° 0.64+0.02 0.12-0.00 0.83-0.03 0.17-0.01
o(—7ly)mt 0.01+0.00 0.0G-0.00 0.07-0.01 0.02-0.00
W=y w7 0.07+=0.01 0.02-0.00 0.49-0.07 0.15-0.02
¢(— unaccounted) 0.060.06 0.0£-0.01 0.06-0.06 0.0x-0.01
pE 0.00+£0.00 0.06:0.00 0.04:0.01 0.02£0.00
nn 0.00+0.00 0.06-0.00 0.07-0.02 0.03-0.01
i, 7.30=0.43 8.90-0.51 7.30-0.43 8.90-0.51
Y (1S—-69) 0.10=0.00 1.16-0.04 0.16-0.00 1.16-0.04
inclusive R 73.96+2.68 92.7%1.74 42.051.14 81.971.53
PQCD 2.1%*+0.00 125.320.15 2.1%*0.00 125.320.15
sum 692.38:5.88 275.521.85 696.155.68 276.96:1.77
M§ % Ugac\(s) data on the exclusive channels terminate\at-1.4 GeV,
Aaped MP) =~ — PJ > (46)  and the recent inclusive BES d4@8,89 start only at\/s
dmta Jan  S=My ~2 GeV. Thus in Table V we show the contributions of the

T uate EqgA4) and(46 d to inout the function ndividual channels t@**° and A apod M3) using first in-
0 evaluate Eqs44) and(46) we need to input the function clusive data in the interval 1.43\/s<2 GeV, and then re-

Ugao(s) and its error. Up toys~2 GeV we can calculate 5 5ing them by the sum of the exclusive channels.

Tpaq from the sum of the cross sections for all the exclusive'  ggjow we describe, in turn, how the contributions of each
channelse’e” — 77", 7" 7" 772’ etc. On the other hand  channel have been evaluated. First we note that nawow
for \s=1.4 GeV the value ofrp,y can be obtained from and ¢ contributions to the appropriate channels are obtained
inclusive measurements @ e” —hadrons. Thus, as men- py integrating over théclustered data using the trapezoidal
tioned above, there is an “exclusive, inclusive overlap” in ryle. We investigated the use of parametric Breit-Wigner
the interval 1.4 \'s<2 GeV, which allows a comparison of forms by fitting to the data over various mass ranges. We
the two methods of determining,, from the data. As we found no significant change in the contributions if the reso-
have seen, the two determinations do not agsee Fig. 4. nant parametrization was used in the region of ¢hand ¢

It is worth noting that the data in this interval come from peaks, but that the contributions of the resonance tails de-
older experiments. The new, higher precision, Novosibirskpend a little on the parametric form used. The problem did
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2 200 prrT T T T T T T T T FIG. 6. Predictions for°(e"e”— #%y) from ChPT compared
E 180 | - with low energy experimental data from the SND Collaboration
2= 160 _ % _f [31]. In the figure we have multipliemi/(:%s)K(s) by the cross
P 140 E ¢4 E section so that the area below the data is proportional to the contri-
© E ] bution toa, . The continuous curve, which is obtained assuming
120 — § 3 vector meson ¢) dominanceVMD), is used fors<0.36 Ge\’.
100 - { i =
80 s 3 In Fig. 5 we show an overall picture of tkd e~ — 7%y data
60 3 and a blowup around the- region.
o E . E The use of the trapezoidal rule for the interval < /s
- B A ] < 0.6 GeV would overestimate the contribution, since the
— a . G . . . . . . .
B T I T cross section is not linear igs. In this region we use chiral
074 075 076 077 078 079 08 081 o082  perturbation theory(ChPT), based on the Wess-Zumino-

s (GeV) Witten (WZW) local interaction for ther®yy vertex,

FIG. 5. Data fora°(e*e” — #’y). The shaded band shows the
behavior of the cross section after clustering and fitting the data. Lwzw =~ 8f
The second plot is an enlargement in the region ofdhresonance.

70 ™ F  F\ .y, (49

™

with f_=93 MeV, which yields
not originate from a bias due to the use of the linear trap-

ezoidal rule in a region where the resonant form was con- 8aml (m°—27y) m2\ 3
cave, but rather was due to the fact that different resonant 0'(e+e_ﬂ770y)=0'pt5—3( — —77)
forms fitted better to different points in the tails. For this 3m; s
reason we believe that it is more reliable to rely entirely on (50)
the data, which are now quite precise in the resonance r

Since the electromagnetic current couplesrfoy via o me-
son exchange, the low-energy cross section can be improved
by assuming thes-meson dominancgl13], which gives

gions.

A. 7%y channel

The contribution of thee*e™— 7%y channel defines the - 0.\ yo— 0 mi ’
lower limit, \/sy=m_, of the dispersion integrals. There ex- Twip(€'e —my)=op(e e —my) 2_o| "
ist two data set$31,37 for this channel, which cover the ¢ (51)
interval 0.60< \/s<1.03 GeV(see Fig. 5. After clustering, a

trapezoidal rule integration over this®y energy interval We find

gives a contribution

(9,062 (5103 GeV aM(woy,\/§<O.6 GeVj=(0.13+0.0) x 10 1% (52
a# m y,0.6<ys<]. e

B 10 while the contribution ta ay,q4is less than 10°. The agree-
=(4.50+0.15 X 10 (47) ment of the prediction of51) for the 7%y cross section with
g the SND data just above 0.6 GeV is shown in Fig. 6.

an

B. wT ™ channel

09,0.6< {s<1. .
Aatpad m07,0.6<V5<1.03 GeV We use 16 data sets fef e — =+~ [10,16—3Q which
=(0.36:0.0) x 10 “. (48) cover the energy range 0.82/s<3.0 GeV. Some older
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TABLE VI. 7" 7~ contributions toa**° and A apd M3)

1200

oo _\ T ‘ TT 1T [ L ‘ TTTT TTTT T WI TT 1T | TT T T ‘ TTTT 11 f_‘
::é: 1400} = : 7 from various energy intervals. The entries in parentheses give the
;:: — :ggif;g; 1 :I];ACE:(%? E contributions obtained using the CMD-2 data before re-analysis.
%o FoaNa7 % i x CMD (91) 5 — .
1000 - v OLYA(83) 4 + OLYA (78) ] Js (GeV) Comment  a*%x 10"  Aap,dM2)x10*
C o CMD (85) ? x OLYA (79) ]
800 — o DMI & 4 Cosme 76 - 0.32-1.43 502.785.02 34.3%0.29
S E . §fg MP2@remal) 3 (0.32-1.43 “Old" CMD-2  492.66-4.93  33.650.28)
F eMEA() %F;;l % 1 0.32-2 503.38 5.02 34.59-0.29
100 = g N = 0-0.32 ChPT 2.360.05 0.04-0.00
200 - i o o ]
. g ]
o Bkt il il i ot If we integrate up to 2 GeV, instead of 1.43 GeV, we obtain
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2
15 GeV) a,(m*m,0.32<\5<2 GeV)
~ 1500 L A
i SRR N | =(503.38:5.02 X 10710, (55)
x ! I {
O\E 1300 ' : . { ) ] %ﬂi Aapd 7 7,0.3< Js<2 GeV)

=(34.59:0.29 X 10" *. (56)

1100

The contribution of ther* 7~ channel is dominated by the
meson, and hence the difference between E&f.and(55)

is small. If we use the CMD-2 data before the recent re-
analysis[10], we have

1000

900

800

it

a, (7" 7 ,0.32</s<1.43 GeV, old CMD-2 data
0.75 0.76 0.77 0.78 0.79 0.8 0.81 0.82
Vs (GeV) =(492.66+4.93 10710, (57)

700

vl b b B b v bew b

T[T T[T T[T [T T[T T[T
— o
g

600

=}
=
I~

FIG. 7.e"e” —x"m data up to 1.2 GeV, after radiative cor- A g, {7+ 7 ,0.32</s<1.43 GeV, old CMD-2 data
rections, where the shaded band shows the resttz " =) [ob-
tained fromR,, of Eq. (31)], of our fit after clustering. The width of =(33.65:0.28 X 10 4. (58
the band indicates the error on thd(7*7~) values, obtained
from the diagonal elements of the full covariance matrix. The secA comparison of Eqs(53) and (57) shows the effect of the
ond plot is an enlargement of thew interference region. re-analysis of the recent CMD-2 data, which is an upward
shift of the central value by roughly 2% in this interval.

data with very large errors are omitted. In Fig. 7, we show It is interesting to quantify the prominent role of these

the region aroung, which gives the most important contri- Most precise CMD-2"e” — =" 7~ data, which have a sys-
bution tog—2 of the muon. tematic error of only 0.6%. If we were to omit these CMD-2

The =+ 7 contributiond® to a’tlad,LOandAahao(Mi), ob- data in the centrap regime altogether, the contribution of

H — 10
tained by integrating clustered data over various energy inthis channel ta,, would decreaseby roughly 12.3<10" ™,
tervals, are shown in Table VI. As seen from the table, if wel-€- by ~2.4%, whereas the error wouldcreaseby about

integrate over the data up to 1.43 GeV, we obtain 3.4x107%, ie., by ~68% in the interval 0.32\s
<1.43 GeV.
aﬂ(w*w*,0.32< \/§< 1.43 GeV In the threshold region, below 0.32 GeV, we use chiral
B 10 perturbation theory, due to the lack aft 7~ experimental
=(502.78-5.02 X 10", (53) data. The pion form factoF (s) is written as
o= 1
Aapd 7 m,0.32</s<1.43 Ge\f F(9)=1+ 5<r2>7,s+c7,s2+(9(s3), (59)
=(34.390.29 X 10 4. (54)
with coefficients determined to Hé&14]
161f we leave out the dominant* =~ data from CMD-2 alto- (r?),=0.431+0.026 (fm?), c,=3.2+1.0 (GeV %),
gether, we find 491.388.47, instead of 503.385.02, for the (60)

7"~ contribution from the interval 0.32/s<2 GeV. (The " ) . . i

X2/ Npor Of the fit that clusters the data would be even slightly PY fitting to space-like pion scattering d#tal5]. Figure 8

better, 1.00 instead of 1.07This means that after re-analysis the COmpares the prediction with th@ime-like) experimental

CMD-2 data dominate the error but do not pull down the contribu-data which exist forn/s=0.32 GeV. The contributions from
tion, but rather push it up. the threshold region are
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FIG. 8. Thee*e™—«" 7~ data near the threshold. In the figure = F 1 =800 3
we have muItipIiedmi/(Ss)K(s) by the cross section so that the & 400 - { 4 % aw E E
area below the data is proportional to the contributiomfo The 0‘2’1200 - { i 3 % E E
theoretical curve obtained from chiral perturbation theory is also 76 E- : E @ E E
shown, and is used up tgs=0.32 GeV £=0.10 Ge\f). = 3 1 500 =
800 :_ i - 400 i { % ,:
- } -l E ]
a,(m 7 ,\/s<0.32 GeVJ=(2.36-0.05x 10 %, 600 £ R . E
(61) 400 3} = 200 E 4‘ i% =
- 3 i f
Aapd 7 7 ,\/s<0.32 Ge\j=(0.04+0.00x10 4, W E s b :{ N
(62) TR RS ST BRI i 0 b1 T BT O

0.775 0.8 1.01 1.02 1.03
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and are also listed in the last row of Table VI. Although these
contributions are small, faa,, it is non-negligible. FIG. 9. The data forr®(ete —m* =% together with an

In the calculation of the contribution from the threshold gxpanded version in the and ¢ resonance regions. The shaded
region, we have included the effect from final stafS)  pand shows the result of our fit after clustering. In the analysis we
radiative corrections. In Ref102] both theO(«) correction o not use the first two data points, below 0.66 GeV, but use chiral
and the exponentiated formula for the FS corrections ar@erturbation theory as shown in Fig. 10.
given. If we do not apply the FS corrections, we obtain

though the earlier experiments have large erfees Fig. 9.

+ - — — 10
au(mm /5<0.32 Gey=(2.30-0.09x10°* Since the data for this channel are not very good, we inflate

(63
_ _ _ the error by a factor of\/szin/NDOF, which is 1.20 for this
However, if we include the FS corrections, we have channel.(Wg inflate the error by a facto_r if/Xﬁnn/NDOF
aM(w+7r‘,\/§<O.32 GeVO(a) FScorn Whenever)(min/N.Do,:>1.2, as d|scgssed in Sec. Il D; see
Table 1V) We discard the data points below 0.66 GeV, in
=(2.36:0.05x10 1°. (64) favor of the predictions of chiral perturbation theory

i ibution i _[116,117 (see Fig. 10 The contributions toa),**"° and
We obtain the same contribution if we use the exponentiateq nadM2) are
al

formula, which we have used in all the tables in the paper.
The effect of final state radiation is to increase the contribu- 5 (7+ 7~ 7°0.66 Ge\k\s<1.43 GeV, data

tion by about 3%, whether th&(«) or the exponentiated .

form is used. Similarly, the contribution from this region to =(46.43:0.90 x 10" 1°, (66)
AapdM2) is given by

Aapd 77 ,\/s<0.32 GeV,exponentiated FS corr. Aapd 7 7°,0.66 GeV<\s<1.43 GeV, datp
—~(0.04£0.00 X 104, (65) =(4.33+0.08 <10, (67)

so here the contribution from the threshold region is totally

negligible. respectively.

In the threshold region, below 0.66 GeV, we use chiral
. - 0 perturbation theory[116,117, due to the lack of good
C. @%@z channel w70 experimental datdsee Figs. 9 and 20The con-
We use ten experimental data sets for ther~ 7 chan- tributions toa***° and Aap,d M%) from the threshold re-
nel [10,13,22,34,37—42 which extend up to 2.4 GeV, al- gion are
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FIG. 10.e'e” — 7" 7« data[37,41] near the threshold com- 5 (GeV?)

pared with the predictions of chiral perturbation theory. Three mea-
surement$37] of zero cross section with very large errors are not
shown. In the figure we have muItipIiedi/(Ss)K(s) by the cross
section so that the area below the data is proportional to the contri-
bution toa,, . The theoretical curve obtained from chiral perturba-
tion theory is used up tg/s=0.66 GeV 6=0.44 Ge\?).

FIG. 11.e"e — 5y data near the threshold compared with the
predictions of chiral perturbation theory.

E. 47, 5, 67, and pmrt @~ channels

For the 47 channel, we have data for ther2 27~ and
w20 final states(The reactione*e™ — y* —470 i

a,(m" 7~ 7°\s<0.66 GeV, ChPT forbidden by charge conjugation symmelry.

_ 10 For the 2r*27~ channel, we use thirteen data sets
=(0.0120.00 X 10" 10, 68 122,50,51,53-55,62—68see Fig. 13
Aapd w7 7°\/s<0.66 GeV, ChPT ,
=(0.00+0.00 x 104, (69 i 35 £ e SND©O)
There is a tendency for the ChPT prediction withdomi- £ 3 £ m CMDZ0)
nance to undershoot the lowest-energy data points. Becaus © ,5 [ & SNRIED
of the smallness of the threshold contribution, we do not E v CMD-2(99)
attempt further improvement of the analysis. 2 E oo CMD-2 (00)
15
D. ny channel L E
We use five data sets from SNB2,33 and CMD-2[34— 0B E i
36]. We divide the data set given in R¢86] into two parts TOE @ § %
at 0.95 GeV since it has different systematic errors below B 2 ‘8‘7' — '0‘8' — '0'9‘ - { i ‘1'1' '1'2' 1‘3 =
and above this energy. ‘ ' ‘ \/" G V.
Since the lowest data point starts only at 690 MeV, we use s (GeV)
ChPT at the threshold region up to the lowest-energy date . 70 — : : — , : , —
point. We summarize our method in Appendix A, according @ c ]
to which the contribution from the region @, LOjs less < 60 . g
than 10 2, which can be safely neglected. The contribution E w L E
t0 Aapagis also small, less than 10. In Fig. 11 we show ~© - i ]
the threshold region of th@y production cross section and 40 ]
our prediction from ChPT. E ; ]
Above the lowest-energy data point we integrate over the 0= i i E
data. In Fig. 12 we show the overall picture of the pro- 0 i | g E
duction cross section and our result for the clustering. After . s % ]
integrating over 0.69 \/s<1.43 GeV we obtain 10 % .
a,(77,0.69<\s<1.43 GeV=(0.73+ 0.03§x10*1°,70 = L N TRy - —er— b s
(70 Vs (GeV)

Aapad 77,0.69<s<1.43 GeVj=(0.09+=0.00 X 10 4.
(7D

FIG. 12. An overall picture of the*e™ — 7y data together with
an enlargement in the region of tlferesonance.
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FIG. 13. The data for%(e*e” =27 27 ) (left) ando®(e* e — =" 7 270 (right).
Since the data for this channel are not very consistent with Aapd 27 27 =°, Js<1.43 GeV, data

each other, we inflate the error by a factordf(zmm/ Npor
=1.41. We note, in particular, that the compatibility between
the data from SND and CMD-2 is poor. This may improve and
after the re-analysis of the CMD-2 data for this channel is
completed 111]. The contribution from this channel is

=(0.06+0.0)x 104, (77)

a,(m 7 3m°%\s<1.43 GeV, data

a,(2m*2m,\s<1.43 GeV, datp=(6.16+0.32 X 10;‘;) — (0.09+0.09 X 1010 (79)

Aapd 77 37°%\s<1.43 GeV, data
=(0.02+0.02 X104, (79

Aapd 2727 ,\s<1.43 GeV, datp

=(1.27+=0.07x 10 “. (73
respectively. For the & channels we do not inflate the error

For thew " 7~ 27° channel, we use eight data s€f®— since theXﬁun/NDOF values are

57] (see Fig. 13 which contribute

2 + - 0\ _
N 27" 2 =0.90, 80
a,(m*m 27 (s<1.43 GeV, data Xmin/ Nood( 272 ) (80
=(9.71+0.63 X 10710 (74) X2/ Npoe( 7 7~ 37%)=1.07. (81)
Aapod 7t 7270 \/§<1.43 GeV, data For the 67 channel, there are data for ther33#~ and
a ' ’ the 2" 27~ 24° final states, but not for the™ 7~ 4= fi-
=(1.86+0.12 X 10 “. (750 nal state. For ther" 7~ 4=° channel we estimate the contri-

bution toa, and Aap,g by using an isospin relation. The
For the w7~ 2#° channel we have inflated the error by reactionee™ — y* —6x° is forbidden from charge conju-

\/sz i/ Npop=1.13 as discussed in Sec. Il D. gation.
For the 5 channel, there exist data for ther2 27~ #° We use four data sets for the#33w~ channel

and 7" 7 37° final states.(The reactione’e —4*  [50,62,71,72 M3N [50] provides the lowest data point, at
—57° is forbidden by charge conjugation symmetrye 1.35 GeV, which we do not use since it has an unnaturally
use five data sets for the @227 #° channel large cross section with a large error, (1256.11) nb, com-
[22,50,56,57,6R and one data set for the" =~ 37" channel pared with the next data point from the same experiment,

[50]. We integrate over the clustered data, which gives ~ (0.10£0.31) nb at 1.45 GeV. The first data points from
CMD [62] and DM1[71] contain data with vanishing cross

a,(2n*2n" 70 \s<1.43 GeV, data section with a finite error, which result in points with zero
cross section even after clustering. We do not use such points
=(0.26-0.04x 10 1°, (76)  when integrating over the data. Thus the first data point after
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clustering is at 1.45 GeV. Our evaluation of the contribution B 1 L L L B L B

from the 3737~ channel from the region's<1.43 GeVis = - o MEA 1

zero for botha,, and A aag. g ¥ . Bor E

For the 27727 27° channel we use five data sets < 20 b . DM E

[50,56,57,62,7R which cover the energy interval from 1.32 - ]

GeV to 2.24 GeV. The trapezoidal integration gives us o [ v DM2(38) E

& o DM2 (83) 9

a,(2m 27 2m°%\s<1.43 GeV, data 20 [ o OLYA 3

r 2 CHD ]

=(0.12+0.03 x 10, (82 s b . oMb 3

C % SND (Scan PHI9801 7

Aa’hac£277+277727701\/§<1-43 GeV, data 10 ;* %} * SNDZScanPHI%OZ; ﬁ;

=(0.03+0.01)x 10 4, (83 = ﬁﬁ%ﬁgéi; E

E ﬁéééigg i E

For then" 7~ 47° channel we use the multipion isospin Y I U NN IFIPINL i = TNPE. SN PRI

decompositiong118,119 of both thee*e™ — 64 channel b : = e ke = 2\/3 (Gevz)'z
and ther— 6mv, decays, which are summarized in the Ap-

pendix of Ref[120]. Then using the measured rafit?1] of 5 2500 [ — — —

7 =27 7" 37%, and 7 —37 27" 7%, decays, and = —_— E E

the observed dominance of final states of-67v, decays F E

[120], we find Z 2000 |- 4

_ _ 1750 f— { —f

o(m 7 47°)=0.031 o(27 27 270) . i 3

+0.093 (37 37). (84) i } ]

1250 3

Hence we obtain the smait™ 7~ 4=° contributiort’ shown o 1 | E

in Table V. We assign a 100% error to the cross section E { { ]

computed in this way. Foa'?*"® and A ap,q the values are 0 E ? i E

less than 102 and 10 ®, respectively, when integrated up to s00 E / \ E

1.43 GeV. - ; } ]

For the 7"~ channel, we use two data s¢89,73. 20 £ ! T E

The entry for thepm" 7~ channel in Table V shows the o bl . . 1 L8 M

contribution ofo(e*e” — npat 7~) multiplied by[1—B(#% Lot 102 103 .

—37%) —B(p— a7 7°)]=0.448, since these; decay
modes are already included in the contribution of the 5 FIG. 14. The data for’(e*e” —K*K™) together with an en-
channels. The contributions to the mugn 2 andA a,qare  largement of the region of thé resonance. The shaded band shows
the result of our fit after clustering.
a,[n(— wyyata, Js<1.43 GeV|
a,(K'K™,\s<1.43 GeV, data

=(0.07+0.00)x 101, (89
=(21.62+0.76)x10 1°, (87
Aaned 7(—70y) 7t 7w, \s<1.43 GeMl
=(0.02+ 000))(1074 (86) Aahac(K+K7,\/§< 1.43 GeV, datﬁ
=(3.01£0.1) x 10 4. (89)

F. K*K™ and KK, contributions
For the K'K- channel, we use ten data sets For the K2K? channel, we use ten data s¢i9,14,47—

GeV (see Fig. 14 When integrated, this channel contributes 15). Using the trapezoidal rule, the channel gives a contribu-

to the muong—2 andA ap,q an amount tion to the muong—2 andA apqq 0f

a, (KK, \s<1.43 GeV, datg=(13.16-0.3)x10 1,

"Relation (84) was not used in our previous analyfi€]. As a (89
consequence, thigveakey isospin bound then gave a larger contri-
bution for thew™ 7~ 4#7° channel. However DEHZ2] did use the Aapd KKY?, Js<1.43 GeV, data
observed information ofr—67v,. decays to tighten the isospin
bound. =(1.76-0.04 X 10 *. (90)
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O L IS A B I I IR =o(K*K~ 7%, which follow directly from isospin. The con-
= : . B ] tribution from theK27=K™ + K?7*K™ channel is
o7 35 [ -
v C .
OMm E = CMD-2 (Scan 1, re-anal.) E aM(Kg’JTi K: + KEWi K; ,
% 30 4 CMD-2 (Scan 2, re-anal.) —
E v CMD-2 (Scan 3, re-anal.) ] \/§< 1.43 GeV, data and isospin
5 [ 3
: o CMD2 Seand, re-anal) ] —(0.10=0.04 X 1070, (91)
5 L 8 SND (Scan PHI9801, ch.) A
E [ A SND (Scan PHI9801, n.) E Aahao(ngiKIJrwaiKI,
15 o SND (Scan PHI9802, ch.) -
- & SND (Scan PHI9802, n.) ] \/g< 1.43 GeV, data and isospin
10 - .
: ~ OB ] =(0.02+0.00 X 10 . (92
s [ A
. 1 For theK "K =70+ K2K? 70 channel, the contribution from
PRI BRI el v TSN NP 151 5. | PRSI SIS RS I i i i 1
03 | > - P 5 ” - the regl_0m/§< 1.43 GeV is taken to be zero since the first
Js (GeV) data point is at 1.44 GeV.
To evaluate th&KK 7r7r contribution we use the inclusive
2 K —r ¢ t v T ] data forK¢X [77], together with the cross section relation
~ 1400 [ -
°u r %%i 1 2K X=KX+K X
¥ b ? g — 2K oK +2(KeK, + KKt K KL ) (m+
3 r i g =2K K+ 2(KK L +KKst K Ky ) (7 + )
1000 |~ h % = +(Kgt+K)(Km+Kam), (93
800 |- % ! . where KX stands for 2%(e*e”—KgX) and similarly for
r i ] the other abbreviations. On the right-hand sicke stands for
600 |- 3; % . a m” or w070, Kar for KY¥7~ or K™ o, andKaar for
o I I \ B K*7~a® or K~ a* 7% On the other hand, th&K cross
- g?i 5\ ; 1 section is given by
st [ ] _
r N ] KKrm= (KK +KKg+K K )(7m)
= " = 1 1 1 1 ‘ 1 1 | g\ .
101 1.02 1.03 +(KstK)(Kam) +(KTK™) (77)
s (GeV)
. = 2K5X_ 2KSKL
FIG. 15. The data for°(e"e” —K2K?) together with an en-
largement of the region of thé resonance. The shaded band shows —(KgK| +KgKst+K K (27 +7)
the result of our fit after clustering; however, the errors on the e
contribution of this channel ta,, and A ap,qare increased to allow —2Kg(Ka) +(KTK™) ()
for the lack of data in certain regions of tieresonance tails; see o
the discussion in the text. =2[KX = KK =KK™ 7—=Kg(Km)],

(94

This channel is the one case where the use of the trapezoid@here to obtain the second equality we have used(&3).
rule may overestimate the resonance contribution, due to the

lack of data in certain regions of thé resonance tailssee other words, the totaKKw# contribution is obtained
Fig. 15. We find that the use of a smooth resonance form irfrom twice the inclusivek $X cross section by subtracting the
the tails decreases the contributionsdp and A ey by appropriateKK and KK contributions. For this channel,
about 0.15% 107 % and 0.0 10 * respectively. We have the contribution from the regiof's<1.43 GeV is also taken
therefore increased the error in E¢89) and(90) to include  to be zero since the data of tKEX final state start from 1.44
this additional uncertainty. GeV.

— L H. Unaccounted modes
G. KK+na contributions

) _ _ We still have to take into account contributions from the
We take into account thEK +nsr final states fom=1 reactionee™e” — wn® ande”e” —wx* ™, in which thew
and 2. _ decays radiatively intar’y. We used seven data sets for the
For the KK, in addition to the data for th&27"K*  e*e — wn° channel[22,51,53,58—6]. and three data sets
[74-76 and K'K~#° [74,79 channels, we use the [38,69,7Q for the e'e”—wm 7~ channel. Note that
equalies o(K)7K)=o(KinK) and o(KXK#%  the contributions from the w(—=" 7 7%#° and
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o(—7"7")7° channels are already included as a part oflg2] and DM2 [80,81] Collaborations for thepp channel,

the multi-pion channels. We therefore need simply to multi—and from the FENICE Collaboratidiv8,83 for thenn chan-

ply the original cross sectiom(e e — w®) by the branch-

ing ratioB(w— 7%y) =0.087[104]. The same comments ap-
ply for the wm*#~ channel. The two channels give

contributions

aM[w(—MTO'y) a0, \/§< 1.43 GeM

=(0.64+0.02 x10 1° (95)
Aapd w(—70y) 70, \/s<1.43 Ge\|
=(0.12£0.00x 104, (96)
and
afo(—mly)mtr,\s<1.43 GeV
=(0.01+0.00x 10~ 1, (97)
Aapd o(—my) 7' m,s<1.43 GeV
=(0.00=0.00 %10 4, (98)

respectively.
Purely neutral contributions from the direct decayspof

nel. They do not contribute when we integrate over the ex-
clusive channels only up to 1.43 GeV, but if we integrate up

to 2.0 GeV, thepachannel gives a contribution of

a,(pp,Vs<2.0 GeV)=(0.04£0.01)x10 % (102

Aapdpp,\s<2.0 GeVj=(0.02+0.00x10 %,
(103

while thenn channel gives
a,(nn,\s<2.0 GeVj=(0.07£0.02x10° %, (104

Aapadnn,ys<2.0 GeV)=(0.03:0.01)x 1074,
(109

J. Narrow resonance(J/ ¢, ' ,Y) contributions

We add the contributions from the narrow resonances,
JIg, ' and Y(1S—6S). We treat them in the zero-width
approximation, in which the total production cross section of
a vector mesow (V=J/4,¢',Y) is

and w to 7%y can be safely neglected, as the branching 0

fractions are of the order’$10 ° and 7x 10" ° respectively

[104,122,123 and are suppressed compared to the decays

into °y.

For the ¢ resonance we have so far accounted for ¢he
—K™K™, K&K?, 37, 5y and 7%y channels. Since the
branching fractions of these final states add up to 99.8%
[104], we must allow for the 0.2% from the remaining final

states. To do this, we first note that the contributioafl‘??*o
from the K"K~ channel in thep region is

a,(p—K K ;2mg+</s<1.03 Gej=16.15<10 *°.
(99

Using this, we estimate that the total contribution from #he
to be

a,(¢)=a,(p—K"K7)/B(¢p—K"K7)=32x10"1°.
Hence we include the small residual contribution

a,(¢— remaining channels=a,(¢)x 0.002=0.06x 10",
(100

and assign to it a 100% error. In a similar way the contribu-

tion Aan,{p—K K™)=2.12x10 * is used to estimate
A apad ¢—remaining channe)s=0.01x 104, (101)

to which we again assign a 100% error.

I. Baryon-pair contribution

If we are to integrate up to high enough energy to_pair—

produce baryons, we have to take into accounpth@ndnn
final states. The data come from the FENI{B,79, DM1

_ Fee 2
o(ete HV)=12772M—5(3—MV). (106)
\%
HereT'2, is the bare leptonic width 0¥,
[e=Cred (V—e'e), (107)
where
[ala(m{)]?
v (108

es” 1y (3/d)al

which is about 0.95 fod/ and ', and about 0.93 for the
six Y resonance§l105]. We use the values compiled in the
Review of Particle Physics for the leptonic widths(V
—e*e”), and obtain the contributions

a,(J/¢)=(5.89-0.41) x 10", (109
a,(y')=(1.41+0.12x 10 *, (110
a,(Y(1S))=(0.05+0.00 x 10" *, (112)
a,(Y(2S—69))=(0.05+0.00 X 10" 1, (112

and
Aapad I ) =(6.65+0.47) X 10 4, (113
Adpad ') =(2.25-0.19 X104, (114
AanadY(1S))=(0.54+0.02 X 104, (115
AapdY(2S—6S))=(0.62+0.03 X 10 *. (116
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/(;;\ 7\||| T T 11 T 1T 11 T T T 1 |||||||||7 /&}\ 5.5 _|||Il|||||lIl||l||l|lIIIIIIIIIIIIIIIIIIIIIIII_
¥ 35 -4 & u e BES (01) ]
C W2 5 F = CB (86) =
. s MEA - e 4 CB (90) =
C 7 = v CB (90) 2
- atEs o 45 = o CB (88) E
B VBBbar: C o LENA N
25 [ . 4 E
> | : R ,
- 3 - g=
I~ C AMD-l n
- | C o DASP ]
LSt . 25 }Ed $ + CLEO E
C ] ; f}}ﬁ « CUSB ]
- - 2 B ~ DHHM =
L= . C x BES (99) ]
_\|||||1|||\|||‘||||||||||||||_ 1'5 _III1|IIII|IIII|IIII|IIII|IIII|IIII|IIII[I[II|_
14 15 16 17 18 19 2 2 3 4 5 6 7 8 9 10 11
Vs (GeV) Vs (GeV)

FIG. 16. Data for the measurement of the inclusive hadronic cross section below @eBg¥nd above 2 GeVright). The shaded band
shows the behavior of the hadroritcratio after clustering and fitting the data.

K. Inclusive hadronic data contribution (\/§<11.09 GeV

We use four data sets below 2 G¢84—87, and twelve

data sets above 2 G488-9§ (see Fig. 16 Below 2 GeV,

L. Inclusive PQCD contribution (1/s>11.09 GeV

Above 11 GeV we use perturbative QCD to evaluate the
contributions taa/***°andA a(M2). We incorporate( a:3)

we correct for the unaccounted modes; namely, we add theassless quark contributions, and thga2) massive quark
contributions from thew(— 7%y) 7° and KY(—27°)KP7®  contributiong107,124—12F We have checked that our code
channels to the experimentally observ@datio, since the agrees very well with the codeHAD written by Harlander
final states of these channels consist only of electrically neuand Steinhausdr 28]. As input parameters, we use
tral particles, which are hard to see experimentally. They
shift the R values by roughly 1%, depending afs. In ad-
dition we correct some experiments for the contributions
from missing two-body final states, as discussed at the end of
Sec. Il. We have also checked that corrections for #ié
interference effects are completely negligible in the energy
range below 11.09 GeV where we use data. and allow for an uncertainty in the renormalization scale of
The contributions to the muog—2 andAanggare, from /g2« <2./s. Herem, andm, are the pole masses of the
1.43<s<2 GeV, top and bottom quarks. We obtain

ag(M2)=0.1172-0.002, m,=174.35.1 GeV,

m,=4.85+0.25 GeV, (121)

a,(inclusive,\/s<2 GeV)

(31O 242X 10-1 a,(PQCDy/s>11.09 GeVy=(2.11+0.00x10 1,

(117) (122
A inclusi <2
@had INC usives GeV) where the uncertainty froms(Mé) is dominant, which is
=(10.78-0.81) X 10 4, (118  less than X 10 2. Similarly, for A ay,,q We find
d from 2</s<11.09 GeV
and from 2< s ev; Ao PQCDS>11.09 GeV
a,(inclusive, 's<11.09 GeV =(125.32+0.14+0.02+0.01) X 10" * (123
=(42.05-1.14x 10 1°, (119
=(125.32+0.15 % 104, (124
Aapadinclusive, < \s<11.09 GeVf
=(81.97-1.53 x10 4, (120  where the first error comes from the uncertaintyxig(M%),

the second from the renormalization scale and the third

respectively. from that on the mass of the bottom quark.
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We see that using the sum of the data for exclusive channels
to determineR(s), in the intermediate energy interval 1.43
<\s<2 GeV, yields values fom**° and A aaq Which
significantly exceed the values obtained using the inclusive
data forR(s). The mean values differ by about 2/3 of the
total experimental error. In Fig. 17 we show the hadrdRic
ratio as a function of/s. A careful inspection of the figure
shows the discrepancy between the inclusive and exclusive
data sets in the interval 1.43,s<2 GeV (see Fig. 4 The
contribution from this region alone is

R(s)

45

3.5

2.5

15

0.5

T T[T T[T T T [T T[T [T [T ToTT
b b b b b B B B B

a9 1.43<s<2 GeV, inc)
0 ] 1 1 1 111 | ] 1 O T |

! 10 =(31.91+2.42,,) X 10719, (129
Vs (GeV)

FIG. 17. The hadroni® ratio as a function of/s. Note that the azad'Lo(1'43< \/§<2 GeV, exc)
values ofR obtained from the sum of the exclusive channels and = (35.68 1.71,p) X 1010 (130
from the inclusive data overlap in the region £.4s<2 GeV. X '
and fOI’A Xhads
M. Total contribution to the dispersion integrals
Acnad 1.43< Vs<2 GeV, inch=(10.78+0.81,,) x 10" %,

To summarize, Table V shows the values obtained fo (131)

al?**%and Aap,g, as well as showing the contributions of
ghbetalir;dmdual channels. Summing all the contributions Wep o, (1.43<\s<2 GeV, exc)=(12.17+ 0.59€Xp)x18_32)

azad'Lo('”Cl) =(692.38-5.88,) X107 %% (125 |, the next section we introduce QCD sum rules that are able
to determine which choice @¥(s) is consistent. We find that

aZad,LO(eXCD:(696.1&5.6&)([]))( 10010 (126 the sum rules strongly favor the use of the inclusive data in
the above intermediate energy interval.

Table VII shows the breakdown of the contributions ver-
where “incl” means that we have used the inclusive data setsus energy. It is also useful to show the breakdown visually
for 1.43</s<2 GeV, while “excl” means that we used the in terms of “pie” diagrams. The pie diagrams on the left-
exclusive data at the same interval. “exp” means that thehand side of Fig. 18 show the fraction of the total contribu-
errors are from the experimental uncertainty. The corretions toai‘fd'LoandAahad coming from various energy inter-

sponding results foA ap,q are vals of the dispersion integralg) and (5). The plots on the
right-hand side indicate the fractional contributions to the
Aapadincl)=(275.5251.85,9) X 104 (127)  SQuare of the total error, including the error due to the treat-
al . . X 1

ment of radiative corrections. The values shown d*°

in these plots correspond to using the inclusive data in the
Aapad exch = (276.905 1.77,,) X 10, (128  intermediate energy interval.

TABLE VII. A breakdown of the contributions to different intervals of the dispersion integrala:ﬁ%Lo
and Aan,d{M32). The alternative numbers for the interval 143s<2 GeV correspond to using data for
either the sum of the exclusive channels or the inclusive measurelseetsig. 4.

Energy rangeGeV) Comments a o 10t AapdM2)x10*
m,—0.32 ChPT 2.36:0.05 0.04:0.00
0.32-1.43 Exclusive only 606.55.22 47.34-0.35
1.43-2 Inclusive only 31.9t2.42 10.7&0.81

(Exclusive only 35.681.71 12.170.59)
2-11.09 Inclusive only 42.051.14 81.97-1.53
JIg and ¢’ Narrow width 7.30-0.43 8.90:0.51
Y (1S—-69) Narrow width 0.16:0.00 1.16:0.04
11.09-0 PQCD 2.1%*+0.00 125.320.15
Sum of all Inclusive 1.43-2 692.385.88 275.521.85

(Exclusive 1.43-2 696.155.68 276.9&¢1.77)
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value (error)? Provided thats, is chosen sufficiently large fdb(s) to be
evaluated from QCD, the sum rules allow consistency checks
5 %0y il My of the behavior of the data fdR(s) for s<sy. Indeed, by

choosing an appropriate form of the functié(s) we can
highlight the average behavior &{(s) over a particular en-
ergy domain. To be specific, we takg just below the open
charm thresholdsay \/s,=3.7 GeV) and choose forms for
f(s) which emphasize the most ambiguous range £1/5
=2 GeV) of R(s), so that the discriminating power of the
sum rules is maximized. We therefore use the three flavor
(n;=3) QCD expressions fob(s), and omit thel/s and
¥(2S) cc resonance contributions ®&(s).

To evaluate the functioB (s) from QCD, it is convenient
to express it as the sum of three contributions,

) g2
Aothag (M2) D(s)=Dy(S)+Dp(S)+Dpys), (139

whereDy is the O(ag) massless, three-flavor QCD predic-

tion, D, is the (smal) quark mass correction arfd,;, is a
FIG. 18. The pie diagrams in the left- and right-hand columns(Very smal) contribution estimated using knowledge of the

show the fractions of the total contributions and (errrspspec- ~ condensatesDy is given by[124]

tively, coming from various energy intervals in the dispersion inte- )

grals(4) and(5). The pie diagrams for the LO hadronic contribution Do(—s) :32 Q2 14 ag(s) +d ag(s)

to g—2, shown in the first row, correspond to sub-contributions 0 T f T ] Q-

with energy boundaries at,., 0.6, 0.9, 1.4, 2 GeV and, whereas

11

for the hadronic contribution to the QED coupling, shown in the ~ [ag(s) 8 4
second row, the boundaries arenaf, 0.6, 0.9, 1.4, 2, 4, 11.09 GeV +d; +O(as(s)) ) (136
and. In the (errorf pie diagrams we also included the (error)
arising from the treatment of the radiative corrections to the data. ith
In Sec. VIl we use the value a,**"°, along with the d;=1.9857-0.1153;, (137
QED, weak and other hadronic contributions, to predict the
value ofg—2 of the muon. In Sec. VIII we use the value of  _ (2)772 _ 2n;
AapadM3) to predict the value of the QED coupling on the ~ d2=da+ 2 (Wlth Bo=11- ?) (138
Z pole, a(M3).
2
IV. RESOLUTION OF THE AMBIGUITY: (Z Qf)
QCD SUM RULES d,=—6.6368-1.2001;—0.005h?— 1.2395———,
To decide between the exclusive and inclusive data in the 32 Qf
energy range 1.43/s<2 GeV(see Fig. 4 we make use of (139

QCD sum ruleq129]; see also the revieWl30]. The sum
rules are based on the analyticity of the vacuum polarizationvhere the suni runs overu,d ands flavors.Q; is the elec-
functionI1(g?), from which it follows that a relation of the tric charge of quark, which takes the values 2/3;1/3, and

form —1/3 foru, d ands, respectively. The quark mass correction
D, reads[131]
So
f dsRs)f(s)zJ' dsD(s)g(s) (133 mf(s)
s ¢ Dr(—8)==32 Qf —
i

must be satisfied for a non-singular functié(s). C is a 5
circular contour of radius, and g(s) is a known function « 6+28aS(S) +(294.8-12.3n )< aS(S)) }
once f(s) is given. The lower limit of integrationsy,, is ™ f ™
4m727, except for a smale*e”— 7%y contribution.D(s) is (140

the AdlerD function,

We take the modified minimal substraction schemTS]i
s-quark mass at 2 GeWhy(4 Ge\?) to be 120-40 MeV,
and we neglect the andd quark masses. The contribution
(134  from condensated),, is given by

B ) d (II(s) _ 12m
D(s)=—-127 Sd_s e where R(s)—TImH(s).
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212 ( = 1 as(s))<(a5/ﬂ')GG)

Dry(~9)=32 Qf2|T 18 7 3

as(5)> (M;Q; Q) . 3272 ag(s)

a 32 27 ar

<(98>}
4 1

S

—|—8772<1—

% E <mk52qu>
k S

(Og)

S

+ 1272 + 1672

(141
where, following[132], we take

<%SGG> =0.037+0.019 (GeV*),

(mgssy=—f2mz. (142

Heref =92 MeV is the pion decay constant, ang} is the

PHYSICAL REVIEW D 69, 093003 (2004

(mnNs,) ¢ i di i1 1 data (fraction (%))
0037 | | A—=— i | inclusive (13.0)
(1,087) | i~—+=— | | inclusive (20.3)
(1,1,3.7) | = | inclusive (12.9)
(203.7) | +H—m— i | ! inclusive (24.0)
(0,0,3) i lor—a—— i inclusive  (19.9)
(1,0,3) | ——s— | | ! inclusive (26.9)
(1,1,3) ; D ——a— ! inclusive  (26.3)
(2,0,3) ——hi 1| inclusive (27.2)
(0,0,3.7) | H—=— | exclusive (15.4)
(1,0,3.7) | —=— ! exclusive (23.7)
(1,1,3.7) | | —F=— exclusive (15.5)
(2,0,3.7) | —=— | exclusive (27.8)
(0,0,3) | —=H | exclusive (23.3)
(1,0,3) D o—e— i exclusive (30.8)
(1,1,3) || —t=—! exclusive (30.3)
(2,0,3) i == 1! exclusive (31.0)
IlIIIllIiIElIiIllillllllllll
,. 0.1 012 0.14
ag(M?2)

kaon mass. As we will see later, the quark mass corrections o )
and the condensate contributions are very tiny—typically at FIG. 19. The QCD sum rule predictions fe(Mz) compared
most a few percent of the whole QCD contribution. Hencewith the world average valugl04]. The results for the four sum

we neglect the higher dimensional condensat€¥) and

(Og).
As for the weight functionf(s), we take it to be of the

form (1—s/sg)M(s/sg)" with n+m=0,1 or 2. For these six
choices off (s), the functiong(s) may be readily evaluated,

and the sum ruleg133), become

So . | So
LthdsF{s)—zLds 1—§ D(s), (143
So S 1s s
sthdSRS)s_o_ Efcdsz S_o_; D(s), (144)
Fodsas)(l—i)
Sth SO
o 1s 1sg
—E CdS _ES_O+1_§§ D(s),
(1495

So

fsod R)(l s)s
sRs)|1-—|—
Sth So/ So

So (sz_i 1(3)2 So
SIhdSF{S) S_o) _Z Cng[ — _E]D(S), (146)

rules for two values of/s, are shown. In each case we show results
for the inclusive and the exclusive measurementR¢$) in the
intermediate energy region. We also give in parentheses the frac-
tional contribution to the sum rule coming from the 143s

<2 GeV interval.

So S 2
f dsF{s)( 1- 5_0)

Sth

i d1525 15
“27)M3ls) T3

§ S]D(S).

(148

1_

We evaluate each of these sum rules {&=3.7 GeV
using the clustered data values Rfs) of Sec. Il on the
left-hand side(LHS) and QCD forD(s) (with ag=0.1172
+0.0020[104]) on the RHS. We find, as anticipated, that the
sum rules withm=0 andn=1 or 2 have very small contri-
butions from the disputed 1.43—-2 GeV region. Indeed, this
region contributes only about 5% and 2%, respectively, of
the total contribution to the LHS of Eq$144) and (146).
They emphasize the regi@esy and so essentially test data
against perturbative QCD in this small domain. They are not
useful for our purpose. The results for the remaining four
sum rules are shown by the numbers in parentheses in Fig.
19. For this choice 0§j, the sum rules witim=1 or 2 and
n=0 are found to maximize the fractional contribution to the
sum rule coming from the 1.43\/s<2 GeV interval. These
two sum rules clearly favor the inclusive over the exclusive
data.

The comparison between the data and QCD can be trans-
lated into another form. We can treag(M%) as a free pa-
rameter, and calculate the value which makes the RHS of a
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TABLE VIII. The breakdown of the sum rules foys,=3.7 GeV, for the choicesn=2,n=0 andm
=n=0. The contributions to the left-hand sid#gata are shown in the upper table, and the QCD contribu-
tions are given in the lower table.

(a) Breakdown of contributions to LHS of sum rules

Energy rangdGeV) Contribution m=2,n=0) Contribution n=n=0)
2m,—0.32(ChPT) 0.00+0.00 0.06:0.00
0.32-1.43(excl) 3.92+0.03 4.49-0.04
1.43-2.00(excl) 3.02£0.26 4.93-0.43
1.43-2.00(incl) 2.48+0.19 4.03:0.30
2.00-3.73(incl) 3.94+0.14 22.56:0.70

Sum (excl) 10.87+0.30 31.98:0.82

Sum (incl) 10.34+0.24 31.080.76

(b) Breakdown of contributions to RHS of sum rules

Origin Contribution m=2,n=0) Contribution m=n=0)
Massless QCD 10.310.05 30.4%0.11
Correction from finitemg —0.03+0.02 —0.03+0.02
Quark and gluon condensates 0B 02 0.06:0.00
Prediction from QCD(total) 10.30+0.06 30.4-0.12

sum rule exactly balance the LHS. The results are shown inV. COMPARISON WITH OTHER PREDICTIONS OF g—2
Fig. 19. We can see that in this comparison the determination
from the inclusive data is more consistent with the world-
average valuegS(M§)=0.117t 0.0020[104]. i ues listed below the first dashed line incorporate the new
For illustration, we show in Table VIII a detailed break- .o precise data oa" e~ — a7~ [11] into the analysis.
down of the contributions to both sides of the sum rule forpese data play a dominant role, and, as can be seen from the

the cases om=2n=0 andm=n=0. If we compare the g re  significantly decrease the value @, However,
breakdown of the contribution from the data in both caseSyery recently, the CMD-2 Collaboration have re-analyzed

we can see that the weight functiéfs) = (1—s/sy)? high-
lights the most ambiguous region B{s) very well. When ——«—++—++—+F+—+—F——F+1—+1+17

Figure 20 shows other determinations@fd"'o, together
with the value§HMNT (03)] obtained in this work. The val-

we look into the breakdown in the QCD part, we can see that | +———Fs———— |  Eidelman & Jegerlehner (95)
ibuti i i 1 ; ' ——a——=  Adel & Yndurain (95)
the QCD contribution is dominated py the massless part. | | E E E " Brown & Worstell (96)

We repeated the sum rule analysis {®=3.0 GeV, see | +———=——— | Alemanyetal. (97) (e'e])
Fig. 19. The lower value o, means that more weight is | 4 | | Alemany ﬁo?;'ké?g% ¢
given to the disputed 1.43—-2 GeV region. Taken together, we P : i Davier & Hocker (98)

. [ | ————y '
see that the sum rules strongly favor the behavioR($) | | T~ | Efﬁé?ﬁ?oﬁ‘)dege”ehner B8
from theinclusivemeasurements. Indeed, the overall consis-: P —e— | éegTerlehn_er (01Y) Surdl 153
tency in this case is remarkable. This result can also be | | ., | Guefcetal g fyrdurain (01)
clearly seen from Fig. 19, which compares the world average ? sI———i | Cueticetal (01)
value of ag(M2) with the predictions of the individual sum =~~~ New CMD-2x'x" data '”tr‘,’d“"%da_'l'z"aé """"""""""""
. | i i ;e
rules for first Vs,=3.7 GeV and then forys,=3 GeV. | -t | | BAEA.:IzTﬁ(ozz%)ééle—l))
' i i i i : e S ; : 02) (excl.
Agaln the consistency with the inclusive measurements ofi | | | | - GMNT (02) (incl
R(s) is apparent. Do——— : ! Jegerlehner (02)

The same conclusion with regard to the resolution of the------ New CMD-2 n*n” re-analysed data ---------------------o-moeoee
inclusive/exclusive ambiguity in the 1.43/s<2 GeV in- | | ~T*T | i %elgﬁge(gg‘)ar(é)%)
terval was reached in an independent anallys&S]. —— | DEHZ (03) (e*¢)

In an attempt to understand the origin of the discrepancy; 3 e i HMNT (03) (excl.)

P! , ! HMNT (03) (incl.)

we have studied the effect of possibly missipgrely neu- | {1 i TP EEAEW
tral) modes in the inclusive data, but found that these canno’  ggg 90 700 710 720
explain the difference. One should, however, keep in mind a
that the precision of both the@ld) inclusive and the exclu-

sive data in this energy regime is quite poor. We expect that F|G. 20. Recent evaluations @™®-° [2,3,12,108,132,175—
future measurements Btfactories(via radiative returnand  178]. The entries below the first dashed line include the new
at the upgraded machine VEPP-2000 in Novosibirsk will im-cMD-2 =" 7~ data[11], and the values below the second dashed
prove the situation in the future. line include the re-analyzed CMD-2" 7~ data[10].
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TABLE IX. The contributions of the individua* e~ channels, up ta/s= 1.8 GeV, to dispersion relation
(44) for azad*LO(xlom) that were obtained in this analysis and in the DEHZ03 sfi&yThe last column
shows the difference. “Isospin” denotes channels for which no data exist, and for which isospin relations or
bounds are used. We have divided the DE&£ontribution into the respective channels according to their
branching fraction$104], with their sum normalized to unity. The most important numbers are set in bold.

Channel This work (ys<1.8 GeV) DEHZ 03 (/s<1.8 GeV) Difference
a7~ (ChPT) 2.36+0.05 (<0.32 GeV) 58.04 £2.06)(<0.5 GeV)
w7 (datg 503.24+5.02(>0.32 GeV) 450.16 £5.14) (>0.5 GeV)
w7~ (total) 505.60+ 5.02 508.265.53 —2.60
w0y 0.13+0.01(ChPT) 0.93
4.50+0.15 (datg +37.96<0.0889 (@w— 7y)
+35.71x0.00124 p— 7°)
ny 0.01:0.00 (ChPT) +37.96x0.0007 @— 77v)
0.73+0.03(data 35.71x0.01299 ¢— 77)
y+py 5.36+0.15 =4.84+0.18 +0.52
a0 0.01 (+0.00) (ChPT) 37.96x0.9104 w— w7 7°)
+4.20 (0.8k/s<1.00)
+46.97 (+0.90) (data +35.71x0.155 (p— =+ 7°)
+2.45 (1.055 +/s<1.800)
=46.98+0.90 =46.74+1.09 +0.24
KTK~ 22.29+0.76 4.63-35.71x 0.492(p— K *K™)
=22.20+0.59 +0.09
KOK© 13.29+0.32 0.94+ 35.71x 0.337(p— KK )
=12.97+0.31 +0.32
&(+3m,2K, 7%, ) 0.06+0.06 35.7%0.002(p—+3m,2K, 70y, 77)
=0.07+0.00 —-0.01
atar” wOa 18.34+1.08 16.76-1.33 +1.58
w(—70y) 7 0.82+0.03 0.63-0.10 +0.19
Tt at e 13.63+0.70 14.210.90 —0.58
T 2.05+0.18 2.09-0.43 —0.04
ata m0m0n0 0.85+0.30 1.29-0.22 (isospin, 7) —0.44
w(—7ly)mta 0.06+0.01 0.08:0.01 -0.02
T S 0.07=0.01 0.1G6:0.10 —0.03
ata ata m0mO 1.96+0.18 1.410.30 +0.55
at a0 On° 0.07+0.07 (isopin, 7) 0.06+ 0.06 (isospin, 7) +0.01
Sum from 67 2.11+0.19 1.57-0.34 +0.54
gt 0.43+0.07 0.54r0.07 -0.11
KOmK 0.85+0.09
KOmK 0.85+0.09 (isospin
KoK + KoK 1.71+0.19 1.84+0.24 -0.13
KK~ 0.18+0.05
KOK 070 0.18+0.15 (isospin
KK~ 70+ KoK 0.36+0.11 0.60+0.20 —0.24
KK 2.38+0.98 (isospin 2.22+1.02 +0.16
Total (y/s<1.8 GeV) 636.29+5.43 636.85 6.08 —0.56

their data and found that they should be increased by agfor \'ssm_. The apparent discrepancy between the predic-
proximately 2%, depending os. The new datd10] are  tion from this analysis and the pues e~ analyses is not yet
included in our analysis. Inspection of Fig. 20 shows that thdotally understood; however see the remarks in the Introduc-
re-analysis of the CMD-2 data has led to an increase ofiOn-
a9 10" by about 10.

The entries denoted by “DEHZ)" also used informa-
tion from hadronicr decayq 2,3], which through CVC give
independent information on tled e — 27 and 4 channels

A. Comparison with the DEHZ evaluation

It is particularly informative to compare the individual
contributions tca%° obtained in the present analysis with
those listed in the recent study of Davieral. (DEHZ03)
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L L L L L L L BB N B the band obtained from our clustered data, which include
data from OLYA[16], TOF[19], NA7 [20], CMD [21] and
DM1 [23] in this energy region. In this way we obtain a
a7~ contribution for \s<0.5 GeV of (55.7-1.9)

X 10 1% We also show on Fig. 21 the preliminary CMD-2
data, obtained from Fig. 3 of Ref134]. These data were
used in neither analysis, but do seem to favor the lower
«* @~ contribution. It is also interesting to note that DEHZ

w

N
n

5]

m, 2 /(3s) () K(s) (nb)

T R AR

! 5 CMD (89 [2,3] obtain the low value of (56:81.6)x 10~ if 7 decay
. Ed and CVC are used in this region.
05 (79) S . S
o DMI (78) Other significant discrepanciéaith respect to the erroys
* CMD-2 preliminary

—
n
e L L L L B =

L oy 4 arise in then®y+ 7y and theKEKD channels, where the
008 01 012 014 016 018 02 022 024 treatment is different: DEHZ integrate over Breit-Wigner

s (GeV?) resonance parametrizatiofgsssuming that th&K channels
are saturated by theé decay, while we are integrating the
available data in these channels directly. In our method there
. is no danger to omit or double-count interference effects and
azad'Lo' The dashed curve is used by DEHZ,3], whereas the resonancgeJ contributions from tails still present at continuum

continuous curve up tQ/§:0..3.2 GeV §=0.10 GeV) and data energies, and the error estimate is straightforward. As a
band are used in this analysis; see text. We also show, but do ng

use, the preliminary low energy CMD-2 data, which were read offC eck, we made fits to Breit-Wigner-type resonance forms

Fig. 3 of [134]. These points, particularly the first, are subject to and studied the pOSSIbI|I'[¥ that trapezoidal Integrat!on .Of
“reading-off’ errors. concave structures overestimate the resonance contributions.

We found that the possible effects are negligible compared to

[3], which used essentially the sareée™ —hadrons data. the uncertainties in the parametrization coming from poor
Such a comparison highlights regions of uncertainty, and induality data in the tail regions. The one exception is ¢he
dicates areas where further data and study could significantty KK contribution. Here the lack of data in certain regions
improve the theoretical determination gf-2. DEHZ pro-  Of the resonance taiksee Fig. 1phas caused us to increase
vided a detailed breakdown of their contributionsaf3®©,  the uncertainty on this contribution @, (see Sec. Ill .
and so, to facilitate the comparison, we have broken down Apart from these channels, it is only the two four-pion
our contributions into the energy intervals that they usechannels which show uncomfortably large and relevant dis-
Table IX shows the two sets of contributions of the indi- Crepancies. Here, the data input is different between DEHZ
vidual e"e~ channels to the dispersion relati¢f) in the and our analysis. We use, in addition to DEHZ, also data
crucial low energy region with/s<1.8 GeV. from yy2 [56,66 and ORSAY-AC([55] for both 47 chan-
The last column of Table IX shows the discrepancy beN€ls, and data from M3N50] and two more data sets from
tween the two analyses. The biggest difference occurs in theMD-2 [67,68 for the 7w~ m~ 7" =~ channel. However, it
#+t7~ channel, which gives the main contribution to should be noted, that the available data are not entirely con-

2”40 and the improvement in the standard mo@aM) sistent, a fact reflected in the pow%ﬁ/NDOF of our fits

I,L . . . . .
prediction essentially comes from the recent higher precisiofesulting in the need of error inflation.Clearly, in these

CMD-2 data in the region 0:65<0.9 GeV (see the re- channels, new and better data are required. As mentioned
marks in Sec. IllB. We find that this difference, 2.6 alréady in Sec. Il1, the situation is expected to improve as
X101 appears to come from the region just abéve theSOON as the announced re-analysis from CMD-2 becomes

+ . - - available.
|7:Tig.772 ])t_h'lr'isehﬁgl]%rgss%%cvlvfI%/h:f:e* rsg:]?ﬁ)ut(i)éi ﬁ?éé?ﬁ There are no data available for some of the exclusive

such a way that e area Under the curwscita bar e, Thek conrbuton (o e dspersion el '
gives the contribution to the dispersion relati¢fd) for P 9 P ' P 9

a?f“"Lo- To determine the low energy* =~ contribution, in Table IX have been marked by the word “isospin.

DEHZ [2] first perform a three-parameter fit to* 7~ data
for \s<0.6 GeV, and obtain the dashed curve in Fig. 21.
This is then used to compute the* =~ contribution of This subsection is motivated by the cla[h37] that the
(58.04+2.06)x 1019 for Js<0.5 GeV. They do not use isosinglet scalar boséh o(600) can have a non-negligible
either thé® NA7 [20] or the preliminary CMD-2 data. On the contribution to the muoig—2. Here, we evaluate its contri-
other hand we use the chiral descript{di36], shown by the

continuous curve, only as far =0.32 GeV; and then use

FIG. 21. Ther*#  data just above threshold, plotted so that
the area gives the contribution to dispersion relatidd) for

B. Possible contribution of the o(600) resonance tog—2

19 for a given channejZ,;/Npoe> 1.2, then we enlarge the error

by \/Xr?nin/NDOF- This was necessary for three channels; see Sec.
BHowever, recently it has turned out that earlier worries about dl D.
systematic bias in the NA7 data as mentioneflirare not justified 204(600) is denoted by,(600) in the Review of Particle Physics
and that there is no reason to neglect these important] da [104].
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bution and find that it is at most of order X210~ 1°. This is

negligible as compared to the uncertainty of the hadronic had.

vacuum polarization contribution 0610 1%, and hence we m

can safely neglect it. u had.
The argument presented in R§137] is twofold. Firsto external internal

may contribute to the muog—2 through unaccounted de-
cay modes of the narrow spin 1 resonances intwthehan-
nel. The second possibility, considered[it37], is that o
may contribute directly to the muog—2 through its cou-
pling to the muon pair. We estimate the two contributions
below.

In the zero-width limit, narrow spin 1 resonanc¥scon-
tribute to the muorg—2 as

FIG. 22. Externalandinternal light-by-light contributions tag
—2. The former is arO(«®) and the latter is a®(a?) contribu-
tion. In this paper we compute the contribution of theernal dia-
gram. In Sec. VI A we take the shaded blob to be scatgr ¢r
pseudoscalar#®, 7) mesons, whereas in Sec. VI B we take it to be
a light (u,d,s) quark loop, using the result for leptoe,{) loops
as a guide.

ax=(3/7r)K(m\2,)F(VHee)/mV, (149 the two-photon exchange._ By using the observed width
I'(p— upp), and by neglecting the form factor suppression,

whereK (m?) is the kernel functiori45) ats=m?. We find, ~ We find that the point-like contribution to the muolg—2
for example?t Is

ay=391x10"1°, (150 a)=-3x10""%, (153

b_39x%x 10~ 10
8, = 39107 (151 which is negligibly small. It follows that this implies thaf]

is also negligibly small; see E¢164) below. However, the
discussion can be made far more general. It is presented in
the next section.

al(%¥=3.4x10"", (152

where, in Eq.(152), we have used'(¢(1.68)—e€)=0.48
keV [104] to give a rough estimate. If the decays- oy of
the above vector bosons escape detection, a fraction of the v|. INTERNAL LIGHT-BY-LIGHT CONTRIBUTIONS

above contributions up B(V— oy) may have been missed. ) _ o ) )

On the other hand we find that 99.8% @fdecays has been [N this section we present a very primitive discussion of
accounted for in the five decay channels explicitly includedthe hadronic contribution to the internal light-by-light ampli-
in our analysis; hence(¢— oy)<0.002. This severely tudes, motivated by the study of the directand » contri-
constrains theryy coupling. Hence we can use the vector butions to the muog—2. _

meson dominance approximation to show that the other The meaning of “internal” can be seen from Fig. 22. We
branching fractions satisfyB(w— ay)<7.2X10°% and call the diagram on the right “internal” to distinguish it from
B(¢(1.68)—ay)<3.5x10°%; see Appendix B. By insert- the left diagram, that is the familiar light-by-light contribu-
ing these constraints into the estimat&s0—(152, we find ~ tlon which, here, we call "external.” We should note that the
that the unaccounted— oy contributions tog—2 of the  external light-by-light diagram is 0D(«”) and the internal
muon are less than (2.8,7.8, 0.61)0 2 for V light-by-light diagram is arO(«*) contribution.

=w, ¢, $(1.68) respectively, assumingn,=600 MeV.

These estimates are much smaller than those presented in A. Internal meson contributions

[137]. It is clear that the total contribution of unaccounted

oy modes through narrow resonance decays is negligibl%l Just as the external light-by-light amplitude is dominated

y a single pseudoscalar meson contribufib®8—141, it is
ikely that the hadronic contribution to the internal light-by-
light amplitudes is dominated by a single meson exchange
contribution.

In general, we can estimate the internal contributioa to
tfrom arbitrary scalar and pseudoscalar mesons. Using the
effective coupling

small. It is also worth pointing out here that the unaccounte
fraction 0.2% of thep contribution (7.8<10 *? above has
been taken into account in our analysis, whether ipis
— o7y or not.

We now turn to theo contribution to the muorg—2
through its direct coupling to a muon pair. To evaluate this, i
is essential to estimate the magnitude of ¢éhew coupling.
Since the coupling through the—Higgs boson mixing is

negligibly small, the leading contribution should come from L£=1,(9s5+19p7sP) Y (1549
two-photon exchange. In this regard, the effective coupling
strength should be of the same order as that ofitligosca-  we find[142]
lar pseudoscalar meson, which should also be dominated by
2
as=—s ! 6(1—2r)|n£—7+24f—2112+4r3 ,
2I\/e take vector mesony, which, according t¢137], may have #4872 (1- r)4 r
significant contributions. (155
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2 B. Internal lepton or quark contributions

ap_ gP r
H 4872 (1—-r)*

1
[_6 In—-+11- 18+9r2—2r3|, (156 The internal light-by-light scattering contributions in the

4-loop order have been evaluated in QED. The electron-loop
wherer=m? /mh, with h=S andP in Egs. (155 and(156) contribution is[144]
respectlvely The scalar contribution is positive definite and

4
the pseudoscalar contribution is negative definite. In the a"1t (e loop) = — 4. 43243358)( ) =~1.29x10 10
large mass limit (<1) we have

(165
ai_sg_ Inl— g+0(r)} (157  Whereas the muon-loop contribution is
I-b-| a)t 10
L1 a;""(u loop) = —0.9907210) —| ==0.29¢10 10
QP
P: —
a, 877 In + 6 +0(r)|. (158 (166

The u-loop contribution to the electron anomalous moment
Further, in the parity-doublet limit ofs=gpr andmg=mp, has also been estimatgtis]
the leading terms cancgl43] and only a tiny positive con-
tribution remains. The effective couplings in E{.54) can it Lo al\?
be extracted from the leptonic widths ae  (u loop)= —0-00018414)<;) . (167

n/2
gn ( 4mi) (159 If we interpolate between Eq§l66) and(167) by assuming
2 1

+ =y = =h
Fh=p u)=g M 2 the form (Z/m)[A In(m{/n%,)+B], we obtain the estimate

wheren=3,1 forh=S,P respectively. .m o m? i 4
Let us estimate the pseudoscatgt contribution. We use (I loop)=—|0.65 |nm—+ 11— =] (168
s |
I'(m—eTe )=5x10"" eV. (160) _ , _ ,
which may be valid for an arbitrary lepton mass in the range
After we allow for the helicity suppressmn factor wi,/m,, m, < m|<mi/me~ 20 GeV. For ar-loop internal light-by-
for the 7%ee coupling, this gives ar®uu coupling light contribution toa,,, the relation(168) gives
2 2 0 +4— 4
gﬂ' m,u F(ﬂ- —e € ) — 10 |nt|b| 4“)
PO ') B A loo —-0.0165 —] , 169
- ( me) -~ 1.6x10 (161 (7 loop) = p (169
and hence, from Eq156), a contribution which agrees with the actual numerical result
- —11 a\?
610" (162 a™ (7 oop) = —0.0157049) ;) (170

Although this contribution is not completely negligible, we

expect a form factor suppression of the effective couplingsvithin 10%. We can now estimate the hadronic contribution
and so the pion structure effects should suppress the magridy using the constituent quark model

tude significantly.

In the scalar sector, we do not find a particle with signifi- b 2 mé i al?
cant leptonic width. Although ther leptonic width is un- ay""!(u,d,s loop)=— 3| 065In— +1|— ;) ,
known, we find no reason to expect that its coupling is big- 2 mq

ger than thepuu coupling. If we use (173)

2 . - where we usen,=my=ms=m, to set the scale, and where
9¢ g’? P(p—pu™) B 2 _arr2\4 N4y
— = ~14x10 (163 3=3[(5)"+2(3)"] is the charge factor. Form,

8m 87 m, \1-4mi/m? =300 MeV, Eq.(171) gives
we find thatl'(o— u " )=7x10"% eV, and hence ay"(u,d,s loop)=~—6x10"*2 (172
o__ — 13
A= 7x10 (164 C. Quark loop estimates of the hadronic light-by-light

for m, =600 MeV. Again we should expect form-factor sup- contributions

pressions. Because pseudoscalar mesons are lighter than thef the same massive quark loop estimate is made for the
scalars, there is a tendency that the total contribution is neg&-loop (externa) hadronic light-by-light scattering contribu-
tive rather than positive. tion, it is found thaf146]
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2 2l @\3
a% " \u,d,s loop)= 3%0. 61E< ) (;) ~6x10"10
CI

73

had.
As we shall see later, this estimate is in reasonably gooc

agreement with the present estimate of the total contributior
of (8=4)x 10 1% of Eq. (192), and of its sign.

The above well-known result has been regarded as ar
accident, because in the small quark mass limit the quark

loop contribution to the external light-by-light amplitude di- had £
verges. The light-meson contributions could be estimated

only by adopting the effective light-meson description of ©)

low-energy QCD. Although the same may well apply for the

internal light-by-light amplitudes, we note here that the W M/é\
guark-loop contributions to the internal light-by-light ampli- -

tudes remain finite in the massless quark limit because of the
cancellation of mass singularitifd47,148. We find no FIG. 23. The three classes of diagrafa) (b), (c) that contrib-
strong reason to discredit the order of magnitude estimatgte to azavaLO, Class(a) contains the first five diagrams. In the
based on Eq(172 against the successful one of E473)  class(b) diagram,f=e or 7, but notu. Mirror counterparts and

for the external light-by-light amplitudes. Although the diagrams with an interchange between the massless photon and the
point-like 7 contribution of Eq(162) is a factor of ten larger “massive photon” propagators should be understood.

than the estimat€l72), the corresponding point-like con-

tribution to the external light-by-light amplitudes diverges. —0.81x10°1°. We added the errors from the VP and the

We can expect that the form factor suppression of the effecesRr in quadrature, which is the second error in @f6).
tive vertices should significantly reduce its contribution.

Also, since these mesons are lighter than the scalar mesons,
we expect the sign of the total meson contribution to be
negative, in agreement with the quark loop estimate of Eq.

B. Calculation of the NLO hadronic contributions
to g—2 of the muon

(172. In conclusion, we use Ed172 to estimate that the
hadronicinternal light-by-light contribution is given by

al™"™(hadrong=—(0.6+0.6 X107, (174

which is totally negligible. We do not take this contribution

into account in our final results.

VII. CALCULATION OF ahad AND g—2 OF THE MUON

A. Results ona*+°

We calculated the LO hadronic contributiaf®®-° in

Sec. Ill. We found

P O= (692.45 5.9+ 1.4 vet 1.9aq psp X 10720

In this subsection we update the computation of the NLO
hadronic contribution t@—2 of the muon. It proceeds in a
similar way to that for the LO contribution, but now the
kernel of the dispersion relation is a little more complicated.
There are three types of NLO contributions, which were de-
noted (2a), (2b) and (2¢) by Krause[149]: (28 consists of
the diagrams that contain one hadronic bubble and which do
not involve leptons other than the mudg)) is the diagram
that has one hadronic bubble and one electmrtau loop,
and, finally, (2c) is the diagram that has two hadronic
bubbles. The three different classes of NLO contributions
correspond to the diagrams that are dend@d(b), (c) re-
spectively in Fig. 23.

The contributions fron{2a), (2b), and(2c) can be written
as

(179
had,NLO(2a)__ ifx 0 (2a)
a = dsop{S)K“¥(s), 77
=(692.4+5.9,,,% 2.4,9) X 1071, (176 K 4ot s, nad (
where the first error comes from the systematic and statistic
errors in the hadronic data which we included in the cluster- /2N _— f dsad.{s)K?0)(s), (178
ing algorithm, and the second error is from the uncertainties 47t
in the radiative correction in the experimental data. Below
we explain this in more detail.
We add the VP error from the experiments and the narrow  a/*N-0(%= —J dsJ ds' a2.(S)
resonances linearly. Out of x40 10 1.2x10 % s from 16m°a s
the data, and 0:210 1% is from the narrow resonances. For Xaﬂao(s’)K(zc)(s,s’), (179

the errors from the final state radiation we assign 1.9
% 1070 which is the sum of the errorﬁ,aFSR” ™ =0.68

where the analytic expressions #F?, K andK(?® are
X 10~ 10’ 5aFSRK K™ =0.42X 10" 10 and 5aFSR other excl

given in Ref.[149]. We use the clustered data for the cross
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section fore" e~ — hadrons,o,, of Eq. (2), with the choice
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second line of Eq(13), which is a double integral overand

of inclusive data in the regime above 1.43 GeV to computes’. We are using this expression to integrate over the had-
the contributions of the three different classes of NLO dia-ronic data. IfR(s) is a constant, we can explicitly integrate

grams. We find

a2 Ntk (—20.73+0.18,,+ 0.0, X 107 %,

(180
a2 Nt (10.60+ 0.09,,* 0.04,4) X 10,

(181
a2 *NHO(O= (0.34+ 0.0+ 0.0Q50) X 102,

(182

over s and s’, instead ofx. Then we are left with a one
dimensional integral ovex, which is much more tractable
than the double integral ovesr and s’. We compared the
result obtained from this integral ov&rwith the double in-
tegral overs ands’. Below are the numerical results.
WhenR(s) is a constanfmore rigorously, whemR(s) is a
step function withR(s)=1 for s>4m?2, otherwiseR(s)

=0], the result from the double integral is

a,=0.21x10"*° (187

where we have assigned the uncertainty from the radiativ@yhich has only two significant digitsand the result from
correction similarly to the LO hadronic contribution. When the integral ove is

summed,

) *NO= (- 9.79+0.09,;+0.03,9 X 10 %, (183

a,=0.210...x10 ™ (189

The agreement is very good. From the above two checks we

which may be compared to the original calculation of Krausebelieve our result for diagrarf2c) is correct.

[149],
alladNO~ - 21.7(0.5)+10.70.2 +0.270.0)]x 10~ 1°
=-10.10.6)x1071°.

In Eq. (183 we added the error linearly with an opposite

relative sign since the errors {@a) and(2b) are nearly 100%

C. Hadronic contribution to g—2 of the muon

The hadronic contributioazad has been divided into three

pieces,
had_ ,had,LO, ~had,NLO, ,had,l-b-|
a, =a, + a, + a, .

(189

correlated in the opposite directions. Hence the total error iThe lowest-orderivacuum polarizationhadronic contribu-
the difference of the two. In combining the errors we ne-tion, a*/‘j‘deO, was calculated in Sec. IlI. There we found

glected the errors frorf2¢) since it is negligibly small com-
pared to the other errors.
Note that the contribution of diagraf@c) does not agree

a0 (692,45 5.9, 2.4,0x 1071, (190

with the result given by Krause, when account is taken of thevhere we have used the QCD sum rule analysis to resolve
small error on this contribution. We have therefore per-the discrepancy in favor of the inclusive’e” —hadrons
formed two checks of our numerical program. First we re-data in the region 14 \s<2 GeV. The value of the next-

placed the two hadronic blobs of the diagr&2e) with two

to-leading order hadronic contributiom)**"°, was up-

muon loops, since the contribution from such a diagram isglated by the calculation described in the previous subsection.

known analytically{150] as a part of the QED contribution.
It is

a,(two muon loops along one photon propagator

a\3 943 8 8
=\ =) | ~3227 2542+ 303 (184
@ 3
=(; X 0.00258 . . . (185
=0.326...x10 % (186)

Our program reproduced 0.32110° % which agrees with
Eq. (186 within an accuracy of 102, which is the accuracy
of the calculation throughout this paper.

As a second check, we have tak&(s) to be a step func-
tion. In the first line of Eq(13) of the paper by Krause, the
contribution from the diagran2c) is written as a triple in-
tegral overs, s’ and x, wheres and s’ are the “mass
squared” of the hadronic blobs, ands a Feynman param-
eter. By explicitly integrating ovex, Krause obtained the

We obtained
afladNO~ (- 9,79+ 0.09,y* 0.03,9 X 107 2%, (191)

Finally, we must include the hadronic light-by-light scatter-
ing contributiona)*®"". It has attracted much study. Recent
re-evaluations can be found, for example, in R¢fb1—
156]. Here we take the representative vafue
a2 (8.0+4.0x10 %, (192

as given in Ref[157]. From Egs(176), (191) and(192), we
can see thaazad"‘o has the largest uncertainty, although the
uncertainty in the light-by-light Contributian""d"'b'I is also
large.

When we combine all the three contributions to the had-
ronic contribution, we find

)= (690.6-7.4) <10 10, (193

2However, see the note added.
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To calculate the number above, we first added the uncertainl """ TTTT T TTTTTTTTTTTTTTITTTFTTTT TR T
ties associated with the LO and NLO diagrams linearly, and DEHZ (03) (1) | : e
then added the uncertainty in the light-by-light contribution ’ :
quadratically. We did so since the errors in the LO and the DEHZ (02) (e'e”) +—m— !
NLO contributions are nearly 100% correlated.

HMNT (02) (excl.) : F---ra---o

D. SM prediction of g—2 of the muon HMNT (02) (incl.) | - .
The SM value of the anomalous magnetic moment of the i : :
muon,a,, , may be written as the sum of three terms, Jegerlehner (02) +H—®— |
asM=aQP+al"+al. (194 - New CMD-2 n'” re-analysed data ------------
The QED contributiona2®, has been calculated up to and ~ Jegerlehner (03) | H—=——
including estimates of the 5-loop contributideee the re- i 5 : i :
views [144,158—160), DEHZ (03) (1) A i
a%%=116 584 703.62.8 X 10 L (195 DEHZ (03) (e'e’) '+
This value[160] includes the recent update frofti44]. In HMNT (03) (incl.) : !

IIIIIIIIIIlIIII|IIIlIIIIIIIIIIIIIII|IIIIIII|II|II

160 170 180 190 200 210
M 10" - 11659000

comparison with the experimental error in E@), and the
error of the hadronic contribution, the uncertaintyai" is
much less important than the other sources of uncertamty u
The electroweak contributioa®" is calculated through sec- . M

FIG. 24. Recent evaluations eﬁ and the current world aver-

72
ond order to b¢161-164 age of the measured val@ghown as a bandThe band corresponds
EW_ 11 to a 1o range. The final values, HMNT03), are the predictions of
Au 1542)x 10" (196) this work, and include the recently re-analyzed CMBr27~ data

Here we quote the result §164]. Although some discrepan- 101 in our analyses.

cies on conceptual questions remain, this result agrees nu-

merically with the one 0f163], and here again the error is a(8) P =[1-Aaey(s) — AafRfs) — Aa'¥(s)]a Y,
negligibly small. (199

Summing up the SM contributions W, as given in -\ here the leptonic contribution to the runningwfs known
Egs. (193, (195 and(196), we conclude that to three loopg179]

SM_ — 10
aSV=(11659176.3:7.4) x 10™%, (197) At M2)=0.03149769. (200

which is 26.7<10 "% (2.40) below the world average ex- The evaluation of the hadronic contributioha(S(M2), is
perimental measurement. If, on the other hand, we were tQqoqcribed below.

take, instead of E¢(190), the value ofa,*" L0 gbtained using
the sum of the exclusive data slpn the interval 1<4£ A. The hadronic contribution to the running of «
<2 GeV, then we would finda,;"=(11659180.17.4) up to s=M2

X107 1% which is 22.%10 19 (2. 10) below af®. The
above values oaSM are compared with other determlnatlons
in Fig. 24.

It is conventional to determine the contribution from 5
quark flavors A« (>, and to include the contribution of the
sixth flavor[165],

VIII. DETERMINATION OF aQED(ME) AatOp(Mg): —0.00007005), (201)
As mentioned in the Introduction, the value of the QED 5 1o gng, The quark contribution cannot be calculated just
coupling at theZ boson mass is thg Ieast_well known of the from perturbative QCD because of low energy strong inter-
three parameteilsG,, Mz anda(Mz)] which are the three  ,c4ion effects. Rather we determined the contribution,
most fundamental inputs of the standard electroweak mode}, , (S)JM ), by evaluating the dispersion relati¢46). The
Its uncertainty is therefore the limiting factor for precision ¢ its erre shown in Table VII. We find
electroweak physics. It is clearly important to determine

a(M3) as accurately as possible. (52]( M2)=0.02755¢ 0.00019,,*0.00013,4p

The value ofa(M3) is obtained fron{104]
+0.00001%q rsr (202

a 1=a(0) 1=137.035999760) (198
=0.02755-0.00019,,+0.00013,4
using the relation (203
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129 128.9 128.8

aMmy’

! Martin & Zeppenfeld (94)

PHYSICAL REVIEW D 69, 093003 (2004

tribution and error coming from various energy intervals in
the dispersion integral. As anticipated, both Table VII and the

T4+ || Eideman& Jogeriohner (95) pie diagrams show that the hadronic contributions(M?)
i e : Burkhardt & Pietrzyk (95) are more We|ghted to highervalues in the dispersion inte-
T e Al ral for Aafp(M?), than those in the integral foa)™
QT e 1o i .
AR o o S S Pl B EA R (L 5, needed to predmjj 2 of the muon.
H—a—— | Krasnikov & Rodenberg (97) The above values aka{2(M2), and the corresponding
; | —— i Davier & Hocker (97) _1 2
; L—— i Kuhn & Steinhauser (98) values ofa™ * at s=M3%, are compared with other determi-
TR | Bt 2 98) nations in Fig. 25. The BES daf&9] became available for
e : Davier & Hocker (98) the analyses fronj133] onwards. In Table X we compare
—a—i 1 Eidelman & Jegerlehner (98) ibuti he di . latidB) for A (5) M
..... New BES dafa iriroduced :=ss=ssssssssssssmmssaamsssansssnys ssss contributions to the dispersion re atigh) for Aa{2(M2)
—.— i i ! Martin et al. (00 g_excl.) obtained in this work with those found by Burkhardt and
o A 'E‘i"jr'&'r’]‘a?étagﬁ?%n;”ﬁ'-go1) Pietrzyk[100]. Since newe*e~ data became available for
:—' ; ; ; jeger{eﬂner 58] éE lnltggral the former analysis, the comparison is meaningful only in the
b e doeoni & Yndurain O higher energy intervals. Nevertheless, although the agree-

----- New CMD-2 re- analysed T data used ----seseeesessenananane ment in the size of the contributions is good, we see that the

H—H.____' ; ?gélgﬁ%rﬁé é?; F(’)Igtrz k| ét%?é rglrel) latter analysis has considerably larger uncertainties in some
—.— ; Je er|ehner 503;I gEucndean{ energy intervals, which explains, in part, the difference in the
Hemed : : ' H excl. i in Ei
| | i | | | HMNT 5033 Emcl) size of the overall error shown in Fig. 25.
270 280 290 5 - ,
(héd(Mz) x 10° B. Implications for the global fit to electroweak data

FIG. 25. Recent determinatiorf§9,100,108,132,133,165,166,  The value of the QED coupling on tf& pole is an im-
170,175,177,178,18®f Aa{>)(M2) (lower scalg with the corre-  portant ingredient in the global fit of all the precise elec-
sponding value ofx(M2)~! at theZ boson mass shown on the troweak data. The continuous curve in Fig. 26 showsythe
upper scale. The last two entries, HM0B), are the values ob- profile as a function of Imy, obtained in the global analysis
tained in this work, and include the recent CMDu2-analyzetl  if our value of A a,qis used(whereas the dashed shows the
data[10] in the evaluation. profile that would result from the BPJ1.00] determination
of the QED couplingg The measured value ofi, has been
included in the analysis. When our new determination is
taken, the fit predicts that a standard model Higgs boson has
a mass

=0.02755-0.00023, (204

if we use theinclusivemeasurements d®(s) in the interval
1.43</s<2 GeV. The corresponding value of the QED

coupling is given by my=102"3% GeV (206)

a(M%) 1=128.954-0.031. (205  ormy<221 GeV at the 95% confidence level.

If, on the other hand, we were to use the sum ofakelusive
data for the varioug™ e~ — hadron channels, then the result
would  become 0.027690.00018,,+0.00013,y and The anomalous magnetic moment of the muog, (
a(MZ) 1=128.935-0.030. Table VII shows the contribu- —2)/2, and the QED coupling at th&boson massoz(Mi),
tions toA a(5)O(MZ) from the different energy intervals of the are two important quantities in particle physics. At present,
dispersion integral, Eq46), together with the sum. An al- the accuracy of the theoretical predictions is limited by the
ternative view may be obtained from tifower) pie dia- uncertainty of the hadronic vacuum polarization contribu-
grams of Fig. 18. They display the fractions of the total con-tions. Here we use all the available data @ie”

IX. CONCLUSIONS

TABLE X. Comparison of the contributions thap,d M2) X 10* with the analysis of BP 01100].

Energy rangdGeV) HMNT 03 BP 01

1.05-2.0 16.34 0.82 (excHincl) 15.6+ 2.3 (excl)
(5.56+0.13(1.05-1.43 GeV, exg)
(10.78+0.81(1.43—-2.0 GeV, ing)
2.0-5.0 38.131.10(incl) 38.1+ 2.2 (incl)
5.0-7.0 18.52-0.64 (incl) 18.3+1.1 (incl)
7.0-12 30.16:0.61 (incl+PQCD 30.4+0.4 (incl)
(25.32+0.61(7.0-11 GeV, ingh
(4.84+-0.02(11-12 GeV, PQCD
120 120.48-0.13(PQCD 120.3+0.2 (PQCD
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magnetic moment,,=(g,—2)/2, is very important. It pro-
vides a valuable constraint on, or an indicator of, new phys-
ics beyond the standard model. From the above discussion,
we see that the present uncertainties on the measurement and
- the prediction are 8 and X 10 ° respectively. How realistic
is it to improve the accuracy in the future? On the experi-
mental side, the accuracy is dominated at present by the BNL
1 measurement. We can expect a further improvement in the
i BNL measurement ofj—2, since the Collaboration are at
present analyzing 3:710° 1.~ events which should give a
total relative error of about 0.8 ppm. As a consequence, the
-  +8x10 ©uncertainty in Eq(208) should be improved to
i about+=6x10 19 If the error on the theory prediction can
be improved beyond this value then the case for another
dedicated experiment with even more precision is consider-
o 1 ably enhanced.
- Preliminary The error attributed to the theoretical predictionagf is
2 dominated by the uncertainties in the computation of the
10 hadronic contributionazad; in particular in the calculation of
m, [GeV] a2 and a’**"™!, which at present have uncertainties of
about 6 and 4x 10 10 respectively. The latter error, on the
FIG. 26. They? profile versus the mass of a standard model|ight-by-light contribution, is generally believed to be able to
Higgs boson obtained in a global analysis of electroweak data. Thge improved to 2x 1071 (25% erro¥; and, optimistically, it
solid curve is obtglned using the value we fo_und in this work, andig perhaps not hopeless to envisage an eventual accuracy of
the dotted curve is obtained using the valu¢i00]. about 1x 10~ 1% (10% erroy, but this would require a break-

) . . through in the understanding of this contribution. We are left
—hadrons to achieve the best presently possible data—drlve[g consider how much the error ca™®° could be im-
1

determination of these contributions. In this way, we obtain a

o ‘proved. Already we are claiming a 1% accuracy. To reduce
standard model prediction of the muon anomalous magnetle1 10 ~10-
moment of the error from the present6l0™ " to 1X10™ " is not real-

istic. However we should notsee, for example, Ref167])
aiM=0.0011659176(374), (207  that thgre will be progress from all experiments that are
measuringR. Indeed, with the improvements, already in
to be compared with the present experimental value of ~ progress or planned, of the BES, CMDB-SND at
VEPP-2000, BaBar, Belle, CLEO-C and KLOE experiments,
a;,"=0.0011659203), (208  we may anticipate an eventual accuracy of 0.5% in the cru-
cial p domain and 1-2 % in the region above 1 GeV. It will
which shows a 24 difference. As this comparison of the e challenging, but not impossible. This statement also ap-
measurement and prediction becomes more and more Prgjies to improving the accuracy of the radiative corrections.
cise, we will obtain an increasingly powerful constraint on' | this connection, note that measurements of the radia-
physics beyond the standard model. _ tive return experiments are just becoming available. From
We have also used our optimal compilation of the avail-hese experiments we may anticipate low energy data for a
ablee” e —hadrons data to predict variety ofe* e~ channels, produced via initial state radiation,
at the ¢ factory DA®NE [6,9] and at theB factories, BaBar
and Belle; see, for examplgl68]. For instance, by detecting

A ! . >
The accuracy is now 2410°5. This again is an important th+e7z iy +y channel, it may be possible to measure the vital

quantity. It is the most poorly determined of the three param- def' tﬁ” 7: Cross s_ect|otn |tnhthe 'Fhresholdbrleglon:trl: ortt?_e
eters which specify the electroweak model. Although signifi-r.a lative return experiments there IS no problem with stalis-
cantly improved from the error of Burkhardt and Pietrzyk’s tics, and t.he accuracy is at present due to systematics, Wh'.Ch
preliminary resul{166], it is still the least accurately deter- come mainly from theory. These new experiments are moti-

mined of the three fundamental parameters of the eIeC\_/ating much theoretical work to improve their accuracy. Al-

o ; o .
troweak theory: AG#/G#:1><10*5 and AM,/M,=2 ready, today, it is claimed to be 2% in tleregion. _
%10°5. In summary, we may hope for an improvement in accu-

racy down to about & 10 %in the theoretical prediction of
a, in the foreseeable future, which in turn emphasizes the

6T .

5)
Aoy g =

----- 0.02761+0.00036
— 0.02755+0.00023

| Excluded

a(M2%)~1=128.954-0.031. (209

A. Future prospects for reducing the error on g—2

We have stressed that the comparison of the measurement
and the standard model prediction of the muon anomalous?3See the note added.
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! in place of Eq.(207). If this prediction is compared with the

new BNL result above, then there is a discrepancy 0&2.7

SM prediction o that is, da, = (24.5+9.0)x 10",
HMNT (03) (incl.) Ir—l~—| ACKNOWLEDGMENTS
_ We thank Simon Eidelman for numerous helpful discus-
HMNT (O3b) ('nCl-)§ ' 5 = :’ sions concerning the data. We also thank M. i@&wald for

preparing Fig. 26, and M. Fukugita, M. Grewald, M. Hay-
akawa, F. Jegerlehner, T. Kinoshita, V. A. Khoze, M. Nio,
and M. Whalley for stimulating discussions and the U.K.

Exgeriment Particle Physics and Astronomy Research Council for finan-
; : cial support. The work of K.H. is supported in part by a
prev world avg (02) —— Grant-in-Aid for Scientific Research from MEXT, Ministry

of Education, Culture, Science and Technology of Japan.
: i : : A.D.M. thanks the Leverhulme trust for financial support.
new world avg. (04) ! g .
3 5 | . APPENDIX A: THRESHOLD BEHAVIOR OF 7%y AND gy
II|IIII|IIII|IIII|IIII|IIII|IIII|IIII|III||II PRODUCT'ON
180 190 200 210

Mx 10"° — 11659000
H Lozw="=g f ——CpPF, F*, (A1)
FIG. 27. The new(world averagg experimental value of the
muon @, —2)/2=a, given in Ref.[169], compared with the SM Wheref,,:93 MeV, andP denotes the electrically neutral
prediction as given in the text, HMNT03), and with the value, membersz° or 74, of theSU(3) pseudoscalar octet. Tlog

HMNT (03b), that is obtained using the hadronic light-by-light con- coefficients arec,o=1 andc,, _1/\/§ We may extend the
tribution as recently calculated in R¢fL70] and the updated QED multiplet to include theS U(3) singlet, »,, for which the

contribution given in Ref{171] coefficient isc,, =2+2//3. As usualF,, is the QED field

We take the Wess-Zumino-Witten local interaction as

need for an experimental measurement with improved prec'strength tensor, anE ,is its dual
sion.
F = €unpaF?, (A2)
Note added g e
The BNL Muong—2 Collaboration have just published v;/here €uvpo 1S @ totally antisymmetric tensor Witkio.zs
[169] the results of their analysis of the™ data which up-
dates their experimental determination af. As a result 0 . 0
they now obtain a new world average 1. m°—2y decay ande™e” —ary
exp The WZW interaction, Eq(Al), is responsible for the
a, =0.0011659208). (210 m°— 2y decay. The lowest-order amplitude! is
Comparing this value with our SM prediction of E®07) o
we find a 3.3 discrepancy, as shown by the HMNT3) M= —fe“””"plﬂpzxej(pl)eﬁ(pz), (A3)
(incl) error bar in Fig. 27. That is, the discrepancyda, T
- 10
=(31.7£9.5)x10 o . ) which results in the partial decay width
Also, very recently, the hadronic light-by-light contribu-
tion has been recalculated, paying particular attention to the a?m?,
matching between the short- and long-distance behaviors ['(7%—2y)= , (A4)
[170]. The contribution is found to ba/?*"*'=(13.6+ 2.5) 64mf2
%101 In addition Kinoshita and NIO have updated the
calculation of thea* QED contribution and find171] when summed over the polarization of the final state pho-
oED . tons. If we take f_=(130x5)/y/2 MeV and m_o
ay  =116584719.361.43 X 10 ™, (21))  =134.9766-0.0006 MeV[104], then this gives
which should be compared with the vali&95 we have I'(7°—2y)=7.81+0.60 eV, (A5)

used. If we use these nea®®™'anda®EP values, then our
prediction is given by the HMNTO3b) (incl) error bar in  which is in good agreement with the experimental value
Fig. 27, and corresponds to [104],

a,"=(11659183536.73 107 (212 [(7°—2y)|=7.7£0.6 €V. (A6)
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The cross section a&f"e” — 7%y can be written in terms @ _ -
of the 7°— 2y width as L=— m(cnscosap— C,,sinbp) nk , F**

olete —mly)= Upt(e+e_~> w0y)

2

@ H ! = 14
5 —m(c”85|nep+cﬂlcos¢9p)n FuFe

8anl'(m0—27y) m:.
= 3—mf’7 o ? (A14)
(A7)  If we take 9~ —20° [172], then the coefficient of theFF
term is
We can further improve the behavior of the cross section by
assuming vector meson dominance: c,,Bcosap— c,,lsin 0p=1.91X Cope= 1.10, (A15)
B 0 B 0 m2, 2 and the predicted decay width is
owp(e'e —mly)=op(eTe —my)| —
ma)_s 213
(A8) _amy i 2
I'(np—2y)= s (€,,co86p—C,, sin 0p)
We use the equation above in calculating #f&y contribu- At
tion from the threshold region in Sec. Il A.
=0.63 keV
2. n—2y decay andete"— py (LO ChPT with %, — g mixing). (A16)

If we neglectrng-7, mixing and identifyng as», then the

7—2y decay is dictated by the WZW interaction, We find that the residual discrepancy with the observed

rate is removed when we introduce the higher-order effect,
fi#fg#f .. In this case,
(o4 C778 C7]1 . ~
L=— P f—cosap— f—sm ap) nF L F*Y
which contains an extra factor of {2 as compared with the T\ s 1
7%yy coupling term. The calculation of the decay rate is a [Cy c,
exactly analogous to that af® decay. The result is — —(—Ssin Op+ —1cosep) n’FMVT:W. (A17)

a ~
L =— ———ngF ,,F*", A9
WZW 8\/57_”‘#778 u (A9) (

87T f8 fl
23
T(n—2y)= a’my, If we takefg~1.3f ., f;~1.1f ., as given by Eq9.162) and
K 192732 (163 of Ref. [173], and fp~ —20°, then the Lagrangian
i becomes
(LO ChPT withoutzn; — ng mixing).
o ~
(A10) L= 1.60< g CpenF P, (A18)
Taking  f,=(130x5)/y/2 MeV ~ and m,=547.30 _ _
+0.12 MeV[104], we obtain and the predicted decay rate is
['(7—27)=0.1740.013 keV omd (f, fr )2
I'(np—2y)= €, C0S0p— —C,, sinfp
(LO ChPT withoutz; — g mixing), 64732 \ fg f1
(A1) ~0.45 keV
which differs from the observed valj&04] by about a fac- (NLO ChPT withz; — g mixing), (A19)

tor of 3,
which is now in excellent agreement with the observed
T(7—27)|exg=0.46+0.04 keV. (A2 Jalve EqAL2). g

Ty +a- 0
The agreement becomes better when we allow for the S|m|lz?1rl}[/ to th(;a.etti -y castg,rv‘égfé:_an usg the VMD
mixing between they and ' states. Following Refi172], ~ @Pproach to predict ihé cross sectio -

we define the mixing anglép by m2 )2
( U ) _(cosﬁp —sin 0p)(ﬂs> (A13) ovup(e’e” —ny)=ap(e’ e —7y) m2i5> '
7' sindp  cosbp/\ 71 ’ (A20)
The Lagrangian now becomes where
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P A 7 m3(eg,.,\ [ m2\®
I(Voyo)=—|—2| | 1-—] . B5
V - AY
\ If we use the parametef404]
q—p t o

FIG. 28. TheV— yo decay in the VMD approach. m¢,=1019 MeV, l"d,=4.26 MeV,
(e e —ny)

2 [c, c 2 EIE g5/ m=14.4, B(¢$— y0)<0.002, (B6)
singp| | 1——~

2472\ fg 0 4

S

and assumen, =600 MeV, then the coupling constagy.,,

(A21) is constrained to be

We take the parametrizatiog®20) in calculating thee*e™

— m7y cross section near the threshold region in Sec. 1l D. Uy yy<5.2X 107% (MeV™Y). (B7)

APPENDIX B: CONSTRAINTS ON V— oy DECAY . . .
BRANCHING FRACTIONS This bound gives constraints cB(u_)—nry)_ and B(¢(1._68)
—o0y). From Eq.(B5), the branching rati®(V—oy) is
Here we calculate th& — yo decay of a vector meson
using the vector meson dominance model. To calculate the

amplitude, we have used the VMD Lagrangfd74] 2amy m2\ g2
B(V—oy)= - (B8)
3 2 2
1 1 1, v my/ Qv
‘CVMD: - ZFMVFMV_ ZV#VVIJ’V‘F Eva#VM_ngrV'uJ,u
e For thew decay, we use the parameters
— M nv
eJ,A ngFWV , (B1)

m,=783 MeV, I',=8.44 MeV, g?/m=23.2,
whereJ,, is the electromagnetic current,,, is defined by

V=V, —d,V (B2) m,=600 MeV, (B9)

-
Here V# describes the neutral vector mesonV ( btain th _
—p,w,, ...). Wetakee to be positive. The diagram that © 0btain the constraint
contributes to the decay is shown in Fig. 28. The amplitude

M is given by B(w—oy)<7.2x10°°. (B10)

2 .
. . ed?| —i 3
I M=4ig5,[(P-A)Gup— paqﬂ]( -l E) ?65*(p)6v((4) Similarly, for the ¢(1.68)— oy decay, we have

. e B((1.68— 3.5x 1075, B11
= 4101, - [(P-0)Gap—Pubale} (D)), (BI) ($(168—7)<35¢ (811

where €, and €,, are the polarization vectors &f and the using the parameters

photon, respectively. We have assumed that the interaction
between ther meson and photon is given by My(Lo5=1680 MeV, T, qe=150 MeV,

[::gU)/VO-F,uVFMV' (B4)

95168/ ™=249, m,=600 MeV. (B12)
whereg,,, is a coupling constant. From the amplitude of
(B3) we can readily calculate the required partial decay
width These constraints are used in Sec. V B.
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